Under review as a conference paper at ICLR 2023

IDENTIFYING PHASE TRANSITION THRESHOLDS OF
PERMUTED LINEAR REGRESSION VIA MESSAGE PASS-
ING

Anonymous authors
Paper under double-blind review

ABSTRACT

This paper considers the permuted linear regression, i.e., Y = II'XB% + W,
where Y € R™™ II" ¢ R™*" X € R"*? Bf € RP*™, and W € R"*™
represent the observations, missing (or incomplete) information about ordering,
sensing matrix, signal of interests, and additive sensing noise, respectively. As is
shown in the previous work, there exists phase transition phenomena in terms of the
signal-to-noise ratio (snr), number of permuted rows, etc. While all existing works
only concern the convergence rates without specifying the associate constants in
front of them, we give a precise identification of the phase transition thresholds
via the message passing algorithm. Depending on whether the signal B? is known
or not, we separately identify the corresponding critical points around the phase
transition regimes. Moreover, we provide numerical experiments and show the
empirical phase transition points are well aligned with theoretical predictions.

1 INTRODUCTION

This paper considers the permuted linear regression
Y = II"XB’ 4+ oW,

where Y € R™*" denotes the sensing result, I e R™» represents the permutation matrix,
X € R™*P ig the sensing matrix, B! is the signal of interests, W denotes the additive noise, and
o is the noise variance. The research on this problem dates back at least to 1970s under the name
“broken sample problem’ (Goel, (1975} |Bai & Hsing| |2005} |DeGroot et al.,|1971; DeGroot & Goel,
1976;|1980). In recent years, we have witnessed a revival of this problem due to its board spectrum of
applications in privacy protection, data integration, etc (Pananjady et al.,|2018; [Unnikrishnan et al.,
2015} Slawski et al., [2020; Slawski & Ben-David, 2019; [Pananjady et al., | 2017; Zhang et al., 2022
Zhang & Li,2020).

Associated with this problem comes a phase transition phenomenon: the error rate for the permutation
recovery suddenly drops to zero once some parameters reach certain thresholds. Despite previous
work such as Slawski et al.| (2020); |Slawski & Ben-David| (2019); [Pananjady et al.|(2017); [Zhang
et al.| (2022);/Zhang & Li|(2020) can all explain this phenomenon, the precise positions of the phase
transition thresholds are never studied but rather their statistical order. In this work, we would like to
leverage message passing (MP) algorithm to identify their precise location. As a byproduct, we also
come up with an algorithm to partially recover the permutation matrix.

Related work. The line of research starts with the literature in permuted linear regression. Among
all the works mentioned above, the most related works include |Slawski et al.| (2020); |Slawski &
Ben-David| (2019); Pananjady et al.| (2017); [Zhang et al.| (2022); [Zhang & Li (2020), in which
almost the same settings as ours are used. [Pananjady et al.| (2018); [Slawski & Ben-David| (2019)
consider the single observation model (m = 1) and proved the snr for the correct permutation
recovery will be Qp (n¢), where ¢ > 0 is some positive constant. Later, Slawski et al.[ (2020);
Zhang et al.| (2022); [Zhang & Li| (2020) investigate the multiple observations model (/m > 1) and
suggest the snr requirement can be significantly decreased, to put it more specifically, from Op (n°)
to Op (nc/ 7”). In particular,Zhang & Li|(2020) develop an estimator which we will analyze as part of
our contributions. Although they obtained the correct convergence rate to restore the correspondence,
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which are minimax-optimal in certain regimes, their results fail to specify the leading coefficients,
or equivalently, the precise location of the phase transition threshold. Moreover, their analysis does
not consider the intertwined influence among the parameters n, p, m, etc. One example would be
the impact of the p/n ratio on the maximum allowed number of permuted rows, which has not been
studied before this work.

Another line of research comes from the field of statistical physics, which begins with Mézard &
Parisi| (19865 1985)). Using the replica method, they study the linear assignment problem (LAP), i.e.,
ming Y i IL;; E;; where II denotes a permutation matrix and E;; is i.i.d random variable uniformly
distributed within the regime [0, 1]. Martin et al.| (2005) then generalize the LAP to multi-index
matching and presented a investigation based on MP algorithm. And (Caracciolo et al.| (2017);
Malatesta et al.[(2019) extend the distribution of E;; to a broader class. However, all the above
works exhibit no phase transition. In|Chertkov et al.|(2010), this method is extended to the particle
tracking problem, where a phase transition phenomenon is first observed. Later, |Semerjian et al.
(2020) modify it to fit the graph matching problem, which paves way for our work in studying the
permuted linear regression.

Our technical contributions are summarized as follows

* We propose the first framework that can identify the precise location of phase transition thresholds
associated with permuted linear regression. In the oracle case where BY is known, our scheme
is able to determine the phase transition snr. In the non-oracle case where B is not given, our
scheme can further predict the maximum allowed permuted rows and uncover its dependence on
the ratio n/p.

* We generalize the full permutation estimator and first obtain a partial permutation estimator.
Consider the example where the correspondence for a single index is desired. By removing all
function nodes except that corresponds to that index, we exploit the MP algorithm and design
an algorithm that converge in one step. Moreover, we show its performance almost match the
estimator for the full permutation recovery.

In addition, we would like to briefly mention the technical challenges. Compared with the previous
works (Mezard & Montanari, |2009; [Talagrand, |2010; [Linusson & Wistlund, [2004; Mézard & Parisi,
1987;1986; [Parisi & Ratiéville, [2002}; |[Semerjian et al.l 2020), where the edge weights are relatively
simple, our edge weights usually involve high-order interactions across Gaussian random variables
and are densely correlated. To tackle this issue, our proposed approximation method to compute the
phase transition thresholds consists of three parts: (i) perform Taylor expansion; (i7) modify the
leave-one-out technique; and (ii4) size correction scheme. A detailed explanation can be found in
Section [5| Hopefully, it will serve independent technical interests for researchers in the machine
learning community.

Notations. We use a > b to suggest a converges almost surely to b. We denote f(n) = g(n)
when lim,,_, o f(")/g(n) = 1. We denote f(n) = Op (g(n)) if the sequence f(7)/q4(n) is bounded
in probability; while we denote f(n) = op(g(n)) if the sequence f(7)/g(n) converges to zero
in probability. The inner product between two vectors (resp. matrices) are denoted as (-,-). In
addition, for two distributions d; and ds, we write d; = ds if they are the equal up to some

normalization. Moreover, we define P,, as the set of all possible permutation matrices, i.e., Py, &
{IL € {0,1}m>", 37, IL;; = 1, > II;; = 1}; and associate each permutation matrix IT € P,, with
a mapping 7 of {1,2,...,n}, where 7(7) denotes the correspondence of index ¢ permuted by IT,
1 < i < n. The signal-to-noise-ratio (snr) is written as || B |Hi/(m - 02), where ||-[|. is the Frobenius
norm and o2 denotes the variance of the sensing noise.

2 PROBLEM SETTING
In this paper, we consider the linear regression with permuted labels reading as
Y = II'XB" 4+ oW,

where Y € R™*™ represents the sensing result, II* € P, denotes a permutation matrix awaiting to
be reconstructed, X € R™*? is the sensing matrix with each entry X;; following the i.i.d standard
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normal distribution, B} € RP*"™ is the signal of interests, and W € R"™*™ represents the additive
sensing noise and its entries W;; are i.i.d standard normal random variables. In addition, we

denote h as the Hamming distance between the identity matrix and the permutation matrix I, ie.,
h & 32 1(m(6) # ).

The goal is to reconstruct the permutation matrix I1° from the pair (Y, X). As is well known in the
previous works (Zhang & Li, [2020; [Pananjady et al.,[2018; Zhang et al.| 2022)), there exists a phase
transition phenomenon inherent in this problem. However, all these work only present the statistical
order without specifying the constants. In this work, we would like to identify the precise position of
the phase transition points in the large-system limit, i.e., n, m, p, and & all approach to infinity with
m/n — Ty, p/n — Tp and h/n — T}L.ﬁ

Inspired by the [Mezard & Montanari| (2009)); [Semerjian et al.| (2020); (Chertkov et al.| (2010), we
borrow the tools from the statistical physics to identify the precise location of the phase transition
threshold. In the following context, we separately study the phase transition phenomenon in () the
oracle case where B! is given as a prior and (i) the non-oracle case where B is unknown.

3 BACKGROUND KNOWLEDGE ON GRAPHICAL MODELS
To begin with, we briefly review the linear assignment problem (LAP), which is defined as
= argming.p (II,~E), (1)

where E € R™*" is a fixed matrix and P,, denotes the set of all possible permutation matrices. The

following context investigates the behavior of II with the message-passing (MP) algorithm. First,
we follow the approach in [Semerjian et al.[ (2020); [Mezard & Montanari| (2009) and introduce a
probability measure over the permutation matrix I, which reads as

p() = 27 [T =Y mmy) [T2(1 =) miy)e? 2 ok, )

where 1(+) is the indicator function, Z is the normalization constant of the probability measure 1 (IT),
and 8 > 0 is an auxiliary parameter. We can verify that the solution to the ML estimator maximizes

the probability measure y(IT), which means we can study the properties of II via the configuration

argmaxyp.(IT). In addition, we notice the probability measure ;(IT) concentrates on I when letting
B — oo. Then we identify the phase transition thresholds by studying the marginals of 1 (IT).

3.1 CONSTRUCTION OF GRAPHICAL MODEL

n
S Hpe=1

graph associated with the probability =
measure in (2). Adopting the same
strategy as in Chapter 16 in [Mezard
& Montanari| (2009), we (i) associate
each variable II;; a variable node v;;;
(7) connect the variable node v;; a
function node representing the term
e PWiiFii; and (iii) associate each Figure 1: Illustration of the constructed graphical model. The
constraint ) . II;; = 1 one function circle icons represents the variable node; while the square
node and similarly for the constraint icons represent the function node: the blue square icon repre-
> ;1Lij = 1. A graphical representa- sents the constraints for the rows of I, the green square icon
tion is put in Figure m represents the constraints for the columns of IT, and the red

. . square icon denotes the function e ~#7Fi
Then we briefly review the MP algo-

rithm. Informally speaking, MP is local algorithm to compute the marginal probabilities over the
graphical model. In each iteration, the variable node v transmits the message to its incident function
node f by multiplying all incoming messages except that along the edge (v, f). And the function

To start with, we construct the factor . (

! Although our analysis concerns the large-system limit, numerical results matches our predicted results to a
good extent even when n, m, p, and h are a few hundreds.
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node f transmits the message to its incident variable node v by computing the weighted summary of
all incoming messages except that along the edge (f, v). For a detailed introduction to MP, we refer
readers to|Kschischang et al.[(2001);[Mezard & Montanari| (2009).

MP is able to obtain the exact marginals (Mezard & Montanari, 2009) for the tree-like graphical
models. While for graphs with a lot of short loops, which happens to be our case, this claim may
become invalid. However, past works all suggest that MP can still obtain meaningful results when
applying to LAP (Mezard & Montanari, 2009; |[Semerjian et al., [2020).

3.2 MESSAGE PASSING (MP) ALGORITHM

Next, we turn to the permutation recovery via MP. The following derivation follows the standard
procedure, which can be found in the previous works (Semerjian et al.,|2020; Mezard & Montanari,
2009). Denote the message flow from the node i* to the variable node (i-, jX) as M, 1 jr)(+)
and that from the edge (i%, i) to node i as m L k)i (+). Similarly, we define M jr_, (it jry(°)
and ;L jr)_,jr(+) as the message flow transmitted between the functional node j® and the variable
node (-, jR). Here the superscripts L and R are used to indicate the positions of the node (left and
right). Roughly speaking, these transmitted messages can be viewed as (unnormalized) conditional
probability P(II; ; = {0, 1}|(-)) with the joint pdf being defined in (Z). And the message transmission
process is to iteratively compute these conditional probabilities. For a more detailed introduction of
the MP algorithm, we refer to|Mezard & Montanari| (2009); MacKay et al.| (2003)).

First, we consider the message flows transmitted between the functional node i and the variable
node (i, j®), which are written as

I

~ —BTE,L Rr.
m]‘R_}(iLJ‘R)(’/T)e ST AN

Z H ’fr\LkR*}(iL’kR)(WiL’kR)e_Bﬂ—ikaREiL*kR]1(7'(' + Zﬂ'iL’kR =1), 3

L kR ERFGR k

m(iLJ‘R)_),L‘L (7T)

miL*}(iLJ’R) (7T)

I

where 7 € {0, 1} is a binary data. Similarly, we can write the message flows between the functional
node ;R and the variable node, which are denoted as (iL, jR) as m jry— & () and mr_ i vy (),
respectively. With the parametrization method, we define

hiL—)(iL,jR) £ 10g

B mi'—%(i'—,jR)(O)

Define ¢ as A, (1 jry +hjr_ i jry — B jr, we select the edge (i, jR) according to the probability

m ey (m) %7 7 € {0,1}. Provided m;x jr)(1) > mr jr)(0), or equivalently,

CiL,jR > 0, (4)

we pick 7(it) = jR; otherwise, we have 7 (i%) # jR. Due to the fact that 11(IT) concentrates on II
when [ is sufficiently large, we can thus simply the MP update equation as

hiLﬁ(iL’jR) = kar;g‘lR E,L'L,kR - h,kR*)(iL’k.R); th*}(iL’jR) = ,ﬁiﬁ EkLij - hk.L*)(kL’jR), (5)

which is obtained by letting 5 — oc.

