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A CONNECTIONS TO ADVERSARIAL CLUSTERING

We consider clustering problems that arise naturally from stochastic mixture models such as Gaus-
sian, Mallows, categorical and so on (Sanjeev & Kannan| 2001} Vempala & Wang|, 2004; Lu &
Boutilier, 2011} |Charikar et al., 2017} |Diakonikolas et al.,|2018; |Liu & Moitra, |2018]). We can then
formulate such a clustering problem in the Latent Simplex Model as follows: Given n data points
A1, A, AL, € R<, such that the data is a mixture of k distinct clusters, Cy,Cy,...,Cy,
with means M, 1, M, o, ..., M, , the goal is to approximately learn the means. Further, we can set
each of the n latent vectors P, ; to denote the mean of the cluster that the point A, ; belongs to, and
thus P, ; € {M..1,M. 2,..., M, }. Prior work of (Kumar & Kannan| 2010) and (Awasthi & Shef{
fet,[2012) shows that if the minimum cluster size is dn and for all £ # ¢/, [M.,. , — M, ¢/ || > ck%

the M., can be found within error O(vko /V/9).

However, the aforementioned algorithms are not robust to adversarial perturbations. Therefore, we
describe the perturbations we can handle in the Latent Simplex Model. The adversarial model is the
same as the one considered in (Bhattacharyya & Kannan, [2020). The adversary is allowed to select a
subset Sy of each cluster C; of cardinality at most én and perturb each point A, ; for j € Sy by A;
such that :

o P, ; + Ajisstill in the convex hull of M, 1, M. 2,..., M,
e The norm of the perturbation is bounded, i.e., |A|2 < 40 /V/3.

Intuitively, the adversary can move a 1 — ¢ fraction of the data points in each cluster an arbitrary
amount towards the convex hull of the means of the remaining clusters. For the remaining én points,

the perturbation should have norm at most O(c/v/§). The goal is to still learn the means M, ,
approximately. (Bhattacharyya & Kannan, 2020) shows that the aforementioned model satisfies
Well-Separateness, Proximate Latent Points and Spectrally Bounded Perturbations assumptions. The
proof for the Significant Singular Values assumption follows from Lemma [2.1]

B FULL ANALYSIS
We first give the proof of Lemma[2.1]

Proof. Assumptions (2) and (3) follow from Lemma 7.1 in (Bhattacharyya & Kannan, [2020). By
Claim 8.1 in (Bhattacharyya & Kannan, 2020), o (A) > ca/0/k ming M, ;. Each column of A
sums to 1, 5o [|[A]|Z = O(n) and 0, (A) > a\/5/k| Al . Since ||A — P||> < oy/n by definition
of o, and P consists of n point in the convex hull of k£ points and thus 041 (P) = 0, we have
ors1(A) < 0441 (P) + |A = P|l2 < 0y/n < 0||A|p. Thus if o < aV/§/poly(k) for a large
enough poly(k), our Significant Singular Values assumption holds. O

In the remainder of this section, we analyze Algorithm[I]and show that it outputs a set of k vectors
that approximate the vertices of the latent simplex K. Formally, the main theorem we prove is as
follows:

Theorem [1.2] (Restatfd. ) Given input data A from the Latent Simplex Model, there exists an

algorithm that takes O (nnz(A) + (n + d)poly(k)) time to output k vectors R4, ..., Ry such that
upon permuting the columns of M, for all £ € [k], we have

300k* o
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1

with probability at least 1 — awvm

We show that the subspace Y obtained via spectral low-rank approximation is a good approximation
to the subspace Uy, in angular distance. The appropriate measure of angular distance between
subspaces can be formalized as the principal angle between the subspaces and the corresponding
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sin © function. (Wedinl [1972) bounded the sin © between the SVD subspace of a matrix and the
SVD subspace of a slight perturbation of the matrix.

