A Proofs for Section[2]

Proof. of Lemma
For every x denote v(x) = P [y = h*(x)|x] — P [y # h*(x)|x], and since h* is the Bayes optimal
predictor it holds that y(x) > 0. Observe the following:
Lp(h) = Ex~p [P [y # h(x)[x]]
= Exp [Py # h(x)[x] - 1{h(x) = 1" (x)}]
+ Exp [Py # h(x)[x] - 1{h(x) # A" (x)}]
= Exp [Py # h*(x)x] - 1{h(x) = h"(x)}]
+ Exp [Py = A7 (x)[x] - 1{h(x) # h"(x)}]
= Exnp [Py # h*(X)x] - (1{h(x) = 27 (x)} + 1{A(x) # h*(x)})]
+ Exvp [v(x) - 1{h(x) # 2" (x)}]
= Lp(h") + Ex~p [7(x) - 1{h(x) # h*(x)}]
Now, notice that we have:
Exnp [7(x) - 1{h(x) # h"(x)}] = Ex~p [y(x) - 1{h(x) # 7" (x)} - 1{7(x) = 75(D)}]
> 75(D) (AN B) )

@)

where A denotes the event where h(x) # h*(x) and B denotes the event where v(x) > 75(D).
By definition of the loss we have Pp(A) = Lp«(h), and by definition of the margin we have
Pp(B) > 1 — 4. Therefore, we have:

E(AQB) = %(A) +E(B) —g(AuB) >Lp«(h)+(1—=98)—1=Lp«(h) =4 4)

Now, combining Eq. @), and , together with the fact that Lp(h) < Lp(h*) + €, we get:
Ys(D)(Lp+(h) —6) + Lp(h™) < Lp(h) < Lp(h*) + €
and so the required follows.

Proof. of Theorem

Fix some € € (0,1) and let ¢ = w(z—m and 0’ = §. By the Fundamental Theorem of Statistical

Learning (see |25]), there exists some universal constant C' s.t. taking m = C %

we get
that w.p. at least 1 — ¢’ over sampling S ~ D™ it holds that:
Lp(ERMy(5)) < inf Lp(h) + ¢ = Lp(fp) + ¢
€
where we use the fact that f, € H is the Bayes optimal of D. Now, from Lemmait holds that, w.p.
at least 1 — ¢’ it holds that (note that v(D) = (D)),

Lp- (ERMy(S)) <

So, we get that:
E Lp-(ERMy(S)) < —— +0' =

S~Dm (D)
O
Proof. of Lemmal[3]
Let the event F = {(x,y)| y # f*(x)}, then,
WD)~ B Lo-(AS)|=| P _ly# 7 0]~ B AS)6) £ £ 60| =
S~D™
= [D(E) — A(D™)(E)] < sup[D(E) — A(D™)(E)| =
=TV(D,A(D™)) =¢
O
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Proof. of Theorem@

We follow a proof similar to Chapter 28.2.1 of [25].

Lety =4/ %. Forevery b € {41}, let D, be the distributions concentrated on a single example
x € X, with label,

[ 1+by Ly iy =1
yNPb(y):Bernoqu( 5 )z{l_?w ity =1

Take P = {D,,D_}. Observe that the algorithm .4 that takes a single sample (x, yo) and outputs yg
is a sampler for every D € P.

Lety € {£1}™ be the sequence of labels observed by the algorithm .4, and denote by A(y) € {£1}
the label that A outputs for x when observing the sequence of labels y. Note, that D* will be a
constant distribution concentrated on (x, b). Therefore, we have:

JE, Lo (AS) = (E LA #b) = E 1{AY) #1)

Denote Ny :={y € {£1}" : > .y, > 0}and N_ = {£1}" \ N,. Then:
LB HAW) = -0+ B 1{Ay) = 1)

:ZP+ JL{A) = —1} + P_(y)1{A(y) = 1}
= Z PL(y)1{A(y) = -1} + P_(y)1{A(y) = 1}
yeEN,
+ 3 Pey)HAly) = —1} + P (y)1{A(y) = 1}
yeEN_
> 2; P_(y)+ 2;, Pi(y) > 5 (1 VT~ exp(-2mm))

where the last inequality follows from Lemma B.11 in [25]]. So, if m < % = M we get:

1 1
BB, Do) = 3 (B, 1A = -0+ B 1{Am)=1}) > §
and we get there exists D € P s.t. if m < M then Egpm Lp-(A(S)) > 3. O

Proof. of Theorem

To see property I. of Definition|7| we show that if two distributions over (x, y) are close in total
variation, then the Bayes optimal classifier for both has to be similar. That is,

TV(D, D) <e = Puup[fp(x) # fp(x)] <c/y

Note, for x ~ Dy we have yx =: f55(x) # 5 (x) =: Ux if and only if Pp/ [y« |x] < Ppr [yx|x],
but the margin condition guarantees that Pp [yx|x] — Pp [§x|x] > 7, thus,

