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ABSTRACT

Transformers serve as the foundational architecture for many successful large-
scale models, demonstrating the ability to overfit the training data while maintain-
ing strong generalization on unseen data, a phenomenon known as benign overfit-
ting. However, existing research has not sufficiently explored generalization and
training dynamics of transformers under benign overfitting. This paper addresses
this gap by analyzing a two-layer transformer’s training dynamics, convergence,
and generalization under labeled noise. Specifically, we present generalization
error bounds for benign and harmful overfitting under varying signal-to-noise ra-
tios (SNR), where the training dynamics are categorized into three distinct stages,
each with its corresponding error bounds. Additionally, we conduct extensive ex-
periments to identify key factors in transformers that influence test losses. Our
experimental results align closely with the theoretical predictions, validating our
findings.

1 INTRODUCTION

In recent years, benign overfitting has reshaped our understanding of overparameterization in deep
neural networks. Traditional viewpoints hold that models with more parameters than training sam-
ples tend to overfit, resulting in poor generalization performance on new data. However, modern
deep neural networks challenge this viewpoint by demonstrating remarkable generalization capabil-
ities. Despite having sufficient parameters to perfectly fit training data, they still maintain low test
loss Zhang et al. (2017); Neyshabur et al. (2018). This phenomenon, known as benign overfitting,
has attracted significant attention across both statistical and machine learning communities Belkin
et al. (2018; 2019; 2020); Neyshabur et al. (2018); Hastie et al. (2022).

Researchers have investigated benign overfitting from conventional perspective, while these works
are related to linear models Chatterjee & Long (2022); Zou et al. (2021), kernel methods or ran-
dom feature models Montanari & Zhong (2022); Adlam & Pennington (2020); Zhu Li (2021). Re-
searchers have expanded these theoretical analyses to study benign overfitting in neural networks
Adlam & Pennington (2020); Zhu Li (2021). They are still limited to the neural tagent kernel regime
(NTK) Jacot et al. (2018) because the neural network learning problem is equivalent to kernel re-
gression. Several works further study benign overfitting and generalization in transformers. These
analyses typically focus on simplified settings, such as linear transformers Frei & Vardi (2024).
Yet, due to the self-attention mechanism and softmax activation function, the transformer exhibits
nonlinear learning in the real world, rendering the above simplifying assumption unreasonable.

Recent theoretical works have studied the benign overfitting and generalization of transformers
with nonlinear self-attention Jiang et al. (2024); Magen et al. (2024), and some even have extended
to context learning tasks Li et al. (2024b). Our analysis of benign overfitting and generalization in
transformers is compared to existing research, as summarized in Table 1. However, several studies
Frei & Vardi (2024); Li et al. (2024a) only considered generalization in a single type of overfitting
(either benign or harmful). Others Jiang et al. (2024); Li et al. (2024a) analyzed the generalization
of transformers under the assumption of clean data labels, which is unreasonable in real world.
Therefore, an important open question remains:
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(a) Benign overfitting (b) Harmful overfitting

Figure 1: Test losses of benign overfitting and harmful overfitting under label noise (parameterized
by α).

How do transformers generalize under labeled noise while considering both benign overfitting and
harmful overfitting?

Our work aims to settle down the above question through feature learning framework by analyzing
a two-layer transformer’s training dynamics, convergence, and generalization under labeled noise.
Specifically, we consider two tokens including signal and noise, and a two-layer nonlinear trans-
former with softmax activation function. We explore the training dynamics of transformers in both
benign overfitting and harmful overfitting, and provide corresponding error bounds. The theoreti-
cal bounds illutrate three distinct stages for benign overfitting and harmful overfitting, respectively.
We then conduct extensive experiments to validate our theoretical finding. As shown in Figure 1,
the test losses for benign overfitting and harmful overfitting divide into three distinct stages and the
empirical loss is upper bounded by the theoretical bound (in Figure 2).

Theoretical Works Nonlinear Labeled
Noise

Benign
Overfitting

Harmful
Overfitting

Stage-wise
Error Bounds

Li et al. (2024a) ✓ × × ✓ ×
Sakamoto & Sato (2024) ✓ ✓ ✓ ✓ ×
Jiang et al. (2024) ✓ × ✓ ✓ ×
Frei & Vardi (2024) × ✓ ✓ × ×
Magen et al. (2024) ✓ ✓ ✓ ✓ ×
This work ✓ ✓ ✓ ✓ ✓

Table 1: Theoretical Comparison with existing works on benign overfitting and generalization.

Our contributions are summarized as follows:

• Theoretical Contribution I : We consider a nonlinear transformer with softmax activation
function. Additionally, we relax the assumption of clean data labels and incorporate labeled
noise to more accurately reflect real-world conditions.

• Theoretical Contribution II : We examine the training dynamics of transformers under
labeled noise in both benign overfitting and harmful overfitting. The training dynamics
associated with benign overfitting can be characterized by three distinct phases: initializa-
tion, signal learning, and convergence. In contrast, harmful overfitting is characterized by
initialization, noise learning, and divergence. In Theorem 1 and Theorem 2, we provide
specific stage-wise error bounds for each phase.

• Experimental Contribution : We investigate the transition between benign overfitting
and harmful overfitting. Additionally, to further enhance the model’s generalization perfor-
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(a)

Figure 2: Numerical comparison between the theoretical upper bound and the experimental loss for
benign overfitting.

mance, we analyze several key factors relevant to generalization during benign overfitting.
These experimental results validate our theoretical analysis.

2 RELATED WORK

2.1 BENIGN OVERFITTING IN TRADITIONAL MODELS.

Several works explored benign overfitting in traditional models, including linear models Bartlett
et al. (2020); Zou et al. (2021); Cao et al. (2021); Mo Zhou (2023), kernel methods, and random
feature architectures. Zou et al. (2021) derived excess risk bounds for stochastic gradient descent
with constant step sizes. Liao et al. (2021) expanded the analysis to random Fourier feature regres-
sion, focusing on fixed asymptotic ratios of sample size, data dimensionality, and feature count. As
shown in Liang & Rakhlin (2020); Adlam & Pennington (2020); Zhu Li (2021); Montanari & Zhong
(2022); Chatterjee & Long (2022); Spencer Frei (2022), several studies have broadened conventional
perspectives to investigate benign overfitting in neural networks based on traditional models. The
authors in Adlam et al. (2021) explored a precise analysis of generalization under nuclear regression,
while Tsigler & Bartlett (2022) demonstrated that overparameterized ridge regression models can
achieve benign overfitting even when fitting noisy data, and extended this to ridge regression con-
ditions. Mallinar et al. (2024) discovered that interrupting training prematurely in neural networks
leads to benign overfitting, while deep neural networks trained to full interpolation do not exhibit
this phenomenon. Unlike these research, our work focuses on benign overfitting in transformers,
which is more challenging than neural networks.

2.2 BENIGN OVERFITTING IN TRANSFORMER.

Towards understanding the benign overfitting and generalization in transformers, Frei & Vardi
(2024) investigated the behavior of linear transformers trained on random linear classification tasks
and quantifies how many examples transformers need in context learning to generalize well. Build-
ing on this, Magen et al. (2024) investigated benign overfitting in single-head attention models,
revealing that this phenomenon only occurs when the signal-to-noise ratio reaches a sufficiently
high level, and Sakamoto & Sato (2024) further explored benign overfitting in the token selection
mechanism of the attention. The work in Li et al. (2024a) investigated the training dynamics of
harmful overfitting when optimizing two-layer transformers using symbolic gradient descent. Most
relevant to our work is Jiang et al. (2024), as they also study the benign overfitting and generaliza-
tion of transformer with a similar data model. However, they do not take into account the effect of
labeled noise, which is more common and realistic in real-world. In this paper, we bridge this gap
by analyzing the generalization of transformers in benign overfitting and harmful overfitting under
labeled noise condition.
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3 PROBLEM SETUP

In this section, we denote the data generation model, two-layer transformer model, and the gradient
descent training algorithm.

Notions. We define two sequences {an} and {bn}, which have the following relationship. We define
an = O(bn) and bn = Ω(an) if there exist |an| ≤ c1|bn| for some positive constant c1. At the same
time, we define an = Θ(bn) if an = O(bn) and an = Ω(bn) hold.
Definition 1. Let µ+,µ− ∈ Rd be fixed vectors which represent the signals contained in each data
point (X, y), where ∥µ+∥2 = ∥µ−∥2 = ∥µ∥2 and ⟨µ+,µ−⟩ = 0. Then we define each data point
(X, y) with the input features X = (x1,x2) ∈ Rd×2, and y ∈ {±1} is generated from the model:

• True labels ŷ ∈ {±1} are Rademacher random variables with P[ŷ = 1] = P[ŷ = −1] =
1/2. Observed labels y are generated by flipping ŷ with probability α, i.e., P[y = ŷ] = 1−α
and P[y = −ŷ] = α.

• The signal vector x1 is denoted µ+ if ŷ = 1, and µ− if ŷ = −1.

• The noise vector x2 = ξ is sampled from ξ ∼ N (0, σ2
pId).

We consider each data point as a vector of two tokens, X = (x1,x2)
T ∈ R2×d. The token x1,

represents the signal that is inherently linked to the data’s true class label, such as µ+ and µ−,
while x2, serves as noise and is irrelevant to the label. Building on Definition 3.1 from Jiang et al.
(2024), we further refine the data distribution to enhance its practical applicability. Specifically, we
introduce label-flipping noise to the true label ŷ.

Signal-to-Noise Ratio (SNR). From Cao et al. (2022), when the dimension d is large, the norm of
the noise vector satisfies ∥ξ∥2 ≈ σp

√
d based on standard concentration bounds. Therefore, the

signal-to-noise ratio (SNR) can be expressed as SNR ≈ ∥µ∥2/σp

√
d, which is approximately equal

to ∥µ∥2/∥ξ∥2. Hence, we use the expression SNR ≈ ∥µ∥2/σp

√
d to represent the signal-to-noise

ratio.

Two-layer Transformer. We define the model as a two-layer transformer, consisting of an attention
layer with softmax activation function and a fixed linear layer. Let S represent the softmax function.
we categorize the output of the softmax function into four types of vectors, corresponding to the
softmax outputs of the pairwise inner products involving the query signal, query noise, key signal,
and key noise.

