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Appendices for

Online Ad Procurement in Non-stationary Autobidding Worlds

A Proofs for Section 4

A.1 Additional definitions for Section [4]

Definition A.1 (Total variation between probability distributions). Consider two distributions
P, P’ C A(S). Then we define their total variation as |P — P'||rv = 5 [ |P(s) — P'(s)|ds.

We also define the smoothed version of h; : X — R (see Eq. (@) for any ¢ as followed:

fzt(w) = EUNU(B) [Lt(:c + p'U,Atﬂ (10)
where we recall the Lagrangian function £; is defined in Eq. (3).

A.2 Additional lemmas for Sectiond|

Lemma A.1 (Lipschitz continuity). Let Assumption[2.1|hold, and recall the definitions h(x) and
h(x) from Eqs. @) as well as (T0), respectively, and recall A, . . . Ar are the dual variables generated
fromAlgorithm Then for any x,x’ € X, we have |hi(x) — he(2')| < (1 + K%)L |l — 2’| and

hi(@) = he()| < (14 K5)Lp.

Lemma A.2 (Bounding BOCO dynamic regret with surrogate loss). Recall the definition izt(ac) =
Ey~v®) [Lt(T + pv,At)]. Then, hi(x) is concave. Further, For any y € (1 — a)X, we have
he(y) — hy(@,) < B, ~us) e (T:) — Le(y)], where T, is defined in Eq. (), and the surrogate loss
function Uy : X — R is defined in Eq. (7).

Lemma A.3 (Bounding surrogate loss for each expert). Recall the definition of individual forecasters
Tt defined in Eq. (8), and the surrogate loss function £; : X — R defined in Eq. (@). Then
for any i € [N] and any sequence y;.7 € XT we have (i) > oterm b (@) — 4 (1 —a)ye) <

O(W + g2 T ) and (i) 3y b (T1) — o (@) < O(Te+ 1). where the constant j3 is
specified in Algorithm|l| Here, recall D is the diameter of the decision set X.

The proofs of Lemmas [A.T] [A.2]JA 3] are shown in Appendices[A.9][A.T0} and[A.TT] respectively.

A.3  Proof for Lemmal4.]]
Proof. For any k € [K] we have
d @ _
Sogkilm) = > gea(@)+ D gkel®) = D geelm) + BT —Ta+1)

te[T] telTa—1] t=Ta telra—1]

(b) _
> Y gril@) BT —7a)+B = G+B>0
tE[TA—l]

(1)

where in (a) we set z; = &g forallt = 74 ... T and gy +(Z5) > [ forany k € [K]; (b) follows from
the definition of the stopping time such that for any ¢’ < 74 and k& € [K] we have Zte[t,] it (X)) —

G+B(T—t—1)>0. O

A.4 Proof for Lemma[d.4|

Proof. It is easy to see A1 = H[o /E;e](At — VAL, Ar))+ =

arg min)\e[o’ge] VaLi(xe, M) TA + %H)\ — M\¢||>. By the first-order stationary condition



s26  at A.y1, we have for any A € [0, %e]

1 T
<V)\£t(ﬂ}t, )\t) + E(At—i_l — At)> ()\ — AH—I) Z 0

527 Then forall X € ]Rgo, it follows that
Vxﬁt(fﬂt, )\t)T()\t - >\)
= VaLi(xs, At)T()\t — A1) + VaLly(xy, At)T()\t-&-l - A)

1
< VaLy(zy, }\t)T()\t — Aeq1) + E()\tJrl - /\t)T()\ — Att1)
1 1 1
< VaLi(®s, )T (A = Apr) + 277”/\ = M| = %H/\ = Al = 27]\|/\t+1 - x?