P [5(x) # fin ()] < P [Po [yxlx] — Por [alx] | > 7] <
< E [IPo [yxlx] — Por [ylx]l}/:

Where we use Markov inequality for the second transition. Now, we can use the alternative definition
of TV to conclude the proof (here p(x) is the Radon—-Nikodym measure of x under the marginal Dy
and pp(x, y) is the Radon—Nikodym measure of (x, y) under D):

x~D

E IPp [yxlx] — Por [yslx][] = / P [yx|x] = Po [yx[x]| p(x) <

1
<5 [ Ipobey) -~ portxy) <=
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Where the penultimate inequality is based on an easy corollary of the triangle inequality: Vy we have

S 1Bl — Blyix]| > 2/Blylx] - Blyl]l

We proceed to prove the 2™ property. For each x € X let 3j; and y» be the two most likely labels
respectively with respect to the distribution D, that is, y;(x) = arg max, Pp[y|x] and y2(x) =
arg max, ., x) Pp[y|x] and ¥}, y5 defined similarly for D’. Then, for a given x, if the margin is
small, i.e., Ppr [y]|x] — Ppr [y5]x] < v — 7 then we will want to prove that the following holds:

> _IPp [ylx] — Por [ylx] | > 7 3)
y
If y; # v} then with probability 1 we have Pp [y; |x] — Pp [y7|x] > . Using the definition of y/,
Pp [y1[x] = Pp [y1[x] + P [y1[x] = Ppr [y1]x] >y > 7
If, on the other hand, y; = ¥} using Pp [y1|x] — Pp [y2]|x] > 7 again we have (by summing up the
inequalities):
Ppr [y1[x] = Ppr [y3]x] + Pp [y3]x] — Pp [y [x] > 7

So in both cases Equationholds. Thus,

P[Pp [y (x)[x] — Por [ya(x)|x] < v — 7] <

X

P

Z Pp [ylx] — Ppr [y[x] | > T] <

Y

E

X

> [Pp [ylx] = Por [ylx] |] /7 =2TV(D,D)/7 = 2§

Proof. of Theorem[9]

Fixe € (0,1)and 0 < 7 < (D). Let m = m (%) Fix some x € X such that
fp(x) # fapm)(x) = arg max P 4(pm) lylx]
Then, )
Ps~om [A(S)(x) # fp ()] = Peeyyvam) [y # fo(x)X] 2 5
Therefore, since A is a learner with sample complexity m(-) we have:

S> E Lp(AS)= E P [AS)(x) # fH(x)]

2 T S~Dm x~Dyx S~D™

> Ex [PLA(S)(X) # [p()]|[£5(X) # Fiiom ()] - Px [F5(%) # Faom) (%))

> %Px [fl*)(x) # fix(om)(X)} = %LD* (fﬁt(D"w)

So, the first condition of Deﬁnitionholds. For the second condition, observe that since fj‘(Dm) is
the Bayes optimal classifier, we have:

N(AD™)) = Prxy)maom) {y # f:\(Dm)(X)} <P yom) [y # fp(x)]
= E P [AS)) £ )= E Lp-(A(s) < LD

where the last inequality is using the fact that A is a learner. From Lemma since n(A(D))
AA=APIAT) it holds that v5(A(D)) > (D) — 7.

O IA
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Lemma 16. Let D be a distribution with pi-bounded noise, i.e., 1(D) = Py yply # f*(x)] < n
where f* is the Bayes optimal classifier. Let 0 < v < 1 be some positive constant denoting a margin.
Then,

2.1
P |P(fA(x)|x) < max P(y|x)+v| <
LB (BB < max PO+ <

Proof. For each x € X let y;(x) and y2(x) be the two most likely labels respectively, that is,
y1(x) = arg max, P[y|x] and y2(x) = arg max, ., (x) P[y[x]. Let 7% = P[y1(x)|x] — P[y2(x)[x]
and denote the set of small margin examples B = {x|yx < v}. Then we have,
n(D) = EPY # y1(x)[x]] =
> E[P[Y # y1(x)|x]|x € B]P[x € B] >

l—nv

P(B). —'
(B) 5

Where the last inequality is proven via the following lemma: O

Y]

Lemma 17. Given a fixed x € B s.t. vx < 7 (in notation of Lemma for some 0 < v < 1. Then,

PIY £ (o] 2~

Proof. Since the x is fixed we drop all x related notation WLOG:

PY =] =1-P[Y #y] <
S1-PY =y <
1+

Thus, by rearranging we get P[Y = y;] < HTV which implies P[Y" # y;] > 1777 O

B Proofs of Section[3

To prove Theorem([TI0]we use the following Lemma:
Lemma 18. Let A be some learning algorithm. Fix some v > 0 and 7 < ~. Then, for every X s.t.