Specifically, the signal-to-signal output S11, signal-to-noise output S12, noise-to-signal output S21,
and noise-to-noise output S22 have been defined in the supplementary material. For example, the
signal-to-signal output S11 can be written as:

S11 = Softmax(⟨q(t)± , k
(t)
± ⟩) =

{
exp(⟨q+,k+⟩)

exp(⟨q+,k+⟩)+exp(⟨q+,kξ,i⟩) for i ∈ [S+],
exp(⟨q−,k−⟩)

exp(⟨q−,k−⟩)+exp(⟨q−,kξ,i⟩) for i ∈ [S−].

Let S+ be the set of indices i in [N ] where yi = 1, and let S− be the set of indices i in [N ] where
yi = −1. Note that q+, k+, q−, k−, and kξ,i are related to the query with +1 label, the key with
+1 label, the query with −1 label, the key with −1 label, and the key with noise, respectively. The
output result can be given as: f(X, υ) = f+1(X, υ) − f−1(X, υ), where fj(X, υ)for j ∈ {±1} is
defined as:

fj(X, υ) =

2∑
l=1

υ⊤W⊤
V,jXS

(
X⊤WQW

⊤
Kxl

)
=

2∑
l=1

υ⊤

(
dV∑
r=1

W⊤
V j,rX

)
S
(
X⊤WQW

⊤
Kxl

)
.

The parameter of the linear layer is denoted as υ ∈ RdV . The parameters of the attention layer
are defined as WQ,WK ,WV,j , where WQ,WK ∈ Rd×dK and WV,j ∈ Rd×dV , representing
the query matrix, the key matrix, and the value matrix respectively. We use θ to represent all the
parameters of the attention model, which is defined as θ = (WQ,WK ,WV,j). We rewrite the
model in a specific form for j ∈ {±1}:

fj(θ,X, υ) =
∑

r∈[dV ]

(
υ⊤⟨WV j,r,x1⟩(S11 + S21) + υ⊤⟨WV j,r,x2⟩(S12 + S22)

)
.

4



216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269

Under review as a conference paper at ICLR 2026

Training Algorithm. We use a training dataset S = {(Xi, yi)}Ni=1 generated from the distribution
D defined in Definition 1. Our transformer model is trained by minimizing the logistic loss function:
LS(θ) =

1
N

∑N
i=1 ℓ(yif(θ,X, υ)), where ℓ(z) = log(1 + exp(−z)). We employ gradient descent

to minimize the training loss LS(θ), and focus on characterizing the test error(i.e., true error), de-
fined by: L0−1

D (θ) = P(x,y)∼D [y ̸= sign (f(θ,X, υ))] . For the sake of simplification, we consider
gradient descent optimization, and we have W

(t+1)
V = W

(t)
V − η

(
∇WV

LS(W
(t))
)
, W

(t+1)
Q =

W
(t)
Q − η

(
∇WQ

LS(W
(t))
)
, and W

(t+1)
K = W

(t)
K − η

(
∇WK

LS(W
(t))
)
.

4 MAIN RESULTS

In this section, we present our main theoretical findings. These findings are based on several key
conditions as follows:

Assumptions . Given a sufficiently small failure probability δ > 0, a large constant c1, and a target
training loss ϵ > 0, suppose the following conditions hold:

(1) The dimension dK satisfies: dK ≥
{

SNR4N4ϵ−4, if ∥µ∥ ≥ σp

√
d,

SNR−4N4ϵ−4, if ∥µ∥ < σp

√
d.

(2) The dimension d satisfies: d ≥ poly(dK).

(3) The training sample size N satisfies: N ≥ c1 · polylog(d).

(4) The label-flipping probability α satisfies: α ∈ [0, 1/2).

(5) The linear layer weight satisfies: ∥υ∥2 = Θ(1).

(6) The learning rate η satisfies: η ≤ O
(
min

{
σ2
pd, ∥µ∥22

}
N2ϵ−2

)
.

(7) The parameters WQ and WK are initialized from a Gaussian distributions N (0, σ2
K) and

the variance satisfies: σ2
K ≤ O

(
max

{
(σ2

pd)
−1, ∥µ∥−2

2

}
N−1ϵ log 24N2

δ

)−3/2

, while

WV is initialized from N (0, σ2
V ) where

σV ≤

O
( √

ϵ√
dN∥υ∥σp

)
, if ∥µ∥ ≥ σp

√
d,

O
( √

ϵ√
N∥υ∥∥µ∥

)
, if ∥µ∥ < σp

√
d.

Assumptions (1)–(3) ensure that the transformer operates in an over-parameterized setting. Similar
assumptions have been made in neural networks Cao et al. (2022); Kou et al. (2023). Noise in
training data is common in real-world environments. To address this gap, we relax the assumption of
clean data labels and incorporate labeled noise α to more accurately reflect real-world conditions. As
a result, the generalization error bound derived under this assumption is more meaningful in practice.
Assumption (4) ensures that we do not incorporate excessive noise, which could significantly impair
the transformer’s generalization. This assumption is frequently used in theoretical analyses Kou
et al. (2023); Frei & Vardi (2024); Sakamoto & Sato (2024). Assumption (5) is realistic in practice,
as it controls the range of weights through appropriate training strategies. Assumptions (6)–(7)
ensure that gradient descent can effectively minimize the training loss. Similar assumptions have
been widely used in feature learning theories Cao et al. (2022); Jiang et al. (2024).

Theorem 1 (Benign overfitting in transformers). When N · SNR2 + h(α) = Ω(1), where h(α) is
a function related to α, for any ϵ > 0, under the assumptions above, with probability at least 1− δ:

• (Phase 1: Initialization) There exists T1 = O

(
1

ηd
1
4
K∥µ∥2

2∥υ∥2
2

)
, and for t ∈ (0, T1], the test

loss is upper bounded by:

L0−1
D (θ(t)) ≤ 1

2
+ α+O(1).

5
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• (Phase 2: Signal learning) There exists T2 = Θ
(

1
η∥µ∥2

2∥υ∥2
2

)
, for t ∈ (T1, T2], the test

loss is upper bounded by:

L0−1
D (θ(t)) ≲ α+ exp

(
−η4∥µ∥82(t− T1)

4SNR2
)
.

• (Phase 3: Convergence) There exists t > T2 such that:

– The training loss converges to ϵ: LS(θ(t)) ≤ ϵ.
– The test loss is upper bounded by:

L0−1
D (θ(t)) ≲ α+ exp

(
−η4(t− T2)

4∥µ∥62 · SNR2

σ2
V

)
.

Theorem 1 illustrates the generalization behavior of transformers under benign overfitting when
N · SNR2 + h(α) = Ω(1). Under this condition, the error bounds of transformers can be divided
into three distinct phases:

• Initialization phase: Initially, the transformer parameters have not been adequately
trained, leading to a test loss that remains at a significant constant level of Ω(1). This
phase is primarily influenced by α and the random initialization parameters (σV and σ2

K).
• Signal learning phase: During this phase, the model focuses more on learning the signals

rather than the noises, which results in an increase in test loss. The test loss is governed by
an upper bound that is directly proportional to time t, the labeled noise α, the learning rate
η, the signal strength ∥µ∥, and the square of the signal-to-noise ratio SNR2.

• Convergence phase: When t > T2, the training loss converges to a low level ϵ. In this
phase, the upper bound of the test loss is influenced by several key factors, including time
t, the labeled noise α, the learning rate η, the signal strength ∥µ∥, and SNR2. Notably, it
is inversely proportional to the initialization variance σ2

V . By carefully tuning these factors
under benign overfitting condition, we can achieve a lower test loss, which is the primary
objective of our work in this paper.

Theorem 2 (Harmful overfitting in transformers). When N−1 · SNR−2 + h(α) = Ω(1), where
h(α) is a function related to α, for any ϵ > 0, under the assumptions, with probability at least 1−δ:

• (Phase 1: Initialization) There exists T1 = O

(
N

ηd
1
4
K∥µ∥2

2∥υ∥2
2

)
, for t ∈ (0, T1], such that

the test loss is upper bounded by: L0−1
D ((θ(t)) ≤ 1

2 + α+O(1).

• (Phase 2: Noise learning) There exists T2 = Θ
(

N
ησ2

pd∥υ∥2
2 log(24N2/δ)

)
. For t ∈ (T1, T2],

the test loss is bounded by:

L0−1
D (θ(t)) ≤ 1

2
+ α+O

(
1

∥µ∥22∥v∥22
+

1

∥µ∥42∥v∥42

)
L0−1
D (θ(t)) ≥ 1

2
−O

(
1

∥µ∥22∥v∥42

)
.

• (Phase 3: Divergence) There exists t > T2 such that:

– The training loss is higher than ϵ: LS((θ(t)) ≥ ϵ.
– The test loss is high: L0−1

D ((θ(t)) ≥ 1
2 .

Theorem 2 characterizes the generalization behavior of the transformer in harmful overfitting when
N−1 · SNR−2 + h(α) = Ω(1). The error bounds can be divided into three distinct phases:

• Initialization phase:Initially, the transformer parameters have not been sufficiently trained,
resulting in the test loss remaining at a large constant value Ω(1). This is primarily influ-
enced by α and random initialization (σV and σ2

K). This indicates that the model has not
yet effectively learned the signals or the noises.
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(a) Benign Overfitting (b) Harmful Overfitting

Figure 3: Attention score analysis of benign overfitting and harmful overfitting under various labeled
noise α ∈ {0.2, 0.1, 0.01, 0.001}. We denote atten signals as the strength of the signals learned by
attention, while atten noises represents the strength of the noise learned by attention.

• Noise learning phase: During this phase, the model increasingly focuses on the noises
rather than the signals, leading to an increase in test loss. The test loss is upper bounded by
a function directly related to the label-flipping noise α, the signal strength |µ|, and the norm
of the linear layer weight ∥υ∥2. In contrast, the lower bound of the test loss is influenced
solely by the signal strength |µ| and the norm of the linear layer weight ∥υ∥2.

