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Abstract

We consider the best-of-both-worlds problem for learning an episodic Markov

Decision Process through T episodes, with the goal of achieving O(v/T') regret
when the losses are adversarial and simultaneously O(polylog(T")) regret when
the losses are (almost) stochastic. Recent work by [Jin and Luo, 2020] achieves this
goal when the fixed transition is known, and leaves the case of unknown transition
as a major open question. In this work, we resolve this open problem by using the
same Follow-the-Regularized-Leader (FTRL) framework together with a set of
new techniques. Specifically, we first propose a loss-shifting trick in the FTRL
analysis, which greatly simplifies the approach of [Jin and Luo, 2020] and already
improves their results for the known transition case. Then, we extend this idea
to the unknown transition case and develop a novel analysis which upper bounds
the transition estimation error by (a fraction of) the regret itself in the stochastic
setting, a key property to ensure O(polylog(T")) regret.

1 Introduction

We study the problem of learning finite-horizon Markov Decision Processes (MDPs) with unknown
transition through 7" episodes. In each episode, the learner starts from a fixed initial state and repeats
the following for a fixed number of steps: select an available action, incur some loss, and transit
to the next state according to a fixed but unknown transition function. The goal of the learner is to
minimize her regret, which is the difference between her total loss and that of the optimal stationary
policy in hindsight.

When the losses are stochastically generated, [Simchowitz and Jamieson, 2019, Yang et al., 2021]
show that O(log T') regret is achievable (ignoring dependence on some gap-dependent quantities for
simplicity). On the other hand, even when the losses are adversarially generated, [Rosenberg and
Mansour, 2019a, Jin et al., 2020] show that O(\/T) regret is achievable.! Given that the existing
algorithms for these two worlds are substantially different, Jin and Luo [2020] asked the natural
question of whether one can achieve the best of both worlds, that is, enjoying (poly)logarithmic regret
in the stochastic world while simultaneously ensuring some worst-case robustness in the adversarial
world. Taking inspiration from the bandit literature and using the classic Follow-the-regularized-
Leader (FTRL) framework with a novel regularizer, they successfully achieved this goal, albeit under
a strong restriction that the transition has to be known ahead of time. Since it is highly unclear how

!"Throughout the paper, we use 1] (+) to hide polylogarithmic terms.
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to ensure that the transition estimation error is only O(polylog(T)), extending their results to the
unknown transition case is highly challenging and was left as a key open question.

In this work, we resolve this open question and propose the first algorithm with such a best-of-both-
worlds guarantee under unknown transition. Specifically, our algorithm enjoys o (\/T ) regret always,
and simultaneously O(log2 T') regret if the losses are i.i.d. samples of a fixed distribution. More
generally, our polylogarithmic regret holds under a general condition similar to that of [Jin and Luo,
2020], which requires neither independence nor identical distributions. For example, it covers the

corrupted i.i.d. setting where our algorithm achieves (5(\/5) regret with C' < T being the total
amount of corruption.

Techniques Our results are achieved via three new techniques. First, we propose a new loss-shifting
trick for the FTRL analysis when applied to MDPs. While similar ideas have been used for the
special case of multi-armed bandits (e.g., [Wei and Luo, 2018, Zimmert and Seldin, 2019, Lee et al.,
2020b, Zimmert and Seldin, 2021]), its extension to MDPs has eluded researchers, which is also
the reason why [Jin and Luo, 2020] resorts to a different approach with a highly complex analysis
involving analyzing the inverse of the non-diagonal Hessian of a complicated regularizer. Instead,
inspired by the well-known performance difference lemma, we design a key shifting function in
the FTRL analysis, which helps reduce the variance of the stability term and eventually leads to an
adaptive bound with a certain self-bounding property known to be useful for the stochastic world.
To better illustrate this idea, we use the known transition case as a warm-up example in Section 3,
and show that the simple Tsallis entropy regularizer (with a diagonal Hessian) is already enough to
achieve the best-of-both-worlds guarantee. This not only greatly simplifies the approach of Jin and
Luo [2020] (paving the way for extension to unknown transition), but also leads to bounds with better
dependence on some parameters, which on its own is a notable result already.

Our second technique is a new framework to deal with unknown transition under adversarial losses,
which is important for incorporating the loss-shifting trick mentioned above. Specifically, when the
transition is unknown, prior works [Rosenberg and Mansour, 2019a,b, Jin et al., 2020, Lee et al.,
2020a] perform FTRL over the set of all plausible occupancy measures according to a confident set
of the true transition, which can be seen as a form of optimism encouraging exploration. Since our
loss-shifting trick requires a fixed transition, we propose to move the optimism from the decision
set of FTRL to the losses fed to FTRL. More specifically, we perform FTRL over the empirical
transition in some doubling epoch schedule, and add (negative) bonuses to the loss functions so that
the algorithm is optimistic and never underestimates the quality of a policy, an idea often used in the
stochastic setting (e.g., [Azar et al., 2017]). See Section 4 for the details of our algorithm.

Finally, we develop a new analysis to show that the transition estimation error of our algorithm is
only polylogarithmic in 7', overcoming the most critical obstacle in achieving best-of-both-worlds.
An important aspect of our analysis is to make use of the amount of underestimation of the optimal
policy, a term that is often ignored since it is nonpositive for optimistic algorithms. We do so by
proposing a novel decomposition of the regret inspired by the work of Simchowitz and Jamieson
[2019], and show that in the stochastic world, every term in this decomposition can be bounded by a
fraction of the regret itself plus some polylogarithmic terms, which is enough to conclude the final
polylogarithmic regret bound. See Section 5 for a formal summary of this idea.

Related work For earlier results in each of the two worlds, we refer the readers to the systematic
surveys in [Simchowitz and Jamieson, 2019, Yang et al., 2021, Jin et al., 2020]. The work closest to
ours is [Jin and Luo, 2020] which assumes known transition, and as mentioned, we strictly improve
their bounds and more importantly extend their results to the unknown transition case.

Two recent works [Lykouris et al., 2021, Chen et al., 2021] also consider the corrupted stochastic
setting, where both the losses and the transition function can be corrupted by a total amount of C.
This is more general than our results since we assume a fixed transition and only allow the losses to
be corrupted. On the other hand, their bounds are worse than ours when specified to our setting —
[Lykouris et al., 2021] ensures a gap-dependent polylogarithmic regret bound of O(C log® T + C 9,
while [Chen et al., 2021] achieves O(log® T'+ C') but with a potentially larger gap-dependent quantity.
Therefore, neither result provides a meaningful guarantee in the adversarial world when C' = T,
while our algorithm always ensures a robustness guarantee with O(+/T') regret. Their algorithms are
also very different from ours and are not based on FTRL.



The question of achieving best-of-both-worlds guarantees for the special case of multi-armed bandits
was first proposed in [Bubeck and Slivkins, 2012]. Since then, many improvements using different
approaches have been established over the years [Seldin and Slivkins, 2014, Auer and Chiang, 2016,
Seldin and Lugosi, 2017, Wei and Luo, 2018, Lykouris et al., 2018, Gupta et al., 2019, Zimmert et al.,
2019, Zimmert and Seldin, 2021, Lee et al., 2021]. One notable and perhaps surprising approach is to
use the FTRL framework, originally designed only for the adversarial settings but later found to be
able to automatically adapt to the stochastic settings as long as certain regularizers are applied [Wei
and Luo, 2018, Zimmert et al., 2019, Zimmert and Seldin, 2021]. Our approach falls into this category,
and our regularizer design is also based on these prior works. As mentioned, however, obtaining
our results requires the new loss-shifting technique as well as the novel analysis on controlling the
estimation error, both of which are critical to address the extra challenges presented in MDPs.

2 Preliminaries

We consider the problem of learning an episodic MDP through 7' episodes, where the MDP is
formally defined by a tuple (S, A, L, P, {Et}thl) with S being a finite state set, A being a finite
action set, L being the horizon, ¢; : S x A — [0, 1] being the loss function of episode ¢, and
P:Sx AxS —|0,1] being the transition function so that P(s’|s, a) is the probability of moving
to state s’ after executing action q at state s.

Without loss of generality [Jin et al., 2020], the MDP is assumed to have a layer structure, that is,
the state set S is partitioned into L + 1 subsets .Sy, S1, ..., Sr, such that the state transition is only
possible from one layer to the next layer (in other words, P(s’|s, a) must be zero unless s € S, and
s" € Sk4q forsome k € {0,..., L — 1}). Moreover, Sy contains sg only (the initial state), and Sy,
contains sy, only (the terminal state). We use k(s) to represent the layer to which state s belongs.

Ahead of time, the environment decides an MDP with P and {Kt}thl unknown to the learner.
The interaction proceeds through 7' episodes. In episode ¢, the learner selects a stochastic policy
7+ S x A — [0,1] where 7, (a|s) denotes the probability of taking action « at state s.> Starting from
the initial state s, = so, the learner then repeatedly selects an action a}, drawn from 7, (- |s% ), suffers
loss £;(s},, a},), and transits to the next state s}, ; € Sp41 for k =0,..., L — 1, until reaching the
terminal state sy,. At the end of the episode, the learner receives some feedback on the loss function
L;. In the full-information setting, the learner observes the entire loss function ¢;, while in the more
challenging bandit feedback setting, the learner only observes the losses of those visited state-action
pairs, that is, £;(sh, a), ..., l(st _1,al ;).

With slight abuse of notation, we denote the expected loss of a policy 7 for episode ¢ by ¢;(7) =
E [Zf;ol Li(sk, ak)‘ P, w], where the trajectory {(sg, ax) }r=o....,—1 is the generated by executing
policy 7 under transition P. The regret of the learner against some policy 7 is then defined as
Reg,(m) =E [Zthl li(m) — 4y (7()} , and we denote by 7 one of the optimal policies in hindsight
such that Reg,(7) = max, Reg, (7).

Adversarial world versus stochastic world We consider two different setups depending on how
the loss functions /1, ..., {1 are generated. In the adversarial world, the environment decides the
loss functions arbitrarily with knowledge of the learner’s algorithm (but not her randomness). In this
case, the goal is to minimize the regret against the best policy Reg- (), with the best existing upper

bound being O(L|S|+/[A|T) [Rosenberg and Mansour, 2019a, Jin et al., 2020] and the best lower
bound being Q(L+/|S||A|T) [Jin et al., 2018] (for both full-information and bandit feedback).

In the stochastic world, following [Jin and Luo, 2020] (which generalizes the bandit case of [Zimmert
and Seldin, 2019, 2021]), we assume that the loss functions satisfy the following condition: there

exists a deterministic policy 7* : S — A, a gap function A : § x A — R, and a constant C > 0
such that

T
Reg (") > E ZZ Z q(s,a)A(s,a)| — C, (1)

t=1 s#sp a#n*(s)

>Note that m¢(+|sz) is not meaningful since no action will be taken at sz,. For conciseness, however, we
usually define functions over S x A instead of (S \ {sr}) x A.



where ¢;(s, a) is the probability of the learner visiting (s, a) in episode ¢. This general condition
covers the heavily-studied i.i.d. setting where ¢4, ..., {7 are i.i.d. samples of a fixed distribution,
in which case C' = 0, 7* is simply the optimal policy, and A is the gap function with respect to
the optimal ()-function. More generally, the condition also covers the corrupted i.i.d. setting with
C being the total amount of corruption. We refer the readers to [Jin and Luo, 2020] for detailed
explanation. In this stochastic world, our goal is to minimize regret against 7*, that is, Reg(7*).?
With unknown transition, this general setup has not been studied before, but for specific examples
such as the i.i.d. setting, regret bounds of order O( 10gT) where Ayy = ming q4q+(s) A(s, a) have
been derived [Simchowitz and Jamieson, 2019, Yang et al., 2021].

Occupancy measure and FTRL  To solve this problem with online learning techniques, a com-
monly used concept is the occupancy measure. Specifically, an occupancy measure "™ S x A —
[0, 1] associated with a policy 7 and a transition function P is such that ¢ (s, a) equals the proba-
bility of visiting state-action pair (s, a) under the given policy 7 and transition P. Our earlier notation
q¢ in Eq. (1) is thus simply a shorthand for ¢©™*. Moreover, by definition, /;() can be rewritten as
<qP’“, €t> by naturally treating ¢©>™ and ¢, as vectors in RISI*I4] and thus the regret Reg,(7) can

e written as _.{(q: —q"™, l) |, connecting the problem to online linear optimization.
be written as E |31, P g ting the problem to online 1 ptimizat

Given a transition function P, we denote by Q(P) = {¢"™ :  is a stochastic policy} the set of
all valid occupancy measures associated with the transition P. It is known that Q(P) is a simple
polytope with O(|S||A|) constraints [Zimin and Neu, 2013] When P is unknown, our algorithm
uses an estimated transition P as a proxy and searches for a “good” occupancy measure within Q(P).
More specifically, this is done by the classic Follow-the-Regularized-Leader (FTRL) framework
which solves the following at the beginning of episode ¢:

q: = argmin <q, i, > + ¢:(9), 2)

q€Q(P) <t

where ZT is some estimator for £, and ¢; is some regularizer. The learner’s policy 7 is then defined
through 7;(als) o (s, a). Note that we have g; = g™ but not necessarily g; = g; unless P = P.

3  Warm-up for Known Transition: A New Loss-shifting Technique

One of the key components of our approach is a new loss-shifting technique for analyzing FTRL
applied to MDPs. To illustrate the key idea in a clean manner, in this section we focus on the known
transition setting with bandit feedback, the same setting studied by Jin and Luo [2020]. As we will
show, our method not only improves their bounds, but also significantly simplifies the analysis, which
paves the way for extending the result to the unknown transition setting studied in following sections.

First note that when P is known, one can simply take P = P (so that §; = ¢;) and use the standard
importance-weighted estimator ¢, (s, a) = ¢, (s,a)l-(s,a)/q, (s, a) in the FTRL framework Eq. (2),
where I-(s,a) is 1 if (s, a) is visited in episode 7, and 0 otherwise. It remains to determine the

regularizer ¢,. While there are many choices of ¢, leading to v/T-regret in the adversarial world,
obtaining logarithmic regret in the stochastic world requires some special property of the regularizer.
Specifically, generalizing the idea of [Zimmert and Seldin, 2019] for multi-armed bandits, [Jin and
Luo, 2020] shows that it suffices to find ¢, such that the following adaptive regret bound holds

Reg,(7) S E ZZ S e 3)

t=1 s#sp aFn*(s)

which then automatically implies logarithmic regret under Eq. (1). This is because Eq. (3) admits a
self-bounding property under Eq. (1) — one can bound the right-hand side of Eq. (3) as follows using

3Some works (such as [Jin and Luo, 2020]) still consider minimizing Reg, () as the goal in this case. More
discussions are deferred to the last paragraph of Section 4.1.



AM-GM inequality (for any z > 0), which can then be related to the regret itself using Eq. (1):

L (s, a)A(s,a z R T )+ C 1oT
I N o] e GNP DD WP

t=1 s#sp a#n*(s) s#sL a;é'n'*(s)

(4)
Rearranging and picking the optimal z then shows a logarithmic bound for Reg.(7) (see Section 2
of Jin and Luo [2020] for detailed discussions).

To achieve Eq. (3), a natural candidate of ¢; would be a direct generalization of the Tsallis entropy
regularizer of [Zimmert and Seldin, 2019], which takes the form ¢;(q) ZS . Va(s,a) with

ne =1/t V/t. However, Jin and Luo [2020] argued that it is highly unclear how to achieve Eq. (3) with
this natural candidate, and instead, inspired by [Zimmert et al., 2019] they ended up using a different
regularizer with a complicated non-diagonal Hessian to achieve Eq. (3), which makes the analysis
extremely complex since it requires analyzing the inverse of this non-diagonal Hessian.

Our first key contribution is to show that this natural and simple candidate is in fact (almost) enough
to achieve Eq. (3) after all. To show this, we propose a new a loss-shifting technique in the analysis.
Similar techniques have been used for multi-armed bandits, but the extension to MDPs is much less
clear. Specifically, observe that for any shifting function g, : S x A — R such that the value of
(q, g-) is independent of ¢ for any ¢ € 2(P), we have

q: = argmin <q, > i- > +¢ulq) = argmm< Y+ gT)> + di(q)- (5)

qeQ(P) <t q€Q(P) T<t

Therefore, we can pretend that the learner is performing FTRL over the shifted loss sequence

{ZT + gr }r<t (even when g, is unknown to the learner). The advantage of analyzing FTRL over this
shifted loss sequence is usually that it helps reduce the variance of the loss functions.

For multi-armed bandits, prior works [Wei and Luo, 2018, Zimmert and Seldin, 2019] pick g, to be a
constant such as the negative loss of the learner in episode 7. For MDPs, however, this is not enough
to show Eq. (3), as already pointed out by Jin and Luo [2020] (which is also the reason why they
resorted to a different approach). Instead, we propose the following shifting function:

g-(5,0) = Q- (s,a) — Vo (s) — L (s,a), V(s,a) € S x 4, 6)

where @T and YA/T are the state-action and state value functions with respect to the transition P,
the loss function /., and the policy 7, that is: @T(s7 a) = ,(s,a) + By p(is.a) [IA/T(S’)] and
Vi(s) = EGNWT(,|S)[@T(S,CL)] (with V,.(s;) = 0). This indeed satisfies the invariant condition
since using a well-known performance difference lemma one can show (g, g.) = —‘A/T(so) for any
q € Q(P) (Lemma A.1.1). With this shifting function, the learner is equivalently running FTRL over
the “advantage” functions (Q (s, a) — V,(s) is often called the advantage at (s, a) in the literature).

More importantly, it turns out that when seeing FTRL in this way, a standar(/i\ analysis with some
direct calculation already shows Eq. (3). One caveat is that since Q- (s, a) — V;(s) can potentially
have a large magnitude, we also need to stabilize the algorithm by adding a small amount of the
so-called log-barrier regularizer to the Tsallis entropy regularizer, an idea that has appeared in several
prior works (see [Jin and Luo, 2020] and references therein). We defer all details including the
concrete algorithm and analysis to Appendix A, and show the final results below.

Theorem 3.1. When P is known, Algorithm 3 (with parameter v = 1) ensures the optimal regret
Reg,(7) = O(\/L|S||A|T) in the adversarial world, and simultaneously Reg,(7*) < Reg,(7) =

OWU +vUC) where U = Lli‘% LYY Datne(s) % in the stochastic world.

Our bound for the stochastic world is even better than [Jin and Luo, 2020] (their U has an extra | A|
factor in the first term and an extra L factor in the second term). By setting the parameter y differently,
one can also improve L* to L3, matching the best existing result from [Simchowitz and Jamieson,
2019] for the i.i.d. setting with C' = 0 (this would worsen the adversarial bound though). Besides
this improvement, we emphasize again that the most important achievement of this approach is that it
significantly simplifies the analysis, making the extension to the unknown transition setting possible.



4 Main Algorithms and Results

We are now ready to introduce our main algorithms and results for the unknown transition case,
with either full-information or bandit feedback. The complete pseudocode is shown in Algorithm 1,
which is built with two main components: a new framework to deal with unknown transitions and
adversarial losses (important for incorporating our loss-shifting technique), and special regularizers
for FTRL. We explain these two components in detail below.

A new framework for unknown transitions and adversarial losses When the transition is un-
known, a common practice (which we also follow) is to maintain an empirical transition along with
a shrinking confidence set of the true transition, usually updated in some doubling epoch schedule.
More specifically, a new epoch is started whenever the total number of visits to some state-action
pair is doubled (compared to the beginning of this epoch), thus resulting in at most O (|.S||A|log T')
epochs. We denote by i(¢) the epoch index to which episode ¢ belongs. At the beginning of each
epoch ¢, we calculate the empirical transition P; (fixed through this epoch) as:

Pi(s'|s,a) =

where m; (s, a) and m; (s, a, s') are the total number of visits to (s, a) and (s, a, s") respectively prior
to epoch i.* The confidence set of the true transition for this epoch is then defined as

i /
mil, 0 5) g s € Spx A x Spars k=0, L1, )
m;(s,a)

P, = {13 : ‘Ig(sl\s,a) - Pi(s’\s,a)‘ < Bi(s,a,s"), ¥(s,a,s") € Sk, x A x Spy1,k < L},
where B; is Bernstein-style confidence width (taken from Jin et al. [2020]):

P;(s'|s,a) In (%) . 141n (TlSTHA‘)

m;(s,a) 3m;(s,a)

Bi(s,a,s’) = min { 2 , 1 (8)

for some confidence parameter 0 € (0,1). As [Jin et al., 2020, Lemma 2] shows, the true transition
P is contained in the confidence set P; for all epoch 7 with probably at least 1 — 4.

When dealing with adversarial losses, prior works [Rosenberg and Mansour, 2019a,b, Jin et al., 2020,
Lee et al., 2020a] perform FTRL (or a similar algorithm called Online Mirror Descent) over the set
of all plausible occupancy measures Q(P;) = {g € Q(P) : P € P;} during epoch i, which can be
seen as a form of optimism and encourages exploration. This framework, however, does not allow
us to apply the loss-shifting trick discussed in Section 3 — indeed, our key shifting function Eq. (6)
is defined in terms of some fixed transition P, and the required invariant condition on (g, g-) only
holds for ¢ € Q(P) but not g € Q(P;).

Inspired by this observation, we propose the following new approach. First, to directly fix the issue
mentioned above, for each epoch 7, we run a new instance of FTRL simply over 2(P;). This is
1mplemented by keeping track of the epoch starting time ¢; and only using the cumulative loss

Z E in the FTRL update (Eq. (10)). Therefore, in each epoch, we are pretending to deal with a
known transition problem, making the same loss-shifting technique discussed in Section 3 applicable.

However, this removes the critical optimism in the algorithm and does not admit enough exploration.
To fix this, our second modification is to feed FTRL with optimistic losses constructed by adding
some (negative) bonus term, an idea often used in the stochastic setting. More specifically, we subtract
L - B;(s, a) from the loss for each (s, a) pair, where B;(s,a) = min {1, ZS’GSMS)H Bi(s,a,s")};

see Eq. (11). In the full-information setting, this means using E(s, a) = l(s,a) — L - B;(s,a). In
the bandit setting, note that the importance-weighted estimator discussed in Section 3 is no longer

applicable since the transition is unknown (making ¢; also unknown), and [Jin et al., 2020] proposes
W instead, where I;(s, a) is again the indicator of whether (s, a) is visited during
episode ¢, and (s, a) is the so-called upper occupancy measure defined as

to use

ur(s,a) = max ¢ (s,q) ©

PE'Pi(t)

*When m; (s, a) = 0, we simply let P;(-|s, a) be an arbitrary distribution.