1 1
< gl\vxﬁt(wt,&)l\Q + %IIA = Ad* - 277||>\ = A

528 By a telescoping argument, we have

1
> VaLr(@n AT = A) < 537 VAL (@ AP 4 A= Al
TE[t] TE[t] "
7 1 (12)
=3 S VAL (@A) + 2—||>\|\2.
TE[t] n
529 where in the final equality we used A; = 0. Also,
IVAL- (27, AP = llg-(z-)|* < KG? (13)
s30  Hence, combining Eqs. (I2)) and (13), we get the desired bound. O

531 A.5 Proof of Lemma4.5]

532 Proof. If T4 =T, taking A = 0 in Lemmayields > te(T] Al gi(x;) < ITKG? and thus the
s33  desired inequality holds. If 74 < T, then there exists some k € [K] such that 3, (. ) gr.t(®:) —
s G+ B(T —7a—1) <0,50by taking A = Fey, (e, € R¥ is the unit vector whose kth entry is 1)
535 in Lemmaf4.4]yields

Z Al gi(@y)

tE[TA]
T n A2, L 2
< Z A gt(wt)+§TKG "‘%HA”
tG[TA]
. F n o 1 /N2
tG[TA]
F F_ 7 o 1 FN\2
< - BT a1+ G+ ITKG 4 ()
g Aot gGy 2\ p
= _ F_ 7 o 1 FN\2
= —F(T- F+ =G+ ITKG*+ —(=
( TA) + +5 +2 +27)(5)
53 Summing with F((T — 74) yields the desired result. O
537 A.6 Proof of Lemma[4.6]
s38  Proof. Recall the definition of /() in Eq. {@). Then, we have
Z hr(y‘r) - Z hT(:ET)
TEt] TEt]
. . . N (14)
- Z (hT(yT) = h (1= )yr) + b (1 = )yr) — he(T7) + hr (@) — h,-(:lL,-))
T€E[t] A B e}



539  Bounding A.

hr(yr) — b (1 — @)yr) = he(yr) — he (1 — @)yr) + (1 — @)yr) — ho (1 — @)yr)

(a) F F

< - -

< (1+ K)Laly ]|+ L+ K5)Lp as)
©]

< (1 +K§)LaD+ (1 —|—K1;)Lp

s40  where (a) follows from Lemma[A.T} (b) follows from ||y, | = ||y — 0|| < D since we assumed
s 0e X.

s42  Bounding B.

ho (1 - a)y,) — he (&)

te[T]
(a) N
< Z IEuer(S) [67(337) - 57((1 - a)yﬂ')]
te(T)
B . » (16)
= Eu,~v) [b-(@r) = €(23) + £(27) — £ (1 — a)y-)]
te[T]
®) Py, K ET 1
<0 ( (Wur) | 2 Tet -
Yi P €
543 where (a) follows from Lemma[A:2]and (b) follows from Lemma[AZ3] (i) and (ii).
s44  Bounding C.
ﬁr(iT) - hr(w’r) = ]/:L’T(%T) - hT(i’T) + hT(iT) - h'r(wr)
(a) F F ~
< (1+ KE)L,O—F (1+ KE)L NEr — x|
b F F (17)
€ 1+ KD)Lp+ (1 + KL [lous|
B B
F
< 2p(1+ KE)L
545 where (a) follows from Lemma (b) follows from the definition x, = &, + pu. in Algorithm
sa6 [l O
547 A.7  Proof of Lemma[4.3]
548 Stochastic.
s49  Proof. In the stochastic regime, we have P = P; = - .- = Pr for some P, and therefore we can

sso  rewrite OPT(Py.7) in Eq. (I) as followed
OPT(Prr) = max > F(z) st » G(x)>0.
' te[T) te[T]

551 where we defined F(x) = E(s g)op[f(x)], and G(x) = E(; gy~p[g(x)] for any 2 € X' Hence, for
552 any A > 0 we have

T_
OPT(Prr) = TTA OPT(Py.7) + %OPT(PLT)
< (T —7a)F+ —T; max > (F(xy) + AT G(xr))
T1.7TEX teT) (18)
= (T—71a)F + T glea))((tgm (F(z) + AT G(x))

= (T = 7a)F + ramax (F(2) + AT G(e))



553
554

555
556

557

558

559

560

561

562

563
564
565

566

where in the inequality we applied Assumption [2.1] which states maxzcx f(x) for all (f,g) € S
Choosing A = A, = = Z €[ra] At We have

OPT(PLT> < E[(T — TA)F +7a meai}( (F(ZE) + ATG(m)) :|

< E_(TfTA)Ferax 3 (F(z)+ A Gz ))}
) tE[TA]
(%) E _(T —7a)F + max Z E {ft(x) + A gi(x) ‘ J(th)} } (19)
) te[Ta)
© E_(T - TA)F-i-Imnea))(( Z E {ht(w) ’ U(Ht—l)} }
) te[ral
<E _(T —7A)F + max Z ht(w)}
) ® te[ral

where in (a) we used the fact that A; is H{;_;-measurable; in (b) we used definitions h:(x) =
Li(x; ) and Li(z;A) = fi(x) + AT g () in Eqs. () and (@) respectively.