• Divergence phase: When t > T2, the model fully learns the noises. The test loss increases
significantly and begins to diverge, ultimately exceeding 1/2. This is higher than what
would be expected from a random guess.

Remark 1. In summary, the model mainly learns the signals when benign overfitting occurs, result-
ing in lower loss values and better generalization. In contrast, when harmful overfitting occurs, the
model mainly focuses on the noises, leading to poor generalization.

5 EXPERIMENTS

We present simulations using synthetic data to support our theoretical analysis. In this section, we
demonstrate that the training dynamics can be clearly divided into three distinct phases based on
varying α values across both overfitting scenarios. Furthermore, we confirm the existence of benign
overfitting and investigate the conditions under which it occurs. Finally, we investigated methods to
further enhance the model’s generalization performance when benign overfitting occurs.

Synthetic data setting: We generate the training and test datasets according to Definition 1. Each
data point consists of two components: signal and noise. The signal is composed of two orthogonal
vectors, ∥µ∥2 · e1 and ∥µ∥2 · e2, which are generated with equal probability. e1 and e2 are defined
as [1, 0, . . . , 0]⊤ and [0, 1, . . . , 0]⊤ respectively. The noise is sampled from a Gaussian distribution
N (0, σ2

pI). In our experiments, the sample size N is variable. Specifically, in the training dynamics
and learning rate η experiments, we vary N from 2 to 20. In other experiments, we set N to 100 to
ensure the model learns the data sufficiently. Furthermore, to investigate the effect of signal-to-noise
ratio (SNR) on benign overfitting, we adjust the signal strength µ from 1 to 100, while keeping the
noise standard deviation σp constant at 4. This allows us to explore how varying SNR impacts the
test loss.

5.1 TRAINING DYNAMICS OF BENIGN OVERFITTING AND HARMFUL OVERFITTING

We primarily illustrate the training dynamics by examining the attention scores and the values of the
WV matrix under various label-flipping noise conditions, encompassing both benign and harmful
overfitting. Figure 3 (a) and (b) demonstrate that the training dynamics of attention can be charac-
terized by three distinct phases. During the initialization phase, attention treats signals and noises
equally, as it cannot distinguish between them. In the signal learning phase, attention increasingly
focuses on the signals rather than the noises, and in the convergence phase, attention is entirely

7
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(a) Benign Overfitting (b) Harmful Overfitting

Figure 4: Analysis of the WV matrix of benign overfitting and harmful overfitting under various
labeled noise α ∈ {0.2, 0.1, 0.01, 0.001}. We denote V signals as the strength of the signals learned
by the WV matrix, while V noises represents the strength of the noises learned by WV .

(a) α = 0.001 (b) α = 0.01 (c) α = 0.1 (d) α = 0.2

Figure 5: The heatmap of test loss on synthetic data across various SNR, N and label-flipping prob-
ability α.

directed towards the signals. In contrast, during the noise learning phase in harmful overfitting,
attention increasingly concentrates on the noises rather than the signals. Eventually, attention pri-
marily focuses on the noises, causing the model to learn irrelevant information. We also observe
that as the label-flipping noise α increases, a larger portion of the attention mechanism is directed
towards the noises, leading the model to memorize more irrelevant information.

Figure 4 (a) and (b) demonstrate that the update of WV matrix can be characterized by three distinct
phases. According to Assumption (7), the WV matrix starts with relatively small values due to
random initialization. As training progresses, the model prefers to learn the signals rather than
memorize the noises in benign overfitting, which is referred to as the signal learning phase. After a
certain period, WV stops learning noises and V noises converges to a constant, while WV continues
to learn signals. In contrast, as training progresses, WV prefers to learn noises in harmful overfitting
and WV completely memorizes noises ultimately. Furthermore, we observe that the WV matrix
memorize more noises as the labeled noise α increases when benign overfitting occurs.

We further conduct experiments on two types of overfitting test errors as shown in Figure 1, pro-
viding empirical verification for our theoretical results in Theorem 1 and Theorem 2. When benign
overfitting occurs, the initialization stage is brief, and the test loss remains at a significantly high
value. The model gradually learns the signals, with the test loss decreasing rapidly until it reaches
the ϵ level. During the convergence phase, the test loss stabilizes at the ϵ level. In contrast, when
harmful overfitting occurs, the model prefers to learn noises, with the test loss increasing rapidly
and eventually diverging.

5.2 TRANSITION BETWEEN BENIGN OVERFITTING AND HARMFUL OVERFITTING

As illustrated in Figure 5, there is a clear distinction between benign overfitting and harmful over-
fitting under varying labeled noise α and SNR. The test loss shows a decreasing trend as both N
and SNR increase. To further explore this transition, we apply additional processing based on Fig-
ure 5. Figure 6 shows that the boundary does not undergo any significant spatial deformation as α

8
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(a) α = 0.001 (b) α = 0.01 (c) α = 0.1 (d) α = 0.2

Figure 6: Under varying labeled noise α, benign overfitting is depicted in yellow, while harmful
overfitting is shown in purple. The transition between two types of overfitting is illustrated by a red
curve.

(a) The test loss w.r.t. the critical line N ·
SNR2 + h(α) = Ω(1).

(b) Similarity analysis of α = 0.1
and α = 0.001.

Figure 7: (a) shows the variation of Ω(1)− h(α) with α, while (b) shows the similarity between the
two conditions α = 0.1 and α = 0.001, with higher scores indicating higher similarity.

increases. Instead, it simply shifts spatially. This observation aligns with our theory, which indi-
cates that the transition between benign and harmful overfitting is primarily governed by SNR and
N , while α only influences the translation h(α).

5.2.1 THE IMPACT OF CRITICAL LINE

The boundary N · SNR2 + h(α) = Ω(1) represents the minimum condition under which benign
overfitting occurs. As illustrated in Figure 7 (a), we show how N · SNR2 varies with changes in α.
The figure clearly demonstrates that the likelihood of convergence toward Ω(1) shifts with changes
in α. Specifically, as α increases, the term Ω(1) − h(α) rises, indicating a corresponding decrease
in h(α). Furthermore, Figure 7 (b) reveals that the shape of the curve remains consistent, suggesting
that α affects only the spatial displacement h(α) of the curve, without altering its overall form. The
curves for α = 0.1 and α = 0.001 demonstrate a striking similarity, which verifies our theory:
varying α does not impact the distribution of the data; instead, it only influences the spatial offset
h(α) of the boundary line.

6 CONCLUSION AND FUTURE WORK

This paper studies the training dynamics, convergence, and generalization of a two-layer transformer
with labeled noise. Firstly, we present generalization error bounds for both benign and harmful over-
fitting under varying signal-to-noise ratios (SNR). Secondly, we categorize the training dynamics
into three stages and provide corresponding stage-wise error bounds. One limitation of our study
is that the transformer model we analyze consists of only two layers. The more complex softmax
and multi-layer attention mechanisms in deeper transformers create significant challenges in sep-
arating signal from noise, complicating the analysis of their training dynamics and generalization.
An important direction for future work is to extend our analysis to deeper architectures.

9
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A MORE EXPERIMENTS

A.1 EXPERIMENTAL SETUP

In this section, we present simulations of synthetic data and true data to support our theoretical
analysis in the previous section.

• Synthetic data setting: We generate the training and test datasets according to Definition 1.
Each data point consists of two components: signal and noise. The signal is composed of
two orthogonal vectors, ∥µ∥2 ·e1 and ∥µ∥2 ·e2, which are generated with equal probability.
e1 and e2 are defined as [1, 0, . . . , 0]⊤ and [0, 1, . . . , 0]⊤ respectively. The noise is sampled
from a Gaussian distribution N (0, σ2

pI). In our experiments, the sample size N is variable.
Specifically, in the training dynamics and learning rate η experiments, we vary N from 2 to
20. In other experiments, we set N to 100 to ensure the model learns the data sufficiently.
Furthermore, to investigate the effect of signal-to-noise ratio (SNR) on benign overfitting,
we adjust the signal strength µ from 1 to 100, while keeping the noise standard deviation
σp constant at 4. This allows us to explore how varying SNR impacts the test loss.

• Model: We define the model as a simple two-layer transformer used to explore the relevant
factors that affect benign overfitting, consisting of an attention layer and multiple layers of
perceptrons. The dimensions of the weight matrices are all 512. Parameters are initialized
using PyTorch’s default initialization method. We set the target loss to 0.01 and conducted
experiments using the full batch descent method.

• All experimental results were the average of 20 repeated experiments and all experiments
were conducted on NVIDIA A100 GPU.

A.2 CRITICAL FACTORS INFLUENCING THE GENERALIZATION OF BENIGN OVERFITTING

We explore the critical factors influencing the generalization of benign overfitting, including the
learning rate η, sample size N, labeled noise α, Gaussian initialization σV and signal-to-noise ratio
(SNR). The following observations are consistent with our theoretical results.

A.2.1 LEARNING RATE η AND SAMPLE SIZE N

As illustrated in Figure 8, during benign overfitting, both increasing the learning rate η and the sam-
ple size N contribute to improved generalization. Furthermore, Figure 8 (b) demonstrates that the
test loss decreases significantly only when the signal-to-noise ratio (SNR) exceeds a specific thresh-
old. This finding aligns with our initial assumption regarding the conditions for benign overfitting
in our experimental setting.

(a) Effect of η (b) Effect of N

Figure 8: The effects of varying learning rate η and sample size N on test loss.

12



648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2026

(a) Effect of α (b) Real-world Noise

Figure 9: (a) represents the effect of varying label-flipping probability α on test loss, while (b)
investigates the impact of labeled noise on test loss in real-world dataset by increasing the proportion
of noises within image patches.

(a) Effect of σV (b) Optimal σV

Figure 10: (a) examines the effect of varying Initialization σV on test loss, and (b) further investi-
gates the optimal value for the initialization σV .

A.2.2 LABELED NOISE α

We represents the effect of varying label-flipping probability α on test loss. The synthetic experiment
reveals that as α increases, the test loss gradually rises as shown in Figure 9 (a). To validate this
finding, we conduct experiments on the MNIST dataset, presented in Figure 9 (b), by increasing the
proportion of noises within the image patches. We observe a consistent positive correlation between
noise level and test loss.