Theorem B.1 (Wedin’s sin © theorem (Wedin, [1972)). Let R, S € R**™ and 0 < m < [ be integers.
Let R, and Soy denote the subspaces spanned by the top m singular vectors of R. and top { singular
vectors of S, respectively. Suppose ¥ = 0, (R) — 0441(S). Then

sin (R, Soy) < M

(Bhattacharyya & Kannan| 2020) use Wedin’s sin © theorem to measure the distance between the
subspace Uy, spanned by the top k left singular vectors of A and the subspace returned by their
iterative subspace power method. Since we create the sketch Y for Uy, we would instead like to
argue that Y and Uy, are close in sin © distance.

Lemma [3.6|( Proximity of Subspace Projections, Restated.) Let Y be obtained from Lemma 3.4 and
let Uy, be the subspace spanned by the top k left singular vectors of A. Let Py and Pv, be the
d x d projection matrices onto the row span of Y and Uy,. Then |Py — Pu, |2 < 15505010

Proof. Suppose by way of contradiction that |Py — Py, ||2 > 7555 Note that since Y and Uy,

1000k10 *
are each orthonormal matrices with rank k&, then
1
T T2 T T2
U0, =YY ||z > [[UpU, =YY" |5 > (1000%10)2

so that
IULUL =YY% = U7 + Y17 - 20T |I5
1

=2k — 2||UkYT||i“ > W

Hence, |U, YT |2 <k — m Now we would like to show for the sake of contradiction that

|A — Py A||y is large. Thus, for the singular value decomposition A = UXV7T, we write
A —-PyAl=|U'S - YYTUTY|,
> UL UTYS - U, YYTU Y,

since ||Ugl|l2 < |U||2 < 1. Thus, there exist matrices C1, Co such that

U UTS - U, YYTUTS = [C;  Cy] [%k ZO_J :

where Y, is the diagonal matrix consisting of the top k singular values of A and ¥, _, is the diagonal
matrix consisting of the bottom n — k singular values of A. Now we know that one of the top k
eigenvalues of UL Y'Y T Uy, is at most 1 — m. Thus, one of the top k eigenvalues of I;, — C;
is at least m. In particular, let A be such an eigenvalue and let x be the corresponding unit

eigenvector of I — C;. Then we have

! QUk(A).

U, UTY — U, YYTUTY|, > (I- CZ > g (AN> ——
U k ll2 > [|( )22 > ok (A)A > (1000510

Since the Significant Singular Values assumption implies that m%(A) > (14 €)ok+1(A),
this implies that ||A — Py A|ls > (1 + €)ok+1(A), which contradicts the assumption that Y is a
good low-rank approximation to A. Thus we have |Py — Py, ||2 < W, as desired. O
(Bhattacharyya & Kannan| [2020) showed lower bounds on the k-th singular values of P and M,
given the Well-Separateness and Spectrally Bounded Perturbations assumptions.

Lemma B.2. (Bhattacharyya & Kannan, 2020) If the underlying points M follow the Well-
Separateness and Spectrally Bounded Perturbation assumptions, then

8.5 8.5
1000k%° o L 995K/

O'k(M) > 7%7 Uk(P) el o2
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We can then show a low sin © distance between Y and Uy,.
Corollary B.3. Let'Y be defined as in Algortthmland let Uy, be the subspace spanned by the top k

left singular vectors of A. Then sin ©(Y,Uy,) < 1000;.310

Proof. By setting m = k = £ in Theorem[B.1I] we have
sin @(Y, Uk) = sin @(Py, PUk)

[Py — Pu, |2
= ox(Y) = 01 (Uy)

By definition of o, we have that |A — P||> < o+/n. Thus, Lemma[B.2)implies that o4 (A) > 1.
Since Y has rank k, we have o1,11(Y) = 0. By Lemman 3.6, sinO(Y,Uy) < |Py — Py, |2 <

1
1000k10 O

They also showed that vectors in Uy, are close to the subspace M:

Lemma B.4. (Bhattacharyya & Kannan, [2020) Let Uy, be the subspace spanned by the top k left
singular vectors of A and let R be any k-dimensional subspace of R* with

a2

R)< 100149

Let M be the underlying latent k-simplex. Then for each unit vector x € R, there exists a vector
. 2

y € Span (M) with [|x — y||2 < g5

sin ©(Uy,

Since we have sin O(Y, Uy) < m from Corollary , then it follows from Lemmaand
the triangle inequality of sin © distance that vectors in Y, are close to the subspace M:

Corollary B.5. Let Y be defined as in Algorithm and let R be any k-dimensional subspace of R¢
with
a2
= 1000k9
Let M be the underlying latent k-simplex. Then for each unit vector x € R, there exists a vector

2
y € Span (M) with ||x — y||2 < S00RT T

sinO(Y,R) <

(Bhattacharyya & Kannan, |2020) then show the following structural result between the first r points
selected by Algorithm|l{and the closest r points in the latent k-simplex M.