* Paoe) [ Fapm) ) | %] > Pagpm) [~ S3m (%) | %] +7 and

¢ f;\(pm)(x) = fp(x)

it holds that:

Proof. of Lemmal([T8]
Fix some x € X and denote
Px(y) = Pam) [yx] = Ps~pm [A(S)(x) = y]
Let y5 = arg maxy px(y) = f7pm)(X). So, assume that x satisfies the assumption, namely assume
that px(y5) > px(—yx) + 7 and yx = f5(%).

Denote y,(f) = A(S;)(x), the prediction of the i-th teacher on x. Then,

1,
E[ky,ﬁzy@
=1

—F [y;;y;”] = px(Yx) = Px(—vx) >

16



By Hoeffding’s inequality we get:

i k(E [Le 5% 0] - 5) )
[Ln ot <] <o - Clrtl]on) ), (o)
=1

Proof. of Theorem

Let X’ C X be the subset of points x € X satisfying the assumptions of Lemma with v = @
and 7 = 0. Observe that, using the union bound, and the properties of the teacher A:

Pxp [x ¢ X']
< Pyop [PA(DW) {f;(DM)(X) | X} > P ym) [_fj\(Dm)(X) | X} + 7’}
+ Paw | Fiaom) (%) # ()]

2¢
<¢/3+ Lp- (fj\(pm)> < 3
Now, fix some x € X”’, and from Lemmawe have:
. kvy?
E 1{Aews(S1,.. ., Si)(x) # f5(x)} < exp (-Z) <e/3

S1,...,S~D™

Finally, we get:

Sl,...,ENDm L'D* (Aens(Sl7 ey Sk))

— E  E1{Aens(S1,---, %) (x) # fH(x)}

T S1,...,8,~D™ x

—PypxeX] E E 1 Aens(S1,. .., S0)(x) £ f5(x)}
x|x€X’ S1,...,Spg~D™
+Pyp[xg¢ X' E E 1{ Aens(S1, ..., 5) (x) # [H(x)}

x|x¢ X’ S1,...,Spg~D™

< (1 2¢ 6+26<
—— =+ —=<ce€
- 3/ 3 3

Proof. of Theorem|TT]

Fix a sequence of k subsets of examples S = (51, ..., Sk), and let 155 be the distribution given by
sampling x ~ D and returning (x,y) where y = Acus(S1,. .., Sk )(x). Let Ss be an i.i.d. sample of
size m’ from Ds. Let hs = ERMy (§3) By the Fundamental Theorem of Statistical Learning (e.g.
Theorem 6.8 in [25]) w.p. at least 1 — €/4 over sampling Ss we have:

Lps(hs) < jnf L (h) +e/4 < Lg (fp) +e/4

= Pxp [Aens(S)(X) # fp(X)] + €/4 = Lp+(Aens(S)) + €/4
On the other hand, observe that for all h:

Lp-(h) = E_1{h(x) £ fp(x)}
< E_(1{h(X) # Aao(S) ()} + HAao(S)(x) # f5(0)})
= Lp_(h) + L (Aens(S))

Overall we get that w.p. at least 1 — ¢/4 over sampling Ss we have:

LD* (hs) § 2LD* (Aens (8)) + 6/4
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and therefore:

_ E~ LD* (hS) S 2LD* (Aens(s)) + 6/2
Ss~D7'

Finally, using Theoremwe get:

E ~LD*(h) §2 E LD*(ACHS(SI7~..,Sk))+€/2SG
S1yeny Sk,S S1,y.0,Sp~D™

where h is the output of the Ensemble-Pseudo-Labeling algorithm. O

To prove Theorem([12] we use the following Lemma:
Lemma 19. Assume that A is a teacher for some distribution D with sample complexity m. Then,
forevery e, § € (0,1), taking m > m (§7 @) and k > ( ) log (65) we get that w.p. at least

1 — 6 over the choice of S1, ..., Sk, it holds that:

IPJxw'D

Fo(x)3 Y A8 () < (D) /4] <

Proof. of Lemma Let X' C X be the subset of points x € X satisfying the assumptions of

Lemma|18|with v = 'Y(D) and 7 (D) . Observe that, using the union bound, and the properties of
the teacher A:
]Px~D [X ¢ X /]

< Pa [Paom) | Fiiom () | X] > Paom) [~ Fiaom) () | %] +1]
+ Paw | Fiom) (%) # ()]

2€

<€/3+4 Lp- (f;l(DM)) < 3

Let ' = %. Fix some x € X, and from Lemmawe have:

1{fh(x ZAens )(x) < 7} < exp < M) <

Si,.. 7Sk~DWL

Therefore, we get:

E P A y<7|xedx
S1,eeny Sp~Dm XN’D[ Z ens |

) < "<
IE[S E . Hfpx ZAensz T}|xex1 5

Using Markov’s inequality we get that w.p. at least 1 — =% " we have

[ ZAem i) <T|X€X/‘| ;

and in this case we have

P [f;s(x),lg 3 Aans(5)x) < T]
<P [ ZAens DX <7 xeX| +

P x¢X]<ec

X~

18



Proof. of Theorem Fix € > 0 and let ¢ = %. Fix a sequence of k subsets of examples
S =(51,...,5k), and let Ds be the distribution over X' x Y given by sampling x ~ D, sampling
i~ {1,...,k} and returning (x, y) where y = A(S;)(x). Let Ss be an i.i.d. sample of size m’ from
Ds. Let hs = ERMH(gs). By the Fundamental Theorem of Statistical Learning (e.g. Theorem 6.8

in [25]) w.p. at least 1 — € over sampling Ss we have:
Lﬁs (hs) < }i??f{ Lﬁs (h) +¢€ < Lﬁs (f%) +¢€
= E{fp(x) #y}] < E [1{fp(x) # Aens(S)(x)} + H{Aens(S)(x) # y}] + €

T~

= Lo (Aens(8)) + Ly (Aens(S)) + ¢

Claim: If S satisfies v (Ds) > 0 then w.p. at least 1 — €’ over the choice of Sg ~ ng”/
Lo- (hs) < (Lp- (Aens(8)) +€) (1+70(Ds) ")

Proof: W.p. atleast 1 — ¢’ we have Lz _(hs) < Lj_(Aens(S)) + Lo+ (Aens(S)) + €. Notice that
by definition of 153, we have that A.,s(S) is the Bayes optimal classifier for 153. Therefore, by

- < €/+LD* (-’f}enS(S)) / .
Lemmawe have LD; (hs) < Pz + ¢/. Now, we have:

Lp-(hs) = E [1{hs(x) # fp(x)}]

< E [H{hs(x) 7 Aens(S)(3)} + 1{Aens(S)(x) # [p(x)}]

L. (hs) + Lo~ (Aa(S)) < S Aens(S))
) 7 (Ds)

+ € + Lp« (Aens(S))

Claim: W.p. > 1 — € over the choice of S, we have 7. (Ds) > @ and Lp- (Aens(S)) < €.

(¢)2
that

Proof: By Lemma sincem > m ( ' D) %) and k > % log ( 3 ) we have, w.p. > 1—¢’
over the choice of S,

B (B ASI00 = F5001x] = P LGS = ~F3600x]) > (D)4
- P [f;;(»«),i A ) > 7<D>/4] <
which immediately implies the required.

From the above two claims, w.p. at least 1 — 2¢’ over the choice of S, gs we have

- 16¢’
Lp-(hs) < 2€ 1+7«(Ds _1) <
(hs) ( (Ds) (D)
and therefore Eg 5 Lp- (hs) < ,;(65) +2¢ < ,:(8167) =€ =

C SectionE|Additi0nal Details and proofs

C.1 Well-Clustered Data and Lipschitz Classes

We now show that under certain clustering assumptions, many learning methods can be teachers.
First, we study a simplified case of a distribution supported on a finite set. The following theorem
shows that when the hypothesis class shatters the support of the distribution, ERMy, is a teacher with
sample complexity O(k/e).

Theorem 20. Fix some hypothesis class H, and let D be some distribution over X x Y such that
|supp(Dr)| = k < VC(H) and the support of Dy is shattered. Then, ERMy, is a teacher, with
2k log(2k/¢e)

sample complexity m(e, 7) = 5
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Contrast this with Theorem where we show that when VC(#) = d, ERM is a learner with sample
VC(H)

e2v(D)?
dependence on 1/~ *y , as would be needed in order to get a learner. In fact, TheoremEl shows that the
dependence on 1/4? in the sample complexity of a learner cannot be avoided.

complexity m(e) = O ( ) This shows that sampling can be achieved in this case without a

We proceed to discuss a more general version of Theorem- 20| where D is well-clustered in % balls of
small radius (similar to a Mixture of Gaussians with low variance). In this case, we study L-Lipschitz
hypothesis classes, defined as follows:

Definition 21. A hypothesis class H is L-Lipschitz if for every h € H there exists some h: X >R
such that h is L-Lipschitz and h(x) = sign h(x) for all x € X.

We note that a large family of learning methods such as bounded norm linear classifiers, ker-
nel machines and shallow neural networks with Lipschitz activations (e.g., ReLU) are Lipschitz
classes. For learning L-Lipschitz classes, we study the ERM rule with respect to the hinge-loss

(over the real-valued output) instead of the zero-one loss. Namely, we define ERMhmg 9 =
arg minp ey E(x,y) [Zhinge (y, h(x ))} , where lhinge(y, ¥) = max(1 — yg,0).