A.2.3 GAUSSIAN INITIALIZATION σV

We investigate the effect of initialization σV on test loss. Specifically, we examine two aspects:
Figure 10 (a) presents the test loss under various Gaussian initializations σV , while Figure 10 (b) re-
veals the optimal initialization values within a lower standard deviation range. Our findings indicate
that as the Gaussian initialization σV decreases, the test loss tends to decline, as shown in Figure 10
(a). Additionally, Figure 10 (b) illustrates that when the standard deviation stabilizes below 1, the
optimal initialization values closely align with these curves.

A.2.4 SIGNAL-TO-NOISE RATIO (SNR)

We also investigate the effect of varying signal-to-noise ratio (SNR) on test loss. SNR is determined
by the signal norm µ and noise standard deviation σp. We conduct experiments by varying µ and
σp while keeping other variables constant. Figure 11 demonstrates that test loss decreases with
increased signal strength and decreased noise standard deviation.
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(a) Effect of µ (b) Effect of σp

Figure 11: The effects of varying µ and σp on test loss, where µ represents the signal strength and
σp represents the noise standard deviation.

B SYMBOL NOTIONS

Symbols Notions
q
(t)
+ , q

(t)
− , q

(t)
ξ,i vectorized Q, defined as

q
(t)
+ = µ⊤

+W
(t)
Q , q

(t)
− = µ⊤

−W
(t)
Q , q

(t)
ξ,i = ξ⊤i W

(t)
Q

k
(t)
+ , k

(t)
− , k

(t)
ξ,i , k

(t)
ξ,i′ vectorized K, defined as

k
(t)
+ = µ⊤

+W
(t)
K , k

(t)
− = µ⊤

−W
(t)
K , k

(t)
ξ,i = ξ⊤i W

(t)
K , k

(t)
ξ,i′ = ξ⊤i′ W

(t)
K

V
(t)
+ , V

(t)
− , V

(t)
ξ,i scalarized V, defined as

V
(t)
+ = µ⊤

+W
(t)
V υ, V

(t)
− := µ⊤

−W
(t)
V υ, V

(t)
ξ,i := ξ⊤i W

(t)
V υ

Λ
(t)
ξ,±,i,Λ

(t)
ξ,i,±,i′ Λ

(t)
ξ,±,i := ⟨q(t)

± ,k
(t)
± ⟩ − ⟨q(t)

± ,k
(t)
ξ,i⟩,

Λ
(t)
ξ,i,±,i′ := ⟨q(t)

ξ,i ,k
(t)
± ⟩ − ⟨q(t)

ξ,i ,k
(t)
ξ,i′⟩

Table 2: Notions related to Query (Q), Key (K), and Value (V).

Symbols Notions

S11 a general reference to
exp(⟨q(t)+ ,k

(t)
+ ⟩)

exp(⟨q(t)+ ,k
(t)
+ ⟩)+exp(⟨q(t)+ ,k

(t)
ξ,i⟩)

for i ∈ S+, and

exp(⟨q(t)− ,k
(t)
+ ⟩)

exp(⟨q(t)− ,k
(t)
+ ⟩)+exp(⟨q(t)− ,k

(t)
ξ,i⟩)

for i ∈ S−

S21 a general reference to
exp(⟨q(t)ξ,i,k

(t)
+ ⟩)

exp(⟨q(t)ξ,i,k
(t)
+ ⟩)+exp(⟨q(t)ξ,i,k

(t)

ξ,i′ ⟩)
for i, i′ ∈ S+, and

exp(⟨q(t)ξ,i,k
(t)
− ⟩)

exp(⟨q(t)ξ,i,k
(t)
− ⟩)+exp(⟨q(t)ξ,i,k

(t)

ξ,i′ ⟩)
for i, i′ ∈ S−

S12 a general reference to
exp(⟨q(t)+ ,k

(t)
ξ,i⟩)

exp(⟨q(t)+ ,k
(t)
+ ⟩)+exp(⟨q(t)+ ,k

(t)
ξ,i⟩)

for i ∈ S+, and

exp(⟨q(t)− ,k
(t)
ξ,i⟩)

exp(⟨q(t)− ,k
(t)
− ⟩)+exp(⟨q(t)− ,k

(t)
ξ,i⟩)

for i ∈ S−

S22 a general reference to
exp(⟨q(t)ξ,i,k

(t)

ξ,i′ ⟩)

exp(⟨q(t)ξ,i,k
(t)
+ ⟩)+exp(⟨q(t)ξ,i,k

(t)

ξ,i′ ⟩)
for i, i′ ∈ S+, and

exp(⟨q(t)ξ,i,k
(t)

ξ,i′ ⟩)

exp(⟨q(t)ξ,i,k
(t)
− ⟩)+exp(⟨q(t)ξ,i,k

(t)

ξ,i′ ⟩)
for i, i′ ∈ S−

Table 3: Notions related to softmax.
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C PROOF TECHNIQUES

In this section, we present the main proof techniques for studying the training dynamics and the
specific test loss in both benign and harmful overfitting. The complete proofs are provided in the
Appendix D.

C.1 KEY TECHNIQUE 1: UPPER BOUND AND LOWER BOUND ANALYSIS OF TEST ERROR

We recognize that, due to the presence of label-flipping noise, the Bayes optimal test error is at least
α. Consequently, the discrepancy between the test error and the training error is no less than α. This
situation prevents us from employing the commonly utilized logistic loss to minimize the empirical
risk. In our work, we conduct a different test error analysis. Initially, we can express the 0-1 test
error as follows:

L0−1
D (θ) =P(x,y)∼D [y ̸= sign (f(θ,X, υ))]

=α+ (1− 2α)P(ŷf(θ,X, υ) ≤ 0).

Lemma 3. If α ∈ [0, 1/C), f is the model output function, then the upper bound of the test loss
function satisfies the following inequalities:

P(x,y)∼∼D [y ̸= sign (f(θ,X, υ))] ≤ α+ P(ŷf(θ,X, υ) ≤ 0). (1)

Lemma 4. If f(θ,X, υ) ∼ N (E, σ2
f ), and Φ(−X) is the cumulative distribution function of the

standard normal distribution. The test loss can be bounded as follows:

• Upper Bound of Joint Probability Density Function:

P (ŷf(θ,X, υ) ≤ 0) ≈ Φ

(
− E
σf

)
≤ 1

2
− E

σf

√
2π

+O

(
E2

σ2
f

)

• Lower Bound of Joint Probability Density Function: P (ŷf(θ,X, υ) ≤ 0) ≥ 1
2 − E

σf

√
2π

C.2 KEY TECHNIQUE 2: SIMPLIFY THE JOINT PROBABILITY DENSITY FUNCTION

With Key Technique 1, the analysis of the test error can be simplified to estimating the probability
of incorrect predictions P(ŷf(θ,X, υ) ≤ 0).
Lemma 5. Because it involves label flipping, the model output value can be divided into real label ŷ
and flipped label −ŷ. We divide V: V (t)

+ŷ =
∑

r arV
(t)
+ , V

(t)
+(−ŷ) =

∑
r brV

(t)
+ , V

(t)
+ = V

(t)
+ŷ +V

(t)
+(−ŷ).

Similarly, we split V (t)
− and V

(t)
ξ for j = ±ŷ. ŷf(θ,X, υ) can be composed as:

ŷf(θ,x, υ) =
∑
j,r

[(S11 + S21)(V
(t)
+ + V

(t)
− ) + (S12 + S22)V

(t)
ξ ].

Lemma 6 (The test loss of benign overfitting). When analyzing the second phase of benign overfit-
ting, we have P (ŷf(θ,x, υ) ≤ 0) ≤ P

(∑
r

S11+S21

S12+S22

(
V

(t)
+,ŷ + V

(t)
−,ŷ

)
≤ V

(t)
ξ,(−ŷ) + o(1)

)
.

C.3 KEY TECHNIQUE 3: JOINT PROBABILITY DENSITY FUNCTION ESTABLISHES A
RELATIONSHIP WITH WEIGHT UPDATE

Lemma 7. Under Assumptions (1)–(7), in the theoretical analysis of test error in the second and
third stages of benign overfitting, we define g(ξ) as V

(t)
ξ,(−ŷ) =

∑
r

〈
υW

(t)
−ŷ,r, ξ

〉
, where W

(t)
−ŷ,r

refers to the row vector in parameter matrix W with label −ŷ and index r at the t-th training round.
Then, we know that for any x ≥ 0, if g : Rn → R is a Lipschitz function and c is a constant, we
have

P(g(ξ)− Eg(ξ) ≥ x) ≤ exp

− cx2

σ2
p

∑dV

r=1

∥∥∥W (t)
−ŷ,rυ

∥∥∥2
2

 .
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D DETAILED PROOF OF THE LEMMA

Lemma 8 (Upper Bound of Joint Probability Density Function). If α ∈ [0, 1/C), f is the model
output function, then the upper bound of the test loss function satisfies the following inequalities:

P(x,y)∼∼D [y ̸= sign (f(θ,X, υ))] ≤ α+ P(ŷf(θ,X, υ) ≤ 0). (2)

Proof of Lemma 3. We can write out the test error as
L0−1
D ((θ(t)) =P(X,ŷ,y)∼D(y ̸= sign(f(θ,X, υ)))

=P(X,ŷ,y)∼D(yf(θ,X, υ) ≤ 0)

=P(X,ŷ,y)∼D(yf(θ,X, υ) ≤ 0, y ̸= ŷ) + P(X,ŷ,y)∼D(yf(θ,X, υ) ≤ 0, y = ŷ)

=α · P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≥ 0) + (1− α) · P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≤ 0)

≤α+ P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≤ 0),

In the second and third equation, we used the definition of D in Definition 1.
Lemma 9 (Upper Bound and Lower Bound of Joint Probability Density Function). If f(θ,X, υ) ∼
N (E, σ2

f ), and Φ(−X) is the cumulative distribution function of the standard normal distribution.
Upper bound and lower bound of test loss function satisfy the following inequalities:

• Upper Bound of Joint Probability Density Function:

P (ŷf(θ,X, υ) ≤ 0) ≈ Φ

(
− E
σf

)
≤ 1

2
− E

σf

√
2π

+O

(
E2

σ2
f

)

• Lower Bound of Joint Probability Density Function: P (ŷf(θ,X, υ) ≤ 0) ≥ 1
2 − E

σf

√
2π

Proof of Lemma.4. we have
ŷf ∼ N

(
E, σ2

f

)
By applying the Taylor expansion to correct the probability, and the cumulative distribution function
of the Gaussian distribution is denoted by Φ. Using Φ(−x) ≈ 1

2 − x√
2π

+O(x2), we can rewrite:

P (ŷf ≤ 0) ≈ Φ

(
− E
σf

)
≤ 1

2
− E

σf

√
2π

+O

(
E2

σ2
f

)

P (ŷf(θ,X, υ) ≤ 0) ≥ 1

2
− E

σf

√
2π

Lemma 10 (f(θ,X, υ) establishes a relationship with the signal and noise).