Lemma B.6. Forr € [k] let R1,..., Ry € R? be points such that there exist distinct (1, . .., £, C
[n] with
300k* o

7

[Ri = Mg [l2 <

LetK:Rlo...O’Rt andﬁzM*,gl o...oM,y . Then

E*S o

7

IM — Al <

Proof. Note that the claim follows immediately from the hypothesis and applying the Cauchy-
Schwarz inequality. O

We first bound the sin © distance between Span (M) N Null(ﬁ) and Y (I; — P,.). This essentially

says that we can work in the subspace Y (I; — P,.) rather than Span (M) N Null(M) and we will
not incur too much error.

Lemma(Angular Distance between Subspaces, Restated.) Let M = M, ¢, 0...0M, . be the
r points in the latent k-simplex M closest to R, . .., R, the first r points selected by our algorithm,
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respectively. Suppose |R; — M., 4, ||2 < 3ng4 % foreach i € [r]. Let P, be the projection matrix
orthogonal to R+, ..., R,. Then
— a
ne (Y1, -P,), M NllM><7
sin® (Y (L — P,), Span (M) N Null(M) ) < 1o
— a
' M NllM,YIfPT)<7.
smG)(Span( )N Null(M), Y (T4 ) < 100kt

Proof. Lety € Y (I; — P,) be a unit vector. By Corollary [B.5 there exists x € Span (M) with
o?
— < —. B.1
||X yH2 = 500k8-5 ( )

Letz = x — MMx be the component of x in Null(ﬁ). Note that MM is a projection matrix and
thus |[MMT ||y < 1. Then we have
I — 22 < [IMM(x — y)||2 + [MMy]|2
< Jx = yllo + IMM"™M) ' (M" — AT)y]|2

where A = Rio...0R; so that _/AXTy = 0 since P, projects away from A. We also have
W, we have

IM(MTM)1|, = ﬁ Thus by li and Lemma

1 — -
Ix —zl2 < lx = ylla + —=-IM" — AT)y|l,
o (M)

a2 k4'50

< +
Hence by the triangle inequality and Lemma we have |ly — z|2 < 1g552. Since y €

o~

Y(I; — P,) and z € Span (M) N Null(M), then by definition of the sin © distance, it follows

—

that sin © (Y(Id —P,),Span (M) N Null(M)) < 1po7a- proving the first part of the claim.

To prove the second half of the claim, it suffices to show that the dimension of Y (I, — P,.)is k — 7,

—~

since Span (M) N Null(M) has dimension k& — r and the sin © distance is symmetric between two
subspaces of the same dimension. By construction, Y has dimension & so that Y (I; — P,.) has
dimension at least k£ — r. But if Y (I; — P,.) has dimension larger than k — r, then there exists a set of
orthonormal vectors ug, ..., ux—r+1 € Y (I4—P,.). By the first part of the claim and the definition of

o~

the sin © distance, there exists a set of corresponding vectors vy, . .., Vig_,+1 € Span (M)NNull(M)
such that ||u; — vjj2 < But then for @ # b, we have by the triangle inequality and the fact
that u, - up =0,

J - .
100k% *

[Va - V| < [ug - up| + [(Va — 1) - wp| + [va - (v — wp)]

< O

— 50k*
Similarly, since u, - u, = 1, we have

Vo Va| 2 [Ua - Ua] = [(Va — Ua) - Ua| = [Va - (Vo — 14)
«

>1— —.