We use the hinge-loss as it is often required that the output of a real-valued hypothesis separates
the data with some margin. Indeed, since the zero-one loss is invariant to scale, the L-Lipschitz
assumption under the zero-one loss is meaningless, since the hypothesis can always be scaled down
to satisfy any Lipschitz bound. So, when the data is well- clustered and the hypothesis class H is

L- LlpSChltZ ERMhmg © is a teacher with sample complexity O( -). While this bound does depend
on 1/~2, it still improves the sample complexity of learning derlved from Theoreml

Theorem 22. For L-Lipschitz class H, and some \-Lipschitz distribution D s.t. supp(Dx) C
Ur_ B(c;,r), wherer = and k < VC(H) so the set of balls B(c;,r) can be shattered.
0( klog(2k/e) )

v2e

’ 2 max’z)\,BL)
Then, ERM;L_Z”Qe is a teacher, with sample complexity m(e, ) =

C.2 Proofs for Section[d]

Using standard measure-theoretic arguments, we show that for any distribution D, such a cover exists:

Lemma 23. For a every distribution D over X x Y there exists a function m, : (0,1) x (0,1) - N
s.t. for every e,6 € (0, 1) there exists a subset X' C X satisfying:

o Pyp, [x¢ X <6
o Ifm > me(e,0), for all x € X' it holds that Ps.pr [d(x,S) > ¢] < 4.

Proof. of Lemma|23[Fix some ¢, € (0,1) and let 0’ = §/2,¢' = ¢/2. For some xo € X and let
B,.(x0) be the closed ball of radius  around x, i.e.

B,(x0) ={x € X : d(xg,x) <r}
Now, for some x € X, observe that X = U22, B,.(Xg), and therefore we have:

1= Dy (X) = Da(U32 By (x0) = lim D (B, (x0))

So, there exists some r s.t. Dy (B,(xg)) > 1 — ¢’. Now, since B,.(x¢) is closed and bounded
n (X, d), from the Heine-Borel property we get that B,.(x() is also compact. Since B,.(xo) C
Uxe B, (xo) Ber (%), there exists some finite subset C' C B,.(xo) such that B,.(xg) € UxecBe (%).
Now, let C" C C be the subset of balls that have at least '/ |C'| mass under Dy, namely:

o = {x €C : Dx(Bo(x)) > g'|}

Letm = PCI log ('%lﬂ , and observe that for every x € C’ we have:

g\ mo’ 0’
m H(x) = 0] = Py ! X< (1-—=] < )< —
Pspm [SN Be(x) = 0] = Pywap, X' ¢ Be(x)] < (1 |C|) < exp < cl > <0
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Usmg the union bound, w.p. at least 1 — ¢’ it holds that for all x € C’ ther exists x’ € S s.t.
x' € Bu(x). Denote by X’ all the points in X that are covered by C’, namely X’ = Uyxecr Ber (X).

Claim: X \ X’ - (X \ BT(XQ)) U (UxEC\C’Be’(X))

Proof: Let x € X'\ A” and we need to show x € (X' \ B,(x0)) U (Uxec\cr Ber(x)). If x ¢ By.(x0)
we are done. Otherwise, if x € B,.(Xg), since B, (xg) C Ux ecBe (%) there exists some x’ € C s.t.
X € Bo(x'), and x" ¢ C’ since otherwise we would have x € X”.

Claim: Py .p, [x ¢ X'] < 2§
Proof: Using the union bound and the previous result:

Pxapy [x ¢ X'] < Pep, [x & Br(x0)] + Z Pxapy [x € Ber (X))
x'€C\C"

<6’+|C\O’\— <28
C]|

Claim: W.p. at least 1 — §’ over the choice of S ~ D%, for all x € X’ it holds that d(x, S) < e.

Proof: From what we showed, w.p. at least 1 — ¢’, for all x € C” there exits x’ € S s.t. X' € B/ (x).
Assume this holds, and let x € X”. By definition of X" there exists some X € C’ s.t. d(x,%X) < €.
So, there is some x’ € S s.t. d(x’,%) < €, and therefore d(x, x") < 2¢/ = ¢ and we get the required.