On the other hand, we have

fr(@e) = he(me) — A ge(), (20)

so combining this with Eq. (I9) we have

OPT(P1.1) — Z E[fe(x:)] < E[( —TA)F-F;I’IE&%( Z (ht( — hy(xy ) Z )\t gi(x: ]

te(T) te[ral t€ETA
(2D
where we also used the fact that f;(x) > Oforallt =74+ 1...Tandx € X. O
Adversarial.
Proof. Recall the definition of ¢ is Theorem 4.2}
min min z x
¢ . (f,9)eS ke[K],zeX gk () -1 22)

B
For any t € [T, define g, = arg max, fi(z) + A/ g:().

By comparing to the safety action xz € X which ensures gi(zg) > B for any k € [K] and
(f,g) € S, as well as the optimal hindsight action } € X (i.e. 7 ... &% is the optimal decision
sequence to OPT(P;.7)), we have

[e@) + A 90(Ge) > filmp) + A ge(xs) > BA[ e o3
Fo@) + X 9@ = ful@)) + N gi()).
‘We further have
§fe(ge) = fi(ye) + (= 1) fe(9e)
S ) + AT g — M e @) + (€~ 1) (AT ai(@) + BAT ) ”

= fi(x}) + A ge(x)) — XN ge(ge) + (£ —1)BA/ e
(b)
> ful@y) — EX gu(5)
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568

569

570

571
572

573
574
575

577
578

579

580

581

582

where (a) follows Eq.(23); in (b) we used the fact that g ,(z}) + (£ — 1) > 0 since we have
miny g)es Minge(x),zex (9re () + (€ — 1)B) = 0 (see Eq. 22)). Hence we have

OPT(Prr) — Y E[fi(m)]

te[T)

= (1 - 1)OPT Prr) + Z E[ fe(xy) ft(wt)]

¢ telr] (25)
< (1 - E)OPT (Pr.1) Z E[ft Yi) — fr(xe) + A:Qt@t)}

te(T)
< (1= F)OPTPur) +E[(T = m) P+ 3 (1@ — fulen) + N (i)
teETA
O]

d-corrupted.

Here, we will prove a more general J-corrupted model where the input distribution sequence P.p

satisfies the following:
Y P -+ Z Pallrv <6 (26)
te(T) sE[T]

where the total variation norm is defined in Definition[A-T} In fact, the definition in Section [2.2]for
the d-corrupted regime satisfies the above property: recall in the definition of Section[2.2] there exists
P e A(S)aswell as 6 € Nperiods T = {71 ...75} C [T] such that P, = P for all ¢ ¢ T, hence
for any ¢ ¢ T, we have

1P~ 2 3 Pullry = 1P~ 2 (TP + (P~ ) v

sezq seT
1
= Iz >_(P=Plrv 27)
seT
)
< —
- 2T

On the other hand, we have for any 7 € T, [|P; — # >serm) Psllrv < 1. Hence, summing up we

get
> HPt—* > Pullrv = Z”Pﬁ_* ZPHTV‘FZ”,Pt_* > Pullrv

te[T) se[T teT se[T] t¢T se[T]
1 0
< -+ (T-9 <4
-2 + )QT -

which coincides with our general definition of §-corruption in Eq. (Z6).

We now prove the d-corruption regime under the general definition in Eq. (26). Define P =

% ZSG[T] Ps, ﬁ(az) = ]E(f,g)Nf/S[f<w)]’ é(az) = E(f,g)Nﬁ[g(w)]’ Fy(x) = ]ng,g)NPt [f ()] and
Gi(x) = E(s g)~p,g(x)] forall t € [T] and any x € X'. Then for any X € [0, %e], we have

OPT(Prr) < max ;{;} (Fi(m) + AT Gy(y))
(S

< max (F(x) + A G(x)) + (F + GK=)d (28)
1:T tE[T]

| M

~ ~ _ __F
= T max(F(z) + ATG(z)) + (F + GKE)&
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586

587
588

589

590
591

592
593

594

595

596
597

where the last inequality follows the definitions of ( G) Assumptlon | and the general definition
of d-corruption in Eq. (26). After choosing A = - Z ] At, similar to our proof in Eq. (T9) for
the stochastic case we have

OPT(Py.7)

_T_
=E
A

TAOPT(Prr) + %OPT(PLT)}
< E:(Tf’TA)FﬁLTA mea;((( F(z)+ A G(x)) + A (F + GKZ)(;]

= E[(T—7a)F +

(29)

where (a) follows from Eq. (28)); (b) follows from the definition of general §-corruption in Eq. (26).