ŷf(θ,x, υ) =
∑
j,r

[(S11 + S21)(V
(t)
+ + V

(t)
− ) + (S12 + S22)V

(t)
ξ ].

Proof of Lemma5.
ŷf(θ,x, υ)

=
∑

r∈[dV ]

(υTx1(S11 + S21)W
(t)
V,r + υTx2(S12 + S22)W

(t)
V,r)

=
∑
j

∑
r∈[dV ]

[(S11 + S21)⟨W (t)
V j,r, x1⟩υ + (S12 + S22)⟨W (t)

V j,r, x2⟩υ]

=
∑
j,r

[(S11 + S21)(µ
T
+W

(t)
vj,rυ + µT

−W
(t)
V j,rυ) + (S12 + S22)ξ

TW
(t)
V jυ]

=
∑
j,r

[(S11 + S21)(V
(t)
+ + V

(t)
− ) + (S12 + S22)V

(t)
ξ ].
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Lemma 11 (The test loss of benign overfitting). When analyzing the second phase of benign over-
fitting, by substituting the segmented V vector and Lemma 5 into P(ŷf(θ,X, υ) ≤ 0), we have

P (ŷf(θ,x, υ) ≤ 0)

=P

(∑
r

(S11 + S21)(V
(t)
+,ŷ + V

(t)
−,ŷ) + (S12 + S22)V

(t)
ξ,ŷ

≤
∑
r

(
(S11 + S21)(V

(t)
+ + V

(t)
− ) + (S12 + S22)V

(t)
ξ,(−ŷ)

))

⩽P

(∑
r

S11 + S21

S12 + S22

(
V

(t)
+,ŷ + V

(t)
−,ŷ

)
≤ V

(t)
ξ,(−ŷ) + o(1)

)
.

Proof of Lemma.6. The first equality arises from the conversion relationship among V
(t)
+ , V

(t)
+,ŷ, and

V
(t)
+,(−ŷ). The second inequality holds because we are in a benign overfitting phase, where the signal

memory exceeds the noise memory. Here, the left side of the inequality is predominantly influenced
by the signal memory, while the right side satisfies Equation 14 and Equation 17.
Lemma 12 (Joint Probability Density Function Establishes a Relationship with Weight Update).
Under Assumptions (1)–(7), in the theoretical analysis of test error in the second and third stages
of benign overfitting, we define g(ξ) as V (t)

ξ,(−ŷ) =
∑

r

〈
υW

(t)
−ŷ,r, ξ

〉
, where W

(t)
−ŷ,r refers to the row

vector in parameter matrix W with label −ŷ and index r at the t-th training round. Then, we know
that for any x ≥ 0, if g : Rn → R is a Lipschitz function and c is a constant, the following inequality
holds for the test loss.

P(g(ξ)− Eg(ξ) ≥ x) ≤ exp

− cx2

σ2
p

∑dV

r=1

∥∥∥W (t)
−ŷ,rυ

∥∥∥2
2

 .

Proof of Lemma7. According to Theorem 5.2.2 in Vershynin (2018), we know that for any x ≥ 0, if
g : Rn → R is a Lipschitz function, it holds that

P(g(ξ)− Eg(ξ) ≥ x) ≤ exp

(
− cx2

σ2
p∥g∥2Lip

)
, (3)

Since g(ξ) is defined as V (t)
ξ,(−ŷ) =

∑
r

〈
υW

(t)
−ŷ,r, ξ

〉
and ⟨W (t)

−ŷ,rυ, ξ⟩ ∼ N (0, ∥W (t)
−ŷ,r∥

2
2∥υ∥22σ2

p),
we have

|g(ξ)− g(ξ′)| =

∣∣∣∣∣
dV∑
r=1

〈
υW

(t)
−ŷ,r, ξ

〉
−

dV∑
r=1

〈
υW

(t)
−ŷ,r, ξ

′
〉∣∣∣∣∣

≤
dV∑
r=1

∣∣∣〈υW (t)
−ŷ,r, ξ

〉
−
〈
υW

(t)
−ŷ,r, ξ

′
〉∣∣∣

=

dV∑
r=1

∣∣∣〈υW (t)
−ŷ,r, ξ − ξ′

〉∣∣∣
≤

dV∑
r=1

∥W (t)
−ŷ,r∥2∥υ∥2∥ξ − ξ′∥2

So, we can get

∥g∥Lip ≤
dV∑
r=1

∥∥∥W (t)
−ŷ,r υ

∥∥∥
2
, (4)

By plugging Equation 4 into Equation 3, we get:

P(g(ξ)− Eg(ξ) ≥ x) ≤ exp

− cx2

σ2
p

∑dV

r=1

∥∥∥W (t)
−ŷ,rυ

∥∥∥2
2

 .
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Lemma 13 (Relationship of constants). To ensure the continuity of the test error function, it is
necessary to verify that at t = T1, the test error of the first stage matches the initial test error of the
second stage. Similarly, at t = T2, the test error of the second stage should equal the initial test
error of the third stage. It is evident that this condition holds for t = T1. We will focus on verifying
this condition for t = T2.
Proof.

α+ exp
[ c4
2π

− c10η
4∥µ∥8(T2 − T1)

2(T2 − T1 − 1)2dSNR2ḋK

]
=α+ exp

(c12
2π

)
c4 − c12
2π · c10

= η4∥µ∥8(T2 − T1)
2(T2 − T1 − 1)2dSNR2ḋK

It is sufficient to ensure that the above relations are satisfied among the three constants.

E BASIC INEQUALITY

E.1 BENIGN OVERFITTING

According to Jiang et al. (2024), for t ∈ (T1, T2], the following inequalities hold during the second
phase of benign overfitting,

exp(⟨q(t)+ , k
(t)
ξ,i⟩)

exp(⟨q(t)+ , k
(t)
+ ⟩) + exp(⟨q(t)+ , k

(t)
ξ,i⟩)

≤
exp(⟨q(t)+ , k

(t)
ξ,i⟩)

exp(⟨q(t)+ , k
(t)
+ ⟩)

=
1

c5 exp(Λ
(t)
ξ,±,i)

(5)

exp(⟨q(t)ξ,i , k
(t)
ξ,i′⟩)

exp(⟨q(t)ξ,i , k
(t)
+ ⟩) + exp(⟨q(t)ξ,i , k

(t)
ξ,i′⟩)

≤ 1

c7 exp(Λ
(t)
ξ,i,±,i′)

(6)

V
(t)
+ ≥ ηc1∥µ∥22∥υ∥22(t− T1) (7)

|V (t)
± | ≤ O(d−

1
4 ) + ηc4∥µ∥22∥υ∥22(t− T1) (8)

Λ
(t+1)
ξ,±,i ≥ log

(
exp(Λ

(T1)
ξ,±,i) +

η2c8∥µ∥42∥υ∥22d
1
2

K

N(log(24N2/δ))2
· (t− T1)(t− T1 + 1)

)
(9)

Λ
(t+1)
ξ,i,±,i′ ≥ log

exp(Λ
(T1)
ξ,i,±,i′) +

η2c8σ
2
pd∥µ∥22∥υ∥22d

1
2

K

N(log(24N2/δ))2
· (t− T1)(t− T1 + 1)

 (10)

∥∥∥W (t+1)
V υ −W

(t)
V υ

∥∥∥
2
= O

(
η ·max

{
∥µ∥2 , σp

√
d
}
· ∥υ∥2

)
(11)

V
(T2)
+ ≥ 6 ·

∣∣∣V (T2)
ξ,i

∣∣∣ , (12)

V
(T2)
− ≤ −6 ·

∣∣∣V (T2)
ξ,i

∣∣∣ . (13)∣∣∣V (T2)
+

∣∣∣ , ∣∣∣V (T2)
−

∣∣∣ , ∣∣∣V (T2)
ξ,i

∣∣∣ = o(1), (14)

When benign overfitting occurs during the third stage, the following inequality is satisfied:

log
(
exp

(
V

(T2)
+

)
+ ηc11∥µ∥22∥υ∥22(t− T2)

)
≤ V

(t)
+ ≤ 2 log

(
O

(
1

ϵ

))
, (15)

− 2 log

(
O

(
1

ϵ

))
≤ V

(t)
− ≤ − log

(
exp

(
−V

(T2)
−

)
+ ηc11∥µ∥22∥υ∥22(t− T2)

)
(16)∣∣∣V (t)

+

∣∣∣ , ∣∣∣V (t)
−

∣∣∣ , ∣∣∣V (t)
ξ,i

∣∣∣ = o(1), (17)
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E.2 HARMFUL OVERFITTING

According to Jiang et al. (2024), for t ∈ (T1, T2], the following inequalities hold during the second
phase of harmful overfitting

V
(t)
ξ,i ≥

ηc13σ
2
pd∥υ∥22(t− T1)

N
(18)

V
(t)
ξ,i ≤ −

ηc14σ
2
pd∥υ∥22(t− T1)

N
(19)

|V (t)
± | ≤ O(d−

1
4 ) +

ηc15σ
2
pd∥υ∥22(t− T1)

N
(20)

|V (t)
ξ,i | ≤ O(d−

1
4 ) +

ηc16σ
2
pd∥υ∥22(t− T1)

N
(21)

Softmax(⟨q(t)
± ,k

(t)
± ⟩) = O

(
σ2
pd(log(24N

2/δ))3

∥µ∥22∥υ∥22d
1
2

)
(22)