Now, the required follows from the last two claims. O

Proof. of Theorem|T3]

Let D be some A-Lipschitz distribution. Let m.(-, -) be a function satisfying the conditions guaranteed
by Lemma[23]for the distribution D. Then, we prove that the A;_xy is a sampler for D, with
distributional sample complexity ﬁ(e) =me (55, 1

2X012)°
Fix e € (0,1) and let €’ = 55,0’ = 5. Let m, be the function guaranteed by Lemma|23{ and let X’

be the subset guaranteed by the same Theorem (given the choice of €', ¢’). Fix some x € X”. Denote
q :=Pgpm [d(x,S) < €] (the probability to get a good cover). By Lemma- 23| for m = m.(€’,0)
we get that ¢ > 1 — §’. For every y € Y, denote px(y) := Pp[y|x], and we have:

JB A0 = 3] )| S a| B A (S)(x) = yld(x, 5) < €] ~ px(y)|
+(1=q)| B An($)(x) = gld(x,S) > ] - pu(y)

< )g[m(x, S),d(x,S) < ¢ — px(y)’ +28" <A+ 20

From the above we get:

EZ‘ AN (9)(0)1x] — Plylx]|

<xlxng,gyj\SNE;W[ANNw)(xnx] Plylx| + 2] B [x ¢ A]

<)X +68 < e

and therefore the required follows. O

Proof. of Theorem

Let D be some A-Lipschitz distribution. Let m.(-, -) be a function satisfying the conditions guaranteed
by Lemma @for the distribution D. Then, we prove that the Ak ~nn algorithm is a teacher for D,
with sample complexity m(e, 7) = k - m,. ( min {e, =

Fix e € (0,1), 7 € (0,7(D)) and let € = 7,6’ = min {e, 1 } Let m, be the function guaranteed
by Lemma and let X’ be the subset guaranteed by the same Theorem (given the choice of
€',4"). Fix some x € X’. Let S be the set of subsets of X" such that Sy € S if and only if for all
x' € k-m(x, Sx) it holds that d(x,x') < €. Let m = k - m.(¢', ).

4N’ ) 4k
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Claim: Pg..pm [Sy € S| > 1 — k¢’

Proof: For every set S C X x ) of size m, split S to blocks of k examples S(V), ..., S*) each of size
me(€e’,8"). By Lemma for every 7 it holds that Pge),,pm/x [d (x, S/(é)) > e’} < ¢’. Using the
union bound, with probability at least 1 — k¢’ if holds that for every i € [k] we have d (x, SE,?) <é,
in which case there are at least k examples in S with distance < € to x, so Sy € S.

Claim: Pspn [Aexn(S)(x) = fp(x)|Sx € 8] = 4+ 12— 7
Proof: Fix some Sy € S, and w.l.o.g. assume that k-7(x, Sx) = {X1,Xa,...,Xx}. Then,
Pgipm [Aknn (S)(x) = fp(x) | Sk = Sx]

k
=Pgpm [sign <Z yz> = fp(x) | Sy = SX‘|

i=1
Denote p; = Pgrwpm [y; = f5(x)|S% = Sx] = Pp[f5(x)|x;]. Now, observe that:
1 D 1 D
pe > Bl — Ad(x,x) > B (ol x> 5+ XDy 2 D)7
where the first inequality uses the A-Lipschitz property of D, and the third inequality is by definition
of v(D). Now, from the Conodorcet Jury Theorem in [3], it holds that:

. * 1 1 z
Pgrpm [SIgn <§ y> = fp(x) | Sy = S»«] >ppzgt %) T

i=1

and the claim follows from the law of total probability.

Claim: For every x € X” it holds that P pm [Aknn(9)(x) = f5(x)] > 1 + UP)=7
Proof: Observe that, using the previous claims:

Pspm [Ann(9) (%) # fp(X)] < Psupm [Aknn(S)(x) # fp(%)[Sx € S|+ Psupm [S & S]
1 yD) | 7 ,_1 D) -7
-\ <> _ 77
< 5 5 + 1 +kd' < 5 5
By the previous claim, it follows that for all x € X’ we have fj‘k_NN(Dm)(x) = fj(x), and using

the fact that Pxp [x ¢ X’] < &’ < e the first condition for teacher holds. Since we also have
Pyp [x ¢ X'] < §' < 4, by the previous claim we get that v5(Ax nn(D™)) > (D) — 7, and the
second condition in the definition of teacher holds. O

Proof. of Theorem (T3]

In the one-dimensional case, i.e. when X = R, Theorem 3.3 from [24] shows that R(S) gives
the linear spline interpolation of the data points. Namely, let § := R(S), and assume that S =
{(z1,21),- -, (@m, Ym)} is sorted such that 21 < z3 < --- < x,, (assuming there are no repeated
samples). Then, for every i € [m] and for all x € [x;, x;11] it holds that

Yirl 7 Yi

hs(x) =y +
o(@) =i Tiv1 —

T —x;)

In this case, it can be easily shown that for all « € [z, z,,,] We have sign hy(z) = 1-NN(S)(x), so
training a network with bounded-norm weights (and unbounded width) behaves like nearest neighbour
classification over the range covered by the sample. Using this, we show that ReL.U networks in this
setting are samplers.

Let ¢ > 0 and let &’ = £/4. We begin with the following claim:
Claim: There exist numbers a < b such that P, p [x < a] = Pyup [z > 0] = €.