Algorithm 1 Best-of-both-worlds for Episodic MDPs with Unknown Transition

Input: confidence parameter .

Initialize: epoch index ¢ = 1 and epoch starting time ¢; = 1.

Initialize: (s, a, s'), set counters m1 (s, a) = m1(s, a,s’) = mo(s,a) = mo(s,a,s’) = 0.
Initialize: empirical transition P, and confidence width B; based on Eq. (7) and Eq. (8).
fort=1,...,Tdo

Let ¢; be Eq. (13) for full-information feedback or Eq. (12) for bandit feedback, and compute

t—1
Gi = argmin <q, 3 zi> + 6e(9). (10)

qGQ(Pi)

T=t1',
Compute policy 7 from g; such that 7, (a|s) o (s, a).”
Execute policy m; and obtain trajectory (s}, al) fork =0,...,L — 1.

Construct adjusted loss estimator ¢; such that

7 _ Jt(s,a) — L- Bi(s,a), for full-information feedback, .
o(s,0) = 76‘(8&?2'3;()3’“) — L - Bj(s,a), forbandit feedback, (b

where B;(s,a) = min {1,28,65k<5)+1 Bi(s,a,s")}, Li(s,a) = I{3k, (s,a) = (s}, a})}, and

u; is the upper occupancy measure defined in Eq. (9).

Increment counters: for each k < L, m;(s},, aj,, s}, 1) &, m;(sh,ak) i

if 3k, m; (s}, al) > max{1,2m,;_1(st,al)} then > entering a new epoch
Increment epoch index ¢ < 1 and set new epoch starting time t; =t 4 1.
Initialize new counters: V(s, a, '), m;(s,a,s") = m;—1(s,a,s’),m;(s,a) = m;_1(s, a).
Update empirical transition P; and confidence width B; based on Eq. (7) and Eq. (8).

and can be efficiently computed via the COMP-UOB procedure of [Jin et al., 2020]. Our final adjusted
loss estimator is then ¢;(s,a) = % — L - B;(s,a). In our analysis, we show that these
adjusted loss estimators indeed make sure that we only underestimate the loss of each policy, which

encourages exploration.

With this new framework, it is not difficult to show v/T-regret in the adversarial world using many
standard choices of the regularizer ¢; (which recovers the results of [Rosenberg and Mansour, 2019a,
Jin et al., 2020] with a different approach). To further ensure polylogarithmic regret in the stochastic
world, however, we need some carefully designed regularizers discussed next.

Special regularizers for FTRL Due to the new structure of our algorithm which uses a fixed
transition P; during epoch i, the design of the regularizers is basically the same as in the known
transition case. Specifically, in the bandit case, we use the same Tsallis entropy regularizer:

éi(q) = f% S Va8 S (12)

)
S,a
s#sp a€A s#sL a€A q( ’ )

where 1, = 1/, /i—t;,,+1 and 3 = 128 L*. As discussed in Section 3, the small amount of log-barrier
in the second part of Eq. (12) is used to stabilize the algorithm, similarly to [Jin and Luo, 2020].

In the full-information case, while we can still use Eq. (12) since the bandit setting is only more
difficult, this leads to extra dependence on some parameters. Instead, we use the following Shannon
entropy regularizer:

1 (q) :% > Y als,a)-Ing(s,a). (13)

s#sp a€A

I > b Gt(s,b) = 0, we let ¢ to be the uniform distribution.

SWe use z <- y as a shorthand for the increment operation x < x + y.



Although this is a standard choice for the full-information setting, the tuning of the learning rate 7
requires some careful thoughts. In the special case of MDPs with one layer (known as the expert
problem [Freund and Schapire, 1997]), it has been shown that choosing 7; to be of order 1/v/t
ensures best-of-both-worlds [Mourtada and Gaiffas, 2019, Amir et al., 2020]. However, in our general
case, due to the use of the loss-shifting trick, we need to use the following data-dependent tuning

L1In(|S]|A])
64L5 In(|S||A])+ M

(with ¢ denoting 4(t) for simplicity): n; = \/ where

M, = 2_: min{ 3 3 G (s.a)l (5,02 S 3 G (s.a) (@T(s,a) - ﬁ(s))2 :

s#sp a€A s#sr a€A

and similar to the discussion in Section 3, @)- and XA/T are tlle state-action and state ValueA functions
with respect to the transition P;, the adjusted loss function £, and the policy 7, that is: Q,(s,a) =
lr(s,a)+Ey p,(1s,a) [V (8)] and Vo (s) = Eqor, (15)[Q7 (5, a)] (With V. (s1) = 0). This particular
tuning makes sure that FTRL enjoys some adaptive regret bound with a self-bounding property akin
to Eq. (3), which is again the key to ensure polylogarithmic regret in the stochastic world. This
concludes all the algorithm design; see Algorithm 1 again for the complete pseudocode.

4.1 Main Best-of-both-worlds Results

We now present our main best-of-both-worlds results. As mentioned, proving /7-regret in the
adversarial world is relatively straightforward. However, proving polylogarithmic regret bounds for
the stochastic world is much more challenging due to the transition estimation error, which is usually
of order v/T'. Fortunately, we are able to develop a new analysis that upper bounds some transition
estimation related terms by the regret itself, establishing a self-bounding property again. We defer the
proof sketch to Section 5, and state the main results in the following theorems.’

Theorem 4.1.1. In the full-information setting, Algorithm 1 with 6 = % guarantees Reg () =
o (L|S|\/ |A|T) always, and simultaneously Reg,(7*) = O (U +V UC’) under Condition (1),

_ (L®|S|2+L®|S|| Al log(]S||A])) log T L5|S]log T
where U = (9( Ao + Zs;ésL Za;éfr*(s) T,Oa%)'

Theorem 4.1.2. In the bandit feedback setting, Algorithm 1 with § = % guarantees Reg(7) =

o ((L +IADIS|V/ |A|T> always, and simultaneously Reg,.(1*) = O (U + vV UC’) under Con-

. L%|S|2+L3|S|?|A|) log?® T LO|S|+L*|S||A|) log? T
dl[l()n (1)’ Where U - O(( Anin ) + ZS#SL ZCL?&W*(S) ( A(Sy(l) ) )

While our bounds have some extra dependence on the parameters L, | S|, and | A| compared to the
best existing bounds in each of the two worlds, we emphasize that our algorithm is the first to be
able to adapt to these two worlds simultaneously and achieve O(+/T') and O(polylog(T')) regret
respectively. In fact, with some extra twists (such as treating differently the state-action pairs that are
visited often enough and those that are not), we can improve the dependence on these parameters, but
we omit these details since they make the algorithms much more complicated.

Also, while [Jin and Luo, 2020] is able to obtain O(log T') regret for the stronger benchmark Reg(7)
under Condition (1) and known transition (same as our Theorem 3.1), here we only achieve so for
Reg(7*) due to some technical difficulty (see Section 5). However, recall that for the most interesting
i.i.d. case, one simply has Reg,(7*) = Reg,(7) as discussed in Section 2; even for the corrupted
i.i.d. case, since Reg,.(7) is at most C' + Reg,.(7*), our algorithms ensure Reg(7) = O(U + C)

(note VUC' < U + (). Therefore, our bounds on Reg,-(7*) are meaningful and strong.

S Analysis Sketch

In this section, we provide a proof sketch for the full-information setting (which is simpler but enough
to illustrate our key ideas). The complete proofs can be found in Appendix B (full-information) and

"For simplicity, for bounds in the stochastic world, we omit some @(1) terms that are independent of the gap
function, but they can be found in the full proof.



Appendix C (bandit). We start with the following straightforward regret decomposition:

T
Regy (v ZV;” s0) = V7 (s0 +ZV;“ s0) = Vi (s0) + 3V (s0) = ViTlso) |

ERR; ESTREG ERR>

for an arbitrary benchmark 7, where V" is the state value function associated with the true transition
P, the true loss ¢;, and policy 7, while XA/{T is the state value function associated with the empirical
transition Pi(t), the adjusted loss E, and policy m. Define the corresponding state-action value
functions )7 and @f similarly (our earlier notations ‘7t and @t are thus shorthands for ‘A/tm and @ft).
In the adversarial world, we bound each of the three terms in Eq. (14) as follows (see Proposition B.1
for details). First, E [ERR;] measures the estimation error of the loss of the learner’s policy 7, which

can be bounded by O(L|S|+/A|T) following the analysis of Jin et al. [2020]. Second, as mentioned,
our adjusted losses are optimistic in the sense that it underestimates the loss of all policies (with high
probablhty) making E [ERR;] an O (1) term only. Finally, E [ESTREG] is the regret measured with

P;(+) and 7;, which is controlled by the FTRL procedure and of order O(L+/|S[[A[T). Put together,

this proves the O(L|S|\/[A[T) regret shown in Theorem 4.1.1.

In the stochastic world, we fix the benchmark 7 = 7*. To obtain polylogarithmic regret, an important
observation is that we now have to make use of the potentially negative term ERR, instead of
simply bounding it by O (1) (in expectation). Specifically, inspired by [Simchowitz and Jamieson,
2019], we propose a new decomposition on ERR; and ERR, jointly as follows (see Appendix D.1):
ERR; + ERRy = ERRSUB + ERROPT + OCCDIFF + BIAS. Here,

e ERRSUB = ZtT:1 Dstst Doarne(s) dt(S, a)Et”* (s,a) measures some estimation error con-
tributed by the suboptimal actions, where Ef (s,a) = £;(s,a) + Eqp(s.a) [Vi7 (s)] —
@f* (s,a)is a “surplus” function (a term taken from [Simchowitz and Jamieson, 2019]);

e ERROPT = Zthl Dstsy Doamnr(s) (At(s,a) — ¢; (s, a)) EZT* (s, a) measures some estimation
error contributed by the optimal action, where ¢; (s, a) is the probability of visiting a trajectory
of the form (so, 7*(50)), (51, 7*(51)), - - - » (Sk(s)—1, T* (Sk(s)—1)), (5, @) when executing policy
Tts

e OCCDIFF = Z;T:l Dostsy, 2oaca (Qt(s,a) — (s, a)) (Qf* (5,a) — V7 (s)) measures the
occupancy measure difference between ¢; and ¢;;

e BiAs = Zthl Dstsy Duagne(s) 1t (5,0) (‘A/t”* (s) = V7 (s)) measures some estimation error

for 7*, which, similar to ERR», is of order O(1) in expectation due to optimism.

The next key step is to show that the terms ERRSUB, ERROPT, OCCDIFF, and ESTREG can all
be upper bounded by some quantities that admit a certain self-bounding property similarly to the
right-hand side of Eq. (3). We identify four such quantities and present them using functions G1, Go,
G3, and G4, whose definitions are deferred to Appendix D.2 due to space limit. Combining these
bounds for each term, we obtain the following important lemma.

Lemma 5.1. With § = &, Algorithm I ensures that Reg;.(*) is at most O(L*|S|?| A|* In® T) plus:

E 0(@1 (LYS|InT) 4+ G (LY S|InT) + G5 (L* InT) + G4 (L°|S||A| In T'In(| S||A])) )

from ERRSUB from ERROPT from OCCDIFF from ESTREG

Finally, as mentioned, each of the G1, G2, G3, and G4 functions can be shown to admit the following
self-bounding property, such that similarly to what we argue in Eq. (4), picking the optimal values of
« and (3 and rearranging leads to the polylogarithmic regret bound shown in Theorem 4.1.1.

Lemma 5.2 (Self-bounding property). Under Condition (1), we have for any «, 5 € (0, 1),

E[G1(J)] < a- Regr(n*) + C) + 0 (2 T, T 57 ) -



E[Ga(J)] < B (Regp(n*) +C) + O (% ' %) )
E[Gs(J)] < (a+ B) - (Regy(7*) +C) + O (i Ut Liartn(s) %) +0 (% ' LA‘SU) ’

E[G4(J)] < B+ (Regp (%) +C) + O (% ' A‘fm) '

We emphasize again that the proposed joint decomposition on ERR; + ERR plays a crucial rule
in this analysis and addresses the key challenge on how to bound the transition estimation error by
something better than v/7. We also point out that in this analysis, only ESTREG is related to the
FTRL procedure, while the other three terms are purely based on our new framework to handle
unknown transition. In fact, the reason that we can only derive a polylog(7") bound on Reg(7*) but
not directly on Reg(7) is also due to these three terms — they can be related to the right-hand side
of Condition (1) only when we use the benchmark 7 = 7* but not when 7 = 7. This is not the case
for ESTREG, which is the reason why Jin and Luo [2020] are able to derive a bound on Reg.(7)
directly when the transition is known. Whether this issue can be addressed is left as a future direction.

6 Conclusions

In this work, we propose an algorithm for learning episodic MDPs which achieves favorable regret
guarantees simultaneously in the stochastic and adversarial worlds with unknown transition. We
start from the known transition setting and propose a loss-shifting trick for FTRL applied to MDPs,
which simplifies the method of Jin and Luo [2020] and improves their results. Then, we design a new
framework to extend our known transition algorithm to the unknown transition case, which is critical
for the application of the loss-shifting trick. Finally, we develop a novel analysis which carefully
upper bounds the transition estimation error by (a fraction of) the regret itself plus a gap-dependent
poly-logarithmic term in the stochastic setting, resulting in our final best-of-both-worlds result.

Besides the open questions discussed earlier (such as improving our bounds in Theorem 4.1.1 and
Theorem 4.1.2), one other key future direction is to remove the assumption that there exists a unique
optimal action for each state, which appears to be challenging despite the recent progress for the
bandit case [Ito, 2021], since the occupancy measure computed from Eq. (10) has a very complicated
structure. Another interesting direction would be to extend the sub-optimality gap function to other
fine-grained gap functions, such as that of Dann et al. [2021].

Acknowledgments and Disclosure of Funding

HL is supported by NSF Award IIS-1943607 and a Google Faculty Research Award. LH is supported
in part by the Technology and Innovation Major Project of the Ministry of Science and Technology
of China under Grants 2020AAA0108400 and 2020AAA0108403. We thank Max Simchowitz for
many helpful discussions, and the anonymous reviewers for their valuable feedback and suggestions.

References

Idan Amir, Idan Attias, Tomer Koren, Roi Livni, and Yishay Mansour. Prediction with corrupted
expert advice. Advances in Neural Information Processing Systems, 2020.

Peter Auer and Chao-Kai Chiang. An algorithm with nearly optimal pseudo-regret for both stochastic
and adversarial bandits. In Proceedings of the Annual Conference on Learning Theory, 2016.

Mohammad Gheshlaghi Azar, Ian Osband, and Rémi Munos. Minimax regret bounds for reinforce-
ment learning. In Proceedings of the International Conference on Machine Learning, 2017.

Sébastien Bubeck and Aleksandrs Slivkins. The best of both worlds: Stochastic and adversarial
bandits. In Proceedings of the 23rd Annual Conference on Learning Theory, 2012.

Yifang Chen, Simon S Du, and Kevin Jamieson. Improved corruption robust algorithms for episodic
reinforcement learning. Proceedings of the International Conference on Machine Learning, 2021.

10



Christoph Dann, Teodor V Marinov, Mehryar Mohri, and Julian Zimmert. Beyond value-function
gaps: Improved instance-dependent regret bounds for episodic reinforcement learning. arXiv
preprint arXiv:2107.01264, 2021.

Yoav Freund and Robert E Schapire. A decision-theoretic generalization of on-line learning and an
application to boosting. Journal of computer and system sciences, 55(1):119-139, 1997.

Anupam Gupta, Tomer Koren, and Kunal Talwar. Better algorithms for stochastic bandits with
adversarial corruptions. In Proceedings of the Annual Conference on Learning Theory, 2019.

Shinji Ito. Parameter-free multi-armed bandit algorithms with hybrid data-dependent regret bounds.
In Conference on Learning Theory, pages 2552-2583. PMLR, 2021.

Chi Jin, Zeyuan Allen-Zhu, Sebastien Bubeck, and Michael I Jordan. Is g-learning provably efficient?
In Proceedings of the International Conference on Neural Information Processing Systems, pages
48684878, 2018.

Chi Jin, Tiancheng Jin, Haipeng Luo, Suvrit Sra, and Tiancheng Yu. Learning adversarial Markov
decision processes with bandit feedback and unknown transition. In International Conference on
Machine Learning, 2020.

Tiancheng Jin and Haipeng Luo. Simultaneously learning stochastic and adversarial episodic mdps
with known transition. Advances in Neural Information Processing Systems, 2020.

Sham Machandranath Kakade. On the sample complexity of reinforcement learning. PhD thesis,
University College London, 2003.

Chung-Wei Lee, Haipeng Luo, Chen-Yu Wei, and Mengxiao Zhang. Bias no more: high-probability
data-dependent regret bounds for adversarial bandits and mdps. Advances in Neural Information
Processing Systems, 2020a.

Chung-Wei Lee, Haipeng Luo, and Mengxiao Zhang. A closer look at small-loss bounds for bandits
with graph feedback. In Conference on Learning Theory, 2020b.

Chung-Wei Lee, Haipeng Luo, Chen-Yu Wei, Mengxiao Zhang, and Xiaojin Zhang. Achieving
near instance-optimality and minimax-optimality in stochastic and adversarial linear bandits
simultaneously. Proceedings of the International Conference on Machine Learning, 2021.

Thodoris Lykouris, Vahab Mirrokni, and Renato Paes Leme. Stochastic bandits robust to adversarial
corruptions. In Proceedings of the Annual ACM SIGACT Symposium on Theory of Computing,
2018.

Thodoris Lykouris, Max Simchowitz, Alex Slivkins, and Wen Sun. Corruption-robust exploration in
episodic reinforcement learning. In Conference on Learning Theory, 2021.

Jaouad Mourtada and Stéphane Gaiffas. On the optimality of the hedge algorithm in the stochastic
regime. Journal of Machine Learning Research, 20:1-28, 2019.

Aviv Rosenberg and Yishay Mansour. Online convex optimization in adversarial Markov decision
processes. In Proceedings of the International Conference on Machine Learning, 2019a.

Aviv Rosenberg and Yishay Mansour. Online stochastic shortest path with bandit feedback and
unknown transition function. In Advances in Neural Information Processing Systems, 2019b.

Yevgeny Seldin and Gabor Lugosi. An improved parametrization and analysis of the exp3++
algorithm for stochastic and adversarial bandits. In Proceedings of the Annual Conference on
Learning Theory, 2017.

Yevgeny Seldin and Aleksandrs Slivkins. One practical algorithm for both stochastic and adversarial
bandits. In Proceedings of the International Conference on Machine Learning, 2014.

Max Simchowitz and Kevin G Jamieson. Non-asymptotic gap-dependent regret bounds for tabular
MDPs. In Advances in Neural Information Processing Systems, pages 1151-1160, 2019.

11



Chen-Yu Wei and Haipeng Luo. More adaptive algorithms for adversarial bandits. In Proceedings of
the Annual Conference On Learning Theory, 2018.

Kunhe Yang, Lin Yang, and Simon Du. Q-learning with logarithmic regret. In International
Conference on Artificial Intelligence and Statistics, pages 1576—1584. PMLR, 2021.

Alexander Zimin and Gergely Neu. Online learning in episodic markovian decision processes
by relative entropy policy search. In Proceedings of the International Conference on Neural
Information Processing Systems, 2013.

Julian Zimmert and Yevgeny Seldin. An optimal algorithm for stochastic and adversarial bandits. In
The International Conference on Artificial Intelligence and Statistics, 2019.

Julian Zimmert and Yevgeny Seldin. Tsallis-inf: An optimal algorithm for stochastic and adversarial
bandits. Journal of Machine Learning Research, 22(28):1-49, 2021.

Julian Zimmert, Haipeng Luo, and Chen-Yu Wei. Beating stochastic and adversarial semi-bandits
optimally and simultaneously. In Proceedings of the International Conference on Machine
Learning, 2019.

12



Contents

1 Introduction

2 Preliminaries

3  Warm-up for Known Transition: A New Loss-shifting Technique

4 Main Algorithms and Results
4.1 Main Best-of-both-worlds Results . . . . . . .. .. . ... ... ... ......

5 Analysis Sketch
6 Conclusions

A Best of Both Worlds for MDPs with Known Transition
A.l1 Loss-shifting Technique . . . . . . . . ... ... ... . ... . . .. ...
A.2 Known Transition and Full-information Feedback: FTRL with Shannon Entropy
A.3 Known Transition and Bandit Feedback: FTRL with Tsallis Entropy . . . . . . . .

B Best of Both Worlds for MDPs with Unknown Transition and Full Information
B.1 Optimism of Adjusted losses and Other Lemmas . . . . . ... ... ... ....
B.2 Proof for the Adversarial World (PropositionB.1) . . . . . . ... ... ... ...
B.3 Proof for the Stochastic World (PropositionB.2) . . . . . ... ... ... ... ..

C Best of Both Worlds for MDPs with Unknown Transition and Bandit Feedback
C.l1 Auxiliary Lemmas . . . .. .. ... .. ...
C.2  Proof for the Adversarial World (PropositionC.1) . . . . . ... ... ... ....
C.3 Proof for the Stochastic World (PropositionC.2) . . . . . . ... ... ... ....

D General Decomposition, Self-bounding Terms, and Supplementary Lemmas
D.1 General Decomposition Lemma . . . . . ... ... ... 0oL
D.2 Self-bounding Terms . . . . . . ... .. ...

D.3 Supplementary Lemmas . . . . . . . ... e

13

10

14
14
17
21

25
25
27
30

34
35
44
45



An important convention Note that the value of m;(s, a) is changing in the algorithm. For the
entire analysis, we see m;(s, a) as its initial value, which is the number of visits to (s, a) from epoch
1 to epoch ¢ — 1. In this sense, if we let NV be the total number of epochs, then m 11 (s, a) is naturally
defined as the total number of visits to (s, a) within T" episodes.