4  ANALYSIS OF ORACLE CASE

As a warm-up example, we first consider the oracle scenario, where B is given a prior. To reconstruct
the permutation matrix I, we adopt the maximum-likelihood (ML) estimator reading as

~ oracle

= argmaxy (TLYBTX ), st Y ;=13 M =1,TT€{0,1}"". (6)
i J

Denote the variable ES' as —X T, (i)BhB“TXj + oW,/ B*TX;, (1 <i,j < n), we can transform

the objective function in (€)) as the canonical form of LAP, i.e., — ", j Hing’;ac'e.

4
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4.1 IDENTIFYING THE PHASE TRANSITION THRESHOLD

This subsection studies the phase transition phenomenon inherent in the MP update equation (3)).
Following the same strategy as in Semerjian et al.| (2020), we divide all edges (i", J R) into two

categories based on whether the edge (i", J R) corresponds to the ground-truth permutation matrix

I1° or not. Within each category, we assume the edges’s weights and the message flows along them
are independent identically distributed. For the edge (i, 7% (%)) corresponding to the ground-truth
correspondence, we represent its weight as a random variable called €2 and the associated message
flow as a random variable called H (both h;_, (it jry and hjr_, ;1 jr)). Similarly, we define random

variables Q2 and H for other edges. Then we can rewrite (3)) as
HED — min (Q —H®, H’W) . H®Y = min Q- A, %)

1<i<n—1
where (~)(t) denotes the update in the fth iteration, " is an independent copy of H, and
{Hi(t)}lggn_l and {@‘}19‘91—1 denote the i.i.d. copies of random variables H((f)) and ﬁ(.).

Then we turn to computing the critical point where the permutation matrix can be perfectly recon-
structed. According to (@), this means the event H + H > € holds with probability one. Conditional
on this event, we can simplify to be

HD = min Y 45, @®)
1<i<n—1

where the random variable = is defined as the difference between €2 and Q,ie,= 2 O- Q; and
{Hi(t)}lgign_l and {Z; }1<i<n—1 denote the i.i.d. copies of random variables H((.t)) and Z ().

This equation can be viewed as the analogous version of the density evolution and state evolution,
which are used to analyze the convergence of the message passing and approximate message passing
algorithm, respectively (Chung, [2000; Richardson & Urbankel 2001} [2008; Malekil [2010; Donoho
et al.| 2009; Bayati & Montanari, 2011} |[Rangan} 2011)). Adopting the same viewpoint of [Semerjian
et al. (2020), we treat as a branching random walk (BRW) process, which satisfies

Theorem 1 ((Biggins, |1977; Hammersleyl |1974; |Kingman, |1975; |Semerjian et al., [2020)). Consider

the recursive distributional equation K(*t1) = ming <;<p K, it) + 5, where K i(t) and =; are i.i.d

copies of random variables K((.t)) and 2.y, we have K(f:l) 2 —infpsg %log [ZZ’:I Ee‘eEﬂ,

conditional on the event limy_, oo K® % o0.

With Theorem we conclude the critical point for the correct permutation recovery, i.e., H + H "> Q,
can be computed by letting infy~ 5 log [>7; Ee =] <0, since otherwise the condition in (@)
will be violated. In the oracle case where B is known, we have random variable = be written as
E=2 BB (z —y) + owB'" (z —y), )
where  and y follow the distribution N(0, I, ,,), and w follows the distribution N(0, I,,, ).
For the convenience of computation, we consider the simple case where B is AL, xp (M = p).
Proposition 1. Consider the case where BY is a re-scaled version of the identity matrix, i.e., I,y
we can write the expectation Ee~%=, which is defined in (), as
Ee % = (1420X% — 0°X\* (A\? + 20?)) (10)
provided that 0°0°N* < 1, and 6°X* (N’ +20%) <1+ 200 (11)

m
2

Provided the conditions in (TT) is violated, we have the expectation Ee~%= to diverge to infinity,
which suggests the optimal 6, for infys g log(nEe™*)/g cannot be achieved. Using (TO), we can

: ~ 2logn . . .
compute the optimal 6, as 6, = \/ BT B [P 202 [BF 2 The corresponding snrple 1S Written as
4logn
SNroracle & ———(————. (12)
m — 2logn

The comparison between the theoretical values of the phase transition threshold and the numerical
values are put in Table[T] from which we conclude the phase transition threshold snr can be predicted
to a good extent. As m increases, we believe the gap between the theoretical values and the numerical
values will keep shrinking.
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Table 1: Comparison between the predicted value of the phase transition threshold snrg,cle and its
numerical value when n = 500. P denotes the predicted value while N denotes the numerical value.
N value corresponds to the snrq.acle When the error rate drops below 0.05.)

m | 20 30 40 a0 60 70

P | 3.283 1415 0902 0.662 0.523 0.432
N | 2466 1.290 0.862 0.644 0.513 0.426

4.2  APPROXIMATED COMPUTATION OF PHASE TRANSITION THRESHOLDS

The computation of phase transition threshold is by setting infyq 108(EZE¢~"%) /g be zero. However,
in certain scenarios, it can be extremely difficult or impossible to obtain a closed-formula of I[*;e_e:,
let alone the optimal solution #. To handle such difficulties, we propose to approximate Ee %= with

Taylor expansion, which proceeds as

Ee 0% — %= go—0=52) D —oms |y | - EE- EZ)* + Op (94]]«:7 (= - EE)4)} ,

where @ is due to the fact E (2 — IEJE)‘3 = 0. To simplify the computation, we adopt one widely-used
assumption, stating as

Assumption 1. We assume 6* - E (2 — EE)4 to be negligible.

Then we obtain

= = 62 @ 62
Ee 9= m ¢~9E=. (1 + 2VarE) X exp (-91@5 + 2VarE> , (13)

where in @ we use the approximation 1 + x = e” when z is near zero. In this way, the rather
complicated computation of Ee ™% is replaced by the computation of mean EZ and variance Var=,
which is still complex but manageable. With this approximation, the optimal @, for log(nEe™%)/p is

computed as /210 n/var= and hence the critical point corresponding to the phase transition as
2(logn)VarZ = (EE)° . (14)
To verify that this approximation can yield meaningful results, we revisit the oracle case and have
- 2 _ 2 2
EE = [[Bil: Var= = 3[|B*B | + 207 B7] . (15)
Plugging (T3] into (T4) then yields the relation

6 log n|| BB |+ 40 (log m) || B | = ||B?l .
from which we can determine the critical point of snr.

Discussion. As a comparison, we first revisit the simple case where B is AI,»,, (p = m). We can
compute the phase transition snr as 41087/(m—6logn). This solution is almost identical to in
the large-system limit as snropacle = SNToracle = nw — 1. Moreover, we should stress that (i) our
approximation method applies to other types of matrices as well, rather than limited to the identity
matrix; and (4¢) our approximation method can predict the phase transition thresholds even when
the entries X;; are sub-gaussian. An illustration is given in Table in (Case I), half of eigenvalues
are with Ener while the other half are with Ener/2; in (Case II), half of the eigenvalues are with Ener
while the other half are with 3Ener/4,

5 ANALYSIS OF NON-ORACLE CASE

Having presented the oracle case as a warm-up example, we now extend the analysis to the non-oracle
case, where the value of B is not given a prior. To begin with, we need to recast the permutation
recovery problem as a LAP. As shown in|Zhang et al.|(2022), the ML estimator yields a quadratic
assignment problem (QAP), which is NP-hard to solve and fails to meet this requirement. Fortunately,
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Table 2: Comparison between the predicted value of the phase transition threshold snroacie and
its numerical value when n = 800. Gauss refers to X;; ES N(0, 1) while Unif refers to X;; S
Unif[—1, 1]. We averaged over 20 experiments.

m | 100 110 120 130

(CaseI) P 0.63 0.52 0.43 0.38
(Gauss) N | 0.6 ~0.65 0.55~0.6 0.55~0.6 0.5~0.55
(Unif)N | 0.6 ~0.65 0.6 ~0.65 0.55~0.6 0.55~ 0.6

(CaseII) P 0.47 0.40 0.35 0.31
(Gauss) N | 0.5~0.55 0.5~0.55 045~05 045~0.5
(Unif) N | 0.5~ 0.55 0.5 045~05 045~0.5

the proposed estimator in|Zhang & Li|(2020) is able to fill the gap. Define the edge weight E‘;;?“'mde as

E?;?“‘Ofade £ inYTXXjT, we can reconstruct the permutation matrix II° as (T). Before proceeding,
we would like to justify using the estimator in Zhang & Li (2020) to analyze the permuted linear
regression in the non-oracle case: first, this estimator is proved to achieve both the computational
and statistical optimality; second, this estimator also exhibits a phase transition phenomenon, which
behaves similarly to that in the oracle case. Naturally, we should expect this estimator will incorporate
some inherent properties of the permutation recovery problem (with unknown B?), from which we
can gain meaningful insights.

5.1 ANALYSIS OF NON-ORACLE CASE

Having illustrated soundness of the approximation method in (I3]), we apply it to the non-oracle case,
where the random variable is written as

E= Ei+0(52+E53) +0°Ey, (16)
where Z; (1 < i < 4) are defined as
= T T~ T T . =_ A T T A
212 XLB BT XX (X - Xj); S22 X5 BWIX (X - X;) ;5
W/ B XTI T X (X — X;) 3 E 2 WIWTX (X — X)),

respectively. Then we conclude

1
(>

Theorem 2. The mean EZ of = in (39) and its variance Var= are computed as
EZ2 n(1—m) [(1+7) B} + nrumyo?]
VarZ & 0% (1 - ) 72 [|BH} +mo?] +n? [2m, +3(1 — )] BB
+n? |67, (1= )" + (3 = m) 72] |BETBA|;,
respectively, where the definitions of Tp, T,,, and Ty, can be found in Section 2]

For the clarity of presentation, we only present the proof outlines.

Computation of mean E=. For the computation of the mean EZ, easily we can verify that E=Z, and
[EZ3 are both zero, which is due to the independence between X and W. Regarding the computation
of EZ; and E=,, we adopt Wick’s theorem and obtain

EEi=n(1—7,) (14 7)[1+o0p(1)] H’mai, EZ, = TL2TmTp (I =74) (1 +o0p(1)).

Computation of variance Var=. With the relation Var(Z) = EZ2 — (EZ)2, our goal becomes
computing EZ2, which consists the calculation of the following six terms

=2 =2, 2m=2 2mp=2 | Ape2 2p= = 2= =
2% = EE] + 0°E5; 4+ 0°E=55 4+ 0"EE] + 20°EZ1 24 + 20°E=255.

The computation of above terms turns to be quite complex due to the high order Gaussian chaos. For
example, term ]EE% involves the eighth-order Gaussian chaos; terms IEE%7 ]EE%, E=Z1Z4 and EZs =5
all involves the sixth-order Gaussian variables. To alleviate the computational burden, we compute
the expectation EZ? in the following three phases.
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Table 3: Comparison between the predicted value of the phase transition threshold 73, and its
numerical value when n = 500. P denotes the predicted value while N denotes the numerical value.
(The numerical value of 73, is the minimum 73, when the correct permutation rate drops blow 0.05.)

| 75 100 125 150 175 200

p
P |08 073 068 062 0.56 0.52
N|O0v7 074 07 066 061 0.57

* Phase I. The solution in this phase comes from a modification of the so-called leave-one-out
technique (Sur et al.l 2019; |[EI Karoui, 20132018} [Bai & Silverstein, 2010). Notice that the major

technical difficulty comes from the correlation between the product X TII*X and the difference
Xty — X;. We decompose this correlation by first rewriting the matrix XTII*X as the sum
> XX, (¢)- Then we collect all terms XX, (¢) independent of X« (;) and X; in the matrix 35

and leave the rest terms to matrix A, which means A £ XTII*X — X. This decomposition is in
the same spirit of the leave-one-out technique.

With this method, we divide all terms involved in the computation of EZ? into three categories:
() those only containing matrix ¥; (i7) those containing both 3 and A; and (ii¢) those only
containing A. Easily we can see that the first two categories contain most vectors’ outer products
while the last category only contains a finite number of such terms.

* Phase II. Concerning the terms in the first two categories, which contains majority of terms, we
can exploit the independence among rows in the sensing matrix X and reduce the order of Gaussian
random variables by separately taking expectation w.r.t 3 and w.r.t vectors X+ (;) and X;.

* Phase III. For the few terms in the third category which contains high-order Gaussian chaos, we
compute their expectations by iterative applying of Wick’s Theorem and Stein’s Lemma, which
filters out the zero terms to reduce higher-order interactions between Gaussian random variables to
lower-order interactions.

For more technical details, we refer the interested readers to the supplementary material.

5.2 IDENTIFYING THE PHASE TRANSITION THRESHOLD

Having explained the computation of E=Z and VarE, we turn to identifying the phase transition
threshold. Different from the oracle case, we notice the edge weight F;; are strongly correlated in
this case especially when j = 7%(j), which corresponds to the non-permuted rows. To factor out
these independence, we only take the permuted rows into account and correct the sample size from n
to 7;,n. Thus, we have

Proposition 2. The critical point for the phase transition phenomenon transforms from (I4) to
2 (log Thn) VarZ = (EE)°.

Example 1. We consider the case where B = M, «p as an illustration. With Theorem |2| and
Proposition[2] we obtain the solution

SNThon-oracle = n1/7727 (17)

where 11 and 12 are defined as

m = 2’1’th log (n1p,) — 7p(1p + 1) (1 — 1) + \@Tp\/(l — 1)1 (log (n74));
Ny 2 2ThT§ log(nmy,) — (1 —11) (7 + 1) 2,
Notice that the negative solution has been abandoned due to the non-negativity requirement of snr.

Discussion. For the accuracy of the predicted phase transition sSnryon oracles W€ nOtice a increasing
gap between the theoretical value and the numerical value when compared with that in the oracle
case. Possible reasons include strong correlation across the edge weights {Eij}lgi, j<n and the error
within the approximation relation Ee= ~ E exp (GEE - 92V3r5/2).