Softmax(⟨q(t)
ξ,i ,k

(t)
ξ,i′⟩) = 1−O

(
(log(24N2/δ))3

∥υ∥22d
1
2

)
(23)

∣∣∣V (T2)
+

∣∣∣ , ∣∣∣V (T2)
−

∣∣∣ , ∣∣∣V (T2)
ξ,i

∣∣∣ = o(1), (24)

When harmful overfitting occurs during the third stage, the following inequality is satisfied:

V
(t)
± = o(1) (25)∣∣∣V (t)

+

∣∣∣ , ∣∣∣V (t)
−

∣∣∣ , ∣∣∣V (t)
ξ,i

∣∣∣ = o(1), (26)

ŷ(f(θ,X, υ)) =

dV∑
r=1

(
υTx1(S11 + S21)W

(t)
V r + υTx2(S12 + S22)W

(t)
V r

)
≥ log(1 + e−1/2), with probability at least

1

2
. (27)

F UPPER BOUND OF BENIGN OVERFITTING

F.1 STAGE I TEST LOSS

Theorem 14 (First part of Theorem 1). Under the same conditions as Theorem 1, When N ·SNR2+
h(α) = Ω(1), where h(α) is a function related to α, for any ϵ > 0, under the assumptions above,
with probability at least 1− δ:

L0−1
D ((θ(t)) ⩽

1

2
+ α+O(1) ≈ Θ(1)

Since WQ and WK are initialized as Gaussian matrices, each element of the attention score matrix
X⊤WQW

⊤
Kxlfollows a zero-mean Gaussian distribution. After applying Softmax normalization,

the attention weights per row approximate a uniform distribution:

S
(
X⊤WQW

⊤
Kxl

)
≈ 1

2

[
1 1
1 1

]
For a sequence length M = 2, the attention weight per position is 1

2 .
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Substituting uniform attention weights into the model:

f(X, θ(0)) ≈
M∑
l=1

υ⊤W⊤
V,jXS

(
X⊤WQW

⊤
Kxl

)
=

M∑
l=1

υ⊤W⊤
V,jX · 1

2

[
1 1
1 1

]

=
1

2
v⊤

2∑
l=1

xlW
⊤
V,j

=
1

2
υ⊤(µ+WV,j + µ−WV,j + ξWV,j)

Since µ⊤
+W

(0)
V,j ∼ N (0, σ2

V ||µ||22), µ⊤
−W

(0)
V,j ∼ N (0, σ2

V ||µ||22) and ξ⊤W
(0)
V,j ∼ N (0, σ2

V σ
2
pd), we

can get the distribution of the model’s initial output:

f(X, θ(0)) ∼ N

(
0,

σ2
V (||µ||22 + σ2

pd)

4

)

Recall from Equation 1: L0−1
D ((θ(0)) ≤ α+ P (ŷf(X, θ(0)) ≤ 0).

Since f(X, θ(0)) is a symmetric distribution, hence the equation can be bounded as P (ŷf(X, θ(0)) ≤
0) = 1

2 . Finally, we can obtain the test error in phase 1:

L0−1
D ((θ(0)) ⩽

1

2
+ α+O(1) ≈ Θ(1)

F.2 STAGE II TEST LOSS

Theorem 15 (Second part of Theorem 1)). There exists T2 = Θ
(

1
η∥µ∥2

2∥υ∥2
2

)
, for t ∈ (T1, T2], the

test loss is upper bounded by:

L0−1
D ((θ(t)) ≲ α+ exp

(
−η4∥µ∥82(t− T1)

4SNR2
)

Proof. For the sake of convenience, we use (X, ŷ, y) ∼ D to denote the following: data point (X, y)
follows distribution D defined in Assumptions (1)–(7) , and ŷ is its true label. We can write out the
test error as Equation 1:

L0−1
D ((θ(t)) ≤α+ P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≤ 0)

Therefore we need to calculate an upper bound for P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≤ 0).

To achieve this and account for the presence of label flipping, we express X as (µ+, µ−, ξ). We can
derive the following inequality from Lemma 6.

P (ŷf(θ,X, υ) ≤ 0) ⩽ P

(∑
r

S11 + S21

S12 + S22

(
V

(t)
+r,ŷ + V

(t)
−r,ŷ

)
≤ V

(t)
ξ,(−rŷ) + o(1)

)
.

Denote g(ξ) as V
(t)
ξ,(−ŷ) =

∑
r

〈
υW

(t)
−ŷ,r, ξ

〉
. The initial equality is derived from equation Equa-

tion 11, while the second equality arises from the initialization of the V vector.∥∥∥W (t)
V υ

∥∥∥
2
≤
∥∥∥W (0)

V υ
∥∥∥
2
+

t−1∑
t′=0

∥∥∥W (t′+1)
V υ −W

(t′)
V υ

∥∥∥
2

=
∥∥∥W (0)

V υ
∥∥∥
2
+ tO

(
η ·max

{
∥µ∥2 , σp

√
d
}
· ∥υ∥2

)
= O

(
σV ∥υ∥2

√
d+ tη ∥υ∥2 max

{
∥µ∥2 , σp

√
d
})

(28)
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Given that g(ξ) is defined as V
(t)
ξ,(−ŷ) =

∑
r

〈
υW

(t)
−ŷ,r, ξ

〉
, and considering that ⟨W (t)

−ŷ,rυ, ξ⟩ ∼

N (0, ∥W (t)
−ŷ,r∥

2
2∥υ∥22σ2

p), in the benign overfitting phase, the signal strength exceeds that of the
noise. Consequently, we can deduce:

Eg(ξ) =
dV∑
r=1

E⟨υW (t)
−ŷ,r, ξ⟩

=

dV∑
r=1

∥W (t)
−ŷ,r∥2σpυ√

2π

=
σp√
2π

dV∑
r=1

∥W (t)
−ŷ,rυ∥2 (29)

≤ O

(
σV σp ∥υ∥2

√
d

2π
+ tησp ∥υ∥2

∥µ∥√
2π

)

P (ŷ(f(θ,X, υ)) ≤ 0) ⩽ P

(
V

(t)
ξ,ir,(−y⃗) ≥

∑
r

S11 + S21

S12 + S22

(
V

(t)
+r,y⃗ + V

(t)
−r,y⃗

))

= P

(
g(ξ)− Eg(ξ) ≥

∑
r

S11 + S21

S12 + S22

(
V

(t)
+r,y⃗ + V

(t)
−r,y⃗

)
− σp√

2π

dV∑
r=1

∥∥∥W (t)
−ry⃗,rυ

∥∥∥
2

)

⩽ exp

−
c2

(∑
r

S11+S21

S12+S22

(
V

(t)
+r,y⃗ + V

(t)
−r,y⃗

)
−

σp
∑dV

r=1

∥∥∥W (t)
−y⃗,r

υ
∥∥∥
2√

2π

)2

σ2
p

(∑dV

r=1

∥∥∥W (t)
−y⃗,rυ

∥∥∥
2

)2


= exp

−c3

∑r
S11+S21

S12+S22

(
V

(t)
+r,y⃗ + V

(t)
−r,y⃗

)
σp

∑dV

r=1

∥∥∥W (t)
−y⃗,rυ

∥∥∥
2

− 1√
2π

2


⩽ exp(c4/2π) · exp

−c5
2

∑r
S11+S21

S12+S22

(
V

(t)
+r,y⃗ + V

(t)
−r,y⃗

)
σp

∑dV

r=1

∥∥∥W (t)
−y⃗,rυ

∥∥∥
2

2
 (30)

The first inequalities are derived from Lemma 6, and we drop the constant o(1) to simplify the
analysis. The first equality is due to Lemma 7 and Equation 29. The last inequality is due to the fact
that (s− t)2 ≥ s2

2 − t2 for all s, t ≥ 0.

When benign overfitting occurs, we are aware of the bounds of the following terms during the second stage:

• 1− Softmax(⟨q(t)
+ ,k

(t)
+ ⟩)

• 1− Softmax(⟨q(t)
ξ,i ,k

(t)
+ ⟩)

• Softmax(⟨q(t)
+ ,k

(t)
ξ,i⟩)

• Softmax(⟨q(t)
ξ,i ,k

(t)
ξ,i′⟩)

It is noted that the following inequalities hold, so we only need to calculate the last two terms:

1− Softmax(⟨q(t)
+ ,k

(t)
+ ⟩) =

∑
j

Softmax(⟨q(t)
+ ,k

(t)
ξ,i⟩)

1− Softmax(⟨q(t)
ξ,i ,k

(t)
+ ⟩) =

∑
j

Softmax(⟨q(t)
ξ,i ,k

(t)
ξ,i′⟩)
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By substituting Equation 9 into Equation 5, and Equation 10 into Equation 6, we obtain the following inequality:

exp(⟨q(t)+ , k
(t)
ξ,i⟩)

exp(⟨q(t)+ , k
(t)
+ ⟩) + exp(⟨q(t)+ , k

(t)
ξ,i⟩)

≤ 1

c5 exp
(
Λ
(t)
ξ,±,i

)
≤ 1

c5 exp
(
Λ
(T1)
ξ,±,i

)
+

η2c8∥µ∥4
2∥υ∥2

2d
1
2
K

N(log(24N2/δ))2 · (t− T1)(t− T1 − 1)

≤ 1

c6 +
η2c13∥µ∥4

2∥υ∥2
2d

1
2
K

N(log(24N2/δ))2 · (t− T1)(t− T1 − 1)

. (31)

exp(⟨q(t)ξ,i , k
(t)
ξ,i′⟩)

exp(⟨q(t)ξ,i , k
(t)
+ ⟩) + exp(⟨q(t)ξ,i , k

(t)
ξ,i′⟩)

≤ 1

c7 exp(Λ
(t)
ξ,i,±,i′)

≤ 1

c8 +
η2C13σ2

pd∥µ∥2
2∥υ∥2

2d
1
2
K

N(log(24N2/δ))2 · (t− T1)(t− T1 − 1)

. (32)

By adding Equation 31 and Equation 32, we obtain the following result:

S11 + S21

S12 + S22
=

2

(S12 + S22)
− 1

≥ 1

2
(
1

S22
+

1

S12
)− 1

≥ 1

2S12
− 1

= Θ

(
η2c9 ∥µ∥4 ∥υ∥2 d

1
2

K

N(log(24N2/δ))2
(t− T1)(t− T1 − 1)

)
(33)

∑
r

S11+S21

S12+S22

(
V

(t)
+r,ŷ + V

(t)
−r,ŷ

)
σp

∑dV

r=1

∥∥∥W (t)
−ŷ,rυ

∥∥∥
2

≥
η2c9∥µ∥4∥υ∥2d

1
2
K

N(log(24N2/δ))2 (t− T1)(t− T1 − 1)(V
(t)
+rŷ + V

(t)
−rŷ)

O(σpσV ∥υ∥
√
d+ (t− T1)ησp ∥υ∥2 ∥µ∥)

≥
η3c9∥µ∥6∥υ∥4d

1
2
K(t−T1)

2(t−T1−1)

N(log(24N2/δ))2 −O(d
−1
4 ) · η2c∥µ∥2∥υ∥2d

1
2
K(t−T1)(t−T1−1)

N(log(24N2/δ))2

O(σpσV ∥υ∥
√
d+ (t− T1)ησp ∥υ∥2 ∥µ∥)

≥
η3c9 ∥µ∥6 ∥υ∥4 d

1
2

K(t− T1)
2(t− T1 − 1)

N(log(24N2/δ))2 ·O(σpσV ∥υ∥
√
d+ (t− T1)ησp ∥υ∥2 ∥µ∥)

≈
η3c9 ∥µ∥6 ∥υ∥4 d

1
2

K(t− T1)
2(t− T1 − 1)

O(N(log(24N2/δ))2 · σpη (t− T1) ∥υ∥2 ∥µ∥)

≈ Θ

(
η2c9 ∥µ∥5 ∥υ∥2 d

1
2

K(t− T1)(t− T1 − 1)

σp

)
(34)

In the subsequent equations, we substitute Equation 7, Equation 8, Equation 32, and Equation 29 to
derive the initial and subsequent inequalities.
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By leveraging the concept of scaling in the final steps, we then incorporate equation Equation 34
into equation Equation 30.

P (ŷf(θ,X, υ) ≤ 0) ≤ exp(c4/2π) exp

−c5
2

∑r
S11+S21

S12+S22

(
V

(t)
+r,ŷ + V

(t)
−r,ŷ

)
σp

∑dV

r=1

∥∥∥W (t)
−ŷ,rυ

∥∥∥
2


≤ exp
( c4
2π

)
exp

[
−c5

2
Θ

(
η4c9 ∥µ∥10 ∥υ∥4 dK(t− T1)

2(t− T1 − 1)2

σ2
p

)]
≤ exp

[ c4
2π

− c10η
4 ∥µ∥8 ∥υ∥4 (t− T1)

2(t− T1 − 1)2dSNR2ḋK

]
≤ exp

[ c4
2π

− c10η
4 ∥µ∥8 (t− T1)

2(t− T1 − 1)2dSNR2ḋK

]
≲ α+ exp

(
−η4∥µ∥82(t− T1)

4SNR2
)

F.3 STAGE III TEST LOSS

Theorem 16 (Third part of Theorem 1). Under the same conditions as Theorem 1, there exists
t > T2 such that:

L0−1
D (θ(t)) ≲ α+ exp

(
−η4(t− T2)

4∥µ∥62 · SNR2

σ2
V

)
.

Proof. we can get the following inequality from Lemma 6.

P (ŷf(θ,X, υ)) ≤ 0) ≤ P

(∑
r

S11 + S21

S12 + S22

(
V

(t)
+r,ŷ + V

(t)
−r,ŷ

)
≤ V

(t)
ξ,ir,(−ŷ) + o(1)

)
(35)

In the subsequent formulas, the first inequality arises because, during the benign overfitting phase,
the signal memory significantly exceeds the noise memory, leading to S11 + S21 > S12 + S22.
Subsequently, by substituting Equation 14, Equation 15, Equation 16, and Equation 29, we derive
the second and third inequalities. For the final inequality, we employ the Taylor series expansion of
log(1 + x). When x > 1, the x2 term dominates the expansion.

∑
r

S11+S21

S12+S22

(
V

(t)
+r,ŷ + V

(t)
−,ŷ

)
σp

∑dV

r=1

∥∥∥W (t)
−ŷ,rυ

∥∥∥
2

⩾

∑
r

(
V

(t)
+r,ŷ + V

(t)
−r,ŷ

)
O(σpσV

√
d ∥υ∥2 +

σp

ε∥µ∥2
)

⩾
O[log(exp(V

(T2)
+ ) + ηc10 · ∥µ∥22 ∥υ∥

2
2 (t− T2))− 2 log(O(1/ε))]

O(σpσV

√
d ∥υ∥2 +

σp

ε∥µ∥2
)

⩾
O(log(c11 + 1 + ηc10 · ∥µ∥2 ∥υ∥2 (t− T2))

O(σpσV

√
d ∥υ∥2 +

σp

ε∥µ∥2
)

⩾
O[ηc10 ∥µ∥2 ∥υ∥2 (t− T2)− 1

2η
2(c1)

2 ∥µ∥4 ∥υ∥4 (t− T2)
2]

O(σpσV

√
d ∥υ∥2 +

σp

ε∥µ∥2
)

≈ O(η2 ∥µ∥4 ∥υ∥4 (t− T2)
2)

O(σpσV

√
d ∥υ∥2)

≈ O

(
η2 ∥υ∥3 (t− T2)

2 ∥µ∥3

σV
· SNR

)
(36)
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By plugging Equation 36 into Equation 35, we can get :

P (ŷ(f(θ,X, υ) ≤ 0) ≤ exp(c12/2π) exp

−c13
2

∑r
s11+s21
s12+s22

(
V

(t)
+r,ŷ + V

(t)
−r,ŷ

)
σp

∑dV

r=1

∥∥∥W (t)
−ŷ,rυ

∥∥∥
2


≤ exp(c12/2π) exp

[
−c13

2
O

(
η4 ∥υ∥6 (t− T2)

4 ∥µ∥6 · SNR2

σ2
v

)]

≤ exp

(
c12
2π

− c14η
4(t− T2)

4 ∥µ∥6 · SNR2

2σ2
V

)

≲ α+ exp

(
−η4(t− T2)

4∥µ∥62 · SNR2

σ2
V

)
.

G TEST LOSS OF HARMFUL OVERFITTING

G.1 STAGE I TEST LOSS

Theorem 17 (First part of Theorem 2). When N−1 · SNR−2 + h(α) = Ω(1), where h(α) is a
function related to α, for any ϵ > 0, under the assumptions above, with probability at least 1 − δ,

there exists T1 = O

(
N

ηd
1
4
K∥µ∥2

2∥υ∥2
2

)
, for t ∈ (0, T1], such that the test loss is upper bounded by:

L0−1
D ((θ(t)) ⩽

1

2
+ α+O(1) (37)

Proof. The proof is the same as in the first stage of benign overfitting (Theorem 14).

G.2 STAGE II TEST LOSS UPPER BOUND

Theorem 18 (Second part of Theorem 2). Under the same conditions as Theorem 2, there exists
T2 = Θ

(
N

ησ2
pd∥υ∥2

2 log(24N2/δ)

)
. For t ∈ (T1, T2], the test loss is bounded by:

L0−1
D (θ(t)) ≤ 1

2
+ α+O

(
1

∥µ∥22∥v∥22
+

1

∥µ∥42∥v∥42

)
.
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Proof. We derive f(θ,X, υ) as follows:

f(θ,X, υ) =
∑

r∈[dV ]

(
υTx1(S11 + S21)WV j,r + υTx2(S12 + S22)WV j,r

)
≈

exp(⟨q(t)
+ ,k

(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) + exp(⟨q(t)

+ ,k
(t)
ξ,i⟩)

· V (t)
+

+
exp(⟨q(t)

ξ,i ,k
(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) + exp(⟨q(t)

ξ,i ,k
(t)
ξ,i′⟩)

· V (t)
+

+
exp(⟨q(t)

− ,k
(t)
− ⟩)

exp(⟨q(t)
− ,k

(t)
− ⟩) + exp(⟨q(t)

− ,k
(t)
ξ,i⟩)

· V (t)
−

+
exp(⟨q(t)

ξ,i ,k
(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) + exp(⟨q(t)

ξ,i ,k
(t)
ξ,i′⟩)

· V (t)
−

+
exp(⟨q(t)

+ ,k
(t)
ξ,i⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) + exp(⟨q(t)

+ ,k
(t)
ξ,i′⟩)

· V (t)
ξ,i

+
exp(⟨q(t)

ξ,i ,k
(t)
ξ,i′⟩)

exp(⟨q(t)
ξ,i ,k

(t)
+ ⟩) + exp(⟨q(t)

ξ,i ,k
(t)
ξ,i′⟩)

· V (t)
ξ,i .