A Best of Both Worlds for MDPs with Known Transition

In this section, we show how to extend the loss-shifting technique to MDPs with known transition
and obtain best-of-both-worlds results.

A.1 Loss-shifting Technique

First of all, we introduce a general invariant condition with a fixed transition in Lemma A.1.1

Lemma A.1.1. Fix the transition function P. For any policy m and loss function /:Sx AR
define invariant function g € S x A — R as:

g" ™ (s,0) £ QP (5, ) - VPT(s) — i(5,a) (1

where QP and VP™* are state-action value and state value functions associated with { and the
fixed policy w. Then, it holds for any policy 7' that

<qP77r 7gP,Tr.,€> A Z Z qP,Tl' (S7CL) -gP’Tr’Z(S,a) _ _VPJr,Z(SO)

s#sp a€A

where VP’“j(so) only depends on w and i (but not 7’).

Proof. For notational convenience, we drop the superscripts for fixed transition P and loss function

/. By the standard performance difference lemma [Kakade, 2003, Theorem 5.2.1], it holds for any
policy 7/ that

V™ (s0) = V(s0) = D D a" (5,0) (Q(s,a) = V7 (s)). (16)

s#sp a€A

On the other hand, it also holds that

V”/(so) = Z Z q’rl(s7a)£(5,a). 17

s#sp a€A

Therefore, subtracting V™ (sq) from Eq. (16) yields that

—V7™(s0) = Z Z q”/(s,a) (Qﬂ(s,a) —V7(s) — é(s,a))

s#sL a€A

which completes the proof after putting back the superscripts for P and . O

As discussed in Section 3, the invariant function g*’ 7.4 defined in Eq. (15) allows us to treat FTRL
as dealing with a hypothesized loss sequence, as restated below.

Corollary A.1.2. Consider the selected occupancy measure G; via FTRL with respect to a regularizer
&¢(-) and loss sequence {{,} . (on the decision set Q(P)), then it holds that

G = argmin ( ¢, Y _Lr ) + ¢i(q) = argmin ( ¢, > (Cr +g-) ) + ¢1(q).
q€Q(P) Tt qeQ(P) <t
for any invariant function sequence {g. } < which are constructed with hypothesized losses {ZOT}T<t

and policies {m].}+<+.
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Proof. By Lemma A.1.1, one can verify that

<Q7 Z g'r> = Z VPJ/WZT (SO)

T<t T<t

for any occupancy measure g € Q(P). Therefore, this term does not affect the optimization. O

Then, we consider the “loss-shifting function” defined in Eq. (6), that is, constructing g; via the loss
estimator ét and the policy 7; selected at episode ¢. Importantly, in the known transition setting where

QG = q, Et is inverse propensity weighted estimator, in other words, ft(s a) = Ti(s,0)l:(s,0) /g, (s,a).
More specifically, we have

~ ~ ~

gi(s,a) = Qi(s,a) — Vi(s) — €(s,a),

where

Qu(s,a) = l(s,a)+ Y P(s|s,a)Vi(s), Vils) = D m(als)Qu(s,a)

8" €Sk (s)+1 acA

(with ‘A/t(s 1) = 0). Below we show several useful properties, which are key to achieve the best-of-
both-worlds guarantee in the known transition setting.

Lemma A.1.3. With P = P being the true transition function (therefore, G = q;), we have
o 4i(s,0)Q(s,a) < L,

e q(s)Vi(s) < L

Sor all state-action pairs (s, a) (where E; denotes the conditional expectation given everything before
episode t).

Proof. Denote by ¢:(s',d’|s, a) the probability of v1s1t1ng (s',a’) after taking action a at state s and
following , afterwards. Then we have Q, (s, a) = Zk k(s) 2os'esy 2uarea @t(s',a'ls, a)Et(s a).

Therefore, plugging in the definition of Zt (s,a), we verify the following:

(5,010 2 5o 3wt o)

s’ a
k=k(s) s'€Sk a’€A a(

Lzzzﬂw_,

k(s)s’€Spa’€A

where the inequality is by ¢:(s,a)q:(s’,a’|s,a) < q:(s’,a’) and £4(s’,a") € [0, 1]. This also proves
a(s )Vt( ) < L using the definition of V}( ).

To prove the last statement, we first note that

| (@0 - i) | < 28| 0= @l Q0+ [ Smln@sn) | | as)
bta

by the fact (z — y)2 <222 4 2y% forall z,y € R.
For the first term in Eq. (18), we have:

Eq {@t(S,G)Q] = [, Z Z Z a(s',a ‘S 9) ——— T (s, a' (s, a’)

k=k(s)s’€Sr a’€A
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1 2
<L-E (2}2%;j§%mamww>

k=k(s) \s’€Spa’€A

Il
=

~

1

DD IR RS

k=k(s)s'€Sp a’€A

ths a’\sa2
k= s'€Si a’€A thCL

L = s,a)q(s',d'|s, a)
= E:E:Z% o (s, als,0)
q(s',a’)

¢ (s, 0) k:k( ) s'ES) a’EA

L—
ot £ 8 Sattaas Ly

k=k(s)s’€Sr a’€A

,_-

where the second line uses the Cauchy-Schwartz inequality; the third line follows from the fact
Li(s,a)li(s',a’) = 0 forall (s,a),(s',a’) € Sk x A suchthat (s,a) # (s',a’); the fourth line uses
E:[I:(s',a")] = q:(s’,a’); and the last line follows from the fact ¢; (s, a)g: (s, a’|s,a) < q:(s',a’).
Repeating the similar arguments, we bound the second term as

2 2

E || Y m(0ls)Qi(s.0) | | =E Z SN D mbls)als’ a'ls,b) | Lu(s' o)

b#a (s) s’€Sk a’€A \ b#a

L-1
<LE Y| S (D mls)a(s a'ls,b) | Gu(s', o)
k=k(s) \s'€Sr a’€A \b#a
i (Cauchy-Schwarz inequality)

2
L-1

I;(s",a
LB Y Y S (Sl | e

k=k(s) s’€Sk a’€A \ b#a

[ (s, a)I(s',a’) = 0 for (s,a) # (s',a))

L—-1 o
D pra Te(b]5)qe (s, d[s,b)
:L.E E: ( bFa Tt /t/ ) Ewtb| - qi(s’,a’|s,b)

%(57@) b#a

L—-1 /A
L 2 0t(8,0)qe(s',a'[s,b)
= (E#M sl ) S milbls) - (s’ a'|s,b)
¢(s) k—k(s) s'ESy a’€A q(s',a") bta
I L1
< o8 S D S mbls) - ai(s’ a'ls,b)
W\5)  T(s) s'esh areA \ba
I L1
= ()Zm(b|s) Z <Z ths a|sb>
s b#a k=k(s) \s’€Spa’€A
L’ L? (1 —m(als))
Saw 20 =)

Plugging these bounds into Eq. (18) concludes the proof:

E, [(@t(s,a) - IZ(S))Q] <9L2 ((1 — mi(als))? n 1 7rt(a|s)>

(s, a) a1 (s)
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Algorithm 2 Best-of-both-worlds for MDPs with Known Transition and Full-information Feedback
fort =1to7T do
Compute g; = argmin ¢ p) (4,3, r) + ¢1(q) where ¢ (q) is defined in Eq. (20).
Execute policy 7; where m;(als) = q:(s,a)/q(s).
Observe the entire loss function ¢;.

1 —m¢(als) 1 B 2L% (1 — m(als))
4(5,) +qt<s>> w(sa)

=2L% (1 — m(als)) (
O

A.2 Known Transition and Full-information Feedback: FTRL with Shannon Entropy

Although not mentioned in the main text, in this section, we discuss a simple application of the
loss-shifting technique: achieving the best-of-both-worlds in the full-information feedback setting
with known transition via the FTRL framework with the Shannon entropy regularizer. Some of
the lemmas in this section are useful for proving similar results for the unknown transition case in
Appendix B.

Therefore, the specific state-action and state value functions defined in Lemma A.1.3 are now
constructed based on the received loss vector /¢, illstead of tlle loss estimator /;. In other words, the
loss-shifting function g; is defined as g:(s,a) = Q(s,a) — V(s) — £(s, a) where

Quls,a) =li(s,a)+ > P(s|s,a)Vi(s), Vi(s) =Y m(als)Qui(s,a).  (19)

S’ESk(S)_'_l acA

Our goal is to show that, using an adaptive time-varying learning rate schedule, FTRL with Shannon
entropy is able to attain a self-bounding regret guarantee with full-information feedback. This idea
will be further discussed in Appendix B to address the unknown transition setting.

In particular, the algorithm uses following regularizer for episode ¢:

Z Z s,a)Ing(s,a) = 771q§(q) (20)

a;ﬁéL a€A

Lln(]S||A])
M, _1+64L% In([STA])

Zmln ZZqua(QTsa ) ZZqua s,a)?

s#sy a€A s#sy a€A

where the adaptive learning rate 7, is defined as n; = \/ with

The pseudocode of our algorithm is presented in Algorithm 2.

In the known transition setting, we assume the loss functions satisfy a more general condition
compared to Condition (1): there exists a deterministic policy 7* : S — A, a gap function A :
S x A — R, and a constant C' > 0 such that

T
Reg (1) > E |> > > q(s,a)A(s,a) - C| . 1)

1=1 551, aztn(s)
Note that this is only weaker than Condition (1) since Reg(7) > Regp(7*).

Then, we show that Algorithm 2 ensures a worst-case guarantee Reg(7) = O(Lv/T), and simul-
taneously an adaptive regret bound which further leads to logarithmic regret under Condition (21)
(Corollary A.2.2). Importantly, the worst-case regret bound matches the lower bound of learning
MDPs with known transition and full-information feedback [Zimin and Neu, 2013].

Theorem A.2.1. Algorithm 2 ensures that Reg () is bounded by

T
O |mind 2T, L3E |3 > Y q(s,a)| pIn(S||A]) + L*In(]S||A]) (22)

t=1 s#sp a#n(s)

17



for any mapping m : S — A.

Proof. Due to the invariant property (that (g, g;) is independent of ¢ € Q(P)), we can apply

Lemma A.2.3 with ¢; being either ¢; or ¢; + g; for any ¢ — note that the condition ma(s a) > —1is

always satisfied since ¢;(s,a) € [0,1] and Q:i(s,a) — Vi(s) € [-L, L]. Therefore, we have for any
u € Q(P),
T
S < LIn(IS]14])
t=1 NT+1

+Zntmln Zthsa<Qtsa ) Zthsaftsa

s#sp a€EA s#sp a€A

Ln(|S||A])
_ LIn(|S]]A]) +Z (M; = My_1), (definition of M)
nr+1 t=1

— L0l +zn (Ve + VA ) (Ve VA

L1n(|S||A])
< 24D +zzmm(f ~ VM) My < My £ L)

Further plugging in the definition of 7, and taking expectation, we arrive at

Regp(7) <E

LlnnTLi|1|A| +QWZ (Vaf - \/i)]

—E {\/L n(|S||A]) (Mr + 64L3 In |S[[A]) + 2/LMr 1n(|5\|A|)}
= O (VIE[M]W{ST[A]) + L (S]] A])) .

It remains to bound M. First, we note that

MT—me Zthsa(Qtsa ) Zthsaﬁtsa

s#sp a€A s#sp a€A

< min ZZthsa(Qtsa ) ZZZ%SG@SG

t=1 s#sy, a€A t=1 s#s, a€A

< min i Z Z qt(s,a) (@t(s,a) — ‘Z(s))Q,LT

t=1 s#sy, a€A

where the second line follows from the fact min {a, b} + min {¢, d} < min {a + ¢, b + d}, and the
third line uses the property 0 < ¢;(s,a) < 1 for all state-action pairs (s, a).

On the other hand, we have

(@ils.0) = Tils))” <2 | (1 = malals)? @uls, a)” + | 2 mbis)@us. )
b#a
<21?. [(1 — my(als)? + (1 — ﬂt(a|5))2]
<4L* (1 —m(als)), (23)
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where we use the facts (a — b)2 < 2(a® + b?) and 0 < Q,(s, a) < L for all state-action pairs (s, a).
Therefore, we have for any mapping 7 : S — A,

S5 S ) (o) - o)

t=1 s#sr, a€A

T
<43 N> " auls,a) (1 - mi(als))

t=1 s#sp, a€A

<A4L?. Z Z (1 = me(m(s)]s)) + Z qt(s,a)

t=1 s#sp, a#m(s)

Z > alsa) (24)

t=1 s#sp a#n(s)
which finishes the proof. O
Corollary A.2.2. Suppose Condition (21) holds. Algorithm 2 guarantees that:

L3In(|S||A
Reg,(7) = (U—l—\/CU), whereU:%.
MIN

Proof. By Theorem A.2.1, Reg,(7) is bounded by

k- | |L31m(S]|4]) - ZZ > a(s.a)| + L?In(|S]A])

t=1 s#sp a#n*(s)
where x > 1 is a universal constant, and 7* is the mapping specified in Condition (21).

For any z > 1, Reg, () is bounded by

k| L31n(|S||A]) - ZZ > as,a)| + KL% In(|S]A])

t=1 s#sp aZ£m*(s)

273
== inl('SHA‘ 2 E Z Yo > als.a)Aun| | + L In(S|A])
MIN “ =L s agn(9)

< Regy(#) +C | 2r2L*In((s]|4])

+ wL?1n(|S||A|)

o z 4AyiN
S M + Z . 2/{2U,
z

where the third line uses the AM-GM inequality and Eq. (21), and the last line uses the shorthand U
and the facts x,z > 1 and Ay < 1.

Therefore, by defining x = z — 1 > 0, we can rearrange and arrive at

22
-1

C +1

c. u

x T

1

= (C’+2i€2U) +x- (2/@2[/) + 412U,

Reg, () < L + 2K%U
- —

. (2H2U)

where we replace all z’s in the second line. Picking the optimal z = 4/ C;fz"UU gives

Reg (%) < 2¢/(C 4 2x2U) - (262U) + 452U

19



< 8K2U + 2v2k - VCU
—o(v+vuc),
where the second line follows from the fact \/z +y < /z + \/¥. O

Lemma A.2.3. Suppose qx = argmincqp) <q, Doret ‘. >+<;5t ), where ¢¢(q) = igzﬁ( ) for some
ne>0,0(q) =D s, Doacadls,a)lng(s,a), and 77,5&(3 a) > —1 holds for all t and (s, a). Then

XT:<qt—u,tZ> Ln(|S||Al) Z Y s i

t=1 Nr+1 t=1 s#SL a€A
holds for any u € Q(P).

Proof. Let ®; = mingcq(p) <q, Zt;:ll ZT> + ¢¢(q) and Dp(u,v) being the Bregman divergence
with convex function F, thatis, Dp(u,v) = F(u) — F(v) — (u — v, VF(v)).

Then, we have

< tii >+¢tqt

T=1

<Qt+1az€ >+¢t G41) — <<(Jt+1 Qtazf >+¢t Gt+1) — ¢t(Qt)>

<Qt+17 Zf > + Oe(qer1) — (= (@1 — a6, Vor(ar)) + de(qes1) — delar))

<qt+laz‘€ >+¢t (qt+1) — Dy, (qt41,Gt)

=0 — <Qt+17€t> - (¢t+1(Qt+1) - ¢t(Qt+1)) - D¢t(qt+17qt)7

where the third line follows from the first order optimality condition of ¢, that is,
<Qt+1 — a1, Voérla) + 300 €T> > 0.

Taking the summation over all episodes gives

T T T
Q1 =Pri1 — Z <Qt+1az\t> - Z (De41(@+1) — Pelge+1)) — ZD@(Qt-&-l,CIt)'

t=1 t=1 t=1

Therefore, we have
T

(o

<qt—u,z2>+<1>m—<1>1—t§T;<qm@> tfjlqsm (ai+1) @(qtﬂ))—tf;mt(qtﬂ,q»
(

(

~
Il

I
="

~
Il
-

T

T
q — Qt+1a?t> Dy, (q+1, ) Z< > + Oy — 01— Y (G (@rr) — Gel(gi1))

< >
(

I
[M]=

~
Il
_

N

T
< @ — qt+17€t> — Dy, (Qt+17Qt)> +ori () — é1(a) = Y (i1 (@r1) — di(@rs1))
t=1

~+~
Il
_

STABILITY PENALTY

where the last line follows from the optimality condition 71 < Z?:l <u, E> + dri1(u).
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To bound the stability term, we first consider relaxing the constraint and taking the maximum as:

<Qt - Qt+17ft> — Dy, (qt+1,q) < I%ESDX(A <Qt - q,€t> — Dy, (q,qt)-
qe +

Denote by ¢; the maximizer of the right hand side. Setting the gradient to zero yields the
equality Voi(q:) — V:(g:) = {;. By direction calculation, one can verify that G;(s,a) =
qi(s,a) - exp (—nt . E(& a)) for all state-action pairs, and the following inequality that

<Qt - Qt+17£t> Dy, (qi+1,q:) < <qf - Qt,€t> AT

= (a0 =@ 0) = (@) + ul@r) — (@ — @, Voula))
= D¢t (Qtv Z]vt)

where the second equality uses the equality V¢, (q;) — Vi (qr) = ¢;.

Moreover, the term D, (qt, qt) can be bounded as:

Dy, (qt,q) = — Z > <Qt s,a)In <QtE ;) — qi(s,a) +2jt(s,a,)>

s;ésL a€A

= Y Y alsa)- (whiso) — 1+ exp (<ni-Gs.))
s;ésL a€A

< DY als,a)li(s,a)?
s#sp a€A

where the last inequality follows from the facts y — 1+ e~ ¥ < y? fory > —1 and 7, - ?t(s, a) > -1
for all sate-action pairs.

On the other hand, the penalty term is at most

ori1(u) — d1(qr) Z Ger1(@r+1) — Ge(qig1)) < — o) Z <
=1

> D(qr),

77t+1 Nt

since ¢(u) < 0. Moreover, note that for any valid occupancy measure g, it holds that

L—-1
Z ST N ats,a) > = > (ISkl|A]) > ~Ln(|S]]A]).
k=0 s€S, acA k=0

Therefore, the penalty term is bounded by

_a) ET: (1 - 1) ?(qt)

m M+1
Lin(|S||A
< Lin(|9)|A]) - < +Z< >> _ Lin(S]lAD
77t+1 NT+1
Finally, combining the bounds for the stability and penalty terms finishes the proof. O

A.3 Known Transition and Bandit Feedback: FTRL with Tsallis Entropy

In this section, we consider the bandit feedback setting with known transition. We use the following
hybrid regularizer with learning rate n; = 7/ vt for episode t:

or(q) = ¢H +5ZZog
s#sp a€EA

=¢r(q)

(25)

21



Algorithm 3 Best-of-both-worlds for MDPs with Known Transition and Bandit Feedback
fort =1to7T do
compute g; = argmin <q, ret > + ¢¢(q) where ¢.(q) is defined in Eq. (25).
execute policy m where m:(als) = ¢:(s,a)/q:(s).
observe (So, ao,ft(SO, (10)), ey (8[171, ar—1, Et(SLfl, (J,Lfl)).
construct estimator /; such that: (s, a), 4;(s, a) = zzgz;zgl{sk(s) =5, a5 = a}.

where ¢, is a fixed log-barrier regularizer, and ¢ (q) is the 1/2-Tsallis entorpy:

=— Z Z Va(s,a).

s#sp a€A

We present the pseudocode of our algorithm in Algorithm 3, and show the ensured guarantees in
Theorem A.3.1, which is a more detailed version of Theorem 3.1. In particular, the adaptive regret
bound Eq. (26) is a strict improvement of [Jin and Luo, 2020, Theorem 1] and leads to the best-of-
both-worlds guarantee automatically. We emphasize that the key to achieve such a guarantees is the
loss-shifting function defined in Eq. (6).

Theorem A.3.1. With 5 = 64L and v = 1, Algorithm 3 ensures that Reg,.(7) is bounded by

Z(’) mlnEBZZ +D

s#sp a#w(s) s#SL a#m(s)

Z a(s,a +qsa) L|S||A|
’ t

(26)
for any mapping 7 : S — A, where B = L? and D = \/L|S|. Therefore, the regret of Algorithm 3

is always bounded as Reg () = O (\/L|S||A|T). Moreover, under Condition (21), Reg, () is

S| lo 0,
bounded by O (U +/UC) where U = HET 57 57 o) L0287 4 LIS Al log T.

Proof. By [Jin and Luo, 2020, Lemma 5], with a sufficiently large log-barrier component (in particular,
B = 64L suffices), the regret can be decomposed and bounded as:

=i <3 (-5 ) o o 5

t=1

2
E

2¢(‘1f)]

PENALTY STABILITY

+O(L|S||Allog T).

where ¢ is the occupancy measure of an deterministic optimal policy 7 : S — A. Moreover, with the
help of Corollary A.1.2, we can in fact bound Reg(7) as

T
Regy (1) < > (1 - 1) E[6(d) — é(a)] +O (LIS||A log T)

=\t M1

PENALTY

3 E E|||7] E. | |4, ’
ey e min {2, LE e ol |}
t;m { t{ Hlo-2pta0 | LI T FHlo-2000)

STABILITY

27

where g, is the specific loss-shifting function defined in Eq. (6). This is again because adding the
loss-shifting function g, does not influence the outcomes of FTRL and thus in the analysis, one can
decide whether to add g, or not for episode ¢ in hindsight to establish a tighter adaptive regret bound.

Before analyzing the stability term, we point out that ¢ (§) — ¢z (g:) can be bounded as

(¢u(q) — o (qt)) Z Z V(s a) +2 |S\LZ thsa )+ q(s,a) (28)

s#sL a#m(s) s#sp aF#m(s)
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for any mapping 7 : S — A according to [Jin and Luo, 2020, Lemma 6] (take « in their lemma to
be 0). On the other hand, we also have ¢ (G) — ¢ (q:) < —¢H qt) < +/L|S||A] by the Cauchy—
Schwarz inequality. Combining these two cases and the fact i — e = % (Vit—vt—1) < }/ NG
the penalty term is bounded by

T o
%E:E min L|S||A > D W ENEIAYSY w
t=1

s#sL aFm(s) s#sp a#m(s)

We now bound the stability term. By direct calculation, we have

Et[ Zt-i-gt 2_ } ZZ%SG /Et [(&(3 a) + gq(s, a))Q]
s#sp a€A
< 92I? Z Z V(s a) - (1 —m(als)), (29)
s#sp a€A

where the second line applies the properties of the loss-shifting function in Lemma A.1.3.