In addition, we observe a singularity point, i.e., Ty, is approximately 0.73 in Figure 2] which suggests
a phase transition phenomenon. To validate the predicted phenomenon, we consider the noiseless
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case, i.e., snr = oo, and reconstruct the permutation matrix 1% with @ Numerical experiments
confirm our prediction by showing that the correct rate of the permutation recovery exceeds 0.2 when
h/n < 0.73 and drops below 0.05 when h/n > 0.74. Additional experiments are put in Table
from which we conclude the solution can predict the critical points w.r.t. T to a good extent.

Remark 1. Compared with the prior work (Zhang & Li| |2020) which only yields the statistical order,
i.e. hn < ¢ (cis a positive constant), our framework can (i) specify the positive constant ¢, and
(7) uncover the dependence of Ty, on the ratio T,. In addition,|Zhang & Li (2020) requires n >> p
while our work allows n to be the same order of p, i.e., p/n = T, as n,p — oo. Notice that this is
consistent with numerical experiments such that n. = Qp (p) is sufficient for the permutation recovery.

6 PARTIAL PERMUTATION RECOVERY

Apart from the phase transition thresholds, we would like 100
to exploit MP to design algorithms for a partial permuta- 2 75
tion recovery. As an illustration, we consider recovering

SNRpon-oracle
N
5

the correspondence 7' (i) for a single index . In an ef-

fortless way, we can generalize it to recovering the corre- 0

spondences for multiple indices by iterative applying the 2

following procedure. e o5 o7 o8 os 1

Th

To start with, we modify the graphical model in Figure/I]
by removing the unnecessary function nodes and their in-
cident edge. Then we can rewrite the MP update equation

Figure 2: snrpon-oralce When n = 500 and
p = 100.

’r/'r\lz-L_>(iL7jR)(7T) >~ Z H exp (7/87TiL7kREiL’kR) ]].(’/T + Z'/T,L'LJCR = 1)
L kR kR£5R k

Compared with the MP for the full

permutation recovery, MP for the par-

tial permutation recovery can reach
. . . . 0.8 0.8
convergence in one iteration. Letting e =
B — oo, we obtain the edge selection ioe I 0°
criteria as Eos orace S04 Non-Orace
A &
~r:Ry __ . 0.2 0.2
7(i") = argmin, E;;,
. 0 0
Wthh turns out to be a greedy SCICC- 0.35 0.55 0.7SSNR0.95 1.15 1.35 0.5 1 15 SéR 25 3 35

tion scheme. Figure 3: Comparison between the full permutation recovery

and partial permutation recovery. We set n = 500, p = 100,

Following the same procedure as in : ) -
and m = 75. The partial permutation recovery estimator also

Sections @ and 5] we can analyze its

statistical properties, which are simi-
lar (although degraded) to the estima-
tor for the full permutation recovery
thereof (both the oracle case and non-

exhibits a phase transition, similar to the full permutation
recovery estimator. However, their phase transition points
are larger when compared with the corresponding points for
the full permutation recovery.

oracle case). This claim is also confirmed by numerical experiments in Figure 3]

7 CONCLUSION

This is the first work that can identify the precise location of phase transition thresholds of permuted
linear regressions. For the oracle case where the signal B? is given a prior, our analysis can predict
the phase transition threshold snrqacje to @ good extent. For the non-oracle case where B is not given,
we modified the leave-one-out technique to approximately compute the phase critical snrpon_oracle
value for the phase transition, as the precise computation becomes significantly complicated as the
high-order interaction between Gaussian random variables is involved. Moreover, we associated
the singularity point in snrpo_oracle With a phase transition point w.r.t the maximum allowed number
of permuted rows. In the end, we generalized the full permutation recovery and obtained a partial
permutation recovery algorithm. Following the same analytical procedure, we argued it would have
a similar although degraded performance compared with the full permutation recovery algorithm,
which is later confirmed by our numerical experiments. In the future, we will incorporate the replica
symmetry breaking scheme into our framework and extend this framework to broad areas.

9
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A APPENDIX: ANALYSIS OF ORACLE CASE
Denote random variable = as
E=2 BB (z —y) + owB' (z —y).

A.1 EXACT COMPUTATION

We would like to compute Ee~%=. Due to the assumption such that B is proportional to the identity
matrix, we can rewrite = as

(1]

=Y Nai(wi—y)+o Y wi(zi—yi),

i=1 i=1
where ) is the principal singular value of BE. Due to the independent across @, z, and y, we compute
Ee~9= as

Ee = = [Emyw exp [—9)\23: (x —y) — o w (z — y)]]m

_ [E. exp <;9A2(x — ) (902 (z — y) - 2x))} m

r 07222 (0(A2+02)—2 m
exp ( $2£2(92A222) )>
E

m V1 — 62)\252

e

7

(1+20X% = 6°X% (\* 4+ 20%)) " 7,

IS

where in (D we use the fact 8262)2 < 1 and in @ we use the fact 2)\2 ()\2 + 202) < 1+ 20)2.
Then we relax the function
log [nEe~"=] ® logn — % (2002 — 6222 (A2 + 02))

~

0 0

9[ BiTB!||? + 202|| B 2}
_ logn H’an;+ H| “‘F H| H|F

0 2 ’

where in @ we use the relation log(1 + x) & x when z is close to zero.

A.2 TAYLOR APPROXIMATION

Our goal is to compute the mean E= and Var=. Since their computations follow the same method as
that in the non-oracle case, we omit the detailed computation for the conciseness of presentation.

B APPENDIX: ANALYSIS OF NON-ORACLE CASE

B.1 NOTATIONS

Note that our analysis can involve the terms containing (X (i) — X;) and X T TI*X simultaneously.
To decouple the dependence between (X4 (i) — X;) and XTII’X, we first rewrite the matrix
X TIT°X as the sum 3, X, X, (¢) and then collect all terms XX, (¢) independent of X ;) and
X in the matrix X, which is written as

S Z XX 0y (18)
€m0 (0) A (0)

The rest terms are then put in the matrix A such that XTII"X = = + A. Notice that the expression
of A varies under different cases such that

13
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* Case (s,5): i = n°(i) and j = 7 (5). We have
A=A =XX +X;X]. (19)

* Case (s,d): i = 7%(i) and j # 7%(5). We have

s,d
A=A XX+ XX 1y + Xy X (20)
s Case (d,s): i # 7%(i) and j = 7%(j). We have
A=A =X X+ Xy X o) + XX 1)

Case (d,d): i # n°%(i) and j # 7°(j). We have
A=A =X X+ Xy X ey + XX ) + X (p X[ (22)

In addition, we define the matrix M as B!B!T | and define the index sets S , D, and Dy, as

SE&{t|t#iorg, t=n(0)}; (23)
DE{0| 6,7 #iorj, £ #7(0)}; (24)
Dpair £ {(£1,£2) : &y = 7 (L), £y = 7 (€1), 41,4, € D}, (25)

respectively.

B.2 SUPPORTING LEMMAS
First, we study the higher order expectations of Gaussian random vectors’ inner product, which
hopefully will serve independent interests.

Lemma 1. Assume x € RP and y € RP areGaussian distributed random vectors whose entries
follow the i.i.d. standard normal distribution, then we have

ETr (yy 'zz M) = Tr(M);; (26)
ETr (yy @ Mz) = Elly|5 Tr (2" Mz) = p Tr(M); 27)
E (xTMw)2 = [Tr(M))* + Te(MM) + Tr (M M) ; (28)
Elz|5(x Maz) = (p+ 2) Tr(M); (29)
E|zy(@ ™Mz) = (p+2)(p +4) Tr(M),; (30)

2

Elz| (" Mz)

(p+4) |(Tr(M)
E|z|; (:;L'TMac)2 = (p+4) p+6){
E(z"y)*y Mizz Myy = 2Tr(M1)Tr(M2)+(p+4) Tr(M;M,) +2Tr(M;M, ) (33)

M))? + Tr(MM) + Tr (MTM)] 31)
(Tr(M))? + Te(MM) + Tr (MTM)} . (32)

where M € RP*P is a fixed matrix.

Remark 2. [f we assume M = L., we can get E|z||3 = p(p+2), E|z||S = p(p + 2)(p+4), and
Ellz[l5 = p(p+2)(p + 4)(p + 6).

Proof. * Proof of and (27). The proof can be conducted easily with the property such
that Tr(uv ") = u v = Tr(vu ") holds for arbitrary vectors u and v.

* Proof of (28). This property is a direct consequence of [Neudecker & Wansbeek]| (1987)
(Equation (3.2)), which is attached in Lemmafor the sake of self-containing.

* Proof of (29). Invoking the Stein’s lemma, we have

EH:BHg(wTMw) =E[Vz(z'Mz)z] .

14
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Then our goal transforms to computing the trace of the Hessian matrix
Tr [Vg Tr(z " Ma)z|. For the ith entry of the gradient, we have

x Mz = (M;, ) + ((MT)i, x),

dIi
where M, is the ¢th row (or column) of IVI. Then we obtain
d
az; [ Tr (2" Max)] = & Ma +2; [(My, @) + (M), )] ,
and hence

Ellz|(z Mz) = Y E(z M=)+ Y E[z; (M;,z) + (M");,z))]

i=1 i=1

* Proof of (30). Following the same strategy as in proving (29), we have
4 2
Elzli(z Ma) = E | Vo232 Ma)z] .

Then our goal transforms to computing the trace of the Hessian matrix
Tr [Vm ||:c||§(a:TMa:):c} . For the ith entry of the gradient, we obtain

£ [mllzli@T™Ma)] —fal - @7 Me) + 5 (ol Me)|
= |2} - (2" M) + 20} (@ Ma) + 223 (M, @) + (MT);,2)]

whose expectation reads as

E|z; - (2 M) + 2E [27 (¢ Ma)] + Ex; || [(Mi, @) + (M");, z)]

= (p+2)Tr(M) + 2E |22 M;a? + 22 Zijx? + 2M;E {xf”w”%}
J#i

= (p+2) Te(M) + 2M;; (Baf) + 2 M;;(Ea?)(Ba?) + 2M;; |E(z}) + ) (Ea?)(Ea?)

J#i J#i

= (p+2) Te(M) + 6M;; + 2> M;; +2M;; (3+p—1)
J#i
= (p+4) Tr(M) + 2(p + 4) My;.

Then we conclude

ETr [vm ||:c||§(:cTMa,-)x} — p(p+2) Te(M) + 2(p + 4) Z M;; + 2p Tr(M)

= (p+2)(p+4) Tr(M).

* Proof of (3I). Invoking the Stein’s lemma, we have

Elle|} (2" Ma)”

ar, [ TMa:) } =p (ar:—rMa:)2 + 42:&- (mTM:I:) <M§sym),m> .
The proof is then completed by invoking Lemma 2]

15
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* Proof of (32). Following the same strategy as in proving (31]), we consider the ith gradient
w.r.t ;, which can be written as

d
Ellzl} (27 Ma)" =3 [zill2]} (2" M=)’
i 1
= Z ||a3||§ (wTMw)2 + 2fo (az—rMac)2 + 42::61||ac||2 (M) <M(sym), a:>

S EHE di[ (= Mz) }4—421[—3— [l2l3(™Ma) (MO 2)] .
34

Noticing the following relations
[.Z‘i (mTMm)ﬂ = (acTMm)2 + 4, (z " Mz) <M§Sym), sc> :
(35

d
d.’EZ'

di- [||az||§Tr(acTMw) <M§sym)’m>} = 2z (mTMsc) <M§Sym),$>

2
2 sym 2
+ 223 (M&™ @) + Myi|l2|} (2 M),
(36)
we can conclude the proof by combining (@I), (34), (35), (36), and Lemma[2]
* Proof of (33). Due to the independence between x and y, we first condition on @ and have
E(z"y)?y ' Myzz Moy = EmEny:ca:TnyMlmwTng
Q g, (zz") Tr (Myjzz 'Ms) + E, Tr (zz ' Mijzz "' Ms) + E, Tr (zz ' M, zzM] )
= Em||w|\§mTM2M1w+ E,z' Mizz' Moz + ]EmmTMlea:TM;a:

©

= 2Tr(M;) Tr(My) + (p + 4) Tr(M;My) + 2 Tr(M; M3 ),
where in @ and @ we both use Lemma
O

Lemma 2. For a fixed matrix M € RP*P, we associate it with a symmetric matrix M&™) defined
as M+M' /5. Consider the Gaussian distributed random vector  ~ N(0,T), we have

EY o (@TMa) (MO, @) = (Tr(M))” + M} + Tr(MM)

Proof. This lemma is a direct application of Wick’s theorem, which is completed by showing

Ez, (:BTM:B) <M§-Sym), 33> - EZ Z Mi(,sjym)Mfl,ZQxixjxflx@
J 1l

_ § :E : ym) E :E : (sym)
=K 1o —ilp,— j M@l L2 TiT T, Xy, +E 1y,— z]lgl_]]w Mgl,bximjxglx&
VAW 2 J A1l

>, ME™M; >, MO M;

—+ EZ Z 1, —jlll—sz( pdd )Mél,égxixjxileg
J L1l

Yo MET™ Moy

_ 22 |:M(SYm } + M, Te(M),
where M(®™ is defined as (M + M) /2. O
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Then we study the properties of 3, which is defined as XTII'X — A.