- 50k4
Thus if V. = vio...0 vy .11 € R+l g formed by concatenating the vectors
Vi,...,Vk_prt+1,then VTVis diagonally-dominant. Hence, VTV is nonsingular, SO vy, ..., Vi_p11

—

must be linearly independent vectors in Span (M) N Null(M), which contradicts the fact that
its dimension is k — r. Therefore, the dimension of Y(I; — P,) must be £k — r, and so

sin © (span (M) N Null(M), Y (I, — P,.)) < o O
We now recall a structural lemma from (Bhattacharyya & Kannan, |[2020)).

15



Published as a conference paper at ICLR 2021

Lemma B.7 (Claim 10.1 in (Bhattacharyya & Kannanl 2020)). Let a,b ¢ {{1,...,¢,} be distinct
indices. Then

||Proj(M.,. o — M., b7Null( M2 > amax IIML ¢|l2-

We now show that if u = gY T (I; — P,.) € R%, then |u - x| has a clear optimum over x chosen from
the k vertices of the simplex M. This shows that our optimization procedure is well-defined.

Lemman(Opnmtzanon is Well-Defined) Let M = M., ¢, o...0M, g, be the v points in the latent
k-simplex M closest to the first r points selected by Algorlthml Ri, ..., Ry, respectively. Suppose

300k* o
IRi = Mg,l2 < —=
Vo
foreachi € [r]. Let u € R? be a random unit vector in the space of Y* (15 — P,.), where P,. is the
orthogonal projection to Ry, ..., R,. Then there exists a constant c > 0 so that with probability at

least 1 — ;15

1. Forall distinct a,b & {{1,...,4.}, then ju- (M, , — M, )| > 0097

2. Foralla ¢ {{1,...,0.}, then |u- M, 4| > 29920 max, | M,

*ZHQ

Proof. Fora ¢ {(1,...,¢,},let p, be the projection of M, , onto Null(ﬁ) and q, be the projection
of M, , onto Span (ﬁ) By the Well-Separateness assumption, we have ||p, |2 > o max, | M, ¢]|2.

Let w, be defined so that q, = Mw,. Since ldallz < [[Myqll2 and JT(K\/_[) < 0,(M), then
Lemma [B.2] gives

ldall2 _ | Meall20® V6

all2 < — . B.2
ol < 1% < s ®.2)
Since Au = 0, we can also write
U-M,, =1 po+1u-qq
= u - Proj(pa, Y (I — P,)) + ul (M — A)w
By Lemma|B.6] (B.2), and normalizing so that |[u|| = 1, we have
lu- (Mo — -Proj(pa, Y (Is = P;)))| < [[M — Allz[wall
|| M a2 (B.3)
< —_ e
— 1000k
The same holds for u - (M, , — M, ), so that
lu- (M, — M, ,;) —u-Proj(pa — P, Y’ (I — P))|
< M. o — M, |20 (B.4)

- 1000k4
Let £ be the event that:
1. Forall a, |u - Proj(pa, Y  (I4 — P,.))| > ﬁHProj(pa,YT(Id —P.)2-
2. Forall a # b, |u - Proj(p, — ps, Y (I — P,.))| > ﬁHProj(pa —py, YO (I —P,))|fo.
Note that [u - Proj(ps, Y7 (Ig — P))| > 100z [Proj(pa, YT (I — P;))||2 holds as long as u

Proj(pa, YT (I; — P,.)) # 0. Since the volume of the set {x € YZ7(I; — P,.) : u-x = 0} is at most

Vk times the volume of the unit ball {x € Y7 (I; — P,) : ||x||2 = 1}, then by takmg a union bound
over at most k2 indices, it follows that £ holds with probability at least 1 —
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By Lemma there exists p/, € YZ(I; — P,.) such that ||p/, — p,|l2 < al‘lo%jf Hence for k > 2,

L‘%@ 9—”Pr(F'j(p%ilYT(Idd}PT.))Hz g“”%‘;ﬂ? < IPall2 " Thig implies |[Proj(pa, Y7 Iy — Py))||2 >
. Pall2- en conditioning on

. Proj(p., YT (I, — P,
lu- Proj(pa, Y (I — P,))| > [Brost (4d 2L
10k
S 0.999||pa/|2
- 10k*
> 0.999 maxy HM*7£||2
- 10k4 ’
where the last inequality follows since ||pg |2 > ||Proj(M, o, Null(M \ M., ,))||2 > omaxy M, ¢
by the Well-Separateness assumption. Hence by (B.3)), it follows that for all a ¢ {¢1,...,¢.},

af[M ol

fu- Me.ql 1000k

Y

|u * Proj(u, Y7 (I — P,)) —

- 0.09890 maxg | M, |2
> k4 ’

which proves the second half of the claim.