Proof: By assumption the function F'(a) = P[z < a] is continuous and lim,_ oo = 1,lim, oo =0
thus by the intermediate value theorem we have there exist a, b such that F'(a) = Plz < a] = ¢ and
Fb)=Pxz<b=1-¢"
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Assume we sample S ~ D™, and sort it s.t. S’ = ((x1,¥1),- -+, (Tm,Ym)) Where 21 < 22 < -+ <
T

Claim: Fix ¢’ > 0, and assume that m > bg(ﬁ#‘sl). Then, w.p. at least 1 — &’ over the choice of S, it
holds that
Pp [1' ¢ [mlaxm]] < 2¢’

Proof: Let a, b be the numbers guaranteed by the previous claim. Then, we have

/ &
Pspm [z1 > a] = Pgupm [V(z,y) €S, 2>al=(1—-€)" <e ™" < 3

and similarly we get Pg..pm [2,, < b] < %/. So, from the union bound, w.p. at least 1 — ¢’ it holds
that 1 < a and x,,, > b. In this case, we have:

Pop (@ & [11,20]] < Ponp [z ¢ (a,b)] = 26’ = /2

Claim: Split [a,b] to 25 intervals of equal size of § and denote the intervals by 4; = [a + i6,a +
(i + 1)6). Then, letting m > 6(%‘1) log(6(b — a)/ed) where 6 = €/12\.

P[3A; st x € A;jand Vo; € S,x; ¢ A;] < ¢/3.
Proof: Denote the above event by B. Now, let p; = P[z € A;], by the union bound:

P(B) < Z]P[.’E S Ai,ij,xj ¢ Az]

ST LU

i:pi<ﬁs/6 i:piZﬁe/ﬁ
<e/6+ E e Pim
ipi>52-c/6

Now, since we chose m > % log(6(b — a)/ed) we have that,
P(B) <¢e/3.
Claim: When m defined as above, we have that,
E

x € [a,b]]| <e/2

Ey: ’SJP;MWS)(x)Im} - ]P’[y|x]‘

Proof. Let C be the event x € [a, b] intersected with B¢ = Q \ B. Then, denote by z; the nearest
neighbor of z in .S and assume WLOG z € [z;, z; + 1]. Conditioned on C, x — z; < 0, thus,

Yi+1 — Yi
|hé($) - yi| = ﬁ (x — ;)
K3 1
< |yi+12— Z/z‘| <1

And consequently, the sign of x will be y;. Thus, (conditioning on C)

B IAS)@)l] — Plylal| <| B [AS)@)a] - Pyl + [Pyl — Plylal]

S~Dm
<M <eg/12
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We thus can conclude that,

E

S| B IAS) @)l - Plyla]| |2 € [a, b]]

S]P’(B)+IE =¢e/2

S| B IAS) @)l ~ Plylal ‘c

Now combining all of the above conclude the proof of the Theorem. O
O

Proof. of Theorem First, we show that A = ERMy, is a teacher when m = w. Let
S = {(xi,%:)}i21 ~ D™ be the sample set. Also,let B = {x € X | P(x; = x) < 5} and
G = X'\ B. We first show that for every x € G we have P[x ¢ S] < 7.

P[x ¢ S|x € G] < (1 —/2k)™ < e~ 108Ck/2) — ¢ /o

Now we can use the union bound to show that,

}P’[Elxz S G\S} < 6/2

Using the union bound again, we can see that for a new example x": P[x’ € B] < 5. Thus,
P[x’ € Bor3x; € G\ S| < e. Now, for each x € S G the label y(x) given by ERM can be seen
as a Condorcet Jury voting by the set of {y;|x; = x}. We can use Theorem 1 from [4] that shows
that Condorcet Jury voting is monotone in the number of votes. Thus, P[f5(x’) = f7 pm)(X)] =1
using the aforementioned conditioning. Similarly, we have that 7. (A(D™)) > ~(D) (i.e., 7 = 0).
As we can condition as before and the CJT monotonicity Theorem implies that the margin can only

increase (as the probability of the top label increases). O

Lemma 24. Let yy, ..., y, be some independent random variables with y; € {+1} s.t. P(y; =
1) = pi, where either p1,...,p, € (1/2,1] or p1,...,ps € [0,1/2), and let y = min; [2p; — 1].

Denote y* = sign(d>_1_, y;), and let {(y) = 2- 3" H{y; # y*} and L(y,r) = n(l — r) for
some 0 < r < % Then, there exists some universal constant ¢ > 0, s.t. for every § € (0,1), if

n > 81%(21/5) w.p. at least 1 — & we have ((y) < {(y).