Lemma 3. For a fixed matrix M, we have

b (1 - h) +o(1) | T(M),

ETr (2M2T) — n?
n n

where matrix X is defined in (I8).
Proof. We conclude the proof by showing

e (smsT) LS B X XIMXLXT] + Y BT [X X, MX e, X

61,5268 Zl,eQED
= Y ETr (X X/ MXX/) + > ETr[X, X/, MX,X/]
Les L1, 02€S,01F#02
+ 3BT XX MX (o XT [+ > ETr[X,, X MX,, X[ ]
LeD (£1,£2) € Dy
P Tr(M) Tr(M)

= (n—h)(p+2) Te(M) + (n— h)(n — h — 1) Te(M) + hp Tr(M) + [Dpie| Te(M)
Py (1—2) +o(1)

n

n2

(&)

where (D is due to the definitions of index sets S and D (Equation (23)) and in Equation (Z4)), and @
is because |Dyqir| < h. O

Lemma 4. For a fixed matrix M, we have
ETr(XMXEM) = (n — h + |Dpair|) [Tt (M))? + (n — h)? Tr (MM) + n Tr (MMT)
Proof. Following the same strategy as in proving Lemma[3] we complete the proof by showing

ETr(EMEM) = Y ETr (X/MXX/MX;)+ >  ETr (X, X, MX,X/,M)

L=7t(L) L1,£2E€S,817#L>
+ 3BT (XX MX XL (M) + Y ETr (XX () MXe (X M)
LeD £E Dy

= (n— h+|Dpir]) [Tr (M)]* + (2 — h)? Tr (MM) + n Tr (MM ") .

Lemma 5. For a fixed matrix M, we have
E[Tr(SM)]* = (n— )2 [Tr(M))* +n'Tr (MTM) + (n — h + [Dpair|) Tr(MM).
Proof. We complete the proof by showing

2
E(Tr(3M))* = Y E(X/MX,) + > (Tr(M)* + Y EX]( MX, X/ M X,
les 01,02€8,61 405 LeD

Tr(MTM)

+ > EX ] MXX MX )
£EDpair

Tr(MM)
= (n— )2 [Te(M)]> + n'Tr (M M) + (n — h + |Dysir|) Te(MM).

17
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Lemma 6. For a fixed matrix M, we have

E Y X1 MXX[) X = (n—h) Tr(M) + (p + 1)1;_ga () Tr(M).
L=mh(0)

Proof. Provided that i = 7% (i), we have

EE1, = EX/MXX[X; + > EX/MX/X/X;

10
= (@+2)T(M+ > T(M)=(n-h+p+)Te(M)Liue. G
£, L=mt (L)
Provided that i # 7%(4), we have
EZ11= Y EXLMXX] X =(n—h) Te(M)Li ). (38)
L=7l(L)
Combining and (38) then completes the proof. O

Lemma 7. For a fixed M, we have

EY  XpuomMXes X, Xj = (pLijLigrs(iy + Lizpizy) Te(M).
¢

We omit its proof as it is a direct application of Wick’s theorem (Theorem 3)).

Lemma 8. We have

=
=
~

I
-\_‘H
=
12

Eli; & —
E]lj:ﬂm(i) =~

Elimjlimpizgy =

This lemma can be easily proved by assuming the indices i, j, 7%(4), and 7%() are uniformly sampled
from the set {1,2,--- ;n}

B.3 MAIN COMPUTATION

In this case, we can write = as

— T T~ T T T T
E= XL BB XX [Xu) — X;] 40 XL BEWTX Xy — X ] (39)
23, L=,
+ oW/ BI T XTI X [Xpo () — X;] +02 W WX [X ) — X] (40)
L=, £8,

The following context separately computes its expectation EZ and its variance VarZ=.

Expectation Easily we can verify that both E=5 and E=3 are zero. Then our goal turns to calculat-
ing the expectation of E=; and EZ,. First, we have

E1=E ) XL MXX/ X —EY X MX (X[ X
L=mt(0) [

18



Under review as a conference paper at ICLR 2023

With Lemma[6] and Lemmal[7] we conclude
EZ; = (n—h)Te(M) + (p + 1)E]li:,ru(,;) Tr(M) — (pIE]li:j + Elj:wm(i)) Tr(M)
= (n+p—h—hp/n)[1+0(1)] Tr(M). 41)
Meanwhile, we have

EEy= E[W/W, - WIW,; - WIW,| X (X0 — Xj)

mp(n — h)o?

= mEX, (X — X)) = mp (El,_pa(sy) — Eli—j) = [1+0(1)]. (42

Combining @I)) and (@2)) then yields

— h)o?
ES = (n+p)(1— b B2 + TR PT

Variance Then we study the variance of =. With the relation Var(Z) = EZ2 — (EZ)2, our goal
reduces to computing E=2, which can be written as

E? = EE} + 0°EE} + 0°EE3 4 ¢'EZ] + 20°EE 24 + 20°EZ,53.
The following context separately computes each terms

=2 & (n— h)? 2£ P’ v 2
E=2 ~ (n—h) (1+ - +n(n_h)>[T (M)]
2p+3<1_z i 6(n —h)’p  (3n = h)p?

2
+n +
n n3 n3

Tr(MM);

EZ2 ~ 2np (1 + »/n) Tr(M);
27 L dp(n — 1)
n n3

=
[1]
W
X
[
3
[\v]
7N
ISES]
_|_
/~
=
| =
"
_|_
"E
()

) Tr(M);

The detailed computation is attached as follows.

Lemma 9. We have

where = is defined in (39).
Proof. We begin the proof by decomposing =3 as

E=2 = E (Xpu() — X;) | SMX XL MET (X — X;)

Ay

+2F (Xpe () — X;) SMX () X Ly MAT (X — X;)

Ao
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+E (Xpe) = X;) | AMX ey X Ly MAT (Xe(i) — X;),

As

and separately bound each term as in Lemma|[I0] Lemma|[T1] and Lemma[I2]

Lemma 10. We have

E (X — X5) EMX ez (y X Lo (s MET (X sy — X)

2
= (n—h)*(1+0(1)) [Tr(M)]*> + n? %p +3 (1 - Z) +o(1) | Tr(MM).

Proof. Due to the independence among different rows of the sensing matrix X, we condition on 3
and take expectation w.r.t. X ;) and X;, which leads to

T T T T T T
EAy = EX () EMX ()X L MB T X o) +EX] EMX sy X L () MBTX

A1,1 A1,2

For EA; 1, we obtain

EA1, Qg [Tr (EM) Tr (EM)] + ETr (EMMTET) +ETr (EMXM)

B 2
D (= )21+ o(1)] [Te (M) + n? % +2 <1 - n) +o(1)
where (D is due to (28)), and @ is due to Lemma Lemma and Lemma As for EA; o, we have
B 2
Py (1—) +o(1)
n n

and hence complete the proof. O

Tr(MM),

EAje =ETr (SMM'5") = n® Tr (MTM)

Lemma 11. We have

(n—h)p

n

E (Xp) — X)) BMXp) XL MAT (Xpzg) — X)) [(Te(M))* + 3 Tr(MM) |

Proof. Similar as above, we first expand A5 as

EAy = (n—h)EX ] MX 0z () X, (Z.)MATXM(Z-) +(n—h)E XJTMXWu(i)X:h(i)MATXj

A2,1 A2,2
—(n=WEX ]y MX e (y X ]y MATX; —(n — EX ] MX e (y X [ MA T X gy

Az 3 Az g

Case (s,5): i = 7(i) and j = 7%(j). We first compute Ay ; as

EAsn = EX]MX, X/ MX; X[ X; + EX] MX, X MX;X/X;

E[1X]|2(X] MX;)? E(X] MX,)?

= (p+5) [(Tr(M)? + T(MM) + Tr (MTM)} .
We consider As 5 as
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EAs

)

E (X! MX; X,/ MX;) +E (X MMX; X/ X;)

E(X] MX;)® E[X;[3X ] MMX;
= (Tr(M))? + Tr(MM) + Tr (M M) + (p + 2) Tr (MM)..
As for Ag 3 and Ag 4, we can verify that they are both zero, which gives
EAs = (n—h)p[l + o(1)] [Tr(M)]2 +3(n—h)p[1+0o(1)] Tr(MM). (43)
Case (s,d): i = 7%(i) and j # 7°(j).
We can compute Ag ; as

T T T T T T
EAyy = EX]MXX] MX X[ X; + EX ] ( MX s ) XL ) MX () X X )

0
T T T
+ EXﬂﬁ(l)MXWh(l)XWNO)MXJXﬂﬂfl(])xﬂh(L)

= (p+4) (Tr(M))Q—i—Tr(MM)—i—Tr(MTM)}.

We consider As > as

EAyp = EX]MX; X MX; X, X; + EX[ MX () X L () MX o () X[ X

0
T T T

0
= E (X MX;)” = (Tr(M))? + Te(MM) + Tr (M M)..
Similarly, we can verify that both EA5 3 and EA5 4 are zero and hence have

EAy = (n—h)p[l 4 o(1)] [Tr(M)]> 4+ 2(n — h)p[1 + o(1)] Tr(MM). (44)
Case (d, s): i # (i) and j = 7%(j). We compute Ao 1 as

T T T T T T
]EAQJ = ]EXTrh(7,)MX7Tu(’L)Xﬂ-h(z)MXTrh(’L)Xz Xﬂ—h(i) +EXﬂ'h(i)MXﬂ-h(i)Xﬂ'h(i)MXﬂ'hz(i)Xﬂ'h(i)Xﬂ-u(i)

0 0
+ EX ) MX () X L (o MXG X X ) = (Tr(M))? + Tr(MM) + Tr (M ™M) .

EXT

MX
()

-
b () Xy MX

(i) =b ()
We consider As > as

_ T T T T T T
EAgp = EX] MX (X Ly MX o () X X + EX ] MX () X Ly MX i (X 1 X

0 0
+ IEX;FMX,ru(i)X;(i)MXjX;'—Xj = (p+2) Tr(MM).

E|IX;[5X] MMX;
As for EA3 3 and A5 4, we can follow the same strategy and prove they are both zero, which yields

EAy = (n— h) [Tr(M)]*> + (n — h)p[1 + o(1)] Tr(MM). (45)

Case (d,d): i # 7%(i) and j # 7%(j). Contrary to the previous cases, we have EA, ; and EA 5 to
be zero in this case rather than EA, 3 and EA5 4.
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Hence our focus turns to the calculation of EA 3 and that of EA5 4. For A3 3, we have

T T T T T T
EAQ,?) = EXT{'h(i)MXTrh(i)XTrh(’[:)MXTrh(i)Xi X.J —|—EXWE(I)MXWu(Z)XWh(l)MXWuz(l)Xﬂh(l)Xj

EXT MX

1 rb2(s) b (i)

MX

L T T
PLi=EX o MX )Xy MX iy

)
T T
+ EX ] MX () X 1, MX

~
w86 Xt iy MXrt(2)

T T T T
s () X Xy A+ EX s () M () X () MXG X s () X
- EXT T T T
PLi=EX ) ME () Koy () M o) b=z BX 1y ) ME ) X g () M)

= 2 (plicy + 1jpeags)) {(Tr(M))2 + Tr(MM) + Tr (MTM)} :
Then we turn to the calculation of EA 4, which proceeds as

EAg g = EX]MX o ()X () MX ez (1) X X5y + EXJ MX () X L (3 MX e () X s ) X )

L T T 2
LE=EX o MX gy Xy MX i) 1 RS

T T T T
)X X (i) + EX G MX () X () MXG X () X

EHX MMX

j=n02 (i) IO IO

T T
+ EXj MXos (i) X (5 MX s 5

i—4 T T 2
]l(Z_J)IEX,,h(i)Mth(i)Xﬂ.h(i)MX xXT MMX

wh (4) ]ljzwhz(i)]EHX'nh(l) 2 rbi(a)

)
= 20, (p + 2) Te(MM) 4 21(i = j) [(Tr(M))Q + Tr(MM) + Tr (MTM)] .
Then we conclude
EAs = — 2(n — h) [(p+ 1) licj + 1j_pes] [(ﬁ(M))2 + Tr(MM) + Tr (MTM)}
—2(n — h)(p + 2)1 (i) Tr(MM). (46)

The proof is thus completed by combining (@3), @4), @3), and @E).
O

Lemma 12. We have
T
E (Xni) — Xj) AMXp X MAT (X — X5)
h h
= (1 - 0(1)) P [Tr(M)]? + (3 -+ 0(1)> p? Tr(MM).
Proof. We begin the proof by expanding A3 as

T T T T T T
EAs = EX ) AMX ) XLy MAT X o) +EX] AMX sy X () MATX;

A3 Az 2
T T T T T T
— EXWh(i)AMXﬂ(i)XFh(i)MA X, —E Xj AMXWh(i)XWu(i)MA qu(i) .

Az 3 A3 4

Case (s,s): i = 7%(i) and j = 7%(). First we compute A3 ; as

EAsy = EX]X; X/ MX; X MX, X X; + EX] X; X/ MX;X MX;X[X;

E|IX,|13(X] MX; )* E|X. |12 (X MX, )?

+ BX[ XX MX; X MX XX, + EX XX MX, X MX; X[ X,

E[[X)13(X] MX;)* E(X]X;)"X] MX,;X] MX;

= (p+4) (p+8) [(Te(M))” + 2 Te(MM)| +2 (Tr(M))” + (p + 6) Tx (MM).

We consider A3 5 as

22



Under review as a conference paper at ICLR 2023

EAse = EX]X; X MX, X MX; X! X; + EX] X, X MX; X MX; X/ X;

E[IX:)12(X] MX;)? (P+2)E(X] MX;)*

T T
+ EX XX MX,; X MX; X, X; + EX] X; X MX,; X MX; X/ X;

(P+2)E(X] MX;)* E||IX;]13X ] MMX;
= (3p+8) [(Tr(M))2 + Tr(MM) + Tr (MTM)} + (p+2)(p+4) Tr(MM).
In addition, we can verify that EA3 5 and EA3 4 are both zero. Hence we conclude

EAs = (p? + 15p + 42) [Te(M))* + (3p* + 37p + 94) Tr(MM). (47)

Case (s,d): i = 7%(i) and j # 7%(j).