Finally, we complete the proof by using the definition f;(x;) = hi(x;) — A g:(+) and following
the same argument as in Eq. (Z1)) for the stochastic regime.

Periodic.

Recall in Section [2.2]that in the periodic regime, there exists cycle length ¢ € N such that T’ = ¢q
for some integer ¢ > 2 with Py.p as P1.q = Pyr1.2¢ = -+ = Pe—1)q4+1.7- Forany ¢ € [T], define

¢; € [d] such that (¢, — 1)g + 1 < t < ¢;q. After denoting P = %Zte[q] P;, we define the mean
deviation within a single cycle of length q as

D(Prg)= > |Pi=Plrv and §=c- MD(Py,). (30)

1<t<q

We define Fle) = B plf(@) Glo) = By plole). w) = Eoggpern o) and
Gi(x) = E(s g)~p,g(x)] forall t € [T] and any x € X'. Then for any X € [0, B e], we have

OPT(Pir) < max Y (Fi(z)+ A Gi(x))

x1.7€XT

te[T]
= ¢c- ma))((q (Ft(fl}'t)—F)\TGt(wt))
R P=
< cq-max(F(z) + A Gla >>+(F+GK§>c-MD<m>
_ __F
< g max(Fla) + XTG(@) + (F+ GE )3

where the equality follows the nature of periodic setting and the last inequality follows the def-
initions of (F',G), Assumption and (30). After choosing A = Zée[cm,l] LI Xe-1yg+1 +



TA*(CTA —1)q

598 = (er, —1)q+1, We further have that
OPT(PLT)
T

_ _TTA OPT(Py.7) + %OPT(PLT)

< (T —71a)F +7a- mea))((( Fz)+ A Gz ))+TC‘F4(F+GK;?)5

-
= (T'—71a)F + max TaF@) + | Y g+ (Fa— (e — DA, —1yg+1 | Gl@)
c€ler , —1]
TA , = = F
+ 7 (F+G 5 )0
= (T—71a)F + max (q : Z (ﬁ(:c) + )\(Té_l)q+1é(w)>
c€ler, —1]
o . Ao A F
(71— (eny = D)+ (F@) + AL, g1 G (@) ) + G (F +GE 5)0
< (T = 74)F + max (F(m) + ATé(m)) G A A ngrilli + A (F+ GKE)&
- zEX e t e (ce—1)q+ T 3
TA TA

se9  From (B) in Algorithm we know that || As 1 —A¢||1 < nG K, which further implies || Ary; — A¢|[1 <
so0 NGKi forany i € [¢ — 1] and thus

_ 1~
At = Ae,—1)g1llt < e, nGK i < SGKne, . 31)
2
te[ral i€lg—1]

601 After combining the two equations above, it follows that

OPT(P1.7)
_ ~ ~ 1= TA , = _F
< _ T 1 A2 2 4
< E[(T TA)FH%({E[ ]<F(a:)+)\t G(x)) + SGRKnen ¢ + 7 (F+GKB)5}
TA
1. _ __F
< E[ — )P +max Y (Fi(@)+ M Gi(@)) +5G2K770TAQ2+2(F+GKB)5}
tE[TA]
< E((T —74) F+2(F+GKF)5+ 1C_7'2K77qT—|—nrlax E |h(x) | o(Hiz1)
ﬂ 2 xeX teral
TA
<IE[ -7 (F-FGKE)(S—f—léQK qT—l—maXZh(w)
- A 2 K TEX t

B

602 where the second last inequality follows from ¢, , g < cqg =T.

tE[TA]

603 Finally, we complete the proof by using the definition f;(x;) = hs(x;) — A g¢(x;) and following
604 the same argument as in Eq. (ZI)) for the stochastic regime.