To prove the first half of the claim, note that conditioned on &, then (B.4) implies

|u ' (M*,a - M*,b)| > |u ' Proj(pa - pb’YT(Id - PT))|
_IMae = Magl2a
1000k4
- [IProj(pa — o, YT (Ia — P))ll2
= 10k4
3 M. o — M, 3|2
100044

By Lemma there exists v € YZ(I; — P,.) such that ||[v — (pa — pp)|l2 < %. Thus,
|IProj(pa — Po, YX (Ig — P.))[l2 > 0.99]|pall2 > 0.99amaxy | M. |2, by Lemma Since

Mo =M. p|l2c0 2amaxy [M. |2 - 0. 097
1000k < 000K , it follows that [u- (M, , — M., ;)| > well2. O

We next show that the selected index is not among the previously selected indices. Thus, we obtain a
new index at each iteration, which implies that we only need k iterations.

Lemma B.8. Let M M, 4, o...0 M, , be the r points in the latent k-simplex M closest to the
first r points selected by Algorlthml 7} Rq,...,R,, respectively. Suppose

300k* o

Ve
for each i € [r]. Let u € R? be a random unit vector in the space of YT (1, — P,.), where P,. is the
orthogonal projection to R1, ..., R.. Let

[Ri — Mg, ll2 <

0 _ Jargmax,u- M, ifu-Ry41 20
T argmin, u- M, ¢ ifu-R,41 <0

Then gr-&-l ¢ {61, e ,gr}.

Proof. We consider the case u - R, > 0 as the analysis for the case u - R,4+; < 0 is symmetric.
Let ¢, 41 = argmax, u - M, 4. Suppose by way of contradiction that ¢, 1 € {{1,...,£.}. Without

a

loss of generality, let £, 11 = ¢1. Since |R1 — M, g, ||2 < %% and u - R, then

300k* o 300k o

M. l2<u-R; =
el S R T G T e

17



Published as a conference paper at ICLR 2021

300k* o

Since ¢; = argmax,u- M, 4, thenu-M, , <u-M,, forall £. Thusu- P, g < P for
any set of indices S C [n] inside the convex hull of M. In conjunction, Lemma B.9|implies
o 300k* o
u-Ar., <u-Pog. + 7 < (a + 1) NG (B.5)

Recall that by Lemma |A=YZ"||3 < (14€)| A—Ak[3+£[|A—Ay|/ and thus |A-YZT|| <
(14 2¢)||A — Ag]||2, given the Significant Singular Values assumption. Since A, %, ,, is a subset of
on columns of A and R, is a subset of dn columns of Y, then for e < 1,

r+1

u- Rr+1 <u- A*,’RT_H +u- (Rr+1 - A*,’RT_H)

300k* o 3
< +1) =+ —A - Agla,
—( a )m o~ Al

where the last step follows from (B.5)) and applying the Cauchy-Schwarz inequality and the fact
that u is a unit vector. Since P has rank k and A is the best rank %k approximation to A, then
|A — Agll2 < ||A — P||2 so that

300k* 3
U'Rr+1<< : +1) " 2 |A-P|a.

% Von
300k* o 30
<|——+1) —=+— B.6
_< o >\/3+¢5 (5.0
300k* o
= 4) — B.7
(206, o 5

since ||[A — P||» < o+/n by definition of 0. However for t ¢ {{1,...,¢,}, LemmaB.9and the
Proximate Latent Points assumption imply the existence of a set o; of dn columns such that

g
|U‘ A*-,Ut| > |u : P*,Ut| - %
o0
Z |u . M*7t| - % (BS)
0.0989 o0

Olm?X”M*_’[”Q —

k4 N

where the last step follows from Lemma[3.9] Moreover, o, has dn columns, so again by applying the
Cauchy-Schwarz inequality and the fact that u is a unit vector, we have

N

‘11 ' (A*,Ut - Y*701)| <
on

1A~ Az
(B.9)

1 3o
<—||A-P|2< —.
< Ve Fl= 5

where the last two inequalities come from the fact that P has rank k and |A — P||; < o/n by
definition of o.