We can compute Az ; as

EAsy = EX] XX MX, X MX; X/ X; + EX] X; X MX; X MX ;X[ X;

E||X 13X MX; ) 0

+ EX XX MX X MXGX 0 X+ BX XX 0 MXG X MXG X X

0 0
T T T T T T T T
+ EX] XX MXG X MX ) X X+ EX] XX ) MXGXTMXGX L X

E||X;[|I2X] MMX, 1

j:wW(j)]E(XiTMXi)Z

+ EX[ Xoom1 ) X MXG X MX X X+ EX X ()X MX X MX s X X

0 1,2 E(XTMX;)®

+ Exjxﬂ,l(j)XJTMXiXZMXjX;,l(j)Xi

E[| X 13X MMX;

= (p®+10p+ 24 + 21,2 (;)) [(Tr(M))z +2Tr(MM) | + 2(p + 2) Tr(MM).

We consider Aj o as

EAsp = EX] XX MX; X/ MX, X[ X; +EX] X; X MX; X/ MX :(; X[ X;

(X )12(X] MX;)? 0

+ EX;FXiX;rMXiX?MXjX;’I(j)Xj

0
+ EXJ XX MX X MXG X X+ BX XX 0 MXG X MX )X X

0 E||X; ||4 Tr(MM)
T T T T T T T T
+ IEX]- XjXWh(j)MXiXi MXjXﬂh,l(j)Xj —HEXj X,,nq(j)Xj MX; X, MX; X, X;

1 E|IX;|5X MMX,; 0

j=n82(j)

T T T T T T T T
+ EX; X)Xy MXG X MX () X X +EX G X () X MXG X MXGX ) X

12 () EIXG X ] MMX; E[X;[I5X] MMX;
= (p+4) [(Tr(M))2 +2 Tr(MM)] +(p+2) (p+ 1+ 21;_pea(;)) Te(MM).
As for Az 3 and A3 4, we can prove that they are both zero in this case. Hence we conclude

EAs = (p* + 11p+ 28 + 21, ey ) (Tr(M))” + [3p® + 27p + 62 + 2 (p + 4) 1 ps2(;)] Tr(MM).
(43)
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Case (d, s): i # 7°(i) and j = 7%(5).

We consider the term A3 ; as

T T T T
IEA3,1 = ]EXﬂn(i)XiXﬂu(i)Mth(i)Xﬂn(i)Mth(i)Xi th(i)

2

2
7
B X e o |, (KT MX 2 0)

T T T T
+ ]EXﬂ_u (1)X1XWN(Z)MXWh(Z)Xﬂ-h (i)MXWh2(i)Xﬂ'u (i)XTFu (1)

2 2
T
]li:ﬂh2(i)]EmX7rh(i) F<Xﬂn(i)Mwa(i)>

T T T T
+ Eth (i)XiXﬂ—h(i)MXﬂ'h(i)Xﬂ—h (1)].\/.[:X]X-.‘7 X.ﬂ.h (2)

0
T T T T
+ EXWh (i)Xﬂ-h(i)Xﬂ'hQ(’i)MXﬂ-h(i)Xﬂ'h (7,)MX7Th(7,)X7, Xﬂ.h (1)

:(X:hu)wah(i)r

T T T T
+ ]EXTrh (i)Xﬂ'u(i)Xﬁhz(i)MXWu(i)Xﬁh (i)MXTrhz(i)Xﬂ-h (i)XTfu (2)

]li=7rt2(i)EWX7rh(i)

E[|X:[3X, MMX;

T T T T
+ Eth(i)X‘fTh(i)XﬂhQ(i)MX‘"h(i)Xﬂh(i)MXij Xre (i)

0
T T T T
+ EXﬂ,h(i)Xij MXﬂ—h(i)Xﬂ.h(l)MXﬂ—h(z)Xl Xﬂ.n(i)

0
T T T T
A EX 4y X5 X MX a3y X 3y MIX ez 3y X 3y X (3)

0
T T T T
 EX (1) XX MX e (5) X (3 MX; X Xes i)

E(X] X;)°X] MX;X] MX;

= (p+6) (Tr(M))* + (p* + 9p + 22) Te(MM) + 21,203 (p + 4) [(Tr(M))* + 2 Tr(MM)} .

We consider the term Az 5 as

EAgp = EX] XX L MX e () X 1 (o MX e () X[ X

pr(X:M)MXﬂhU))Q

T T T T
+ EXG XX s () MX e 3y X 3y MX e () X (9 X

1lzﬂb2(i>E(ijxi)2

T T T T
+ EX] XX MX iy X o MX, X[ X

0
T T T T
+ ]EXJ Xﬂ'h(i)Xﬂ'hz(i)MXﬂ'h(i)Xﬂ'h(i)MXﬂ'h(i)XZ— Xj

li:wh?(i)]E(XiTMXif

T T T T
+ ]EX] Xﬂ.h (i)XWh2(i)MX7Th (7,)X71—h(7)MX71'U2(7,)X7|—N(7)XJ

E[[X;[3X MMX;

T T T T

0
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T T T T
+ EX; X;X; MXﬁn(i)Xﬂu(i)MXWh(i)Xi X

0
T T T T
+ EX] XX MX ()X T MX ez ) X Ly X

0
T T T T
+ EX] X, X] MX ()X 1 MX; XT X

E[X, |} xX ] MMX;
= p(Te(M)) + (p? + 9p + 10) Tr(MM) + 21,_ ;) [(Tr(M))2 +2Te(MM)] .
As for A3 3 and As 4, easily we can verify they are both zero and hence
EAz = 2(p+3) (Tr(M))* +2 (p* + 9p + 16) Tr(MM)
+ 21,y (p+5) [(Tr(M))2 +2 Tr(MM)] . (49)

Case (d,d): i # 7%(i) and j # 7(j). First, We compute EA3 ; as
EAs, = EX], (Z.)Xix; (i)MXWu(Z—)XL(i)MXWu(i)X; Xos (i)

2

2
7
B o | (KT MX )

T T T T
+ EXﬂu(i)Xinn(i)MXw”(i)th(i)MXwW(i)th(i)Xw”(i)

2 2
T
]li:ﬂh2(1)]EH|X1rh(i) F<Xﬂn(i)Mth(i))

T T T T
T EX () Xi X 3y Mo (1) X () MX s () X X )

—

i (X:h iy MKt <i>)2

T T T T
+ BX e ) XX 1y M s 1y X ) MK X () X )

0

1,1

—i1, i E[X

i(XIH(i)MXW”U))Q

T T T T
+ ]EXﬂ—h (i)X‘n’h(i)X-;rﬁ(qj)MX‘n'h(i)X-;rt (1)MX7Th(1)Xz Xﬂ.t (z)

()

2(XT. MX 2
F( =h () "“H))

T T T T
+ Eth(i)Xw“(i)wa(i)Mth(i)th(i)MXw“(i)th(i)th(i)

]li:ﬂh2(i)EH|X7rh(i)

ol

:(X:h(i)MMXw“(i))

T T T
+ EXﬂ_u(i)Xﬂ-u(i)Xﬂ-tZ(i)MX‘n—”(i)Xﬂ't(i)MX

0

-
)X Xora(i)

mi(j

: (X:nu)Mthm)Q

T T T T
—|— ]EXT‘—N (i)Xﬂ'h(i)Xﬂ't2(i)MXﬂ'h(i)Xﬂ't (i)MXjXﬂ-h—l(j)Xﬂ'h (2)

]lj=i1j:wh2(i)lE“)X7r1(i)

1 ]E|HX

4
-
g=m22 @) Bl Xt || (Xﬂm)MMthm)

T T T T
+ EXT(“ (Z)XJX'ﬂ'h (j)MXTrh(’L)XTrh (Z)MXﬂ'u (’L)Xz Xﬂ-h (’L)

—

i (%, oy MX b <z’>)2

T T T T
A EX )X X () M (1) X i M sz i) X 5y X i)

2 2
T
j=m02(3) E (X«h(i)MX"h(“)

T T T T
T EX ) X X () MX s 5y X 3y MX e () X X 5

w0 ()

1,01 ]me

j=i

wh (i)

2
XT —~MMX

ﬂi:JE”‘me) DS =B (1)

2(xT. Mx ®11,.E|x
F( ~506) whm) iz H‘ 1)

25



Under review as a conference paper at ICLR 2023

T T T T
+ EXﬂ-h (Z)XJXWEI(‘])MX#” (i)Xﬂ-h(i)MXjXTrhfl (])Xﬂ.u (’L)

1j=wh2<j>[’ 7]EH|th<L 2(X:a(i)wahu))QHi#E(X,TumMthm)Z]

T T T
+ EXﬂn(i)Xﬂu—l(j)Xj MXwﬂ(i)Xﬂh(i)Mxnh(i)Xi qu(i)

Licil,_ 2 )]EMX (x oy MX i ))

T
=+ EXWh(i)Xﬂ.h—l( )X MX a (i )X )MXﬂuz(i)Xﬂh(i)Xﬂu(i)

wh (i

Lj=rt20)

E[X.a00

* XT ~MMX
( wh (i) 7rt‘(i))

T T
+ EX ()Xﬂ-t 1(J)X MXﬂ-h(z)Xﬂ—h(i)MXﬂ—h(j)Xj Xﬂ'h(’i)

Lj=rt2() [L:J‘mewh ol (X:u(')wahu))z*li#f”‘:(sz)MXwﬂ(z‘))z}

T T
+ EX ()Xﬂ.t 1(J)X MXﬂ-u(7/)X7Th(l‘)MXjX7rh71(j)Xﬂ'h(i)

t Bf|x i(in<i>MMXw“(i))*l.#wwu)IEMX j(xznu)MMXan)

j=mh2(3)
= (14 2Limqu() +3TLizj + 6Licj Ljra(y)) (P +4) {(TI"(M))2 + QTY(MM)]

+ (14 3Lj—ge2(i)) (p + 2)(p + 4) Tr(MM)

+ 2L () Lz [(TY(M))2 +2 Tr(MM)}

+ Ljsmia(iy (p + 2) Te(MM) + Lig;(p + 2) Tr(MM). (50)

Then we calculate EA3 5 as

T T T T
EAS)Q = EXJ XlXWh(l)MXWu(Z)XWh(Z)MXWW)XZ Xj

2 2
L B| X |2 (XTL;( )wam-)) +p17¢jE<X:h(i)MXﬂ”(i))

T T T
+ EX X Xﬂ,u(OMXWH(i)Xﬂ—ﬂ(i)MXﬂ'uz(i)Xﬂ’u(i)Xj

1 EX] X, XT XT, MX;XTX . . +1; -IE(XT MX )2
i=mi2(s) | Li=y =y MEb X k4 i Dl T AT (i) = (i)

T T T
+ Exj XiXTrn(z‘)Mer“(i)th(i)MXw“(j)Xj X

X (XD, MX )
Lizj F L) mh (i)

T T
—|— ]EX X Xﬂ'h(z)MXﬂ'h(i) wh(i)MXjXﬂ-h—l(j)X

-
Limj1,_ oo () EXTXXT,  MX X,

T T T
+ ]E)(‘7 Xﬂ'h(l)Xﬂ—h?(z)MXﬂ'h(’L)Xﬂ—h(z)MXﬂ't(Z)X'L Xj

MXXTX

2
L2 {L':j]EX:XiXT MX () X T, MXGXTX 5+ B(XT, | MX ) ) }

a(4)
+ ]EX Xﬂ.h( )Xﬂ_tg( )MXﬂ.h( )X ( )MXﬂ.h2(l)Xﬂ_h(z)X]

1

E[%eq. MMX )+, ) B(X] X g, ) (qumMXi)z

A2 () 2K
T T T
+ EX Xorr ) X iz () MoK () MXra ()X X

XT  MX; XX

li:jl’i:WEZ(l)EX XX MXﬂ,h(i) (i) iy ~8(i)

w4 (3)
T T T
+ EX_] Xﬂ'h(Z)XTrHQ(z)MXﬂ'h(Z)Xﬂ-ﬂ(z)MX]Xﬂ—h—l(j)X]

]lj:wW(i)]E(Xawaﬂ(i))g (inmMXj)z
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T T T T
+ EX] XX 5 MX s ) X o MX i) X X

2
LBl (X, MX ) )

-
w8 (4)

T T T T
+ ]EX] ijﬂ_u (j)MX.ﬂ.h (i)X_ﬂ,u (1',)MX-7Th2(i)X7-rﬂ (7)X]

T T
Limj 1,2 EXT X XT,  MX 4 X

xT
w0 (4) MX;X; Xﬂ'”(t’)

-
()

T T T T
+ EX; XjXFh(j)MXWu(i)Xﬂt(i)MXﬂu(j)Xj X,

2
]171:_7]E|\|X7‘,|\|1‘§(X:hmMXWh(i)) +1i4EIX X, MMX )

T T T T

2
1,2 [Lim EXTXXT,  MX g XT MXGXT X )+ L EILXG 12X MM, |

T T T T
+ ]EXJ Xﬂ—h—l(j)X]’ MXWh(i)Xwﬂ(i)MXﬂh(i)Xj, X_]

T T
Limj 1,2 EXT X XT,  MX 4 X

xT
w0 () MX;X; Xﬂ'”(t’)

-
()

T T T T
+ EXG Xoe1 () X MX () X () MX ez () X e (9 X

1y B(XT X ) (X, MX, )

T T T i
+ EXj X.,rt—l(j)Xj MXwﬂ(i)th(i)MXW”(j)Xj X

xXT

2
1 _nh2(5) []l'i:j]EX;rX'iX:h(i)Mth(i) Ah oy MEXX )+ L BIX H|FXJ-TMMXJ']