For any mapping 7 : S — A, we can further bound Eq. (29) as

212 3 3" Va5 a) - (1= mi(als))

s#sp a€A
<202 Y0 D7 Vals,a) 2L Y Vals) | Y mlals)
s#sp a#n(s) Ss#SL a#m(s)

§4LQZ Z Vg (s, a),

s#sp aF#m(s)
where the third line follows from the fact < \/z for z € [0, 1].
Therefore, for any mapping 7 : S — A, the stability term is bounded by

T N 2 T
2 SniE [“€t+gt“v2¢(q >}§32L2'ZWE > D Valsa)|. (30)
t=1 ¢ t=1

s#sr a#m(s)

On the other hand, without the loss-shifting function, the stability term is simultaneously bounded as

Z8mE[ 4y ., } ZSntE Z th (s, a Zt (s a)2
#(q
s#SL a€A
T
< Z 8 E Z Z Va(s,a)| < ZSnt L|S||A]. (Cauchy-Schwarz inequality)
t=1 s#sp a€A

Plugging Eq. (28) and Eq. (30) into the Eq. (27) shows that Algorithm 3 ensures the following
self-bounding regret bound for Reg,-(7):

T o
%ZE min \/W DY \/7 AN w

t=1 s#sL aFm(s) s#sp a#m(s)
d /L |S||A [4:(5,0)
32y- > E [min NS O (L|S||A|log T)
t=1 s#sL a#m(s)

€2y

for any mapping 7 : S — A. Picking v = 1 and using min {a, b} + min {¢,d} < min{a + ¢, b + d}
proves Eq. (26).
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The (optimal) worst-case bound Reg(7) = O(+/L|S||A|T") can be obtained by using the second
argument of the min operator in Eq. (26), while the logarithmic regret bound under Condition (21) is
obtained by using the first argument of the min operator and the exact same reasoning as in [Jin and
Luo, 2020, Appendix A.1].

We point out that with a different choice v = 1/r, Algorithm 3 achieves a regret bound of Reg, (%) =
O (V + VC’) under Condition (21), where

L3|S|log T L?logT
V=—F"——+ ———— + L|S||A|logT
AMIN S;:L a;é;:(a) A(S, a) ‘ || | g

which matches the best existing regret bound in Simchowitz and Jamieson [2019]. This choice of ~
worsens the worst-case bound though.
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B Best of Both Worlds for MDPs with Unknown Transition and Full
Information

In this part, we will prove the best of both worlds results for the full-information setting. We
present the bound for the adversarial world in Proposition B.1, and that for the stochastic world in
Proposition B.2 (part of which is a restatement of Lemma 5.1). Together, they prove Theorem 4.1.1.
Proposition B.1. Consider the decomposition Regr(7) = E [ERR; + ESTREG + ERRy| stated in
Eq. (14). Then, with § = % Algorithm 1 ensures:

o E[ERR;] = O (L|S|w/|A|T + I3
e E[ERRy] = O (1),

o E[ESTREG] = O (L\ /ISTTAT + L?|S|?| A% + L3\S|\A|).
Proposition B.2. With § = -, Algorithm 1 ensures that Reg(7*) is bounded as

O [E| Gy (LS| InT) + Gy (L*S|InT) +Gs (L* InT) + Gy (L7|S||A| In T'In(| S| |A]))

ERRSUB ERROPT OccDIFF
+O (L*SPAP In*T),
where G1-G4 are defined in Definition D.2.1. Under Condition (1), this bound implies Reg(7*) =
O (U +VUC +V) where

_ (L8181 + L°]S||Allog(|S||Al)) log T

LO|S|log T 41Q131 12142
A +Y Y o, V=LYSPAP T

s#sL a#m*(s) A(S’ a)

Before diving into the proof details, we first give formal definitions of several notations mentioned in
Section 4 and Section 5 for the full-information setting. Through out this paper, we denote by A the
event that P € P; for all ¢, which happens with probability at least 1 — 44 based on [Jin et al., 2020,
Lemma 2]. We denote by N the total number of epochs, and set 11 = T + 1 for convenience
(recall that ¢; is the first episode for epoch 7).

Then, recall the @? and XZ’T defined in Section 5, that is, the state-action and state value functions
associated with the empirical transition ]5,»(,5) and the adjusted loss ¢, formally defined as:

Q(s,a)=lis.a)+ D Puls,aVi(s), V() =D nlas)Qf(s.a). (3

S/ESk(S)+1 acA

and @f (sL,a) = 0 for all a. Also recall that the notation Qt and V; used in the loss- shifting function

are shorthands for Q and V”t Similarly, the true state-action and state value functions of episode ¢
are defined as:

Q7 (s,a) = li(s,a) + Z P(s’|s,a)Vt(s/), Vi (s) = Z m(als)Q7 (s, a), (33)
Slesk(s)+1 a€A
with Q7 (sp,a) = 0 for all a. For notational convenience, we let + = M and as-
sume that § € (0,1), and denote by T}, the set of transition tuples at layer k, that is, T}, =
{(s,a,8") € Sp X A X Si41}.

B.1 Optimism of Adjusted losses and Other Lemmas
First, we show that the adjusted loss Zt defined in Eq. (11) ensures the optimism of the estimated
state-action and state value functions as stated in Lemma B.1.1. As discussed in Section 5, this certain

kind of optimism ensures that E [ERR5] is bounded by a constant with a sufficiently small confidence
parameter 4.
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Lemma B.1.1. Using the notations in Eq. (32) and Eq. (33) and conditioning on the event A, we
have

Q7 (s,0) < Q7 (s,0),¥(s,0) € § x A,t € [T].
Proof. We prove this result via a backward induction from layer L to layer 0.

Base case: for s, @f(s, a) = QF(s,a) = 0 holds always.

Induction step: Suppose @f (s,a) < QF(s,a) holds for all the states s with k(s) > h. Then, for
any state s in layer h, we have

QF(s,a) =li(s,a) + D> Pyy(s']s,a)V/(s') — L By(s,a)

8'€Sk(s)+1

< li(s,a) + Z Py (s'|s,a)Vi"(s") — L - By(s,a)  (Induction hypothesis)
8'€8k(s)+1

<l(s,a)+ > P(Ss,a)V()
8'€8k(s)+1

+ Y (P(s'[s,a) = P(s']s,a)) V(') = L By (s, )
8'€Sk(s)+1
:Q?(s,a)—i— Z (pi(t)(3/|s7a)—P(5/|s,a)) ‘/tﬂ-(s/)_LB7(f)(S,a)
8'€Sk(s)+1

where the first line follows from the definition of E
Clearly, when B;()(s,a) = 1, we have
Z (Piy(s'|s,a) — P(s]s,a)) V' (s') — L - By)(s,a) < Z Pyy(s'|s,a) - L—L=0
8 €8k (s)+1 8" €Sk (s)+1
where the inequality follows from the fact 0 < V;"(s") < L.

On the other hand, when > Biw(s,a,8") = By )( a), we have

Slesk(s)+1
Z (-1511(1&)(8/"97 (L) |S a ) —-L- Bz(t) (5 a)
SIESk(SH,l
< Z B (s, a, s)-L—1L- Bi(s,a) =0
S"E€Sk(s)+1

where the second line uses the definition of event A.
Combining these two cases shows that Q7 (s, a) < Q7 (s, a) holds for all state-action pairs (s, a) at
layer h, finishing the induction.

Next, we analyze the estimated regret suffered within one epoch. With slightly abuse of notation, we
denote by EstReg; () the difference between the total loss suffered within epoch ¢ and that of the
fixed policy 7 with respect to the empirical transition P; and the adjusted losses within epoch 4, that

is, o 7
:E[ 3 <q§—qpi’”,t2>]. (34)

tit1—1

Z <q15i»77t _ qpmﬂ"z\t>

t=t;

EstReg,(7) = E

In addition, we let EstReg, = max, EstReg,(m) be the maximum regret suffered within epoch i.

Lemma B.1.2. For full-information feedback, Algorithm I ensures that EstReg, is bounded by
O (L3 In(|S||A|)) plus:

tip1—1 ti 1
O|E| |Lin(|S||A]) - min< L* +Z Z Z qi(s,a), i Zthsaftsa)
t=t; s€Sa#n(s) t=t; s#sp a€A

(35)
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Proof. The proof follows the same steps as in that of Theorem A.2.1. Due to the invariant property,
the loss of episode ¢ fed to FTRL can be seen as either (s, a) or Qi(s,a) — Vi(s,a). By the

definition of 7;, we have both mét(s a) > —1 and 1;(Qs(s, a) — Vi(s,a)) > —1. Therefore, we can
apply Lemma A.2.3 and bound EstReg; by

Lln |S||A‘ Z 7y Min Z Z@(S,a) (@t(&@ - ‘Z(s)>2’ Z Z@(s,a)ét(&a)Q

77t,+1 t=t; s#sp a€A s#sp a€A

The tuning of 7; makes sure that the above is further bounded by O (L®In(|S||A])) plus

/L (JS[A]) multiplied with

ti 1 t; 1
O|E min iZthsa(Qtsa ) iZthsaﬁtsa ;
t=t; s#s; a€A t=t; s#sp a€A

see the beginning of the proof of Theorem A.2.1 for the same reasoning. Finally, it remains to bound

~ . \2
Datay oaca i(s,a) (Qt(s, a) — Vt(s)) by 8L ., > asn(s) 4¢(s; @). This is again by the

same reasoning as Eq. (23) and Eq. (24), except that @t(s, a) now has a range in [—L?, L?] which
explains the extra L? factor. O

B.2 Proof for the Adversarial World (Proposition B.1)

We analyze the regret based on the decomposition in Eq. (14) and consider bounding the terms
E [ERR;], E [ERR2] and E [ESTREG] separately.

ERR; Following the similar idea of Jin et al. [2020], we decompose this term as:

T T
ERR; = Y V" (s0) = V" (s0) = > (4, 1) — <@,Zt>

t=

if
I

T
1, Le) — Qta€t>+L'Z<(/]\taBi(t)>

t t

,_.
Il
-

MH

Z 0, le) — (G, 0e) + L
T

Z Z Z ‘qt S, a’ (S7a’)| +Lz<qt7Bi Z — Gt 1(t)
t=1 =1

1 s#sp, acA

T
(qt, Bipy) + L - Z — 1, Bir))
t=1

t=1

| A

1
T

(g
T

q
T

where the last line follows from the fact 0 < ¢;(s,a) < 1. According to this decomposition, we next
consider bounding the expectation of these three terms separately.

First, we focus on the second term:

T
L- <Qt7 Bi(t)>

1

— |Sk(s)+1|lnL 14|Sk(5)+1‘lnL
<L-E
= LZ Z qut 5 ( \/max{mi(s,a),l} + 3max {m;(s,a),1}

0 s€S, acA t=1

k=0

—1
~0 (L (VISHIBk AT ATT e + |Se(eyalISk]1A] (2 + I T) m))
O (

LA TIn. - Z (|Sk| + |Sk41]) + L|S|?|A| In? L>
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0 (L|S\\/\A|Tlna + L|S|?|A] In2 L)
-0 (L|S\\/\A|T+L|S|2|A|> (36)

where the second line follows Lemma D.3.2, the third line follows from Lemma D.3.8 and the fourth
line applies AM-GM inequality.

Then, for the first term, with the help from residual term r; defined in Definition D.3.9, we have

T
YD lailsia) = @uls, a)l

t=1 s;ésL a€A

ket P(w|u,v)Int o
S35 30 o S S N e e e DI

| t=1s#sa€A k=0 (uv,uw)eTy maX{mi(t)(“’U)’l} sz, a€A

<E 4L~§T:ZZ Z qt(u,v)\/ Plwlu, v) Ine ZZZnsa

max 1
t=1 ussy, VEA WE Sk (w41 ax {mi (u,v), 1} t=1 s#sy, acA

L Sk(u)+1|Ine El
<E|i.3 Y th@,v)\/mwl{';;Ll_:(lw)’l} Y Y s

t=1 u#s;, vEA t=1 s#sp, a€A

-0 (L|S|\/|A|TlnL + L2|SPP|AP % + 6\S|\A|T)
— O (LISIVIATT + L*|SP|A?) (37)

where the second line uses the bound of |g;(s, a) — g;(s, a)| in Lemma D.3.10; the third line follows
from the fact 3., > ,c 4 ¢¢(s, alw) < L; the forth line uses the Cauchy-Schwarz inequality; the
fifth line follows the same argument in Eq. (36) and applies the expectation bound of residual terms
in Lemma D.3.10; and the last line plugs in the value of § = 1/72.

For the last term, using the bound of |G; (s, a) — ¢:(s,a)| in Lemma D.3.10, we arrive at

Z —q, B

SCL

qt (s, alw)

s g P(w|u,v)Int
<E Z Z Big)(s,a) - | 4 Z a(u,v) T q:(s, alw) + (s, a)
t=1 s#s;, a€A k=0 (u,v,w)e€Ty max {mz(t) (’U/, U)7 }
<K - B gy P(wlu,v)Int
Z YD Y Bwlsas)| D D aluv) e e (00 1)
L s#sp a€A 8" €S (s)41 k=0 (u,0,w)eTy i(t) (U, V),

+E (L

HMH i

Zrt(s,a) ,

s#sp a€A
where the last line follows from the fact B, (s, a) < 1.

According to the definition of the residual term in Definition D.3.9, we have

k(s)—
P(w|u,v)Ine
ne)z: Y Bosasr[ S Y qt<u,v>\/ (w]u,v) (s alw)
€Ty

8" €Sk (s)+1 k=0 (u,v,w) max {ml(t) (u’ U)’ 1}

(in particular, the second summand in the definition of (s, a) is an upper bound of the right-hand
side above). Therefore, we have E {L . Zle <Z]\t — qt, Bi(t)>} further bounded by

T
AL+L)-> 3" Y r(s,a)| <O (L¥SIPAPIn® 0+ 6 - LIS||AIT) = O (L3|S*|A]?)
t=1 s#sr, a€A
(38)
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where the last inequality uses the expectation bound of residual terms in Lemma D.3.10.

Combining all bounds yields

E[ERR,] = O (L|S|\/\A|T + L3|S\3|A\) .

ERR; According to Lemma B.1.1, Lemma D.3.5, and the fact At

(s)‘ < L2, we have

E [ERRy] = th so) — Vi (s0) | < L2T Pr[A°] < 4L*T5 = O(1).

ESTREG By Lemma B.1.2, we have E [ESTREG] bounded as

N tiy1—1 - R N
E [Z Z <@ - qpi,fr’gt> ZEstRegi]
=1

=1 t=t;

<E

tit1—

N 1
<E|O Z ZZthsaftsa )2+ L3
=1

=t; seSacA

<0

T
E[ZISIANY. S S s, a)lu(s, a)?

t=1 seSacA

where the last line follows from the fact N < 4|S||A| (log T + 1) according to Lemma D.3.12 and
uses Cauchy-Schwarz inequality.

+ L%|S||A|

Next, we continue to bound the following key term:

T
E|Y DN ads.a)ls, a,)ﬂ

t=1 seS acA
T
=E [Z Z Z @(87 a) (&5(57 a) —L- B’L(t) (37 a))2‘|
t=1seSacA
T
<2E |\ D s a) (tls,a)’ + L2 'Bi(t)(s,a)Z)]
t=1 s€S acA

T
<2LT +2L*-E [Z G, B
t=1

T T
Z<E]\t_qt7Bz(t +L-E lz (Im ) )
t=1 t=1

where the third line uses (z + ) < 2 (2% + y?) and the fourth line uses B (;)(s,a) < 1. Moreover,
in the previous analysis of the term ERR;, we bound the terms in the bracket with

T
E lL ’ Z <Qt, Bi(t)>
t=1
T
[ Z — Gt z(f)

t=1

=2LT +2L- <L-IE

<0 <L|S\\/|A|T+L|S|2|A|), (from Eq. (36))

O (L31SPIAP) . (from Eq. (38))

Therefore, we have

T
ENSTN s a)li(s,a)?

t=1seSacA
which further proves

E[ESTREG] = O (L\/\S|\A|T + L2824 + L3|S||A|) .

:O(LT+L|S|\/|A\T+L3\S| Al ) O (LT + L*|S]*| A7)
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B.3 Proof for the Stochastic World (Proposition B.2)

As discussed in Section 5, we decompose ERR; + ERRj as (see Corollary D.1.2):

T
ERRy +ERRy =D > D as,a)E] (s,a) (ERRSUB)
t=1 s£or, azkr (s)
T ~
+ Z Z Z (q:(s;a) — qi (s,a)) ET (s,a) (ERROPT)

t=1 s#sp a=n*(s)

33 Y (wls.a)—dils.a) (QF (s.0) = V7' () (OceDim)

t=1 s#s, a€A
T A~
£33N atsa) (V) -V () (B1AS)

t=1 s#sp a#n*(s)

where ET (s, a) is defined as:
Ef(s,a) =l(s,a)+ Y P(s']s,0)V"(5') — QF (s, 0).
S'Esk(,;)+1

Then, we proceed to bound each of the five terms: ERRSUB, ERROPT, OCCDIFF, BIAS, and
ESTREG.

ERRSUB Conditioning on A, we know that

B (s,a) = LBy (s,a)+ Y (P(s/|s,a) = Py (s']s,0)) Vi ()

S'Gsk(,;)+1

< LBz(f) (S, (l) + L2 : Z B?,(f) (87 a, S/)

8" €8k (s)+1

D. /
<4r?. Z Pz(t)(s |s,a)Ine n Tlne
max {mi(t)(s,a), 1} 3 max {mi(t)(s,a), 1}

8'€Sk(s)+1

9 |S]Ine 7|5 In¢
<4r + ,
max {mi(t)(s,a), 1} 3 max {mi(t)(s,a), 1}

v, (s)‘ < L2, and the last line applies

where the second line follows from the event A and the fact
the Cauchy-Schwarz inequality.

Therefore, under event A, ERRSUB can be bounded as:

T
1 1
ERRSUB < Y > >~ gs,a)-4L? (\/ |S]Ine N 7|S|In¢ )

3 ez aims) max {mi(t)(s, a), 1} 3 max {mi(t)(s, a), 1}

28|S|L Ine (s, a)
< 4Gy (L*]S]Ine) + Z 2.2, 3max {m)(s,a), 1}’

t=1 s#sr a€A

where the second line follows from the definition of G (-) in Definition D.2.1.
With the help of Lemma D.3.5 and the fact |[ERRSUB| < L3T, we have

=1 oy e 3 max {ml (s,a),1}
= O (E [Gy (L*|S|Ine)] + L?|S]*|A[In* 1) , (39)

where the last line uses Lemma D.3.8.
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ERROPT By the similar arguments above, we have ERROPT bounded by the following given event
At

T
ERROPT <D > > (ai(s,a) = qf (s, a)) -4L7 <\/ CILL + 715] Ine ) ,

T e ams) max {mi(t) (s,a), 1} 3max {mi(t) (s,a), 1}

Using the definition of Ga(+) in Definition D.2.1 and Lemma D.3.5, we have

]E[ERROPT] S O(L3T5+E[G2 (L4‘S|IIIL)]) +]E 28|S|L h’lbz Z Z (Jt S a)

1 aday ot 3 max {mZ s,a),l}
= O (E [Ga (L*|S|In¢)] + L*|S|*|A|In*¢) . (40)

OccDIFF First, we have

OcCCDIFF =

**M

- 3 (a0) ~ ) (0 (5.0 = 7 (9))
€A

HMH IIM%

Z > (als.a) = @ls,a) (QF (s,0) = V7 (s))
s#sL,

a#m*(s)

T
§2LQZ Z Z |Qt(5aa)_(/1\t(5’a)|’
t=1 s#sp a#n*(s)

where the second line follows from the fact V™" (s ) = QT (s, a) for all state-action pairs (s, a)

satisfying a = 7*(s), and the last line uses the fact QT (s, a) — V" (s) < 2L2 for all state-action
pairs. With the help of the residual terms in Definition D.3.9 and Lemma D.3.10, we further bound
OCCDIFF as

T
223 S arls.a) — s, a)]

t=1 s#sL s (s)

§2LQZZ Z r(s,a)

t=1 s#s1 aFn*(s) “h
oS P(w|u,v)Ine
PSS TS S g [T
t=1 s#sp agtn(s) k=0 (uv,w)eTy max {m;)(u, v), 1}

= O (L*|S)*| AP In® o + L*|S||A|T - § + G3(L*Int))

where the last line is by the definition of G3(-) in Definition D.2.1. Therefore, we conclude
E [OccDIrr] < O (L*SPP|A*In® L + E [G3(L* Inu)]) . (42)

BiAs Conditioning on the event .4, BIAS is nonpositive due to Lemma B.1.1. Then, by
Lemma D.3.5, we bound the expectation of BIAS by

E[Bias] <0+ E[I{A}]- L3’T =0 (1). (43)

ESTREG By the analysis of estimated regret in Lemma B.1.2, we have E [ESTREG] bounded by
(with Cgsrrec = L°|S||A| InT'In (| S]] A]))

N tiy1—1
O(ED . Lem(sAD - > Y > Gi(s.a)+ L In(|S]A])
i=1 t=t; s€S a#m*(s)

T
<O (B[, Comea- 25 2 Gils.a)| + L1SI1A|In Tn(5]/A]

t=1s€S a#tn*(s)
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T
Cestrec* Y Y > ai(s,a)| + L3|S||A|In T In(|S||Al)

t=1 s€S a#m*(s)

T
+0O |E CESTREG'ZZ Z |Gt (s, a) — qi(s,a)

t=1 s€S a#n*(s)

< 0<E (G4(L7S||A] In TIn (|S][A]))] + L7514 1nT1n<|S||A|>>

ZZ Z |g:(s,a) — qi(s,a)]

t=1 s€S a#tn*(s)

where the second line uses the Cauchy-Schwarz inequality and the fact N < 4|S||A| (log T + 1)

according to Lemma D.3.12; the third line uses the fact that \/x < \/y + +/|z — y| for z,y > 0; the
last line uses the definition of G4(+) in Definition D.2.1 and the AM-GM inequality.