Thus from (B:8) and (B.9),
|U. : Y*70t|

Y

|U. : A*70t| - |u : (A*:Ut - Y*,Ut)|
0.0989 8o

> E CkaaXHM*’gHQ 7
However by the Spectrally Bounded Perturbation assumption, we have |[u- Y., ,,| > % & - 5,
which contradicts the maximality of R, in (B.7). Therefore, it holds that £, 11 ¢ {¢1,...,4.}. O

Before showing that the selected index completes the inductive step, we recall the following:
Lemma B.9 (Lemma 3.1 in (Bhattacharyya & Kannan, 2020)). For a subset S C [n], let A, g =
I—él Yicg Asi Forall S C [n], |A. s — P, s| < oy/n/|S].

18
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Finally, we show that the selected index completes the inductive step.

Lemma(Recovery Guarantees, Restated). Let M = M, 4, o ... 0 M, g be the r points in the
latent k-simplex M closest to the first v points selected by Algorithm[Il] R+, ..., R, respectively.
Suppose

300k* o

V6
for each i € [r]. Let u € R be a random unit vector in the space of YT (1, — P,.), where P, is the
orthogonal projection to R1, ..., R.. Let

[Ri — Mg, ll2 <

¢ _ Jargmaxu- M, , ifu-Ry41 20
T argmin, u - M, g ifu-Ry41 <0

Then
300k* o

a o

||Rr+1 - M*,€r+1 ||2 <

Proof. We consider the case u-R,1 > 0 as the analysis for the case u-R,4; < 01is symmetric. Let
ly41 = argmax, u-M, ;. By Lemma we have 0,1 ¢ {¢1,...,¢,}. Thus applying Lemma

0.0989

r41 = kA

u- M, Oém?XHM*J”' (B.10)

By the Proximate Latent Points assumption, there exists a set oy, ,, of size én so that ||P, ; —
4 ; 4
M., ll2 < & forall j € oy, sothat [Py g, = Mg, [l2 < % Then by Lemma

Ve
50
*,00, 7 >u- M., L1 — %

|l < 32 and thus,

r+1

u-A >u-P

*0’[+1 -

By the same reasoning as we have [|[R,41 — Ay o,

r+1 NG
8o
u-RT._;’_l Zu~M*7[T+1—%. (Bll)
Now forany a ¢ {/1,..., 0,41}, Lemma[3.9 says
0.097
u-M,,<u-M,,,, — = amaxHM*gHQ (B.12)

Similarly, for a € {¢1,...,¢.}, we have |R, — M, 4| < 302’“ 5 by the inductive hypothesis.
Since u - R, = 0, then
300k* o 300k* o
a Voo a6
0.0989
r+1 L4

U'M*,QSU'R(L‘F

<u-M,, am?XHM*,gH

300k* o
a 5
by (B.10). Thus by the Spectrally Bounded Perturbation assumption,

0.097
#lrp1 T k4

u-M,,<u M (B.13)

ozmaxHM

Since P, %, ., is a convex combination of the columns of M, there exists a vector w such that
P. =,,, = Mw. Then by the same reasoning as[B.9 -and Lemma@

N
VS VG

u'RrJrlSu'A*,R <u- P*R

r+1 \[ =

< wge,,, (u- M. Zr+1)
0.097
5w (0 My - S M.
a#ngrl
40
+

%7
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where the last line follows from decomposing M and applying (B.12) and (B.13) to M., , for
a # 0-+1. Hence,

u-Rep1 <u-Mayg, , — D000 s ||1\]/:Z,e||2(1 — Wersa)
4o

7

Combining with (B.TT), we have

+

120 k* 124k* o

= e
V6 0.097a — a5

(1—11}4

7‘+1) m?x HM*,ZHQ <

Thus,
||P*’R7‘+1 - 1\/'I:"‘7l7‘-|—1||2 = ||(wer+l - 1)M*1e7‘+1

+ Z waM*,a”
aFlri1

< Z Wa [ Mg, ., — Miafl2
a#lryq

§ 2(1 — Wy

7‘+l) IH?X |‘M*7f||2

248k* o

<

=T 5
Finally from the triangle inequality and Lemma[B.9] we have
||R7"+1 - M*7£7‘+1 ||2 < ||R7"+1 - P*,R7~+1 H2
+ HP*,R7-+1 - M*7f7-+1 H2