Proof. Let S =" | y;. Observe that:

(y) =23 1y £y }22(2 : >ny S yi=n—18
=1 =1 =1

Also note that E[S] = Y | (2p; — 1) so |E[S]| > n~. Now, from Hoeffding’s inequality:

P <|S—IE[S]\ > %) <2exp (—ny?/8) <4

So, w.p. at least 1 — § we have:
(y) =n || < n—[E[S]| + 1S~ E[S] <n— 2 <n—rm=i(y)

where we use the fact that r < % <

R
|

Proof. of Theorem[22)]

Claim. The Bayes optimal classifier f* on D is constant on each ball.
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Proof. Letx € B(c;,r)andlety; =: f*(c;) be the arg max Pp [y|c;]. Using the margin condition
on ¢; we know that P(y;|c;) > P(yz2|c;) + v (here y; = —y1). Since x € B(c;) we know that
d(x,c;) < r and using the A-Lipschitzness of the distribution we get that,

P(y1]x) > P(yr]ci) — Ar > P(yzc;) +v — Ar = P(y2|x) + v — 2Ar > P(y2[x)
So f*(x) = f*(c;) thus f* on B(c;,r) is determined by f*(c;) and therefore constant on the ball.

In a similar fashion, we proceed to show that with high probability a hypothesis output by ERM;LJ nae
is constant on each ball with significant probability mass.

Claim. Let h € H be some function that is not constant on B(c;, ). Then ‘fz(x)‘ < 2Ly for every
X € B(Ci, 7“).

Proof. Fix x € B(c;,r) and let X' € B(c;,r) s.t. signh(x) # signh(x’). Observe that
h(x) — ﬁ(x')‘ < L|jx — x| < 2Lr. So, if h(x) > 0 we get that

h(x) < h(x) — h(x') < 2Lr
otherwise if i(x) < 0 we get that

—h(x) < h(x') — h(x) < 2Lr

Claim. For each ball B(c;,r) with P[x € B(c;,r)] > ¢/2k,if m > %2(@%/6) we have w.p. at
least 1 — /2k that |\S N B(c;,r)| > n where n = %ﬁ’“/s).

Proof. LetS = {(x;,y;)}7, and denote &; = 1{x; € B(c;, )}, and notice that |S N B(c;.r)| =

> &. It holds that: E[Y " &] > 2. Note, similar to the argument in Theorem if
m > 2k log(l/é) wp. 1 — § it holds that 2_71 ¢ > 1. When m > 16k log(2k/<) log(i6k log(2k/e)/ev?)

2k log(16k log(2k/e)/e'y )

we can apply the same argument for each “block” of size . That is, we are

using § = and the number of blocks is n = w to get that with probability

m
1—6n=1- £ itholds that Y- & > 3los(2k/e)

Claim. For each ball B(c;,) with P[x € B(c;, )] > £/2k the probability that ERM};"%¢ is
constant on B(c;, ) is at least 1 — £/2k.

Proof. From the previous two claims it holds that f* is constant on B(c;, ) and that with probability
> 1 — &/2k it holds that |S N B(c;,r)| > 8log(2k/e)/v?. Letn = |SN B(c;,r)|, and denote
(X1,Y1)5 - - -, (Xn, yn) the examples in S N B(c;, ). By definition of (D) it holds that Pp[g; =
lle;] = p; with [2p; — 1] > 7. Let y* = sign(}_;_, v;) and let h* € H be a hypothesis s.t.
h*(x) = y*. Let h € H be some function that is not constant on B(c;, 7). Then:

Zghmqe Xz yl —221{?!17&?/ }_Z( )
=1

Observe that from the prev1ous claim we have |h(x;)| < 2Lr < 1 and therefore:
Zghinge( Zl - yz Xz Z 1 - ‘h Xl > n(l - 2LT) = g(y’ 2LT)

Therefore ifr < w.p. at least 1—¢/2we have

Z ghinge(h* (Xi)a yz) S Z ghinge (h(Xz>7 yz)
=1 =1
hinge

Thus, using the union bound we get that with with probability > 1 — &, ERM,,"”" on each ball
with probability mass > o will be constant. Now, since the Bayes is fixed on each ball, the output
hypothesis could be seen as Condorocet Jury voting on each ball independently thus proving (same
argument as Theorem@) both condition 1 and 2.

3L’
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D Experimental Details

In this section, we elaborate the exact details used in our experiments. In all experiments, we train
ResNet-18 [13] with batch size 128 and 0.0005 weight decay. On CIFAR-10 [16] we train for 50
epochs and for CIFAR-5m we train for 1 epoch using cos-annealing learning rate that starts from
0.05 for both datasets. This optimization procedure achieves ~ 94% accuracy on CIFAR-10 when
train on clean data. However, we add 20% fixed label noise. With label noise the model (without
early stopping) has 81.3% accuracy on the clean test set. For each experiment in the body we use
(at-least) 10 random seeds. So for example, for the 10 random teachers experiment we train 100
teacher models and chose 10 fixed teachers at random for each student seed.
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