605 Ergodic.

06 Consider some x > log(7"). Given the input distribution sequence Py.7, denote P, )|jt—1) as the
s07 conditional distribution of (f;;«,g¢+) conditioned on the {(f-,g-)}c[q. Then, in the ergodic

608 regime, there exists a stationary distribution Pe A(S) and absolute constant R > 0 such that

sup sup ||73(t+ﬁ )it=1] ’ﬁHTV < §:= Rexp(—k) (32)

{(ft.9¢) }rerr €ST tE[T—k]
00 By defining F(x) = E(f,g)Nﬁ[f(m)]’ Gx) = E(fyg)wﬁ[g(:c)], Fipo(x) =
610 Bt g)nPisoonylf (@) Grnl@) = E(rg)pionon[9@) Fi(®) = Etg)np,[f(2)]



611
612

and Gy(x) = E¢; gyop,[g(x)] forall t € [T] and any = € X', we know that for any X € [0, %e], it
follows that

OPT(P1.1)

< max E [Z (Ft(mt) +>\TGt($t))

x1.7€XT
BT te[T]

T—k
+ max E

. ) XT—r
Tr41:TE =1

T—k _
ot max S (F@i) + A Gl@in) + (F+ G*K%) (T = k)6

Tpqp1.7EXTFR

IA
C]
+
Q
~

= max ]E[ (Ft(fl‘t)‘F)\TGt(fEt))
F
B

t=1

T -max(F(x) + AT G(x)) + (F + GKE>H +(F + G‘KE) -T§

(33)

<
- TEX 6 ﬂ
613 By choosing A = == 37, 1 Ay, we further have
OPT(Py.1)
T —
=E TAOPT(Pyr) + %‘OPT(PLT)}
[ = = T~ = = F — = F
< E|(T —7a)F + 74 - max (F(w) A G(x))] +(F+ G )t (F+GE ) T5
= E[(T - ra)F +max y (ﬁ(m) + ,\Té(m)) } +(F+ (:KE)R +(F+ G’KE) TS
L reX telral t ﬂ ﬂ
TA
< E[(T —74)F + max 3 (Fm(:c) A Gm(w))} +(F+GK—)k+2(F+GK=) Té
L TEX tefral /8 ﬂ
= E (T — TA)F + Hlé):)}((E Z (Ft_‘_,@(m) -+ )\L_Két_,_,@(m) + (At — At.}.,@)TGAt_A'_,{(:Et))]
) w tE[TA]

+ (F+GK%)m+2(F+GK%) -T6

< E |:(T — TA)F + gnea))(( Z (Ft_;'_ﬁ(w) + A;r_i_HGAtJ'_K(mt))} + KUTKGZ

tE[TA]

+ (F+GKZ)/€+2(F+GK§) TS

< ]E[(T —ra)Fdmax > (Fag(@) + ALNGH,{(@))} + ks TKG?

TEN relra—r]
. F _ F
+2(F + GKE)/@ +2(F +*KE) ‘T

®) ] a I VR

< ]E{(T —7a)F fmax Y ht(m)} 4 TKG? + 2(F + GK )k + 2(F + GK =) - T6
rEX Nl 153 I}

< ]E[(T —7a)F +max 3 ht(w)] e TKG? + 2(F + GK =)k +2(F + GK~) - T§
rzeX tefral 5 5

TA
(©
<

E[(T—TA)F+max 3 ht(:c)] 4 e TKG? + 2(F + GK 2 )k + 2R(F + GK =),
mGXte[ | B B
TA

(34)

D (Fron(@ipn) + AT Gy (@)



614 where in (a), from (8] in Algorithm we know that || ;11 — A¢||1 < nG K, which further implies
615 || At — At]j1 < knGK and thus

(At — At_;'_H)TGAt_;,_R(ZCt) S KJT]KGQ (35)
616 In (b), we used the fact that for any ¢ > « + 1, we have

E[mgg; ]mﬂ(w) + AL Grrn(@)]
TA—K

= E[r;leaf Z E{hwn(iﬂ) | (fngr)re[t—u” (36)

te€[Ta—kK]
E[mea))(( Z ht_‘_,.@(a:)]
i te[Ta—kK]

617 In (c) we used the fact that k > log(T'), so § = Rexp(—«) > R.

IN

s18  Finally, we complete the proof by using the definition f;(x;) = hs(x;) — A g¢(x;) and following
st9 the same argument as in Eq. (ZI)) for the stochastic regime.