Note that in the analysis of OCCDIFF (see Eq. (41)), we have already shown that

T
SN0 lals,a) = Gls.a)] = O (L?|SPIAP In* L + E [Gs(In1)]) . (44)
t=1 s#sp a#n*(s)

Combining everything, we have E [ESTREG| bounded by:

O(IE [G4(L?|S||A] In T In (|S||A]) + Gs(Ine)] + L3|S|3|A]2 In® L). (45)

Finally, combining everything we have shown that Algorithm 1 ensures the following regret bound
for Reg(7*):

( [Gl ( 4S8|1n L)D (from Eq. (39) for ERRSUB)
O (E [Gs (L*S|In¢)]) (from Eq. (40) for ERROPT)
O (E [Gs (L*Ind)]) (from Eq. (42) for OCCDIFF)
O (E [G4 (L°|S]|AlIn(|S||A) InT)]) (from Eq. (45) for ESTREG)
O (LYS)*| AP In*¢) .

Now suppose that Condition (1) holds. For some universal constant x > 0, Reg,(7*) is bounded as
Reg,(m*) < k- (E[Gy (L*|S|Ine)] + E [G2 (L*]S|Int)] + E [Gs (L*Int)])
+ i (E[Ga (L°S||A|In (|S[[A)InT)]) + k- (L*S]|A In*.) .

For any z > 0, by Lemma D.2.2, Lemma D.2.3, Lemma D.2.4 and Lemma D.2.5 with « = 8 = ﬁ

we have

Re ™)+ C
Reg, (%) < gT ~
8k2 4 6
+12z- -+ L*S]Ine + L°]S|Int)
57£5L a;éTr*(s (S’ a)
A)InT
+122 ( ) (8L°|S|lnL+8L6|S|2 i's” )1n >

(LS |A|21n )
SRegT( 1+ C

z

+288zKk2 U + 2k -V,
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where the last line uses the shorthands U and V' defined in Proposition B.2.

Rearranging the terms arrive at:

C 22 z
R ) < . 988 K2 _Z 9.
egT(ﬂ)_Z_1+Z_1 88/1U+Z_1 K-V
C 1)? 1
_C L EHD ey B oy
x x x

1
= (C+288k*U + 2k V) + - 288K°U + 2k - V + 576k>U

where we replace all 2’s by z = z — 1 > 0 in the second line. Finally, by selecting the optimal z to
balance the first two terms, we have

Reg(1*) < 24/(C + 288k2U + 2k - V) - 288k2U + 2KV + 57652U
:O<U+\/UC+V),

finishing the entire proof for Proposition B.2.
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C Best of Both Worlds for MDPs with Unknown Transition and Bandit
Feedback

In this section, we prove the best of both worlds results for the bandit setting with unknown transition.
We present the bound for the adversarial world in Proposition C.1, and that for the stochastic world in
Proposition C.2. Together, they prove Theorem 4.1.2.

Proposition C.1. With § = Algorithm 1 ensures

Td ’
Reg, (7)) = O ((L + ﬂ) |S|\/\A|T) .

Proposition C.2. Suppose Condition (1) holds. With § = % Algorithm 1 ensures that Reg(m*) is
bounded by O (U +VCU + V) where V = LO|S|3|A]> In® T and U is defined as

r=y Y [L6|S|1nT+L4|S||A|1n2T} N {L°|S|21nT+LJS| |A|In*T
A(s,a) JANIN

s#sr aZ£m*(s)

The analysis is similar to that for the full-information setting, except that we need to handle some
bias terms caused by the new loss estimators. To this end, we denote by ¢, the conditional expectation
of ¢, that is

Zg(s, a) = E, {Zg(s, a)} = m ly(s,a) — L - By (s, a). (46)

Then we define the following:
Definition C.3. For any policy , the estimated state-action and state value functions associated
with Pi(t) and loss function Uy are defined as:
Qi(s,a)=b(s,a)+ > Pn(sls,a)V7(s), ¥(s,0) € (S —{sr}) x A
8'€5k(s)+1
Vi (s) = Z m(als)QT (s,a), Vse€ S, (47)
acA
QT (sp,a) =0, VaeA.

On the other hand, the true state-action and value functions are again defined as:

Q7 (s,a) =li(s,a)+ Y P(s']s,a)V7(s)), VY(s,a) € (S—{sp}) x 4,
8'€Sk(s)+1
Vi(s) = Y w(als)Qf (s,a), Vse€ S, (48)
acA
Q7 (sp,a) =0, Vae A

where P denotes the true transition function.
Besides the definition of event A, we also define A; to be the event P € P;. Importantly, the value
of I{A;} is only based on observations prior to epoch 4. For notational convenience, we again let

L= w and assume § € (0,1).

Similarly to the full-information setting, we decompose the regret against policy 7, Reg(m) =

B[S0 Vi (s0) = Vi (s0)] s

T T T
E| > Vi (s0) = Vi (s0) | + E Z t(so) — Vi (s0) | + E Z (s0) (so)]. (49)
t=1 t=1 =1
ERR; ESTREG ERRo
Note that, the second term is exactly

T

E [ESTREG} —FE Z <qP£(t)77Tt _ qPi(t),Tf’E> —E lz <qu'(t)-,7rf, _ qPi(t),w7E>] 7
t=1 t=1

which is controlled by the FTRL process.
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C.1 Auxiliary Lemmas

First, we show the following optimism lemma.

Lemma C.1.1. With the notations defined in Eq. (47) and Eq. (48), the following holds conditioning
on event A: _
Q7 (s,0) < Q7 (s,),¥(s,a) € S x A,t € [T].

Specifically, we have

(a0 0 ) = V7 (s0) < Vi (s0) = (4™, ).

Proof. We prove this result via a backward induction from layer L to layer 0.
Base case: for s;, QT (s,a) = QT (s,a) = 0 holds always.
Induction step: Suppose Q7 (s, a) < Q7T (s, a) holds for all states s with k(s) > h. Then, for any

state s with k(s) = h, we have

@?(S,a)=m-€t(87a)+ > Py(sls,a)Vi(s") = L+ Biyy(s,a)  (Eq. (46))

8'€Sk(s)+1

< (3, ) Ay(s,a) + Z Py (s'|s,a)V(s") — L - Bjsy(s,a) (induction hypothesis)

ut(s, a) b
a(s, a) ’ T
S e GG+ 2 PEls V)
SIES)C(SH_l
+ Z (B(t)(sl|57 (l) - P($/|S, a)) ‘/tTr(S/) - L Bi(t)(sv a)
Slesk(s)+l
a (s, a) ’ T
< w(s,a) li(s,a) + Z P(s'[s,a)V](s")
S/ESk(sH—l
<l(s,a)+ Y P(s]s,a)VT(s)) = Qf (s, ),
8'€5k(s)+1

where the forth step follows from the same arguments in Lemma B.1.1, and the last step holds since
under event A, we have ¢;(s,a) < u¢(s,a) by the definition of w;. This finishes the induction.

O

Next, we provide a sequence of boundedness results, useful for regret analysis.

Lemma C.1.2 (Lower Bound of Upper Occupancy Bound). Algorithm I ensures u;(s) > ﬁ for

all t and s.

Proof. We prove by constructing a special transition function ﬁi(t) within the confidence set P;(y),
which ensures ¢Fi®™ (s) > ﬁ for all state-action pairs. Specifically, let P, be such that

=~ 1 1 t—1 -
Py (s]s,a) = T Seor] + . Py (s'|s,a), Y(s,a,s") € T,k < L.

Clearly, ISi(t) (+|s, a) is a valid transition distribution over S, k(s)+1 for all state-action pairs. Then, we
prove that Isi(t) € P; by

141 (TI5f41)

i} 1
1 <
 3max {1 (5,0, 1}

P’L(t) (S/|S,CL) -

1
. < Z
—t

~ _ 1
Pio(/ls,0) = Po(s']s,0)| = 5

|Sk(9)+1|

where the last inequality follows from the fact that m;()(s,a) < t.
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Then, for any state s # sg, we have by the definition of occupancy measures

PO = 3T DO P (sls' o)

S/Gsk(s),l a’€A

1
> L(t) 7Tt S a
= Z Z 4 | Shio| 1
S GSk( y—1 @ 'eA
1 1
p— >
Clearly, for sq it holds that q’3 i(1)Tt (so) = 1 > 1/|s|¢, which finishes the proof. O

Corollary C.1.3. Algorithm 1 ensures that, the adjusted loss Zt defined in Eq. (11) for bandit-feedback
is bounded as:

o~

Kt(s,a)‘ <L+ ]It(s,aa) - S|t

Also, we have

Li(s,a) } []It(s, )| e }
E A; =E AS =1
Lt@,a) © ai(s,a)| 7
Proof. By Lemma C.1.2, we have
> Ht(sva) Ht(57a') Ht(S,G,)
li(s,0)| < —————— < —————— . |S|t+L=L+ - |S]¢t,
o0 < o @ FES ) a1 wGe ) 1®

where the first inequality follows from B;(s,a) < 1 and ¢;(s,a) < 1, and the second inequality uses
Lemma C.1.2 and the fact g;(s) < 1.

For the second statement, we have

Ht(87a) :l l:Ht(Saa):H
E Ain| =E|E A,
[qt(s, a)| 7 "a(s,a)]| 7
I;(s,a)

By the same arguments we can prove E { ai(s.0)

= E[ 1|«4m>} =1,

] = 1as well O

Lemma C.1.4. Algorithm 1 ensures that, the expected adjusted loss A defined in Eq. (46) is bounded
as:

E(s,a)] <L+|S|-t<28|t, Y(s,a) €8x Atell]
Proof. By Eq. (46), we know that

where the last inequality follows from Lemma C.1.2. Combining with the fact |S| > L finishes the
proof.

q:(s, a) a(s)
-l —L- B, < L<L -t
ut s, a t(Sva’) z(t)(57a) > Ut(S) + L < L+ |S|

Corollary C.1.5. Algorithm 1 ensures that, the estimated state-action value functions defined in
Eq. (47) are bounded as:

‘@f(s,a)‘ <2L|S|t, V(s,a) € S x A,t e [T).

Proof. This is directly by Lemma C.1.4 and the definition of QT (s, a). O

Next, we analyze the estimated regret in each epoch. Reloading the notation from the full-information
setting, we define

EstReg,(7) = E

tiy1—1 B N tip1—1 ~
3 (are gt <e[ 3 (a0

t=t; t=t;
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Lemma C.1.6. With 8 = 128L%, for any epoch i, Algorithm 1 ensures

tivi—1
EstReg,(7) <O | E Z ne - | V/L|S||A| + L? Z th (s,a) - Biy(s,a)?
t=t; s#sp a€A (50)
+0 (L4\S||A| logT + 6 -E[L|S|T (tiy1 — ti)])
for any policy 7, and simultaneously
tiv1—1
EstReg; (1) < O | E | \/L[S| Z M - Z Z Gt (s, a)
t=t; s#sy atn(s)
ti1—1
TO\LZE| D ey, > Vals.a)
t=t; s#sL a#m(s) (51)
tip1—1
+0O | LYA|-E Z M - Zthsa B (s,a)2
s#sp a€A

+ O (L*S]|A|log T + 6 - E[L|S|T (tiy1 — t;)])
for any deterministic policy w : S — A.

Proof. The proof is largely based on that of Theorem A.3.1, but with some careful treatments based
one whether A; holds or not. Let ¢ = ¢*

'™ be the occupancy measure we want to compete against.
When A; does not hold, we first derive the following naive bound on Zt”l ! < —q, €t>

tip1—1 tip1—1

S (@-ah)y< Y XY @lsa)+alsi0) - [fsa)

t=t; t=t; s#sp a€A
tit1— 1

<Y DD (@ls,a) +q(s,a) - <L+ L(s,a) ~|St)

(Corollary C.1.3)
t=t; s#sp a€A ut(s,a)
a L(s,a)
<2L% - (tiy —t) +|S|T - Z Zthsa +q(s,a)) - oo
t=t; s#sp a€A ’

Therefore, we have the conditional expectation E [Ztl“ ! < —q, £t>‘ .Af} bounded by

tit1—1

I,
B |20 (tigr —t) +1SIE- Y > > (@(s,a) +q(s,a)) - (s,) AS

t=t; s#sp acA (570')

<E[(212 +2LISIT) - (tisn — 1:)] A]
< O(B[LISIT - (ti1 — )] A5 ).

(Corollary C.1.3)

Next, we condition on event A;. In this case, by the same argument as [Jin and Luo, 2020, Lemma 5]

and also our loss-shifting technique, Algorithm 1 with 3 = 128 L* ensures that Zi:t_l <Z]} q, E>
is bounded by

tit1—1
O (L*S]|AllogT) + > (nlt— ml_l) (Pr(a) — ¢u(a))

t=t;+1
tigp1—1
+8 Z 7; in Zthsa (Qt(sa ) Zthsa/zﬁtsa)
s#sr a€A

s#sL a€A

(52)
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where ¢ (q) = =" 45, Daca V4(s,a), and Q. and V, are state-action and state value functions

associated with the loss estimator Zt and the empirical transition Pi(t):

Qus,a) =l(s,a)+ Y. Piy(ls,a)Vi(s), Vils) = > mi(als)Qi(s,a).

S/esk(s)+1 acA
Below, we discuss how to proceed from here to prove Eq. (50) and Eq. (51) respectively.

Proving Eq. (50) In this case, we take the second argument of the min operator from Eq. (52) and

bound ¢ (q) — b (@) < D oss, Douea V&(s,a) trivially by /L|S||A| using Cauchy-Schwarz

inequality, leading to

tiy1—1

S (a-ad)
t=t;
tiy1—1 tiy1—1
< OSIAIogT) + VIISTAT- 3 m+8 3 me 3 S ilosa)”htsso?
s#sp a€A
(n—lt—m - <77tsmce— Vi—t;+1)
e s G (s,a)”? ]I(s a)
t t
O (L|S||A|log T) + 21/L|S||A] - Z 160> ey Y )
t=t; s#sp a€A
tip1—1
+16L% Z n - Z th s,a)"* - By (s, a)?
s#sp a€A
L+1 1 L+1 1
(s,a) - L(s,a)
OwslAlogT) + 2/IRAL 3 w16 3 e 3% Lok
t=t; s#sp aCA a(s,a)
tip1—1
+16L? Z Mo Y > Gils,a) - Byy(s,a)®
s#sp a€A

where the second step follows from the definition of EAt_in Eq. (11) and the last step follows from the
fact Gz (s, a) < ut(s,a) and ¢:(s, a) < ui(s,a) since P;, P € P; according to event A;.

Therefore, by Lemma D.3.6 we have for any policy 7 that,

tip1—1 tip1—1
]E[EStRCgZ <E QW Z 77t+]_6 Z - Z Z m ]It S a

S, a
t=t; t=t; s#sr a€A qt )

tip1—1

+E [16L2 Z Nt - Z th s, a) z(t)(S,a)z

s#sL a€A
+ O (LYS||A]log T + & - E[L|S|T (tiy1 —t;)])

tir1—1

VIISTA- 3w

t=t;

tigt1—1

+E|L? Z 0 - Z th s,a) - By (s, a)?

ti s#sp a€A

+O (LY S||A]log T + & - E[L|S|T (tiy1 —t;)])
where the second step takes the conditional expectation of I; (s, a) and applies the Cauchy-Schwarz
inequality to get >° . > ,c 4 /@ (s,a) < /L[S|[A]. This finishes the proof of Eq. (50).

<O|E

Proving Eq. (51) In this case, recall that 7 is a deterministic policy, so that

onta) @) = 3 VAT (5 VA 1) + 3 (VAT - Vi)

SH#SL, a€A S#SL,

38



Using [Jin and Luo, 2020, Lemma 16] to bound the first term (take « in their lemma to be 0), and [Jin
and Luo, 2020, Lemma 19] to bound the second, we obtain

ou(q) — ou (@) = ZZ\/ Sa+\/L|SZthsa

s#sL aZm(s) s#s aZm(s)

Therefore, taking the first argument of the min operator from Eq. (52) and using % — ml_l < m

again, we arrive at

tiv1—1 tip1—1
S (a-ab)< VIS Y me [S D als.a)
t=t; t=t,; s#sL a#m(s)

ti+171

>y Y Valsa)

t=t; s#sp a#n(s) (53)

tip1—1

£8) e Y Y asa)” (Qlsa) - Tuls)’

t=t; s#sp a€A
+ O (L*|S||A|log T) .

) - - 2
Finally, we apply Lemma C.1.7 to bound the term > . >~ c 4 @:(s, a)’? (Q,‘/(s7 a) — Vt(s)> ,
and use Lemma D.3.6 again to take expectation and arrive at Eq. (51) (with the help of Eq. (54)). [

Lemma C.1.7. Under event A, we have for any t,

> Y a)” (Quls.a) - Ti(s)’

s#sp a€A
< 4L A Z Z @(s',d') Biwy(s',a')* + Z Z V@i (s,a) - (Os,a) + Wi(s,a))
s'#sp a’€A s#sp a€A
where

ottt o § 5 F o

k=k(s) s'€Sk a’€A

Wt(s,a):4L~Z7rt(b\ Z Z ths a'ls,b) E §

b#a k=k(s) s’€Sy a’€A

and §:(s', d’|s, a) is the probability of visiting (s', a') starting from (s, a) under 7y and Pi(t). More-
over, we have

> Vals,a) - (Ou(s,a) + Wils,a)) | <16L2 > > /a@ls,a),  (54)

s#sp a€A s#sp aF#m(s)

Sfor any mapping 7 : S — A.

~ ~ 2
Proof. First, (Qt(s, a) — ‘/;5(5)) is bounded by

(Qt(s,a) 7‘2(5))2 = | (1 —m¢(als)) Qt s, ) Zﬂt bls Qt s,b)
b#a

<2(1—m(als))? Qu(s, ) +2 | D m(bls)Qu(s,b)
b#a
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Following the same idea of Lemma A.1.3, the first term can be bounded as

(1= mi(als))? Qi(s,)?
L—1
= -ma))? | D 3 Y @l dls,a)b(s, a)

k=k(s) s’€Sr a’€A

<2(1 —m(als))? Z Z th s, d|s,a) t((s )) l(s',a")

k=k(s) s'€Sr a’€A

2
L—1
+2(1—m(al)* [ D > D Gl dls,a)- L Bigy(s',d)
k:k(s) s'e€Ska’€A
(s’ ')
<2L-(1—m(a Z Zths a'|s,a)? 5
k= k(s)s €Sk a’cA (s, d)?
+2L3 (1 — m;(als) Z Z Z q@:(s',d']s,a) l(t)(s/,a’)z (55)

k=k(s) s’€Sk a’€A

where the equality follows from the definition of Q;; the first inequality uses the fact (z+1)2 S (22 +
y?); the second inequality apphes the Cauchy-Schwarz inequality with the facts I;(s, a)I;(s', a 0

for (s,a) # (s',d’) and Zk:k(s) Zs'esk Za’eA qi(s’,d'|s,a) < L.

By the same arguments, the second term is bounded as

S (b]9)Qi(s.b)

b#a

L—1
=1 3 3 3 [ mels)as dls,v) | &(s,a)

k=k(s) s’€Sk a’€A \ b#a

2

2

]I !’
0 S Y S (Sml asalsy R

k=k(s) s'€Sk a’ €A \ ba

+2L3 Z Z Z Zwt bls) - G:(s',a’|s,b) 'Bi(t)(sl,a/)2, (56)

k=k(s) s’€Sk a’€A \ b#a

where in the last step we use Zé;,i(s) D owes, QoarcA (Zbia 7 (b]s) - @ (s, d|s, b)) < L (after
applying Cauchy-Schwarz).

N ~ 2
Combining Eq. (55) and Eq. (56), we show that ¢;(s, a) (Qt(s, a) — Vt(s)) can be bounded as

(s ) (Quls )~ Ti(s))’

<AL - q(s,a) (1 —m(als) Z Z Z%S d'ls,a)® (( ZI))Q

k=k(s) s'€Sk a’€A

Li(s',a")
+4L - ¢:(s,a) Z ZZ Zmb| - qs(s',d’|s,b) .W

k=k(s) s’€Sk a’€A \b#a

+4L%G(s,a) (1 — mi(als) Z Z Z qi(s',d'|s,a) - Biy(s',d')?

k=k(s) s’€Sp a’€A
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+4L3Gi(s,a) Z Z Z Zﬂ't bls) - G (s, d'|s,b) | - By (s',a')%

k=k(s) s'€Sr a’€A \ b#a

Moreover, we have the summation of the first two terms bounded as

N L;(s',a
AL - Gi(s,a) (1 — m¢(als) Z Z ths a'|s,a)? f(, ,>

U S
k=k(s) s'€Sk a' €A t( @

L1
+4L - ¢:(s,a) Z Z Z Zm(b| -qi(s',d|s,b)

k:k(s) s'€Sk a’€A \ b#a

qi(s,a qf s, d|s,a) , L(s',a")
<4L-(1- —
a3 S HOBla) gy g, W)

k=k(s) s’€Sr a’€A

D bza @t(8,0) - @i (s’  d’|s, b) L(s',a)
+4L- Z ZZ z (s ) Zmb\ (s, a|sb)%a,

k=k(s) s'E€Sk a’ €A bta q(s',a’)
< O¢(s,a) + Wi(s,a)

where we use ¢ (s’,a’) < wu(s,a’) due to event A; in the first step and
Yoaca @i(s,a)q(s',d'|s,a) < G(s',a") < w(s’,a’) in the second step to bound the frac-
tions by 1.