To simplify the analysis, let’s define:

A =
exp(⟨q(t)

+ ,k
(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) + exp(⟨q(t)

+ ,k
(t)
ξ,i⟩)

· V (t)
+

B =
exp(⟨q(t)

+ ,k
(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) + exp(⟨q(t)

+ ,k
(t)
ξ,i⟩)

· V (t)
+

C =
exp(⟨q(t)

− ,k
(t)
− ⟩)

exp(⟨q(t)
− ,k

(t)
− ⟩) + exp(⟨q(t)

− ,k
(t)
ξ,i⟩)

· V (t)
−

D =
exp(⟨q(t)

ξ,i ,k
(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) + exp(⟨q(t)

ξ,i ,k
(t)
ξ,i′⟩)

· V (t)
−

E =
exp(⟨q(t)

+ ,k
(t)
ξ,i⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) + exp(⟨q(t)

+ ,k
(t)
ξ,i′⟩)

· V (t)
ξ,i

F =
exp(⟨q(t)

ξ,i ,k
(t)
ξ,i′⟩)

exp(⟨q(t)
ξ,i ,k

(t)
+ ⟩) + exp(⟨q(t)

ξ,i ,k
(t)
ξ,i′⟩)

· V (t)
ξ,i

f(θ,X, υ) = A+B + C +D + E + F
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By plugging Equation 19–Equation 25 into the above definition, the following inequality holds:

A ≤ O

(
σ2
pd(log(24N

2/δ))3

∥µ∥22∥v∥22d
1
2

)(
O(d−

1
4 ) +

ηc15σ
2
pd∥v∥22(t− T1)

N

)

= O

(
σ2
pd

1
4 (log(24N2/δ))3

∥µ∥22∥v∥22

)
+O

(
ηc15σ

4
pd

3
2 (log(24N2/δ))3(t− T1)

∥µ∥22N∥v∥22

)

B ≤

(
1−O

(
σ2
pd(log(24N

2/δ))3

∥µ∥22∥v∥22d
1
2

))(
O(d−

1
4 ) +

ηc15σ
2
pd∥v∥22(t− T1)

N

)

≈ O(d−
1
4 ) +

ηc15σ
2
pd∥v∥22(t− T1)

N

C ≤ O

(
σ2
pd

1
4 (log(24N2/δ))3

∥µ∥22∥v∥22

)
+O

(
ηc15σ

4
pd

3
2 (log(24N2/δ))3(t− T1)

∥µ∥22N∥v∥22

)

D ≤ O(d−
1
4 ) +

ηc15σ
2
pd∥v∥22(t− T1)

N

E ≤ O

(
(log(24N2/δ))3

∥v∥22d
1
2

)
ηc14σ

2
pd∥v∥22(t− T1)

N

= O

(
ηc14σ

2
pd

1
2 (log(24N2/δ))3(t− T1)

N

)

F ≤

(
1−O

(
(log(24N2/δ))3

∥v∥22d
1
2

))
ηc14σ

2
pd∥v∥22(t− T1)

N

≈
ηc14σ

2
pd∥v∥22(t− T1)

N
.

Calculate the sum of the absolute values presented above, we can get:

f(θ,X, υ)

≤ O

(
σ2
pd

1
4 (log(24N2/δ))3

∥µ∥22∥v∥22

)
+O

(
ηc15σ

4
pd

3
2 (log(24N2/δ))3(t− T1)

∥µ∥22N∥v∥22

)

+O

(
d−

1
4 + 2

ηc15σ
2
pd∥v∥22(t− T1)

N

)
+O

(
ηc14σ

2
pd

1
2 (log(24N2/δ))3(t− T1)

N
+

ηc14σ
2
pd∥v∥22(t− T1)

N

)

≤ O

(
d

1
4 (log(N2/δ))3

∥µ∥22∥v∥22

)
+O

(
ηd

1
4 (log(N2/δ))3(t− T1)

(
1

∥µ∥22N∥v∥22
+

1

N

))
+O

(
ηd∥v∥22(t− T1)

N

)

≤ O

(
d

1
4 (log(N2/δ))3

∥µ∥22∥v∥22

)
+O

(
ηd

1
4 (log(N2/δ))3(t− T1)

∥µ∥22N∥v∥22

)
+

O

(
ηd

1
4 (log(N2/δ))3(t− T1)

N

)
+O

(
ηd∥v∥22(t− T1)

N

)

≈ O

(
ηd

1
4 (log(N2/δ))3(t− T1)

∥µ∥22N∥v∥22

)
+O

(
ηd

1
4 (log(N2/δ))3(t− T1)

N

)
. (38)

Equation Equation 38 can be decomposed into two items, which are called the signal residual and
the noise-dominated terms.

The term O
(

ηd1/4(log(N2/δ))3(t−T1)
∥µ∥2

2N∥v∥2
2

)
represents the signal residual, which reflects the model’s

residual ability to capture signal features during the harmful overfitting phase, suppressed by noise
dominance. The term O

(
ηd1/4(log(N2/δ))3(t−T1)

N

)
is the noise-dominated term (gradient coupling),
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which reflects the model’s failure to distinguish signals from noise, leading the attention weights S12

and S22 to favor noise features in low-SNR regimes, and (t − T1) reflects the linear accumulation
of noise overfitting with training steps.

Since the noise-dominated term has a mean of zero and its variance is related to the noise magni-
tude σp

√
d, and the signal residual term has a mean of zero (because the signal is suppressed by

noise), and its magnitude is suppressed by |µ∥22, the distribution of f is approximately a Gaussian
distribution with mean zero and variance σ2

f :

σ2
f =Θ

(
η2d1/2(log(N2/δ))6(t− T1)

2

∥µ∥42N2∥v∥42
+

η2d1/2(log(N2/δ))6(t− T1)
2

N2

)
=Θ

(
η2d1/2(log(N2/δ))6(t− T1)

2

N2

(
1

∥µ∥42∥v∥42
+ 1

))
. (39)

Due to the symmetry of ŷf , if f is completely dominated by noise, we can get

P (ŷf ≥ 0) = P (ŷf ≤ 0) =
1

2
But in practice, the signal residual term introduces a small bias during the second phase.

Let the mean of the signal residual be

E[fs] = O

(
ηd

1
4 (log(N2/δ))3(t− T1)

∥µ∥22N∥v∥22

)
(40)

we have
ŷf ∼ N

(
E[fs], σ

2
f

)
(41)

By applying the Taylor expansion to correct the probability, and the cumulative distribution function
of the Gaussian distribution is denoted by Φ. Using this, we can rewrite:

P (ŷf ≤ 0) ≈ Φ

(
−E[fs]

σf

)
≈ 1

2
− E[fs]

σf

√
2π

+O

(
E[fs]2

σ2
f

)
(42)

We plug Equation 41 and Equation 42 into Equation 44 by using the standard Gaussian distribution
function and correcting the probability term expansion by a second-order Taylor approximation.
And we can plug Equation 39 and Equation 40 into Equation 45that

L0−1
D ((θ(t)) (43)
= P(x,y)∼D [y ̸= sign (f(θ,X, υ))]

= α · P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≥ 0) + (1− α) · P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≤ 0) (44)

= α

(
1−

[
1

2
− E[fs]

σf

√
2π

+O

(
E[fs]

2

σ2
f

)])
+ (1− α)

(
1

2
− E[fs]

σf

√
2π

+O

(
E[fs]

2

σ2
f

))

≤ 1

2
+ α+

E[fs]
σf

√
2π

+O

(
E[fs]2

σ2
f

)
(45)

≤ 1

2
+ α+O

(
1

∥µ∥22∥v∥22

)
+O

(
1

∥µ∥42∥v∥42

)
G.3 STAGE II TEST LOSS LOWER BOUND

Theorem 19 (Second part of Theorem 2). Under the same conditions as Theorem 2, when N−1 ·
SNR−2 = Ω(1) and Ω(1) is related to α, there exists T2 = Θ

(
N

ησ2
pd∥υ∥2

2 log(24N2/δ)

)
. For t ∈

(T1, T2], the test error is:

L0−1
D ((θ(t)) ≥ 1

2
−O

(
1

∥µ∥22∥v∥42

)
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Proof.

fj(θ,X, υ) =
∑

r∈[dV ]

(
υ⊤⟨WV j,r,x1⟩(S11 + S21) + υ⊤⟨WV j,r,x2⟩(S12 + S22)

)
=
∑
j

[(S11 + S21)(V
(t)
+ + V

(t)
− ) + (S12 + S22)V

(t)
ξ ]

≥
∑
j

S11(V
(t)
+ + V

(t)
− ) +

∑
j

S22V
(t)
ξ (46)

The first summation of Equation 46 is the residual signal, and the second summation is the noise
term S22V

(t)
ξ ∼ N (0, σ2

f ) and the second summation is the dominant term.

By plugging Equation 18, Equation 20, Equation 22, Equation 23 into Equation 46, we have:

E =
∑
r

S11V
(t)
±,r = O

(
σ2
pd

1/4(log(N2/δ))3

∥µ∥22∥v∥22

)
(47)

σ2
f = Θ

(
η2σ4

pd
2∥v∥42(t− T1)

2

N2

)
(48)

We can get from f(θ,X, υ) ∼ N (E, σ2
f ) that

L0−1
D ((θ(t)) = P(x,y)∼D [y ̸= sign (f(θ,X, υ))]

= α · P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≥ 0) + (1− α) · P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≤ 0)

= α · P
(
N (E, σ2

f ) ≤ 0
)
+ (1− α) · P

(
N (−E, σ2

f ) ≥ 0
)

≥ α · Φ
(
− E

σf

)
+ (1− α) · Φ

(
− E

σf

)
≥ α

(
1

2
− E

σf

√
2π

)
+ (1− α)

(
1

2
− E

σf

√
2π

)

=
1

2
− E

σf

√
2π

(49)

Where Φ(−X) is the cumulative distribution function of the standard normal distribution ; the third
inequality holds if Φ(−x) ≥ 1

2 − x√
2π

.

By plugging Equation 47 and Equation 48 into Equation 49, we obtain that

L0−1
D ((θ(t)) ≥ 1

2
−O

(
(logN2/δ)3

η∥µ∥22∥v∥42d3/4(t− T1)

)
≈ 1

2
−O

(
1

∥µ∥22∥v∥42

)

G.4 STAGE III TEST LOSS

Theorem 20 (Third part of Theorem 2). Under the same conditions as Theorem 2, when N−1 ·
SNR−2 = Ω(1) and Ω(1) is related to α, the test loss is that:

L0−1
D ((θ(t)) ≥ 1

2

28



1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539
1540
1541
1542
1543
1544
1545
1546
1547
1548
1549
1550
1551
1552
1553
1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565

Under review as a conference paper at ICLR 2026

Proof. We have

L0−1
D ((θ(t))

= P(x,y)∼D [y ̸= sign (f(θ,X, υ))]

= α · P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≥ 0) + (1− α) · P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≤ 0)

≥ α · P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≥ log(
1 + 2e

1
2

1 + e
1
2

)) + (1− α) · P(X,ŷ,y)∼D(ŷf(θ,X, υ) ≤ log(
1 + 2e

1
2

1 + e
1
2

))

≥ α · 1
2
+ (1− α) · 1

2

≥ 1

2
,

where the second equation is derived from the total probability theorem and the first and second
inequalities are derived by Equation (27).
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