T T T T
+ EX; (Xﬂh*(j)Xj)Mthu)Xﬂn(i)M(ijwh-l(j)) X

nj:whg(i)m(xjxﬂhm)z(x:t(i)MXj)2+1j#h2mE|\xj 12X T MMX;
= 41,—p(p + 2) [[Tr(M)]? + 2 Tr(MM)] + Liz;p(p + 2) Tr(MM)
+ 8L Limeay(p + 2) [ (T(M))? + 2 Tr(MM) |
+ 4Ly [2[TH (M) + (p + 6) Tr(MM)|
+ 21 sy (P + 2) TE(MM) + 2125 1 rz2 () (p + 2) Tr(MM)
+ Loy (P4 2Ly [(Tr(M))2 +2 Tr(MM)} . (51)

The term A3 3 is computed as

T T T T
]EA373 == ]EXWH(1)X’LX71—H(1)MX7rh(z)XWh(q)MXﬂ'h@)Xv X]

0
T T T T
+ ]EXﬂ—ﬂ (1)XZX7rh(Z)MXﬂ'h(1)X7rh(z)MX7rh2(z)X7rh(l)Xj

0
T T T T
+ EX a3y XX 5y MX e () X ) MX e () X X

2
N
Lty PE [X,rumewhu)]

T T T T
+ EXﬂ_n (Z)XZX‘n—h(l)MXTrh(Z)Xﬂ—h(l)MXjXﬂ-hfl(J)Xj

0
T T T T
+ EXﬂ_n (,L-)Xﬂ-h (i)Xﬂ—tﬁ(i)MXﬂ’h (l)Xﬂ—h(Z)MXﬂ'h(’L)XZ Xj

0
T T T T
+ EX,Tn(Z-)Xﬁu(i)XWuz(i)Mth(i)XWu(i)MXwW(i)th(i)Xj

0
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T T
+ ]EXﬂ"h(i)Xﬂ'h( )Xﬂ_hz( )MXﬂ-h( )X ( )MX )X] Xj

mi(j

0
T T
+ EX L ()Xo (1) Xz (1) MX g () X e ) MXG X 1 ) X

2
.
1_7:wh3(¢)E”|X i FXﬂn(i)MMth(i)

T T T T
+ ]EXT‘—N (i)XjXTrb (j)MXﬂ'h(i)Xﬂ—h (i)MXﬂ,h (Z)Xz X_]

1 E(XT MX :
i=ml(j) [ (i) wh('i)]

T T T T
+ EXﬂ_n (Z)XJXTI'h (])MXﬂh(l)Xﬂh (i)MXﬂ‘hz(i)XTrh (Z)XJ

0

T T
+ EXﬂ'h(@)X X. h( )MXﬂh(l)Xﬂh(z)MXﬂu(])X‘j Xj

0
T T T T
+ EXﬂ_n (’L)X]Xﬂ'h (])Mxﬂh(l)xﬂ_n ('L)MXJXWh*I(‘])XJ

0
T T
+ EXﬂ,u(i)Xﬂ—h 1(3)X MXﬂu( )Xﬂ:(l)MXﬂu(,)Xl Xj

0
.
+ EX Ly X1 () X Mt () X () MX o () X 0 X

1 E|XT, MX :
j=m3 (i) [ =b(3) whm]

T
+ EXFu(i)th 1( )X MX i >X MX (X Xj

(i)

0
T T T T
+ EX i) Xoro -1y X MX s (9 X (5 MXG X0 )X

0
= [(p + l)l].izﬂ-h(j) + ]]‘j:ﬂ'w(i)} [TI‘(M)]2
+ 20+ D Licragy + (P +4)Lj—pss )] Te(MM). (52)

Then we consider the term EA3 4, which can be written as

EAgq = EX]XiX Loy MX oz () X 1y MX e () X Xa )

0
T T T
+ ]EX X Xﬂ_u( )MXﬂ'h(i)Xﬂ—h(i)MXﬂ'hz(i)Xﬂ—h(i)XTrh(’i)

0
T T T T
+ EX; Xinh(i)MXw“(i)th(i)MXw“(j)Xj X (i)

2
-
1 E[xﬂh(l)Mxﬂm]

i=7l(5)
T T T
+ IEX X, Xﬂh( )MXWh(i)Xﬂu(i)MX‘jXWu—l(j)th(i)

0
T
+ EXJ Xﬁ-h(i)Xﬂ_hQ( )MXWn(Z)X 5 )MXﬂ.n( )X Xﬂ.u(

0
T T T
+ ]E)(‘7 Xﬂ-h(i)Xﬂ_hg( )MXﬂ-h( )Xﬂ—h('L)MXﬂ'hz(l)Xﬂ—h(z)Xﬂu(’L)

0
T T T T
+ EX X () Xz () MX i (3) X () MX i ) X X

0
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T T T T
+ ]E)(‘7 Xﬂ-h (i)Xﬂ'hQ(i)MXﬂ'u (’L)Xﬂ—h(z)MXjXﬂ—hfl(])Xﬂh (’L)

1

j=mi3 nE[X]

w8 (4)
T T T T
+ ]EX] XjXﬂ-h(j)MX‘Trh(i)Xwﬂ(i,)MXTrn(i)Xi, Xﬂ'h(i)

MXWH(O]Q

2
>
L) PE [Xﬂumewh u)]

T T T T
+ EX] XjXﬂ—h (J)Mxﬂh(l)xﬂ_n (i)MXﬂ‘JQ(i)Xﬂ-ﬂ (Z)Xﬂ-h(z)

0
T T T T
+ ]EXj Xijh(j)MXW”(i)Xw“(i)MXﬂ‘(j)Xj Xw“(i)

0
T T T T
+ ]E)(‘7 X]Xﬂ_h (j)MXﬂh(l)XTrh (Z)MXJX‘H'“71 (j)Xﬂ'h(l)

0
T T T T
+ EXG X)X MX e () X (y MX () X Xeai)

0
T T T T
+ EX] X1 (59 X] MX s ) X L ) MX 2 () X s (1 X

2 T
p Xt iy MM i)

T T T T
+ EX; X)X MX e () X () MX e () X Xa i)

]l.j:nhi3(i)]E|||th(l)

0
T T T T
+ EX] Xﬂ.h—l(j)xj MXTrh(i)Xﬂh(i)ijXﬂh—l(j)Xﬂh(i)

0
- [(p + l)li:ﬂh(j) + :ﬂ.j:ﬂh.?(i)] [TT(M)]2
+ 20+ DLizragy + (P + 4)1j_pes (] Te(MM). (53)

Combing (30D, (31), (32), and (B3) together then yields

_ 4hp(p +2)
= 7712 [

EAs 1+ o(1)] [Tr(M))* + 2p* [1 + o(1)] Tr(MM). (54)

The proof is thus completed by summarizing the computations thereof. O

Lemma 13. We have

EZ3 =2[(p+2)(p+3) + (n — 2)(p+ 1)] | B[y = 200 (1 + 2/ + o(1)) || B,
where = is defined in (39).

Proof. We have
EZ: =

E
=E
E
E

For the conciseness of notation, we assume 7%(i) = 1 and j = 2 w.L.o.g. Decomposing the term
2
X (X1 = X3)ll; as
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X (X, — Xo)2 = [X] (X1 — Xo)] + [XT (X0~ Xa))* 1+ 30 (X7 (X1 — X%
1=3

T T2

T3

we then separately bound the above three terms. For the first term E7; |HB“TX1 ’”12:’ we have

ETH B Xy = E [ (1% + (X %2)°) [1B* X

= EIX B X[+ B (T X) B Xy © 0 +2) 0+ 5) [,
(0+2) (+4)IBE | (p+2)IBE I .
where @ is due to (29) and (30). )
Similarly, for term E75||Bf "X, ||, we invoke (29) and (30), which gives
ET BT X[l = E |(X]X0)" B Xu|le] + EIXo ) x E[BTXA; 66)
(p+2)|BE 2 P(p+2)1B 1
2 o+ D+ 2B 57

where @ is due to 29).

For the last term E73 |HBhTX1 |H}2:, we exploit the independence among the rows of matrix X and
have

BT3B X, |

S [(X] (X1 - X)) BT

= B (% - Xl BT

i>3

= SB[l + 1%alz) - B
i>3

=23 (p+ DB = 2(n - 2)(p + 1)[| B (58)
>3

The proof is then completed by combining (33), (57), and (G8).

Lemma 14. We have

R\? p?>  dp(n—h)?
EE3; = 2n? p+<1—n> +%+7p(n ) +o(1)

n n3

Tr(M),

where =3 is defined in (39).

Proof. To begin with, we decompose the term E=3 as

ES} = E | (X —X;)| EMET (Xpeg = X5) | 42E | (Xeg — X;) T EMAT (Xagi) — X))

B E

+E | (Xpiy — X)) AMAT (X = X;) | (59)

EV
Step L. First we consider EA, which can be written as
B\ 2
Py (1 ) +o(1)
n n

EA, = 2ETr (EMET) D g2 Tr(M), (60)
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where (D is due to Lemma[3]
Step IL Then we turn to EA5, which can be written as

EAz = (n—R)E[X) MA X | + (n = WE [X] MATX;|
N——

A2’1 A2,2

— (0= W) Xz T MATX | ~(n = WE[X;T MA X

Az 3 A2,4
Case (s,5): i = 7%(7) and j = 7%(j). We have

EAsy = EX] M (XX +X;X]) X; = (p+3) Tr(M);
EAs» = EX] M (XX +X;X]) X, = (p+3) Tr(M).
In addition, we can verify that EA5 5 and A, 3 are both zero, which suggests that

EAy =2(n — h)(p + 3) Tr(M). (61)
Case (s,d): i = 7°(i) and j # 7%(j). We have
EAs, = EX] M (XZ-XZT + XX + Xﬂufl(j)x}) X, = (p+2) Tr(M);
EAsy = EX]M (XiXiT + XX )+ X,,b_l(j)xj) X; = Tr(M).
Moreover, we have both EAg 5 and EA; 4 be zero, which suggests that
EAs = (n —h)(p + 3) Tr(M). (62)
Case (d,s): i # 7°(i) and j = 7%(j). We have
EAsy = E (XIW) MXjX]TXﬂ(Z-)) — Tr(M);
EAsp = EXMX;X[X; = (p+2) Tr(M).

Similar as above, we can verify both EA» 3 and EA, 4 are zero, which suggests that

EAg = (n — R)(p + 3) Tr(M). (63)

Case (d,d): i # (i) and j # 7°(j). Different from the above three cases, we have EA5 ; and
EA; 5 be zero and focus on the calculation of EA 3 and EA5 4, which proceeds as

EAzs= E [Xﬂu(,;)T MXﬁu(i)XiTXj} +E [Xﬂn(i)T MXW(i)XIu(i)Xj]

plliz; |BH]2 1,2 1B

+E [me)T Mth(j)XyTXj} +E [me)T MXJ'X;*(j)Xa}

pLic; IBHI2 1oyt ) IBI2
2 [pLizj + Ljoree (s ] Tr(M);
T T T T
EAzy = E[X] MX ) X[ Xy +E [Xj MXWHQ(i)th(i)X‘n-h(i)}

B

o g2
Li—;BE[7 PL,_ e,y IBEIZ

B [X, T MX o)X Xy | + B [X, T MXGXT, ) X

1,-;1B0)2 P, e2 0 IBEI2
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= 2 [pLj—rez(i) + Li;] Tr(M),

which suggests that

EAQ = 72(’11 - h)(p + 1) (]]-jzﬂUQ(i) + I].i:j) TI‘(M) (64)
Combing (61, (©62), (©3), and (64), we conclude
)2
EA, = w Tr(M) [1 + o(1)]. ©65)

Step III. Then we turn to the calculation of EA3. First we perform the following decomposition

Ag= X, AMA X o)+ X AMATX; - X, 0 AMATX; - X]AMA "X ;) -

Az As,2 Az,3 A3z4
Case (s,5): i = 7°(i) and j = 77(j). We have

EAsp = E (X! X;X] MX; X[ X;) +E (X X; X MX;XX;)

E[|X;][3X, MX; (p+2)| B2
+ E (X X;X] MX;X/X;) +E (X X;X] MX;X]X;) = (p+2)(p+7) Tr(M);

(p+2)1Bt[7 (p+2)IBt[7
EAss = EX] (XX +X; X ) M (X; X, +X;X) X; = (p+2)(p+7) Tr(M).
As for EA3 3 and EA3 4, easily we can verify that they are both zero and hence have

EAy = 2(p +2)(p + 7) Tr(M) = 252 Te(M) [L + o(1)] . (66)
Case (s,d): i = 7%(i) and j # 7°(j). We can write A3 ; as

EAsy = E (X! XX MXXTX) +E (XXX MX 5 X[ X))

E[[X][3X MX; 0

+ B (XXX MXX o Xi)

0
+ B (XXX MXXT X)) +E (XXX MX e X X )

0 PIBE|

T T T
+ B (XXX MXX ) X

1 Tr(M)

j=n82(j)

T T T T T T
+E (X! X1 X MX,X] X)) +E (X] X105 X) MX sy X[ X5)

0 1, k2 Tr(M)

T T T
+ B (X X1 ()X MXX o X )

PIBAIE
= (p2 +8p+8+ 2]1j:7rh2(j)) TI‘(M)

Mean A3 2 can be written as

EAss = E(X] XX MX;XX;)+E (X X; X/ MX,.:; X/ X;)

(p+2)IB| 0
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+ B (XXX MXGX )X

0
T T T T T T
+ B (XXX MXX] X, ) + B (XXX () MX e () XT X )
0 EIX, I Tr(M)
T T T
+ B (XXX MXG X, )X )

lwh_l(j)=7rh(j) (174'2)”“3h |le

T T T T T T
+ E (X X1 X MX X[ X;) +E (X Xpoo1 ) X MX () X X))

0 1b—1(jy— () (PH2)IBEIR

B (X)X () X MXG X)X

(p+2)IBE |7
= (p+2) (p +2+ 2]1j:ﬂu2(j)) Tr(M).