On the other hand, the summation of the other two terms is bounded as

L—1
ALG(s,a) (1 —my(als))? > Y Y Gl d|s,a) - Byy (s, a')?

k=k(s) s'€Sk a' €A

+4L3G (s, a) Z Z Z Zm bls) - Gi(s',d[s,b) | - Biwy(s',a’)?

k=k(s) s’€Skr a’€A \b#a

< 4L%G Z Z Z (s',d |s,a)me(als) + Zﬂ't bls) - Gi(s',d'|s,b) | - Biy(s',a)?

k=k(s) s’€Sr a’€A b#a

L—1
= 4L3 Z Z Z @(3/7a1|5)aﬁ(8) : Bi(t)(slval)Q'

k=k(s) s’€Sr a’€A

Note that, taking the summation of the last bound over all state-action pairs yields

L—-1
AP YN SN ST @S dll9)@ls) - Biy (s, a)?

s#sp a€EA k=k(s) s’€Sr a’€A
k(s')—1

:4L3|A| Z Z Z Z@(s’,a’|s)@(s) 'Bi(t)(s/aa/)Q

s'#sp a’€A k=0 s€Sk

<arA] 3 3 G d) - B (s ).

s'#sp a’€A

Therefore, combining everything, we have shown:

S Y s (Qlsia) - Tils)

s#sp a#m(s)

< 4L4‘A| Z Z (/J\t(slaa/) ! Bi(t)(s/aa/)z + Z Z Vv Z]\t(saa) : (Ot(saa) + Wt(saa))a

s'#sp a’€A s#sp aF#m(s)
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proving the first statement of the lemma.

To prove the second statement, we first show

E; [O(s,a) + Wi(s,a)] = 4L (1 — m(als) Z Z Z q@:(s',d']s,a)

k=k(s) s’€Sx a’€A

+4L - Z ZZ Zﬂ'tbl -qi(s',d|s,b)

k=k(s) s'€Sr a’€A \ b#a

= 4L (1 — m(als) Z 14+4L- Z (1 — me(als)

k=k(s) k=k(s)
< 8L% (1 —m(als)),

and therefore

SN Va(s.a) - (0u(s,a) + Wi(s,a)

s#sp a€EA
<8L* > /Gu(s,a) (1 — m(als
s#sr a€A
<BL* Y > Vals,a) +8L% Y Vai(s) (1= mi(r(s)]s))
s#sp aZm(s) S#SL

<162 Y Y Vals,a),

s#sL a#m(s)
which proves Eq. (54). O

Note that both Eq. (50) and Eq. (51) contain a term related to > . >4 @(s,a) - Byt (s, a)?.
Below, we show that when summed over ¢, this is only logarithmic in 7.

Lemma C.1.8. Algorithm 1 ensures the following:

Z > Gls,a) Bigy(s,a)* | = O (LPSP|APIn® L+ |SIJAIT-6).  (57)

t=1 s#sp, a€A

Proof. By Lemma D.3.2, we know that

2
Spisranll 14/ Sk (or21|1
Bi(s,a)® < <2\/ [Sk(s)+1|Ine [Sk(s)+1l1ne )

max {m;(s,a),1} =~ 3max{m,(s,a),1}

<O ‘Sk(5)+1‘lnL |Sk(s)+1|21n2L

- (max{mi(S,a),l} - max {mi(s,a),1}2> .

Then, we have

ZZthsa i) (85 a)?

t=1 s#sy, a€A

T T
=E Z Z Z (@(s,a) — qi(s,a)) - Biy(s,a)?*| +E Z Z (s, a) - By (s, a)?

t*l s#sr a€EA t=1 s#s, a€A

<E iZZnsa

t:1 s#sp a€A
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YYYSY Y b T 1] @ el) - B (s,0)

(s T|S||A
)—1 P(w|u,v)ln( |5” I)
+E

t=1 s#sp a€A k=0 (u,v,w)eT}\

Skis Ine Shiare1|?In? e
+O|E Z%(s,a)-( Siey-1 =+ 1Sy 1 2)
t:l odsg acA max {m;(s,a),1} ~ max {m;(s,a), 1}

SO E Z Z Zrt(87a)

t=1 s#sp, a€A

T |Sk(s)+1|Ine |Sk(s)+1/* 1n” ¢
+O E Z Z th(sva) : maX{mi(Saa)71} + 2

t=1 s#£sz, a€A max {m;(s,a), 1}

where the first inequality uses Lemma D.3.10 and B;(s,a) € [0,1], and the last inequal-
ity follows from the observation that, the second term in the previous line is bounded by

Zle D etsy, 2oaca 't(8, a) according to the definition of residual terms in Definition D.3.9.

Finally, applying Lemma D.3.10 and Lemma D.3.8, we have

T
Z Z Z E]\t(saa) : Bi(t)(sva)Q
t=1 s#s, a€A
L-1
O (L?|S]*| AP In® . + | S||A|T - &) + O (Z (|Sk+1] 1Sk| [A| In T In e + [ Sk(s)11]? [Sk| | 4| In? L))
k=0
= O (L*SPIAP In® . + |S||A|T - 6)

which completes the proof. O

Finally, we provide a lemma regarding the learning rates.
Lemma C.1.9 (Learning Rates). According to the design of the learning rate 1, = ————, the
Vi—ti+1

following inequalities hold:

T
> n; <O (|S]|Al1og? T) , (58)

t=1

T
> <0 (VISIATIogT). (59)
t=1

Proof. By direct calculation, we have

tip1—1 tig1—t; tipr—ti+l |
Z n? = Z —§2/ —dr=2In(tjy1 —t;+1) <O(logT).
t=t; =1 1 z

Combining the inequality with the fact that the total number of epochs N is at most
4]5|A] (log T + 1) (Lemma D.3.12) finishes the proof of Eq. (58). Following the similar idea,
we have

tiy1—1 t1+1 t;

i+1—ti
Z = / dr < 2./tiy1 —
t=t; \/>

Taking the summation over N epochs and applying the Cauchy-Schwarz inequality yields Eq. (59).
O
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C.2 Proof for the Adversarial World (Proposition C.1)

Recall the regret decomposition in Eq. (49):

T
E| Vi (s0) = Vi (s0)
t=1

ERR; ESTREG ERR>

T

> Vi (s0) = Vi (s0)

+E +E

T
> Vi (s0) = Vi (s0)

We bound each of them separately below.

ERR; Similarly to the proof for the full-information feedback setting, we have

T S (@)

t=1

T T
- Z Z Z i Sujs(has L ~(ue(s,a) Z (g — G, be) + Z G, Bisy)

t=1 s#sp, a€A
where the last two terms have been shown to be at most O (L|S| VIAIT + L3\S|3|A|) according to
the analysis of ERR; in Appendix B.2 (see Eq. (36), Eq. (37) and Eq. (38)).

Then, we bound the first term as

B> >y AR 0) — (5,0

t=1 e;ésL a€A

SE DD |uls,a) - ai(s, a)| (@(s,a) < ui(s,a))

t:l s#sp a€A

. e
<E Z Z Zn s,a) + 162 Z Z Z Z a:(u,v) ma:(;liw,vih;l}b 1 ao(s, alw)
=t o, {mi (u,v), 1}

acA t=1 s#sp a€A k=0 (u,v,w)

(Corollary D.3.11)

T
< O (LS| A2 n? 0 + |S||A|T - 6) + 4L - E Z Z th(u,v)\/ |Sk(wy+1|Ine

t=1 utss, vEA max {m;)(u, v),1}

(Lemma D.3.10 and Cauchy-Schwarz)

L—-1
<0 <L2|S|3A|21n2 LA ISIAIT -6+ L- > \/1Sk] - Sk A|TlnL> (Lemma D.3.8)
k=0

~0 (L|S|«/|A|T1nL + L2|SPIAPP In2 0 + |S||A|T - 5) :

Combining the bounds together, we have E [ERR; ] bounded by:
E[ERR,] = O (L|S|\/|A|T + L3|S|3\A|2) .

ERR; Following the same idea of bounding ERR5, by Lemma C.1.1 and Lemma D.3.5, we have
the expectation of ERRs bounded as

E[ERRz] < §-3L|S|T* + 0= O (L|S|T?-§) = O(1).

ESTREG According to Eq. (50) of Lemma C.1.6, we have

T

N
EstReg(7) = E [Z <q§ — gPiw @>] =E [Z EstRegi(fT)]
i=1

t=1
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N tiy1—1 T
<0 Z Z neV/IIS[Al| +E | L?- Z Z Z&} s,a) - Bi(s,a)?
=1 t=t; t=1 s#s a€A
+0 (L4|S|2|A|2 In® T + §L|S|T?)
( Zm VLIS||A]| + L*S]| A]? In? L> (Lemma C.1.8)
<0 (|S\|A|\/LT +LASP |A|2) . (Eq. (59))

Finally, we combine the bounds of ERR;, ERRs and ESTREG as:
Reg (i) = O (LIS|VIAT + SIAIVIT + LS| A1)
finishing the proof.

C.3 Proof for the Stochastic World (Proposition C.2)

Similarly to the proof of Proposition B.2, we decompose ERR; and ERRj jointly into four terms
ERRSUB, ERROPT, OCCDIFF and BIAS:

T
BRRy+ERR: =D D D auls, a)E (5,0) (ERrSUB)
t=1 s#sp, a£w*(s)
+Z > Y (a(s.a) —gi(s,a) ET (s,a) (ERROPT)

t=1 s#sp a=n*(s)

T
+D0) > (als @) — Gl a) (@f (s,a) — V[ (s)) (OCCDIFF)

t=1 s#sp, a€A
T ~
£33N dta) (W6 -V o) (Bias)
t=1 s#sp, aF#T* (5)
where E{r is defined as

Ef(s,a) = l(s,a)+ Y P(s']s,a)V"(s') — QF (s, a).

s"€Sk(s)+1

By the exact same reasoning as in the full-information setting (Appendix B.3), we have
E [OccDIFe] = O (L*SPP|A]?In® L + E [G3(L*In:)]) and E [B1as] = O(1), but the first two
terms ERRSUB and ERROPT are slightly different. To see this, note that under event A, we have

Ezr* (s,a) =Lli(s,a) — Zt(s,a) + Z (P(s/|57a) — Pi(t)(s/‘g,a)) ‘Zﬂ*(s/)

8 €8k (s)+1

= l(s,a) (1 — 6 (s, a)) + L B;)(s,a) + Z (P(s’|s7a) — R-(t)(s’\s, a)) ‘Z’T*(s’)

ug(s,a) 5" €Sk (s)41

Ut(57 a) — qt(sv a)
qi(s,a)

+ 2L2 . Bz(t) (5, a)

where the last line applies the definition of event A and the fact ¢;(s, a) < u:(s, a) given this event.
Importantly, the second term has been studied and bounded in the proof of Proposition B.2 already,
so we only need to focus on the first term. Before doing so, note that the range of ET is O (L|S|t)
based on Corollary C.1.5, and thus the range of ERRSUB and ERROPT is O (L2 |S|T2). Therefore,
we only need to add a term O (0 - L?|S|T?) to address the event .A°.
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Extra term in ERRSUB  According to previous analysis, the extra term in ERRSUB is

I DID PIFTIRCLU TS o) ol iR R e

t=1 s#s1 a#nw*(s) t=1 s#sp a#m*(s)

k(s)—1 P(w|u,v)In (M)
§4ZZ Z (s,a Jrlﬁzz Z Z Z q¢(u,v)

max {m; ) (u,v),1} (s, ajw)
t=1 szsz azn*(s) t=1 s#sp azn(s) k=0 (u,v,w)eTy RONE
(Corollary D.3.11)
42 Z Z (s,a) 4+ 16G3(In¢) (Definition D.2.1)

t=1 s#sp a#m*(s)

= 16G3(In¢) + O (L*S3 A2 In? L) . (Lemma D.3.10)

Finally, using Lemma D.3.6 and the bound on ERRSUB for the full-information setting, we have
E [ERRSUB] = O (G3(Ine) + G1(L*[S|Ine) + L2|S|*|A[* In® 1) .

Extra term in ERROPT Similarly, we consider the extra term in ERROPT:

3 u(s,a) — qi(s,a)
ZZ Z (q:(s,a) — ¢ (s,a)) - (s, qe(s,

t=1 s#s a=m*(s) (s, a)
q(s,a) — gf (s, a)
Yy ¥ sed-ded,
t=1 s#sp a=m*(s) ’
P(wlu,v)In (M)
s, a) s, a) ’ 5
_|_Z Z Z a( G Z <116 Z qi(u, v) q1(s, alw)

t=1 s#sp a=7*(s) w,0,w max {mz(f) (u, ’U), ]_}

(Corollary D.3.11)

T
Z Z Z (s,a) 4+ 16Gg(In ¢) (Definition D.2.1)

t=1 s#sp a=m*(s)

= 16Gg(lne) + O (L253A2 In? L) . (Lemma D.3.10)

Again, considering the term that appears in the full-information setting already, we have
E [ERROPT] = O (Gg(Int) + Go(L*|S|In¢) + L*S]*|A]? In®.) .

It remains to bound ESTREG with terms that enjoy self-bounding properties.

Term ESTREG According to Eq. (51) in Lemma C.1.6, taking the summation of all the epochs,
we have the following bound for E [ESTREG]:

N tit1—1 N tip1—1
\/|S|LZZ77t' Z Z @(s,a)| + L*-E ZZm Z Z Vs, a)
=1 t=t; s#sp a#m*(s) =1 t=t; s#£SL aF#m*(s)
N tiy1—1

+OELYAD D Y D D Gi(s,a)- Biy(s,a)?

i=1 t=t; s#spac€A
+ 0 <5 -E

N
L|5\TZ (tiv1 — t;)
T T
VIS e (3 aea||so(2 e Y Y vara

s#sL a#m*(s) t=1 s#SL aFn*(s)

+ L*|S]?| A)? In? L>
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+ O (L8[SPP|A]* In*.)
where the lase line applies Lemma C.1.8.

Then, for the first term, we have

T
VISILY Sme- [Y- > Gils,a)

s#SL a#Em*(s)

<E|VBE- S (S at

t=1 s#sp a#n*(s)

i T
<E [\A4LISPIANog? T+ | 3" 3 3 Gils,a)

t=1 s#sp a#n*(s)

where the second line follows from the Cauchy-Schwarz inequality, and the third line applies Eq. (58).

Then, we separate the term into two parts:

E | \/4L|S|2|A|log? T - ZZ > als.a)

t=1 s#sr a#nw*(s)

+E [\/4L|S|2|A]1og? T - ZZ > [a(s, a) — qi(s,a)l

t=1 s#sp aFm*(s)

E [2- G4(L|S|*A]log? T)] +E ZZ > a(s,a) — ai(s,a)l| +4|S]°|A|Llog? T
t=1 s#sp aZm*(s)

where second line follows from the fact \/ry < x + y for x,y > 0. Note that, the second term

above can be bounded by O (G (Int) + L2|S|*| A2 In? ¢) just as in the full-information setting (see
Eq. (44)). Therefore, we have finished bounding the first term:

VISILY “me- [0 > @ls,a)

s#SL a#T*(s)
- o(E [Ga(L|S*A]log® T) + Gs (In1)] + L2|S*|A* In® L).

On the other hand, the second term can be bounded similarly:

oY Y Vita

=1 sAsy agnr(s)

SLPE|YD YT D om ey D @lsa)

s#sL a#m*(s) t=1 t=1

L*\4IS[[A[log® T-E | >~ >

s#sp a#m*(s)

T
E[2- G050 ] +E |33 S farlsa) — arlsa)l| +L*IS]]A] g T
t=1 s#s1 a#n*(s)

(’)(]E [G5(L*|S||Allog> T) + G (In1)] + L2|S|?|A[2 In? L).
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So we have the final bound on E [ESTREG]:

E [ESTREG] = O(E [Gy (LIS2|Allog® T) + Gy (L*|S||A|log® T) + Gs (In1)] + L°|S[*| AJ* In® L)

Finally, by combining the bounds of each term, we finally have

Reg, (%) < O (E [Gy (L*S|InT) + Gs (InT)] from ERRSUB)

+E [G2 (LYS|InT) + Gg (In T)]

+E[Gs (L'InT)]

+E [G4 (LISP|A| I T) + G5 (L*|S||A| In* T) + G (InT)]
+ L5|S[3| AP In? T).

from ERROPT)
from OCCDIFF)

o~ o~ o~ o~

from ESTREG)

When Condition (1) holds, we apply similar self-bounding arguments to obtain a logarithmic regret
bound. Specifically, for some universal constant x > 0, we have

Reg,(m*) <k (E [G1 (LY|S|InT) + Gy (L*S|InT) + G3 (L InT)] )
+ 5 (IE (G4 (LISI*|Al10g® T) + G5 (L*|S||A]log® T) + Gg (InT)] )

+H<L6|S|3|A|3ln2 L).

Then, for any z > 1, by applying all the self-bounding lemmas (Lemma D.2.2-Lemma D.2.7) with
o = = 53—, we arrive at

Regr(m") < — - (Regp (™) + C)

IS

2
K
RIS e ~(L4|S|lnT+L6|S|1nT+L4|S||A\logZT)
S#SL aFET*(s) ’

AMIN
+ &+ (L°|SPIAP I’ T)

L (Regy () + C) + k- (LO|SPP|AP In* T)

2
+z-0( ~ -(L5S|2lnT+L6|S21nT+L3|S|2|A|lnT+L|S|2A|log2T))

<
LO|S|InT + L*|S||A|log® T L8|S|?InT + L3|S|?|A|log> T

+z-0 > Y Alsa) + A

s#SL a#ET*(s)

< - (Regp(m*)+C)+2- KU+ K-V,

where ' is a universal constant hidden in the O(-) notation, and U and V are defined in Proposi-
tion C.2). The last step is to rearrange and pick the optimal z, which is almost identical to that in the

proof of Proposition B.2 and finally shows Reg.(7*) = O (U +vUC + V). This completes the

entire proof.
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D General Decomposition, Self-bounding Terms, and Supplementary
Lemmas

In this section, we provide details of our two key techniques: a general decomposition and self-
bounding terms, as well as a set of supplementary Lemmas used throughout the analysis.

D.1 General Decomposition Lemma

In this section, we consider measuring the performance difference between a policy 7 and a mapping
(deterministic policy) 7*, thatis, V™ (sg) — V™ (sp) where @) and V' are the state-action and state
value functions associated with some transition P and some loss function ¢, that is,

Q(s,a) =L(s,a) + Y P(|s,a)V7(s), V7(s) = m(als)Q"(s,a),

Slesk(s)+1 a€EA

for all state-action pairs (with V7™ (s 1) = 0). Moreover, for some estimated transition P and estimated
loss function , define similarly Q and V as the corresponding state-action and state value functions:

Q(s,a)=Us.a)+ Y Pls.aV(s), V7(s) =) mlals)Q" (s, ).
8'€Sk(s)+1 acA
for all state-action pairs (with V™ (s) = 0).

Again, we denote by ¢X(s,a) the probability of visiting a trajectory of the form
(50,7 (50)), (51, 7(51)), -+ s (Sk(s)—1, 7" (Sk(s)—1)), (5,a) when executing policy 7. In other
words, ¢~ can be formally defined as

(s.0) = m(als), s = 8o,
Ox5:4) = 7r(a|s)~(Zs/esk(s)Aq:r(s',ﬂ*(s))P(s|s',7r*(s))>, otherwise.

Note that our earlier notation g; is thus a shorthand for g5, . With slight abuse of notations, we define
G7(5) = 2aca dr(s: ).
Now, we present a general decomposition for V7™ (sq) — V7™ (sq).

Lemma D.1.1. (General Performance Decomposition) For any policies m and u, and a mapping
(deterministic policy) 7 : S — A, we have

V7™ (s0) — v Z Z (s,a) E“ (s,a) (Error of Sub-opt actions)
s#sp aF#m*(s)
+ Z Z —qr(s,a)) Eu(s, a)  (Error of Opt actions)

s#sp a=m*(s)

+ Z Z q(s,a) (Q“(s, a) — ?“(s)) (Policy Difference)

s#sp a€EA

— Z Z qr(s,a) (@"(8, a) — ‘7“(8)) (Estimation Bias 1)

s#£s1, a=m*(s)

+ Z Z qr(s,a) (17“(5) — V”*(s)) ., (Estimation Bias 2)

S#SL aF£m*(s)

where q = 7™ is the occupancy measure associated with transition P and policy 7, and E™ is a
surplus function with:

E™(s,a)=L(s,a)+ > P(s/]s,a)V"(s) — Q" (s, a).

8" €Sk (s)+1

Moreover, selecting the surrogate policy u as the mapping 7* yields Corollary D.1.2, which is the
key decomposition lemma used in our analysis.
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Corollary D.1.2. Consider an arbitrary policy sequence {wt}t 1, an arbitrary estimated transition
sequence {Pt}t 1, and an arbitrary estimated loss sequence {Ef}t 1- Then, we have

Z(V’” s0) — VT ) (th 50) V’T*(so)>

=1

-~

ERR{ ERR2

(s,a) (Error of Sub-opt actions)

+ M=
M= WMH MM
*M

Z (qe(s,a) — g (s,a)) ET (s, a) (Error of Opt actions)
Z q(s,a) — G (s, a)) (@f* (s,a) — \A/t”* (s)) (Occupancy Difference)
€A

o~
Il
-
»
‘H~

HMH

Z > g(sa) (‘Zﬂ*(s) - Vtﬂ*(s)) : (Estimation Bias)
s#sr

aFm*(s)

where Gy = qP &5 7 = qome, g = qz,, Qi and V™ are the state-action and state value functions

associated with my, Kt, and Py, and E is the surplus function defined as:

Ef(s,a)={(s;a)+ > P(s/]s,a)V;"(s) — QF (s, a).