620 A.8 Proof of Theoremd.2]
621 Proof. We bound the regret in every world as followed

Rr = OPT(Pir) — ZEft ()]

te[T)

(%) IE[F(T —7a)+ Z Al gi(@:) + RBOCO(TA)}

tE[TA]

(d)

< E [RBOCO(TA)}
622 where (a) follows from Lemma 4.3} and (b) follows from Lemma Recall Rgoco(T4) is specified
623 in Lemma[4.3|for each world.
24 In the following we bound Rpoco(7a) for each world.

625 Stochastic.

+Te+ %) @ O(T%)

E[RBOCO(TA } = [max Z he(x) — hy :ct)} (< ()(pT 1 +'7iKT

, 22
zeEX t€ral B Vi B%p
(37
626 where (a) follows from Lemma [.6] by taking the comparator sequence y; =
627 argMaXgex ) e, he(®) for all ¢ € [ra] such that P(y.r) = 1, as well as any primal

e28 ascent expert i € [N]; (b) follows from taking n = \/%, p=KsT i, e=T"3283= @,
620 and finally choosing v; = K ~5 (1+ DT)%T_%. Recall all primal ascent expert stepsizes arer
630 {v1...98v}={27"K s(1+DT)2T"%:i=0...N}.

631 O-corrupted, Periodic, and Ergodic. The proof is nearly identical with that of the stochastic world
32 in Eq. (37) given that we still consider the comparator sequence y; = arg maxzex Dtefra) Ie(@)

e33 forallt € [74] such that P(y;.7) = 1. Hence we will omit the proof.

e3¢ Adversarial. Recall the definition §; = arg maxgex fi(x¢) + A/ g(+). Then we have

E{RBOCO(TA)} = <1 - 2) OPT(P1.1) Z E[ht Yt) ht(mt)]

te[ral
T 1+ P(y. KT 1 1
< O(% + V(iyl‘T) + 752[,2 +Te+-) = (1 - 5) OPT(Pu.r) + o(T)

(38)
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653

654
655

where we chose the primal ascent stepsize ; s.t.
1 ~ ~ :
§K_%(1 + P(Gr)) T~ < < K 5(1+ P(gr):T 1 (39)

We note that such a ~; must exist because P(y;.7) < DT given all y; € X, so that the largest
element in the primal ascent stepsize set, namely K —% (1+ DT)%T_% is larger than the upper bound
above, namely K ~5 (1 + P(g1.7))2 T~ 1.

O
A.9 Proof for Lemmal[A.1|
Proof. Recall the definition hy(x) = fi(x) + A/ g¢(z) in Eq. @). Then we have
he(x) = he(a’)| < |fo(@) = ful@)| + [IAll - llge () — ge(a')]
(40)

(a) F F

< Lllz— 'l + KBLII-’B - =1+ KE)L -2
where (a) follows from the fact that any (f,g) € S are L-lipschitz under Assumption
On the other hand, recall the definition h, () = Ey~v @) [Le(x 4+ pv, A¢)] in Eq. (T0). Then we have

he(x) — ﬁt(w)‘ = Ep v [ht(w) — hi(z + pv)} < (1+ K%)Lp - Eyev(s) M — (14 K%)LP
41)

where the inequality follows from the first part of this lemma. O

A.10 Proof of Lemmal[A.2]

Proof. Recall the definitions A, (x) = f; () + A] g¢(x) in Eq. @), and h, () = Ey v ®) [Lt(x +
pv, )] in Eq. (T0). Then, we have

. . (@)

he(y) — ho(@) < (Vhe(Zy),y — 1)

b /d . ~
= <; “Eynv) [he(X: + pu) -u] , y — $t>

d . ~
= IElqu(S) KP “hi(T + pug) - wg , Y — wt>] (42)

—
3}
~

Eu,~vs) (Vi y — @)

B, ~us) [l (T:) — Le(y)]

where (a) follows from concavity of izt() (b) follows from Lemma by taking h = —hy,
so that in the lemma —VzE, ym@)[h(x + pv)] = Vhi(z) and —Ey ) [h(x + pu) - u] =
Eyu~us) [he(x + pu) - u]; (c) follows from the gradient estimate in Eq. (6) where