And for EA3 3 and EA3 4, easily we can verify that they are both zero. Then we conclude

EAsz =2 (p” + 6p+ 6 + (p+ 3)1_rs2(j)) Tr(M) = 2p” Tr(M) [1 + o(1)] . (67)
Case (d,s): i # 7°(i) and j = 7%(j).
In this case, we can write A3 ; as

EAs; = E <X;:h(i)XiXL(i)MX,rn(i)XiT X,rm))

E|X; 72X MX;

T T T
+E (Xﬂh(i)xixﬂh(i)MXﬂhz(i)xﬂh(i)Xﬂ(i))

1 E|X;[F X, MX;

i=mh2 (i)

T T T
Y+ E (Xﬂh(i)xixﬂ(i)ijXj th(i))

0
T T T
+E (Xﬂh(i)Xﬂh(i)Xﬂm(i)MXﬂh(i)Xi Xﬂn(i))

1,_ 2 ) BIX: IEXT MX;

i=mb2(s

+E (X:h<i>th<z‘>XIﬂ2<i>Mwa(i)XIﬂ(i)Xﬂ(i))

E| X[ Tr(M)

+E (X,—:u(i)Xﬂﬂ(z‘)XLZ(i)MXiX;XW”(i))

0
T T T
+E (xwu(i)xjxj MX 2 X, xﬂu(i))

0
T T T
+E (xﬂ(i)xjxj Mxﬂm(i)xﬂu(i)xﬂ(i))

0
T T T
+ B (XXX MXGX] X))

EIX; [FX] MX;
= (p+2) (p+ 2+ 2L;_pe25)) Tr(M).
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We consider A3 5 as

EAsz = EX] XX MX oy X[ X+ EX] XX L MX iz (y X s ) X

p Tr(M) 1, n2p) Tr(M)

T T T
+ EX] XX MX;X] X;

0
T T T T T T
+ EX; Xoo (1) X oo 5y MX e () X X+ EXG X () X () MX e () X () X

L n2(h Tr(M) p Tr(M)

T T T
+ EX] Xy X Jeo () MX,; X T X

0
+ EX[ XX, MX () X X+ EXJ XX MX a2y X X+ EX/ X, X MX;X ] X;

0 0 EIX; 3 X, MX;
= (p2 +8p+8+ 2]li:7ru2(i)) Tr(M).
Similarly, as above, we can verify that EA3 3 = 0 and EA3 4 = 0. Hence, we can conclude
EAz =2 (p® +6p+ 6+ (p+ 3)1;_puz(sy) Tr(M) = 2p* Tr(M) [1 + o(1)] . (68)
Case (d,d): i # 7%(i) and j # 7%(j). We write A3 ; as
T T T T T T
EAgy = E X o) XiX e () MX o () X Xy + B Xy () X Xy MX ez () X () X )

EIX; [FX] MX; 1 EIX; X, MX;

i=m82 (i)

T T T T T T
+E Xw“(i)Xin”(i)MXTr‘(j)Xj Xro(i) TE Xﬂ'h(i)XiXﬂ'h(i)MXijh—l(j)th(i)

L E| X 3 X MX; Lii 1, (i BIXGI2X] MX;

T T T T T T
+ E X)X (1) X (3 MX e (3) X Xy + B Xy X () X () MX ez 3y X ) X )

1,2 EIXGIRX MX; E[X; ] Tr(M)

T T T T T T
B X )Xo (1) Koo 5y MK () X j Ko i) + B X 5y Koo (6) Koo (i) MK X () X 1)

Loyl 2 BIXG2X] MX, L, s ) EIXG D Te(M)

T T T T T T
B X 0y X Ko () M () X X (i) + B X (3 X X ) MX 2.6 X3 X ()

1 ElX: 3 X, MX; Limj,_ 2 () EIXG I3 X MX;

T T T T T T
+E Xﬂ”(i)Xijﬂ(j)MXw“(j)Xj Xrey) +E Xﬂh(z‘)XjXﬂn(j)MXjXﬂu—l(j)Xwn(1:)

Li— Bl X [P X MX+1i,p Tr(M) Jlj:,,uzm(li:jE\l\Xi\l\ngMXz‘-ﬁ- Lizs Tr(M))

T T T T T T
+ IE Xﬂh(i)XT(u_l(j)Xj MXﬂ't(l)Xz Xﬂ'h(i) +]E Xﬂh(i)Xﬂuq(j)Xj MX‘IThQ(i)Xﬂ—h(i)XTrh(i)

E|X; X MX; 1 EJX; Iz Te(M)

]li:j]li:nﬁ(i) j=m82(i)
T T T T T T
+ E Xﬂh(i)XTru_l(j)Xj MXﬂ-t(J)XJ X—ﬂ'ﬂ(i) +IE Xﬂq(i)Xﬂu_l(j)Xj MXijh—l(j)XTrn(i)
]‘_j:wm(j) []li=j]E‘|Xi NEXIMXH‘]--L;&]‘ TT(M)] 1_7:"h2(i)E‘|Xi ng Tr(M)-‘,—]lj;équ(i)pTr(M)

= (P +5p+2) Tr(M) + L;p2(5)2(p + 2) Tr(M) + 1 _rz2(; (3p* + 5p) Tr(M)
—|— 2]lj:71—h2(j) TI‘(M) —|— ]li:jQ(p + 3) T‘I‘(M) + ]li:j]li:‘n'h?(i)Q(Sp + 5) T‘I‘(M)

We consider Aj o as

EAsy = IEX]-TXZ-XL(Z.)MXﬂ(i)XiTXj—&— IEXJ-TXZ-X;(i)MXwnz(i)XIh(i)Xj

Limi BIX | TrM)+ 1L p Tr(M) 1, o ) [Limg BEIXa [FX]T MX 41,25 Tr(M)]
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T T T T T T

1= E| X | Tr(M) Liej1,_u2 0 EIX: 2 X, MX;

T T T T T T
T EXG X () Xoeo () MKz () X X+ EXG X () Xz () MX i () X 1 () X

T,z [Ty EIX X MX 4L TeM)] 1 o EIGIEX] MX 1 o p Tr(M)

T T T T T T
+ EXJ Xﬂ'b(i)Xﬂ—W(i)MXﬂ'b(j)Xj X] +]EX] Xﬂb(i)Xﬁuz(i)MXjXﬂh71(j)Xj

]li:jjli:.,th(i)mei H@XTqu ]lj:,rEQ(i)EmXimgX;rMXi

T T T T T T
+ EXJ XX ) MX () X X+ EXJ XX MX e ()X 0 X

1;—; EX; |4 Tr(M) Limj 1, h2 ) EIX: IFX]MX;
T T T T T T
+ EXJ» XjXﬂu(j)MXﬁh(j)Xj X, —‘rEXj XjXﬂ—h(j)MXjXTrh—l(j)Xj

EIX, [2X] MX;

EJX g Tr(M) 1jmrh2(5)

T T T T T T
+ EX; Xpi-1(5) X MX e X X +EX G X1y X MX ez () X5 () X

(4)

Limj1,_n2 () EIX:IE X MX; 1 ne ) EIXG 3 X MX;

T T T T T T
+ EX; X)Xy MX () X X +EXG X (5 X MXGX ) X

1,2 BIXGI2X] MX; E|X; [PX] MX;

= (P +5p+2) Tr(M) + Lj—ps2(;y2(p + 2) Tr(M) + Li—; (3p* + 5p) Tr(M)

+ 21,2y Te(M) + 1z (9 2(p + 3) Tr(M) + Limj L2592 (3p + 5) Tr(M).
We consider A3 3 as

T T T T T T
EAss = E XD XX T (o MX s (0 XT X+ EX T XX ) MX iz () X X

0 0
T T T T T T
+ E Xﬂ_h(l)xlxﬂ_h(l)MXﬂ-h(J)Xj X] + E Xﬂ't(Z)X’LXﬂ‘h(Z)MX]XTrh71(j)X']

lizwu(j)pTr(M) 0

T T T T T T
+ ]E Xﬂ-h(i)XTru(i)Xﬂ—hQ(i)MXTru(i)Xi X] + E Xﬂ,n (i)Xﬂ'h(i)thz(i)Mthz(i)Xﬂt(i)Xj

0 0
T T T T T T
+ B X ) Xt (1) Xz () MX e () X X+ X ) X () Xz () MXG X ) X

0 ]lj:Wu;;(i)pTr(M)

+ B X XX ey MX (X X+ B X 0 XX MX e () X X

]li:wh(j) Tr(M) 0

T T T T T T
+ E X XXy MX s (X X+ E XL XX MXGX L )X

0 0
T T T T T T
+ ]E qu(i)xﬂuq(j)xj MXﬂu(Z)X7 X] +]E Xﬂu(i)Xﬂhil(j)X]‘ MXﬂ.h2(7)Xﬂ,u(1)X‘7

0 1;_ 53 ;) Tr(M)

T T T T T T
+ E Xy X1 ()X MX s ()X X+ E X X1 () X MXGX )X

0 0
= (p+1) [Limay) + Ljmmua(p)] Tr(M).

Then we consider A3 4 as

EAgq = EX] XX Lo MX e () X Xoea i)+ BXJ XX MX e () X X

0 0
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T T T T T T

T

1 Tr(M) 0

i=7l(5)

T T T T T T
—+ EX] Xﬂ-”(i)Xﬂ—h?(i)MXﬂ-”(i)Xi Xﬂ.u(i) —I—EXJ Xﬂ'h(i)Xﬂ'h2(i)MXﬂ'h2(i)Xﬂ'h(i)Xﬂh(i)

0 0

T T T T T T
+ EX G X (i) Xz () MX s () X Xy +EX G X ()Xo (y MXGX o1 (5) Xrai)

0 lj:ﬂhZi(i) Tr(M)

T T T T T T
+ ]E:)(‘7 XJXWN(‘])MXW”O)XZ Xﬂu(7) +]EX] X]X'ﬂ'h(j)MXTruz('l)Xﬂ‘h(l)Xﬂ'n(l)

PL,_ ;) Tr(M) 0

T T T T T T

0 0
T T T T T T
+ EXG X)X MX e (3 Xy Xoa ) + EXG Xoao () X MX sz () X () Xra )

0 P]lj:whii(i)Tr(M)

T T T T T T
+ EXj X)X MX e () X X ) +EX G Xoramn 5y X MXGX ) X g

0 0
= (P+1) (Licm(y) + Ljmranp)) Tr(M).
In summary, we have
EAz = 2 (p* + 5p+2) Te(M) + 2(p + 3) [Lizps2(s) + Lj—paz(j)] Tr(M)
+ (3p* 4+ Tp+6) (Lizj + Lj—poz(sy) Te(M) + Li—j 1 pe2 (4 (3p + 5) Tr(M)

=2(p+ 1) [Lics(j) + Ljmpss(sy] Tr(M) = 2p® Tr(M) [1 + o(1)] . (69)
Combining (66), (67), (68), and then yields
EA3 = 2p* Tr(M) [1 + o(1)]. (70)

The proof is then completed by (39), (60), (63), and (70).
O

Lemma 15. We have

EZ2 = m(m+1) [p (p+2) (]li:,ru(i) + ]].i:j) +p (]l#,ru(i) + ]li;ﬁjﬂ +2mp(n+p+1)

= (I o),

where Zy4 is defined in (39).
Proof. For the conciseness of notation, we define I as X (Xﬂu(i) — Xj) (Xﬂu(i) - Xj)T X' and
hence have
EZ2 = EW; W TWW,.
We begin the discussion by expanding WW; as

W2T W, — W;Wl
VV;lr WIWZ'
Then we obtain
n n
EZi= ) > T,E[(W]W,) (WIW,)]
s=1t=1
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TLE (W W)* + 30 S TLE (W] W,W, W)
s#i t#1

Yoz Das E(W I W3)?
2

=TuE | Y W2 | +) Te-m=Tu[Bm+m(m—1)]+m) I
j=1 s#£1 sF#i
= m(m + 1)El;; + mE Tr(T). (71)

We can thus complete the proof by separately computing E Tr(M) and ET';;. First we compute ET';;,
which proceeds as

ETy = E (X! X)) +E (X X;)?
= Licgu())P(P +2) + Ligre(iyp + Lizjp(p + 2) + Liggjp
= p(P+2) [Licm + Lizj] + 0 [Ligrsy + Lizgg] - (72)
Then we turn to the computation of E Tr(IM), which proceeds as
2
ETr(T) = [|X (Xrz) = X5)

2 2 2
= B||X) (X = X)) | +EIX] Koo = X)) [+ D2 EIXT (X = X5) 5

s#m (1),
4 T 2 2
= 2E[[ X lly + 2B (XL Xs) +2 Y EIX3
s (1),
= 2p(p+3)+2(n—2)p=2p(n+p+1). (73)
The proof is thus completed by combing (71I), (73), and (72). O

Lemma 16. We have

mp(n — h)(n+p—h)

E=Z124 =

[1+0(1)] Tr(M),
where Z1 and =4 are defined in (39).
Proof. We have

EE1E4 = EX ] MX T X (X o) — X;) (Xagi) — Xj)T XTWW,.