8'E€Sk(s)+1

Proof. (Proof of Lemma D.1.1) By direct calculation, for all states s, we have

V() = V(s) = Y mlals) (Q7(s,0) = Q“(5,) ) + D lals) (Q(s,0) = V(5))

acA a€A
=S n(als) Y P(s)s,a) (V”(s’) - 17“(5/))
a€A S’GSk(SH,]

+ wals) [ Us,a)+ D P(s|s.a)V(s)) — Q"(s,a)

acA S/Esk(sH,l

Eu(s,a)

+ Z ( (s,a) — 17“(8)) .

acA

By repeatedly expanding V™ (s') — 17“(3’ ) in the same way, we conclude

V™ (s9 V“SO ZZ saEusa ZZ sa(Q“sa) (s)) (60)

s#sp a€A s#sp acA

On the other hand, we also have for all states s:

~

V7 (s) = V' (s)
= Y wlals) (@7 (s.a) = V(9) + Y wlals) (Q(s.0) = V(9))

a=m*(s) aFm*(s)
= Y n(als) Y P(ss,a) (v”(s')—f/u(s'))
a=7*(s) 5"€Sk(s)+1
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+ > wals) (z(s,a)+ > P(s’|s,a)x7U(s’)—@“(s,a))
s)

a=m*( 8'€Sk(s)+1
E“(s,a)
+ Z (Q“ s,a) — ?“(s))
a=7*(s)
+ Z (Q” s,a) — 17“(5))
aFm*(s)

Using Lemma D.1.3 (which repeatedly expands V™ (s') — V%(s) in the same way) with

Cls)= > wlals)B(s,a)+ > wlals) (Q(s,) = V(s))

a=7*(s) a=7*(s)

+ Y wlals) (Q7(s.0) — V(s))

aFm*(s)

V™(s0) — V'(s0) = Y qx(s)C(s

SH#SL

=3 Y gs.a)Es,a)

s#sp a=m*(s)

we obtain

~ (61)
+Y, D, alsa) (Q“(s,a) - V“(s))
s#sL a#m*(s)
+3 Y a0 (QUsa) - V).
s#sp a=m*(s)
Combining Eq. (60) and Eq. (61), we have the following equality:
> Y s (@ e - V)
S#SL aFET*(s)
= Z Zq(a,s)ﬁ“(s,a)
s#sr a€A
+ 30 als,a) (Q(s,0) — V()
s#sr a€A
- Z Z Q;(Sva)Eu(Sva)
s#sp a=m*(s)
=YY als0) (@) - V()
s#sr a=m*(s)
Z Z (s,a)E" (s, a) (Error of Sub-opt actions) (62)
s#sp a#m*(s)
+> > — ¢i(s,a)) E"(s,a) (Error of Opt actions)
s#sp a=m*(s)
+ 30> aqls,a) (@“(s, a) = V*(s)) (Policy Difference)
s#sr a€A
- Z Z qx(s,a) (@u(S, a) — 17“(5)) (Estimation Bias 1), (63)

s#sr a=m*(s)

Next, we consider the following:
V7(s) = V™ (s)
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> wals) (@ (s,0) = Q* (s, ) + > wlals) (Q7(s,0) = V()

a=7*(s) aF7m*(s)
= > Alals) Y PEIsa) (VI -V )+ D als) (Q7(s.) = VT (s)
a=7*(s) 8" €Sk (s)+1 a#m*(s)

By Lemma D.1.3 (which again repeatedly expands V™ (s') — V™ (s) in the same way), we obtain

VT(s0) = V™ (s0) = >0 Y ails.a) (Q(s,0) = VT (s)). 64
s#SL a#m*(s)
Finally, combining Eq. (62) and Eq. (64), we arrive at
V7(s0) = V™ (s0)
=Y Y Gt (@ea-T"6)+ Y Y s (Vi) - V()
s#s aZm*(s) s#SL aFET*(s)
Z Z (s,a) E“ (s,a) (Transition Error of Sub-opt actions)
s#sp aZm*(s)
+ Z Z — ¢~ (s,a)) E*(s,a) (Transition Error of Opt actions)

s#sp a=m*(s)

+ Z Z q(s,a) (@“(s, a) — 17“(3)) (Policy Difference)

s#sp a€A

_ Z Z ¢ (s,a ( U(s,a) — \7“(3)) (Estimation Bias 1)

s#sp a=m*(s)

+ Z Z qr(s;a) (f/\'u(s) - Vﬂ*(8)> (Estimation Bias 2)
s#sL aFm*(s)
finishing the proof. O

Proof. (Proof of Corollary D.1.2) By applying Lemma D.1.1 with u = 7*, we know that V;™* (so) —
V7 (s0) equals to

Z Z qi (s, a)Et”* (s,a)

S#SL aF£m*(s)

+3 Y (@ls.a) — g (s,a) ET (s,a)

s#sL a=7*(s)

30 Y a0 (QF (s,0) - V()

s#sL a€A
+ 30 (@lsa)— @ls,0) (QF (s,0) - V7 (5)
s#sL a€A
- Z Z q; (s, a) (@?*(57 a) — ﬁﬂ*(S)) (Estimation Bias 1)

s#sL a=m*(s)
+ Z Z g5 (s, a (Vt (s) — V™ (s )) (Estimation Bias 2)
s#ESL aZ£mT*(s)

Now observe the following two facts. First, the third term above is in fact equal to ‘//\'t”* (s0) = Vi (s0)
according to the standard performance difference lemma [Kakade, 2003, Theorem 5.2.1]. Second,

the first estimation bias term is simply 0 since Q7 (s, a) = V" (s) when a = 7*(s).

Therefore, by taking the summation over ¢, we obtain

~ %

ERRI + ERR2 = i (Vi (s0) = Vi (s0)) = (V7 (s0) = 07 (s0))

t=1
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=3 3 als.a)BEf (s,a)

s#sp a#m*(s)

+ 3N (@ls.a) — ¢i(s,a)) EF (s,a)

s#sp a=m*(s)

I Z Z (qi(s,a) — @i (s,a)) (@?*(S,a) - ‘Zﬂ* (S))

s#sp ac€A

£ s (V) -1 ()

s#SL aZm*(s)

which finishes the proof. O

Lemma D.1.3. For any functions F' : S — R and C : S — R satisfying the following condition:

F(s) = Z 7(als) Z P(s'|s,a)F(s") + C(s)

a=7*(s) s'€Sk(s)+1
and F(sp) = 0, we have

F(s0) = Y 4x(s)C(s).

SH#SL

Proof. By definition and direct calculation, we have F'(s() equal to

> also,a) Y P(s|s0,a)F(s) + C(s) (q(s0) = 1)

a=m*(s0) s'€S1
= Y @i(s1)F(s1) + d(s0)C(s)
s1€851
1
= > @) | D wlals) Y P lsa)F(s) |+ D ar(s)Cls)
51€851 a=m*(s) s'€S> k=0 sE€Sk

1
= Z qr(s2)F(s2) + Z Z ax(s)C(s) (definition of ¢ (s))

$0E€SH k=0 s€Sk
L—1
= Z ar(sp)F(sp) + Z Z 4 (s)C(s) (repeatedly expanding)
SLESL k=0 s€Sy
=) g (s)C(s), (F(sz) =0)
S#SL
which completes the proof. O

D.2 Self-bounding Terms

In this section, we summarize all the self-bounding terms we use in the proofs for the unknown
transition settings.
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Definition D.2.1 (Self-bounding Terms). For some mapping 7™ : S — A, define the following:

Yy Y ¢ ’

t=1 s#sp aFn*(s) max {mi(t) (Sv a)}

DY Y Y (s ;@,W J

t=1 s#sy, a=m*(s) maX{mi(t)(s,a),l}

k(s)—1
Z Z Z q(u,v)\/ P(wl|u,v) - J (s alw),

; admr(s) k=0 (wwa)eTs max {m;)(u,v),1}
T

Mﬂ ‘H\M L I\M'ﬂ

Z qt(sva)a

s#SL aFEm*(s)

Ny

T
qut(sva)a
t=1

#m*(s)

*(s a k(s)—1 w|u,v) -
Z Z a(s,0 s((]zt)(’ ) Z Z Qt(u,v)\/ Plofu,v) 7 q:(s, aw)
€T

s#£s1 a=m*(s) k=0 (u,v,w) max {mi(t) (u7 U)’ 1}

t=

=

In the next six lemmas, we show that each of these six functions enjoys a certain self-bounding
property under Condition (1) so that they are small whenever the regret of the learner is small. In all
these lemmas, the policy 7* used in G1-Gg coincides with the 7* in Condition (1). Also note that
Lemma 5.2 is simply a collection of the first four lemmas.

Lemma D.2.2. Suppose Condition (1) holds. Then we have for any o € ]R+,

E[G1(J)] < o - (Regp(r” YT

S#SL aFm* (s ) 5

Proof. Under the condition, for any a € R, we have

ZZ 2, s (\/max{mi(;])(s,a),l} >+aZZ > wlsaA

t=1 s#sp a#m*(s) t=1 s#sp a#m*(s)

where the expectation of the last term is bounded by « - (Reg,(7*) + C'). It thus remains to bound
the first term. To this end, for a fixed state-action pair (s, a), we define N; , as the last epoch where
the term in the bracket is still positive, so that:

2J

< _
mNs,a-i'l(S’a) = QQA(s,a)Q

due to the doubling epoch schedule. Then we have

E lz qe(s,a) (\/max {ml(i a 1} aA(s,a))]

[ N

=E Z miy1(s,a) —m;(s,a)) (\/max {m;](s 1] —aA(s,a))}

i=1

By ,a
<E (mit1(s,a) —m;(s,a)) <\/max {m;](s RY, — ozA(s,a))

[ mN, o +1(8,a) ﬁ
<E 2/ \/7513;]95:[2/ st \/7(14
0 x 0 z

©»
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2J 8J
<4- . < .
<4-VJ a?A(s,a)? — aA(s,a)

Taking the summation over all state-action pairs (s, a) satisfying a # 71'*(8), we thus have

E[G2(J)] < o - (Regp(m +> D aAs a)

s#£SL aF#m*(s)

O
Lemma D.2.3. Suppose Condition (1) holds. Then we have for any § € R,
1 8|S|LJ
E (G (/)] < 8- (Regp(n*) + ) + - IO
ﬁ AMIN

Proof. Clearly, under the condition, for any 5 € R, we have

- J Avny
=33 Y @) -g(s.a) Wmax{m“t)(wm}ﬂ» » )

t=1 s#sp a=n*(s)

+BZZ Z qtsa—q;‘(s,a))-%

t=1 s#s1 a=m*(s)

where the expectation of the last term is bounded by § - (Regy(7*) + C) according to Lemma D.2.8
(deferred to the end of this subsection). It thus remains to bound the first term. To this end, for a fixed
state-action pair (s, a), we similarly define NN, , as the last epoch where the term in the bracket is
still positive, so that:

2J L?

my, ,+1(s,a) < 55—
’ B2 A%

due to the doubling epoch schedule. Then, we have

T X J - . AMIN
Z(Qt(s’@ —ai(s,a)) (\/max {mi()(s,a), 1} ’ L )

t=1

E

[N,

J AMIN
= ; mat1(s,a) = mils, a)) (\/max{mi(s a),1} —f L )

(q(s,a) > ¢} (s, a) by definition)

B

_ my, ,+1(s,a) 7 622JAL2
SE 2/ 7d.,1/. SE 2/ MIN d:L'
| Jo x o
2J L2 8L.J
<4-VJ- < ,
/BQAMIN ﬁAMIN
Taking the summation over all state-action pairs satisfying a = 7*(s), we have
8LJ
E[Gz(J)] < 8- (Regp(m Z Z
# *( ﬁAMIN
s#sL a=7*(s)
8|S|LJ
= - (Re 71'* + C + )
I Reer O G

Lemma D.2.4. Suppose Condition (1) holds. Then we have for any o, 5 € R,

8L2 S J 1 8L2|S|2J
B[Ga()] < (a+ ) Regr(r) +C) 4 - Y 30 L0 2 BT
s#SL a#m* (s ) MIN
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Proof. First we have

T L-1 Plwlu,v) - J L—1
Z ( w)Equt( 7 )\/max{mi(t)(37a)} Z Z Z q:(s,alw)

t=1 k=0 (u,v I=k+1s€S; a#m*(s)

L

I
-

d P(w|u,v)
= t(u,v) gt (s, alw)
; Ougk v;ﬁg*:(s) t weES;+1 max {m (t 5, (l 1} l;lg«;;ﬁ;ﬂ t
T L-1
lu, v)
+ gt (u,v) Plw qt(s, alw)
tzz:lk Ougkug*:(s) t wezS;+1 max{mZt) SCL 1}l§1§a¢;) t
L= 12|8] - J
SLL ﬁax (5. 1}
T L—1

XYY atwn| ¥ zzzww

max {m S, a
t=1 k=0 u€Sk v=n*(s) WE Sk 41 { ’L(t) I k+1sES; atn*(s)

where the second step separates the optimal and sub-optimal state-action pairs, and the inequality
follows from the fact > © . >, 4 g:(s,alw) < L and the Cauchy-Schwarz inequality. Note that,

the first term is simply G (L?|S|) and can be applied using Lemma D.2.2.

To bound the last term, we first observe the following
T L-1

ZZZ Z qt(u,v) Z ( (wlu, v) - MIN) Z Z Z q(s, ajw)

t=1 k=0 uESL v=m*(s) wWESK41 I=k+1s€S; a#m*(s)

> oy A Y Y Y o) Pl v)asau

1 1=0 s€S; a#n*(s) k=0u€ESK v=n*(s) WESkt1

-y ¥ A (Tat)

0 s€S; a#n*(s) k=0

Z Z QtSCLAMIN

1 1=0 s€S; a#n*(s)

where the expectation of the last term is bounded by Reg,-(7*) 4+ C under Condition (1).
]

L

I
M=
M

o~
Il

~

-

M=

o~
Il

11

M’ﬂ

~
Il

Let cilp [z] = max {z, 0} be the clipping function that removes the negative value. By adding and

subtracting /3 times the term above, we have

T L-1 w\u o)

22 2. 2wl | D[ 1}22 > s alw)

t=1 k=0 u€Sk v=m*(s) WESk 41 7 I=k+1s€S; a#m*(s)
T L-1 A

“EYS Y Y awn | Y (P<w|w ) S Y adsaw

t=1 k=0 u€Sk v=m*(s) wWESk41 I=k+1s€S; a#m*(s)

ST S w8 (| Sl § 5 S

t=1 k=0 u€Sk v=m*(s) WESk 41 max {ml(t) (57 CL), 1}

SBZX_:Z Z qt(saa)AMIN

t=1 1=0 s€S; atn*(s)

T L-1
+L;ZZ DS qt<u,v>chp[ \/ Pl o) - ﬂ.AMINP]gwu,v)]

0 u€SK v=m*(s) WESk+1 max {mi(t)(s’ a)7 1}
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where the last line follows from the facts x < clip[z] and Y- . > c q:(s,alw) < L.

Fix a tuple N, ,, ,, where v = 7*(u), we similarly define V,, ,, ,, as the last epoch where the argument
of clip(+) is still positive, so that:

2JL?
P(w\u, U)ﬁQA%/nN

due to the doubling epoch schedule. Then, we have

T u,v)cli P(wlu,v) - J . AyinP(wlu, v)
E ;C]t( ,v)clip l\/max T (s 1] B i H
Nu,v,w
<E Z (mi+1(u, v) — m;(u,v))clip [\/ Plwlu,v)-J 3. AMINP(wu,U)]
i=1

max {m()(s, a), 1} L
MNy, »w+1(85,0) ) %
<E [2 / Plaint) 1, g, [ PW'%]
0 X 0 T

mNu,v,w+1(sv CL) <

<E

2
<4-/Plafuv) T \/ 2L < BLJ

P(w|u,v)B2A2Z — BAwin

Taking the summation over all transition tuple (u,v,w) satisfying v = 7*(s) and adding
E [G1(L?|5|J)], we have

E[G3(J)] < B (Regyp(n*) 4+ C) + E [G1(L?|S]J)] +LZZ > 2 o

A
k=0 u€Sk v=m*( )wES’k_Hﬂ MIN

8L2|S|J 1 8L%S|2J
<(a+pB)-(Re ' ’
<( B) - (Regy(m* S;SL a;ﬁz A(s,a) ,@ Ayin

where the last line follows from the fact Z |Sk\ ISk + 1] < || O

Lemma D.2.5. Suppose Condition (1) holds. Then we have for any § € R,

E[G4(J)] < B - (Regy(m HCHE 4AJMIN

Proof. By the fact that 2, /zy < = + y for all z, y > 0, with Condition (1), we have

E[Gy(J)] = E 2622 > %MAMIN'QBAMIN

t=1 s#sp aFm*(s)

IN

Z Z Z Qt(Saa)AMIN +4ﬁiMIN

t=1 ssp, an*(s)

< B (Regp(n*) +C) + —

4:/BAMIN .

Lemma D.2.6. Suppose Condition (1) holds. Then we have for any o € R+,

E[Gs(J)] < o - (Regp(m Z Z aAs a)

s#sL a#Em*(s)
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Proof. By the fact that 2, /zy < z + y for all z,y > 0, with Condition (1), we have

J
E[G Z Z Zantsa (s,a) m

s#£SL a#m*(s)

1) 30 DD SITIRIINERS] BRI Sy

t=1 s#sp a#n*(s) 97&9L a;éﬂ'*(s)

- (Regp(m Z Z

s#sL aFEm* (s )

Lemma D.2.7. Suppose Condition (1) holds. Then we have for any € R,
1 8L3|S|2|Al-J

E[Ge(J)] < B (Regyp(n™) +C) + 8 Apin

Proof. By adding and subtracting terms, we have Gg(J) equals to

ZZ Z qi(s,a) gfit)(s a)

t=1 s#sp a=7*(s) ’

k(s)—1 P(’LU"U,

Z qi(u, v)

k=0 (u,v,w)eT}

T
+§ZZ > (@r(s.a) = gi (s,a)) A

t=1 s#sp a=n*(s)

AMIN

=
o
B
—~
B
=
RS
e
—

where the expectation of the last term is bounded by /5 - (Reg,(7*) + C) according to Lemma D.2.8.

To bound the first term, we observe that

k)1 P(w|u, v)In (7] Ay
Z Z qt(u7v) 1 qt(sva|w) - ﬂqt(saa) ' L
k=0 (u,v,w)ETk max {mi) (u, v), 1}
k(s)-1 P(w|u,v)In Tlé;”A‘
= Z Z qt(u,v) T (0 0), 1) q:(s, ajw)
"0 (uwweT max { M) (u, v),
A k(s)—
—B =5 Z o aw,v)P(wlu,v)a (s, alw)
k=0 (u,v,w)€T}
k(s)—1 |S||
() P(w|u,v 1n( S ) Ay
- qe(u,v) | TRORY, P(wlu,v) - B - 75 - qu(s, alw)
k=0 (u,v,w)€T} Mi(t)
k(s)—1 ' w|uv ( 6 ) A
< qt(u, v) clip T (w,0),1) P(w|u,v) - 8- 72 q:(s, ajw)
k=0 (u,v,w)€T}) max M) (v

=hs(u,v,w)

where the first equality uses >, , e, @ (U, v)P(w|u, v)q.(s, alw) = (s, a) for all layer k =
0,...k(s) — 1. (Recall clip[z] = max{z,0}.)
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Therefore, with Condition (1), we bound the E [G¢(.J)] by

Z Z Z Gi(s, @ 57@)(8 ) (Z Qt(uw)ht(u,v,w)%(&aw)) + B+ (Regy (") + C)

t=1 s#sp a=m*(s) U,V W

Z > 2 (Z e (1, 0)he (0, w)ge (s, a|w>> + 8 (Regy(*) + )

t=1 s#sp a=n*(s) \u,v,w

< LE

Z Z @t (u, v)he (u, v, w)

t=1 u,v,w

+ 8- (Regp (") + C)

where the second line applies the fact %qi)(s’a) < 1, and the third line changes summation order

and uses the factthat 35, >° 4 q:(s,alw) < L.

Finally, following the similar idea of handing >, _; ¢:(u, v)h:(u, v, w) as in Lemma D.2.4, we have

8L%J
E u, V) he(u, v, w) | < .

By taking the summation over all transition triples, we have

8L%.J
E[Gs(J)] < B (Regp(m*) +C) + L - Z >
k=0 /8 AM[N
(u,v,w)€T},
1 8L3|S|?|A]-J
< B-(Regp(n™) +C) + = - =2l 72
6 ( gT( ) ) 5 AM]N
where the last line follows from the fact that Zé:o |Sk| |Skr1] < S| O

Lemma D.2.8. Under Condition (1), we have

Z S (als,a) = g (s,a) Ay | < L-E[Regp(n*) + C].

t=1 s#sp a=m*(s)

Proof. For each k, we proceed as

Z Z (qt(sva) 7‘1;(5704))

SESK a=m*(s)

<1-% > dilsa) (Cyes Saea di(sia) = 1)

SESK a=m*(s)
_1_2 Z m(a {sk—s}n<ﬂ{a77r ST}>

s€SK a=m*(s)

P, 7y| (definition of g})

k
=1-"Pr [ (ﬂ {a; = W*(ST)}> P,y
=0
k &
=Pr l (ﬂ {a; = W*(ST)}> P,
T:O

=Pr [ (U {a, # W*(ST)}> P,y (De Morgan’s laws)

. 7=0
< Z Pr[a, # 7*(s;)| P, ] (union bound)

7=0
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k
:ZZ Z qt(s,a)zz Z (s, a).

7=0s€S; afm*(s) s#SL aFm*(s)

Therefore, we have

T
>, ST (als,a) — ¢i(s,a)) A

§L~Z Z qi(s,a) - A(s,a)

s#SL a#£T*(s)
< L-E[Regp (") + (]

where the last line follows from Condition (1). O

D.3 Supplementary Lemmas

Lemma D.3.1. (Occupancy Measure Difference) For any policy w and transition functions P, and
Py, with ¢, = ¢ and qo = ¢7>™ we have for all s,

k(s)—1

a(s)—aqs)= Y Y. > > quv)[Pi(wu,v) — Py(w|u,v)] ga(sw)

k=0 wu€ESk vEAwESk+1
k(s)—1

Z Z Z Z q2(u, v) [Pr(wlu, v) — Pa(w|u, v)] g1(s|w)

k=0 u€eSpveEAWESK41

(65)

where the conditional occupancy measure q,(s'|s) (similarly for g2(s'|s)) is defined recursively as
0, k(s") < k(s) or (k(s') = k(s) and s’ # s)
q(s']s) =<1, k(s") = k(s) and s’ = s
Zuesk(sl),l a1 (uls) (X ea m(0|u)P(s'|u,v)) . k(s') > k(s)
(66)

which is the conditional probability of visiting state s’ from s under 7 and transition P;.