30 248k* o
<—=4 ——=
Ve a 5
< 300/{41.
S Ta

C CONNECTION TO SPECTRAL LOW-RANK APPROXIMATION

In this section, we show that learning a latent simplex is closely related to computing a spectral low-
rank approximation. Spectral low-rank approximation is a fundamental primitive for algorithm design
and numerical linear algebra and the best known algorithm for computing a (1 + ¢)-approximation
is O(nnz(A) - k) (Musco & Musco, [2015). A major open question in randomized linear algebra is
to determine whether the dependence on k in the running time is necessary for spectral low-rank
approximation.

We show that for a candidate hard distribution over the input, determined by a Stochastic Block Model
(with appropriate parameters) satisfying Well-SeparatenesqI} Proximate Latent Point{2|and Spectrally
Bounded Perturbationg3] an algorithm for learning a latent simplex requiring o(nnz(A) - k) time
also recovers a spectral low-rank approximation for the input. One way to interpret this statement
is that improving the running time for learning a latent simplex under the same assumptions as
(Bhattacharyya & Kannan, |2020) would likely lead to a major algorithmic breakthrough for spectral
low-rank approximation.

Theorem C.1 (Spectral LRA to Latent Simplex). Given k € [n], let S1, 8> . .., Sk be a partition
of [n] such that for all £ € [k, |S¢| = n/k. Consider a stochastic block model with k communities,
S1,..., Sy such that for all i € Sy and § € Sy, the probability of an edge (i, j) is p = poly(k) /n*/®
when £ = {' and q = p/10 otherwise. Let A be a matrix drawn from the aforementioned model such
that A, ; = 1 if there exists an edge between (i, j) and 0 otherwise. Then any algorithm that learns
the simplex also recovers a rank k matrix B such that | A — B||3 < ||A — A3+ =75 [|A — Axl|3.
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Proof. Let Py be the projection matrix onto the column span of the output matrix B. We show that
A — Pg is a good mixed spectral-Frobenius low-rank approximation to A.
|A—PpAls < [|[A—-P+P|:I-Pgl:
<[[A = PJ}2|I - Pgl2 + P[}2[I - Pgl2
< [|A =Pl + [[P[]2[T - Pg]2.

From the definition of o, we have ||A — P|ls < oy/n. For the specific stochastic block model,
we have 0 < 1/p(1 — p), e.g., see (Awasthi, 2017). Moreover, the algorithm of (Bhattacharyya &
Kannan| 2020) guarantees specifically in their Theorem 7.2 that |[I — Pyl < %;fl/g for some

constant C; > 0. Since ||P||z > ||P||2 and ||P||% < Cap*nd for some constant Cy > 0 with high
probability, then we have

45 71/8 /v 3
T N
< /P + Capk*3dP/3\/Can/*.

On the other hand, we have [|A — A% > ||A]|% — k|| A]3. As before, we have ||P|2 < py/Cand,
so that

1All2 < [Pll2 + [|A = Pll2 < py/Cond + v/p(1 = p)n.

Moreover, we have ||A||p > Cs+/gnd for some constant C'5 > 0 with high probability. Hence for
q > C,p? with a sufficiently high constant C;, we have

IA = Ayll% > Csqnd,

for some C5 > 0. Let p = O(q) and d = n'/ for some constant C' > 3 so that k*°d°/® = o(n'/4).
Since ||A — PgAl||3 < Cgpn for some constant Cg, then

C 1
2 5 _ 2
14~ PaAlf < Com < Cand =0 (o ) 14— Al
1
<14 - A+ 0 (e ) 1A - Al
Taking C' = 3 gives the desired claim. O
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