—~
Sy
=

d d d ~
Vi = P (fe(@e) + A ge(@1)) - uy = rR hi(e) - wy = o he(@e + pue) -

Finally, (d) follows from the definition of surrogate loss functions in Eq. (7). O

A.11 Proof of Lemmal[AJ
Proving (i):

Proof. Since Fis1 = T _aye (@ +7V2) we have [ly — | < lly — @ + %V2)]| for any
y € (1 — a)X. Then
ly — &> < ly -z} — 2%V, (y — &) + 7V}
= &P < 127+ 20" (@4 —21y) — 20V (y — &)+ Y}

10



sss Hence by taking y = (1 — a)y; € (1 — o)X and rearranging we get
27 (Et (ﬁ) =4 ((1— a)yt))

29,V (1= a)y, — a}) (43)
1Zi)? — i I +2(1 — @)y (Zfyy — T)) + 97V}

IN

657 Telescoping with 7 = 1...¢ we get

Sl (@) =) (- a)yr)

TE[t] TE[t]
- 1 ~ 2 ~1 i 2
- TH“’l” Z y'r T+1 m‘l’) + 5 Z vT
Yi Vi te[T] rer]
1 ~i 11—« T ~i ~; Vi
= —Z*+ Y Wr—yen) B ylE |+ Z V2 (44)
2% i TE[t—1] 2
1 i 11—« 9
< 27_\\%1” t— Y (lyr = yrgall - 1Tl + el Z ) + Z %=
v toreft—1] Te[t]
— 2
(1-a)’D? (1-a)’D vid? [ F
< + P(yi1.7)+ D) + F+K—-G| t
2%i i (Plyr.r) + D) 2p B
658 O

659 Proving (ii):

e60 Proof. First, we have forany ¢t € [T], 7 € [N]
~i T~ i ~i d (= F
(@) = Vi@ —ay)| < IVl -z - 2] < o\ [5G (I—a)D  (45)

ss1  where we recall D = sup,, ;¢ y[l& — /|| is the diameter of X, and both Z}, Z; € (1 — a)X.

se2  Define Wy =3,y wi forall ¢ € [T], then

10g<Wt+1> ~ log Z W; ¢ €XP (feft(a:t))

Wi ie[N] Wi

— log (EItht/Wt [exp (—th(itlt))})

(a) T ¢ o
S — GIE]tht/Wt |:£t($tlt):| + g
() " <
= — Gét (EItN'wt/Wt |:m£ }) + g
2
9 @)+ G

663 Here (a) follows from Hoeffding’s Lemma as described in Lemma|[B.1|where we take X = Et(ﬂ’ ),
es¢ a = and b =; (b) follows from the definition that ¢,(z) = VI (Z — ;) is a linear function in &; (c)
665 follows from Eq.().

es6 Hence, telescoping the above we get

2

Wit
log <W1) < ey (@) (47)

TE[t]
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667 On the other hand, we have

14
10g< Wt,tl) = log(Wes1) — log(W)
> log(maxw”) log(N)

= max log(wz +) — log(N)

i€[N] (48)
@ 112% log | w; 1 exp (—e Z l; — log(N)
= —¢ min Z L :c ) log(N
ees Hence, combining Eqs.7) and (@8), and dividing both sides by € > 0 we get
~ log(N
—Z@ wT—l——z—min ET(w’T)—iog( )
i€[N] ~elt) €
~ te  log(N)
- eT T) Z . < =
2, @) - mip 2, (@) < “)
TEt]
(&) te log(N) )
. =
ZKT(:CT Z[ < + P Vi € [N]
TE[t]
669 O

e70 B Supplementary lemmas

671 Lemma B.1 (Hoeffding’s lemma). Let X be some random variable such that a < X < b almost
2 2

672 surely for some a,b € R. Then for any € € R, we have E [exp(—eX)] < exp (—EE [(X]+ #).

673 Lemma B.2 ([25] Lemma 2.1). Let h : X — R be some convex function (not necessarily differen-
674 tiable). Then for any x € X C R% and § > 0 we have

d

VaEyv @) [M(x + 6v)] = 5

12
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