Proof. Fix a state s. We proceed as:
a1(s) — q2(s)
= Z Z (q1(s',a" ) Pr(s]s’,a") — qa(s',a") Po(s', ')

S/ESk( y—1 a’€A

= Y Y @) - als) Pisls’,a)n(a]s)

SGSk() 1a’€A

+ Y > a(sd) (Pu(sls’a') — Pa(s]s' a'))

S'GSk(S),l a’€A

where the second step follows by subtracting and adding g2(s’,a’)Pi(s|s’,a’). Note that,
Y aream(d|s")Pi(s|s’, a’) is exactly the conditional probability of transiting to state s from state s’
with transition P;. Therefore, we have ) . o w(a'[s") Pi(s|s’,a’) = q1(s|s’) according to Eq. (66),
and further expand ¢; (s) — ¢2(s) as

S Y (@) - aa() Pilsls’sa)(d]s)

SESk() L1a’€A

+ Z Z q2(s',a’) (Pi(s|s’,a") — Py(s|s’,a’))

Slesk(s)—l a’€A

= > @l @) —als)

8" €8k (s)—1
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Y Y s d) [Pl a) — Pasls’ )] au(sls)

§'€Sk(s)_1 a’EA
where the second line follows from the fact that ¢; (s|s) = 1.
Therefore, we can recursively expand ¢ (s) — ga(s) as
q1(s) — q2(s)
= Y (@) @) aGls)

8" €Sk(s)—1

Y Y wls ) [Pl a) — Pasls’ )] ar(sls)

S,ESk(S)_l a’'€A

= Y @) - aE)als)

8'E€Sk(s)—1

+ Z Z g2(u, v) [Pr(wlu, v) — Py(w|u, v)] g1 (s|w)

k=k(s) (u,v,w)€T}

= Z Z (01(") = @2(")) a1 (s'Is”) | au(sls")

S’ESk( y—1 S”ESk( y—2
k(s)

+ Y Y awo)[Pusls ) = Pasls’,d)] aa(s|w)

k=k(s)—1 (u,v,w)€T

k(s)
C Y @@ -aac+ Y Y ww)
5" €Sk (s)—2 k=k(s)—1 (u,v,w)€T}
k(s)—1

- Z ZZ Z g2 (u, v) [Pr(w|u,v) — Pa(wlu, v)] g1 (s|w).

k=0 ueSpveA wES]H,l

Pi(sls’,a’) — Pa(s|s’, ') qu

(expand recursively)

where the second step follows from the fact that g(s'|s) = 0 for all states s # s’ with k(s) = k(s),

and the third step follows from the fact >
k(s) > k > k(s").

By applying the same technique, we also have

s’ €Sk

k(s)—1

q(s'|s")q(s|s") = q(s|s") for all state pairs that

e —as) =Y > 3 Y awv) [Pa(wlu,v) — Pi(w|u,v)] ga(s|w).

k=0 u€SRvEAWESK41

Flipping this equality finishes the proof for the second statement of the lemma:

k(s)—1

q1(s) — q2(s ZZZZ%UU [P (w]u,v) —

k=0 u€ESKveEA wESkK41

Lemma D.3.2. The following holds:

B;(s,a) <2

Py(wlu, v)] g2(s|w).

S||A S||A
|Sk(s)+1/In (W) 14|Sy(5)41/ In (%)

Proof. By the definition of B;(s, a), we have
Bi(S,a) = Z Bi(s,a,s')

8'€Sk(s) 41
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P;(s'|s,a)In (%) 141n (%)

max {m;(s,a), 1} + 3max {m;(s,a), 1}

- ¥

s €5k(s)+1
5)|A 5|4
|Sk(s)+1]In (%) 14[Sk(s) 41/ In (%)
- max {m;(s,a),1} 3max {m;(s,a),1}
where the last line follows from the Cauchy-Schwarz inequality. O

Lemma D.3.3. Conditioning on event A, we have

P(s']s,a)In (TEA) - gom (HAL)

Bi(s,a,s') < 4 . 67
(s,a,) < max {m;(s,a), 1} * 3max {m;(s,a),1} (©67)
Proof. By direct calculation based on Eq. (8) and the condition of event A, we have
P;(s'|s,a)In (TlSTHA‘) 141n (TlSTHA‘)
B; <2
(s,0,5') < max {m;(s,a), 1} + 3max {m;(s,a),1}
(P(s'|s,a) + Bj(s,a,s"))In (LS(SHA‘) 141n (LS{J\A\)
<2
- max {m;(s,a),1} 3max {m;(s,a),1}
-y P(s'ls,a)1n (LSJHA‘) 4B;(s,a,s')1In (LS(SHAl) 141n (LS(S\\AI)
- max {m;(s,a), 1} max {m;(s,a), 1} * 3max {m;(s,a),1}
T|S||A T|S||A
<y P(s'|s,a)1In (%H) Bi(s,a,s') 201n (%)
- max {m;(s,a), 1} 2 3max {m;(s,a),1}’

where the third line applies the fact that /z +y < v/« + /Y, and the last line follows from the fact
2\/ry <z +yforz,y > 0.

Rearranging the terms yields that

P(s'|s,a) In (%) 401n (%)

B, <4 .
(S7a’s ) - maX{mi(saa)v ]-} SmaX{mi(S,a)a 1}

O

Combining with the fact B;(s, a, s’) < 1, we have the following tighter bound of confidence width.
Corollary D.3.4. Conditioning on event A, we have

P(s'|s,a)In (T'ST”A‘) 401n (TlSTHA‘)

max {m;(s,a), 1} + 3max {m;(s,a),1}’

Bi(s,a,s’) <min | 4 1

P(s'ls,a)In (%)

max {m;(s,a), 1}

1010 (H540)

< mi 4 1
= i 3max {m;(s,a),1}’

,1 » 4+ min

We often use the following two lemmas to deal with the small-probability event A° when taking
expectation.

Lemma D.3.5. Suppose that a random variable X satisfies the following conditions:
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e Conditioning on event £, X <Y whereY > 0 is another random variable;
o X < C holds always for some fixed C € R+.
Then, we have

E[X]<C-Pr[€]+E[Y].

Proof. By writing the random variable X as X - I{&} + X - I{£°}, and noting
X H{E <Y H{EYLY, and X - I{&°} < C - T{E°,
we prove the statement after taking the expectations. [

Lemma D.3.6. Suppose that a random variable X satisfies the following conditions:

e Conditioning on event £, X <Y whereY > 0 is another random variable;

o X < C holds where C'is another random variable which ensures E [C|E°] < D for some
fixed D € Ry.

Then, we have

E[X] <D -Pr[]+E[Y].

Proof. By writing the random variable X as X - I{&} + X - I{£°}, and noting
X HE<Y H{EYLY, X TG} <C-I{E}, E[C-T{EY <E[C|E9,
we prove the statement after taking the expectations. [

Lemma D.3.7. ([Jin et al., 2020, Lemma 10]) With probability at least 1 — 20, we have for all
k=0,...L—1,

D3 q(s,a) — O (|Sk]|A|InT + In(L/6)) (68)

t=1 s€Sy,acA max{l, mi()(s,a)}

and

D3 (s, a) — :@( |5k||A\T+|Sk||A|1nT+1n(L/5))~ (69)

t=1 s€Sy,a€A \/max{l’ ml(t)

Simultaneously, for all k < h, we have

Z Z Z Qt(uav)\/ Plufu, ) )}'Qt(a?,y|w)\/ Pele.y)

T (T, €T max{1, m;g)(u,v max{1, m;q)(z,y)} (70)

= O (AT + 10 (/) - /IS ISt  [Sal Sl -

Proof. Eq. (68) and Eq. (69) are from Jin et al. [2020]. For Eq. (70), by direct calculation we have

T
> X > aluw) Plwlv, ) g, ylw) P(z|z,y)
)}

= (B T (o T T max{1, m;)(u,v max{1,m;q)(z,y)}

max{1, m;)(u,v)} max{1, m;q)(z,y)}

vy oy felwPC ) \/qxu,v>P<w|u,v>qt<w,ylw>

t=1 (u,v,w)E€Ty (x,y,2)ETh

IN

i Yy oG ey i Yy 0Pl v y)

p e AR e Y max{1,m;q (u,v)} (T (e T max{1,m;u (z,y)}
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< |Sk+1|z 3 max{ftnsz(z ol |Sh+1\z Sy ey

max{l,m x,
t—1 ueSy acA t=1 z€S), acA {L iy (2, )}

< O (AT + 10 (2/5)) - /IS ISk 11T 1S ) -

Lemma D.3.8. Forallk =0,...,L — 1, we have

T
oy a(s,a) — O (|Sk||A|In T + [Si]|A]) D

= sedaen max{lmigy (s, a)}

and

T
S 6 (s a) } = O (VISIIAIT + 1S4]14]) . (72)

t=1 s€Sk,ac A \/max{L My(¢) (s,a)

Proof. For each state-action pair (s, a), we have

- q:(s, )
E t\o
; max{Lmi(t)(s,a)}]
T N tiy1—1
L;(s,a) I (s, a)
=E
Lz_; max {1, m;q(s, ] Lz; = max{1,m;(s a)}]

P max{1,m;(s,a)}

1+mN+1(s,a) d
+/ z]§2(2lnT+1)
1 X

_E li mir1(s,a) —m;(s, a)]

<2E |1

where the second line follows from the definition of the indicator and occupancy measure g;, and the
last line applies the fact m;1(s,a) < 2m;(s, a) when m;(s,a) > 1. Taking the summation over all
state-action pairs at layer £ finishes the proof of Eq. (71).

Similarly, we have

- Z Ii(s,a) 1 litlil Ii(s,a) ]
< /max{1,m;)(s, —~ & /max{1,m;(s,a)}
al mit1(s,a) — my(s,a)
Z V/max{1,m;(s,a)} ]
<2E

mn+1(s,a) g,
X<
1+/0 \/E] _2(2\/mN+1(s,a)+1)

where my41(s, a) is the total number of visiting state-action pair (s, a). Taking the summation over
all state-action pairs of layer k yields that

=Yy e |

sE€ESE a€A t=1 \/max{l M) (s,a)}

< 3 Y2 (2vmaa(sia) + 1) <2 (2VISAIAT +15414))

s€SK acA

where the last inequality follows from the Cauchy-Schwarz inequality. O
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Definition D.3.9. (Residual Term) We define the residual term r+(s, a) as

) S||A
203" Plwfu,v)n (T840

rt(S,CL) == Qt(uv U) : 'Qt(saa|w)
3 ];) (u,v%eTk max {mi(t)(m v), 1}
k(s)—1 k(s)—1 (73)

+ Z Z Z Z qt(“vU)Bi(t)(uvva)Qt(xay|w)Bi(t)(x7yaZ)

k=0 h=k+1 (u,0,w)€T} (z,y,2)€ThH

+ I{A°}.
for all state-action pair (s,a) € S x A and all episodes t € [T)].
Lemma D.3.10. The following hold:

k(s)—1
lgt(s,a) — G (s,a)| < rs,a) +4 Z Z qt(u,v)\/ Plwlu, v) Ine ¢t (s, alw)

k=0 (u,v,w)eT} max {mi(t) (U, U)7 1}

and

¢ o (1210422 (TISIA]
E|Y > ri(s,a)| =0 L2S]P|AP In — ) TIslAT-a ).

Proof. For simplicity, we let . = TlsglA‘ and assume ¢ € (0,1). According to the Lemma D.3.1,

conditioning on event A, we have

k(s)—1
|Qt(87a) _(/]\t(sva” = Z qt(uvv) (P(’LU|U, U) P (w‘u ’U)) EI\t(Saa’|w)
k=0 (u,v,w)eT}
k(s)—1

(]

qi(u, v) |P(w|u, v) — pi(t) (w|u, v)| Gt (s, ajw)

< qt(u,U)Bi(t)(uﬂv,w)(/jt(‘s?a‘w)
=0 (u,v,w)eTy

=

Moreover, we apply Lemma D.3.1 again to conditional occupancy measure and obtain
k(s)—1

(s, alw) = Gi(s,alw)| < Y > @@, ylw) By (w, y, 2)@(s, alz)
h=k(w) (z,y,2)€Th
k(s)—1

Z Z Qt(x7y|w)Bz(t)(I7y7z)

h=k(w) (z,y,2)€Th
where the second line applies the fact ¢;(s, a|z) < 1.
Combining these inequalities yields (under the event .A4)
(s,0) = (s, 0)|
Ek(s)—1

Z Z qt(uvv)Bi(t)(uav’w)qt(87a|w)

k=0 (u,v,w)€T}

k(s)—1 k(s)—
+ Z Z qt(uvv>Bi(t)(u7’U7w) Z Z qt($7y‘w)Bi(t)(x7y7Z)
=0 (u,v,w)eT} h=k(w) (z,y,2)ET

k(s)—1
DD qt<u,v>\/ Plojwmo)lnr__ s, afw)

(
"0 (womleTs max {mi(t) (u,v), 1}
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k(s)—1

4 E P(w|u,v)Int
Ty qr(u,v) - (wlu,v) - - qi(s, alw)
k=0 (u,v7w)€Tk max {mz(t) (u’ 'U), }

7]637

+ Z Z Z Z s (u, v) By (u, v, w)qe (2, y|w) By (z, y, 2)

k=0 h=k+1 (u,v,w)eTy (x,y,2)ETH

where the second line follows from Lemma D.3.3.

On the other hand, |¢;(s,a) — q:(s,a)| < 1 holds always. Combining the bounds of these two cases
finishes the first statement.

Recall the definition of the residual terms, we decompose the following into three terms SUMp, SUMo
and SUM3:

izzwm

t=1 s#s, a€A

1555 35 31 DD SRR S LI L LA

t=1s#sp a€A k=0 (u,v,w)eT} max{mi(t)(u’v)71}

Asum;

+E Z > I{AY

t:l s#sp a€A

:SUM2

k(s)—1 k(s)—1

[ T
FEID DD > > Y a(u,v)Bigy (u, 0, w)qu (@, ylw) By (x,y, 2)

| t=1 s#sp a€A k=0 h=k+1 (u,v,w)€Tk (z,y,2)E€Th

£5UMs

Then, we show that these terms are all logarithmic in 7.

SuM; By direct calculation, we have

40 s Mo P(w|u,v)Ine
Sum; = —-E g (u,v) - : “qi(s, alw)
e Z;% 2 “ v%en S max {mi (w0), 1)

g0 [ &Lt Ine

= E Qt(u7v) : ’ P(w‘uvv)(h(sa(ﬂw)
D T EORCRIRT R PP
40L = gu(u, v)

< —1In(E .
3 {Z_:u;“; max {mi(t)(u,v),l}
80L =

= (Z |Skl|A| (InT + 1)) = O (L|S||A|In*:) (74)

k=0

where the first line follows from the property of occupancy measures, and the last line applies Eq. (71)
of Lemma D.3.8.

SUMs  According to the definition of event A, we have

sumy =E |35 STI{AY| = [S|AIT - E[I{AY] = S||A[T -6, (75)

t=1 s#sy, a€A
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Sum; First, we consider the term inside the expectation bracket and show the following condition-
ing on event A:

k(s)—1 k(s)—1

DI I DS > @, 0) By (u, v, w)qu(, ylw) By (2,9, 2)

t=1 s#sp a€A k=0 h=k+1 (uv w)ET;C (z,y,2)ETH
k(s)—1 k(s)—

=155 55 9 S S ol N B

max {m (U ’U I}Qt(x y|w) i(t) (J" Y,z )
t=1 s#sp a€A k=0 h=k+1 (u,v,w)eTk (z,y,2)€Th i(t)
k(s)—1k(s)—1

AETTE Y T T g

max {m; (u,v) 1}) qt(x, ylw) By (2, y, 2)
€A k=0 h=k+1 (u,v,w)€T} (x,y,2)€Th XAMi() (U, V),

T
§16|S|\A|lnLZZ DS q(u’v)\/ P(wlu,v))l}qt(w'w)\/ P2z, y)

max {mi(t) (u,v), max {mi(t) (z,y), 1}

N 160|§||A| Z Z Z Z Qt(uﬂ))\/ P(w|u,v)Ine a0, ylw) min{ P(z|lz,y)In 1}

3 bk (uw )Ty (202 €T max {mi(t)(u, v), 1} max {mi(t)(x, Y), 1}

+%ZZ > > Qt(U,U)< Plufu, v)ln: )qt(m,ylw)

t=1 k<h (u,0,w)€Ty (x,y,2)ETH max {ml(t) (u’ U), 1}

=1 k<h (u,0,w)ETy (z,y,2)ETH

where the second inequality follows from Lemma D.3.3 and Corollary D.3.4.

Then we consider bounding these three different terms with the help of previous analysis. According
to Eq. (70) of Lemma D.3.7, The first term is bounded with probability at least 1 — 2¢:

T
elsAme Y Y S qt(u,v)\/ P(w|U,v))1}qt(x’y|w)\/ P(z[z,9)

t=1 k<h (u,v,w)€Ty (x,y,2)ETH max {ml(t) (’LL7 V) max {ml(t) ({I?, y)7 1}

< 16[S]|AIne - O ((IAIIHT+1H(L/5’)) > VISl [Sk+1]15n] |5h+1|>

k<h

< 16/S]|A[In: - O <<|A|1nT+1n<L/5'>> S (1S4 1Sk ] + 154 |sh+1|>>

k<h
<O((|A|InT +1n(L/8")) LIS]|AlIne)

where the third line follows from the AM-GM inequality. Taking the expectation with ¢’
have the expectation of the first term bounded by O (L|S[*|AJ? In ¢) using Lemma D.3.5.
On the other hand, for the second term, we have

T
160|35\|A\ZZ Z Z qt(u,v)\/ P(w|u,v)Ine qt(m,yw)min{ P(z|lz,y)lne 1}

I3 h2h (e )Ty (242 €T max {ml—(t)(u, v), 1} max {mi(t)(x, Y), 1}

AT Y ot (e

t=1 k<h (u,v,w)ETy (z,y,2)ET, max {mz(t) (l‘, y)’ 1}

:%,we

B D DD SRS R s

t=1 k<h (u,v,w)€Ty (z,y,2)ET, max {mz(t) (u’ U)’ 1}

S (et )

t=1z€SycA max{mz(t)(:v Y); 1}

3 Y Y (e

80L|S||A\

80L|S| Al

t=1 u#sp v€EA max{m (t)(u v ]‘}
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160L|S| |A| q(u, v)
- Z Z Z max {ml(t)(u v) 1}

t=1 u#sp veEA

where the expectation of the final term is bounded O (L|S|?|A[?In*¢) with the help from

Lemma D.3.8. Similarly, we have the expectation of the third term bounded by O (L|S|?|A|? In )
following the same idea.

Therefore, we have SUM3 bounded as
SuM; = O (L|SP|A*In® « + L|S*|A* In® o + |S||A|T - §)
= O (L|S]*|Al* In® ¢« + | S||A|T - 6) (76)
where the |S||A|T - 6 comes from the range of SUM3 and the probability of event .A°.

Combining the bounds of SUM1, SUMs, and SUM3 stated in Eq. (74), Eq. (75) and Eq. (76) finishes
the proof. O

Corollary D.3.11. The following holds:

k(s)—1 P(w|u,v ln(
lgt(s,a) — ue(s,a)| < 4r¢(s,a)+16 Z Z qt(u,v)

k=0 (u,v,w)€T%

6

max{mz t) ,U), 1} a(s, alw).

where q; is the true occupancy measure of episode t, and uy is the upper occupancy bound of episode
t associated with confidence set Py and policy .

Proof. Fix the state-action pair (s, a) and episode ¢ . Let P be the transition in Pi(+) that realizes

the maximum in the definition of u;(s,a), and §; = ¢g©"™ bet the associated occupancy measure.
Therefore, we have ¢;(s, a) = us(s, a).

Conditioning on event .4, we have

=
—~

%)

[y

)_
lgt(s,a) — Gi(s,a)| = qt(u,v) (P(w|u,v) - ﬁ(w|u,v)> Gt (s, alw)

IN

q(u,v) ’P(w|u,v) - }S(w\u, v)

Ge(s, alw)

<2 qe(u, v) By (u, v, w)qe (s, alw).

Moreover, we apply Lemma D.3.1 to terms ¢;(s, a|w) and obtain

k(s)—1

|g:(s, alw) — G (s, alw)| < 2 Z Z @ (z, y|w)Biw) (@, y, )@ (s, alz)
h=k(w) (z,y,2)€Th
k(s)—1

< 2 Z Z qt(x7y|w)Bi(t)(x7y7Z)

h=k(w) (z,y,2)ETH
where the second line uses g;(s, a|z) < 1.

Combining these inequalities yields (under the event A)

|9¢(s, @) = Gi(s, a)]

<4 Z Z Qt(u’v)Bi(t)(%U,w)‘]t(&a‘w)

k=0 (u,v,w)€T}
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k(s)—1 k(s)—

+4 Z Z ¢ (u, v) By (u, v, w) Z Z qt(z, y|w) By (2,9, 2)

k=0 (u,v,w)€T} h=k(w) (z,y,2)ETh

k(s)—1
03Xt T b

k=0 (u,v,w)€T}
160 N P(w|u,v)Ine
t > Y a(wv) {( |A () Ty e at)
k=0 (uvw)GTk max mi\u, v),

k(s)—1 k(s)—

+4 Z Z Z Z e (u, v) By (u, v, w)qs (, y|w) By (x, y, 2)

k=0 h=k+1 (u,0,w)ETy (z,y,2)ETH

where the second line follows from Lemma D.3.3.

On the other hand, |g;(s,a) — g:(s,a)| < 1 holds always. Combining the bounds of these two cases
finishes the proof. O

Lemma D.3.12. Algorithm I ensures N < 4|S||A| (logT + 1) where N is the number of epochs.

Proof. For a fixed state-action pair (s, a), letthe i; < i < ... < iy denotes the epochs that triggered
by this state-action pair, that is

{i1,i2, ... ik} ={i: i €1,...N,;m;(s,a) > max {1,2-m;_1(s,a)}}.
Clearly, it holds that
1 =mj, (s,a), and m;_(s,a) > 2m;__,(s,a)T €2,...,k
which indicates that m;, (s,a) > 2¥~!. Combining with the fact that m;, (s,a) < T, we have
k= |{’i1,i2, . 7ik}| < 410gT+ 4.

Taking the summation over all state-action pairs finishes the proof. O
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