IN

First we conditional on X. Expanding the product WW, as

W1TW7 0
W, W, 0

E WzTWi =l
W)W, 0

we can compute E=, =5 w.r.t. W as
E (2:5,) = Ev' WW,; = mEw;,
where v; denotes the ¢th entry of v and can be written as

vi= X] (Xnay = X5) (Ksy = X5) T BMX ey + X (Xao) — X;) (Ko = Xj) T AMX sy

Aq Az
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For A1, we conclude
EA; = EX{ Xz (X 1o (1) EMX iz ) + EX[ XX SMX s
— EX, X () X EMX a5y — EX[ XX ], () EMX s
= Li_pi()(p + 3)ETr(EM) — Li—;(p + )E Tr(XM)
(n = h) (Lizrs(iy (p + 3) = Lizj(p + 1)) Tr(M)

_ pn=h)” - M 14 o(1)] Tr(M).

Then we turn to EA5 and obtain

T T T T
EAy = EX] X0 X1 () AMX i) +E X] X, XT AMX i)

A2,1 A2,2
T T T T
— EX X)X AMX ) —EX] XX, () AMX i)

Ao s Aza
We compute the value of EA5 under the four different cases.

Case (s,5): i = 7%(7) and j = 7%(§). In this case, we have A be
A=A =XX] +X;X].
We have
EAzy = EX{ XX (XiX] +X,;X]) MX; = (p+2)(p + 5) Te(M);
EAzo = EX]X,;X] (XX, + X;X]) MX; = 2(p + 2) Tr(M);
EAzs = EX/X;X] (XX +X;X]) MX; = 0;
EAss = EX/ X; X/ (XX +X,;X]) MX; =0,
which implies
EAy = (p+2) (p+7) Tr(M).
Case (s,d): i = 7°(i) and j # 7°(j). First we write A as

ACD = XX+ XX )+ Ko (p X

Then we conclude

=

EAs; = EX] XX (X X+ XX iy + X (n X[ ) MX; = (p+2)(p + 4) Tr(M);

EAss = EX] X,;X] (x X+ XX )+ X (9 X)) MX; = (p o+ 2) Tr(M);

EAss = EX]X,X] (X,X] +X,X]

)
)

wi) F Xrer ()X, ) MX; = 0;
)

Bz = EX]XX] (XiXT + XX ) + Xpor (n X]
which suggests that
EAs = (p+2)(p+5) Tr(M).
Case (d, s): i # 7°(i) and j = 7(5). In this case, A reduces to
d,s) __

We have
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T T T T T T
]EA2,1 = EXz Xﬂ'h(1)X7Th(@)XZX7Th(Z)MX‘ITh(’L) +EX1 Xﬂu(i)Xﬂ-h(i)Xﬂu(i)thQ(i)MXﬂu(i)

E[X; 3% MX; Ly o2 (n EIXG3X MX;

+ EX X,y X (i)XjXJTMXﬂ(i) = (p+2) [L+ Licgszgy] Tr(M);

0
EAgp = EX] XXX Xy MX ) + EXJ XX X s () X ez () MX e )

p Tr(M) 1,_ b2 Tr(M)

+ EX XX XX MX ) = (94 Lizgszsy) Tr(M);

0
EA273 = 0,
EA274 = O,

which suggests
Case (d,d): i # n°(i) and j # 7°(4). In this case, A is written as
dd) _ T T T T
A = XX, )+ Ke ()X iz + XX o) + Kpoor (X
We have

T T T T T T
EAzy = EXy Xy X () X X (o MX iy + EXG X (1) X () X (i) X (y MX )

E|| X [3X] MX; 1, e EIXGl3X]T MX,

T T T T T T .
+ EXz Xﬂh(1)X7rﬂ('L)XJX7rh(])Mxﬂh(ﬂ +EX’L X‘/r”(i)Xﬂ'h(i)XTrh’l(j)Xj MXW”(i)?

1Bl X 13X MX; Limj L, 2 ) EIIX: 13X MX;

EAgo = EX[ X;X[XiX [ (o MX o)+ EX XX Xy X Lo 5y MX a5

Limyp(p42) Tr(M)+Lizyp Tr(M) 1, o ) [1im BN X1 3X] MX+Liz; Tr(M)]

T T T T T T .
+ EX; XX XX MX sy + EXG XX X)X MX )

1i—;jp(p+2) Tr(M) 1i:j1j:7h2(i)EHXH§XTMX

EAg g = EX] X () X] XX Ly MX o ) + EXG Xoea ) X X () X oz () MX e )

0 0
T T T T T T .
+ EX] Xy XJ XXy MX () + EX X ()X X (9 X MX i)

lizwh(j)pTr(M) 0

EAyy = EX/ XjX;rn(i)XiX;(i)Mqu(i) +EX]X,;X], (i)xﬂh(i)xjw(i)MXﬂh(i)

0 0
T T T T T T
+ EXG XX (1) X Xy MX s () +E X XX ()Xo o1y X MX ey -
1, ug Tr(M) 0

Hence we conclude

EAs = 2(p + 1) Tr(M) + Li—;2 (p + 1)* Te(M) + Li—pa(jy(p + 1) Tr(M)
+ ]]-i=7rh2(i) (p + 3) TI‘(M) + ]]-i:j ]].izﬂ-hz(i) (3p + 5) TI‘(M)

Lemma 17. We have
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Bz, = AL =By 14001,

where = and Z3 are defined in (39).

Proof. To start with, we write the expectation as E=o=3

E2yZ5 = EX (o B"W' X (X — X;) W/ BT XTI T X (X sy — X;)
N—_——
uT pERn X1 v
= EuTWTpWiT'v =E <W,», uTWTp'u> .
Exploiting the independence among X and W, we condition on X and have
Ew <Wi, uTWTp'v> =Ew Tr (VwiuTWTpv) .

Notice that only the diagonal entries of the Hessian matrix Vw, ' W T pv matters. For an arbitrary
index s, we can compute the gradient of the sth entry of u' W " pv w.r.t. W, ; as

_d
dWi,s

d

Ty T _
(u W pvs) = v,

(ptW;ru) = pzwz—ru = P;VsUs.

(uTWTp) = v, z”:

v d v L
SdWi’S —1 SdWi,s

Invoking the definitions of p, v and u, we have
Ew x (Wi uT W pv) = Ex (X X)X D [ X (B), (BYT) ] XTIFTX (X — X)) |
s=1

T T
Qg (X = X5) XX GMET (Xoegoy = X5) |+ B [ (X = X5) " XX MAT (X = X5,

Ay Ao
where in D we use the relation }_" | (B*T) _ (B“T);r =B'B"T =M.

For the first term A7, we obtain

Ay = B (X[ XX M2 X)) +B (XXX METX; )

Lo EIXGIEXT MET X, 1, e o EXTMETX;

T T T T T T
_E (th(i)xixﬂh(i)mz Xj) _E (Xj XX, M3 th(i))

EXT
b (i)

= (n—h) [Licm@(@+3) = (p+ 1) Ligj Lz | Tr(M).

Then we consider the second term A5, which can be decomposed further into four sub-terms reading
as

1;,1

T o T T
=5 Liznh(i) M X by PLi=jl, . hHEX M X by

b (i)

EAs = E (X[ XX MA X)) +E (X] XX MATX;)

A271 A2,2

—E (XIh (Z.)XZ-X;(Z.)MATXJ-) —E (XJ-TXZ-XL(Z.)MATX,TH(Z-));

A2 3 A2 4

Case (s,5): i = (i) and j = 7%(j). In this case, we have A be

ALY = XX+ XX
Hence we conclude

EAr; = E[X] XXM (XX, +X,X]) Xi] = E|X i X MX; + E|X;[7X; MX;
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(p+2)(p+4) Tr(M) + (p + 2) Tr(M);
E [X] XXM (XX, + X;X]) X;] = B XX MX; + E|X; ;X MX;
2E[X; [FX, MX; = 2(p + 2) Tr(M);

EAss = E [X] XXM (X; X/ +X,;X])X;] =0;
EAsy = E[X/ XXM (X,X] +X;X[)X;] =0

EAQ}Q

which suggests EAs = (p+2) (p+ 7) Tr(M).
Case (s,d): i = 7°(i) and j # 7 (). First we write A as
sd)T _ T T T
A( ) = XZXz =+ Xﬂ'h(j)Xj + X]'X,n_h71(j).
Then we conclude

EAsy = E (XXX MX X X;) +E (X XX MX 0 X[ X)

EIX, [ X MX; 0

+ B (XXX MX,X], ) Xs) = BIXG X MX; = (p+2)(p -+ 4) Tr(M);

0
EAgz = E (XX, X! MX;X/X;) +E (X X;X] MX (X[ X;)

EIX, X[ MX; 0

+E (XTX X MX, X, )X, ) E|X; 12X MX; = (p + 2) Tr(M);

0
EAos = E {X:XiXZ—TM (X X!+ Xy X[ + XX, 1(])) X, ] —0;
Bz = B [X] XXM (XX + X () X] + X, X)) Xi| =0,

which suggests EAy = (p + 2)(p + 5) Tr(M).
Case (d, s): i # 7°(i) and j = 7% (). In this case, A reduces to

AT _ Xﬂu(i)X;r + Xﬁnz(i)XIn(i) + XJX;—
Then we obtain

EAg, = E (X:h (i)XiXL(i)MXWu(i)XiTX,ru(i)) +E (x;(i))(ixju o MX 2 X1, (@qum)

E|X; [§ X MX; 12 () EIXG [EX MX,

+ XI“(i)XiXTTr”(i)MXjXJ’TXTF”(i)> = (14 Limep)) (p+2) Te(M);

B
0
Ehsz = E(

T T T T T T
X] XX Ly MX o)X X5 ) + B (XXX ],y MX 2 X L X )

LB I M)+ 1 p Tr (M) 1, o [1 EIXG X MX 41, Tr(M)]

+ B (XXX [ MXGXT X ) = (p+ Limsa(p)) Te(M);

0
Eos = B [XT. XXM (XeoXT + X X gy + X,X] ) X, | =0

EAps= E [XJ-TXZ-X:W)M (Xﬂn(i)X;r + XX oy + XjX]T) Xﬁn(i)} —0,

which suggests
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EAs =2(p+ 1) Tr(M) + (p + 3)L;—re2(;) Tr(M).
Case (d,d): i # n°(i) and j # 7°(5). In this case, A is written as
dd)T _
ASDT = X X 4+ Koo () X ey + Xows ()X + XX o).
Then we have

_ T T T T T T
EAs, = IEI(Xﬂh(i)Xinn(i)MXwn(i)Xi Xﬂu(i)) +E (th(i)xixﬂ(i)Mxﬂuz(i)X )Xﬂ(i))

(4

E|X;|2X] MX; 1 E|X;|2X ] MX;

i=m02 (i)

T T T T T T
+ E (Xﬂh(i)xixﬂh(i)Mth(j)Xj qu(i)) +E (Xﬂh(i)XiXﬂ—h(i)MXjXﬂ—hfl(j)X-rrh(i))

1 EIXG X MX; Vi1 e BIX X MX
(p+2) [L4 1i—ps2(iy + Dimj + Li—paz sy Lizs] Tr(M);
T T T T T T
E (X] XX o) MX () X[ X; ) + B (X XX ) MX oy X L X )

EAQ 2

)

Li— B X | Te(M)+pLi; Te(M) 1,2y [Limy (p2) Tr(M)+1,45 Tr (M)]

T T T T T T
+ B (XXX, () MK ()X X5 ) B (X] XX ) MX,X )X )

1i—; E| X | Tr(M) Licj1,_ o EIXG I2X] MX;
= QILi:jp(p + 2) TI'(M) + p]l#j Tr(M) + li:ﬂnz(i) [L-:ﬂ(p + 2) TI(M) + ]].Z‘?gj TI'(M)}
Edps= E (X; XXy MX e X Xj) +E (X,Trh XX MX ez () X, (Z.)Xj)

0 0
T T T T T T
+E (Xﬂh(i)xixﬂ(i)MXﬂumxj X]-) +E (th(i)xixﬂt(Z.)ijxﬂ,l(j)xj)

Pl .t Tr(M) 0

EAsy= E (X]-TXZ-XL (Z.)Mx,rn(i)xjxﬂ(i)) +E (X}Xixjrh HMX 2 X1, (i)xﬂ(i))

0 0
T T T T T T
+E (Xj XiX oy MXs (X Xﬁn(i)) +E (X]— XiXﬂ—h(i)MXjXTrnfl(j)erh(i)>7

1 Tr(M) 0

i=nl(j)
which gives

EAs = (p+1) [2+2(p+ 1) Lizj + Li—egjy] Te(M) + 1,2y [p + 3 + (3p 4 5) Li—;] Tr(M).
O

C USEFUL FACTS

This section collects some useful facts for the sake of self-containing.

Theorem 3 (Wick’s theorem (Theorem 1.28 in Janson|(1997))). Considering the centered jointly
normal variables g1, go,- - - , gn, we conclude

E(g192--9gn) = Z HE(gikgjk)'
k

all possible disjoint
pairs (ig,jr)€{1,2,- ,n}

With Wick’s theorem, we can reduce the computation of high-order Gaussian chaos to calculating the
expectations of a series of low-order Gaussian chaos.
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Lemma 18. For a normally distributed random matrix G € R"*P which satisfies EG = 0 and
Evec(G)vec(G)T = U ® V, we have
E(GTAGCG'BG) = Tr (AU) Tr (BU) VCV
+Tr (AUB'U)VC'V
+Tr (AUBU) Tr (CV) V,

where vec(-) is the vector operation; ® is the Kronecker product (Horn & Johnson, |1990); and A, B
and C are arbitrary fixed matrices.

Lemma 19 (Stein’s Lemma (cf. Section 1.3 in Talagrand (2010))). Let g ~ N(0, 1). Then for any
differentiable function f : R — R we have

Elgf(9)) = Ef (g),

where lim| g o0 f(g)e‘"”gHg = 0 for any a > 0.
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