Technical Appendices and Supplementary Material

A Proof for 6-approximation on Pseudometric-weighted CC with
LP-UMVD-PivoT

With the parameters o = % and 8 = 0, the corresponding rounding functions are as follows:

0, ;z:<%;
ff@)=f()=qa, $<z<3; (16)
1, m>§.

Since the formulas for e.cost and e.lp in the pseudometric-weighted CC are compatible with those
in the classical CC, and weights w affect C linearly, the following lemma presented by Chawla et
al. [16] remains applicable.

Lemma 3 (Lemma 5 of [16]]). Suppose f is a monotonically non-decreasing piecewise convex
function; [~ is a monotonically non-decreasing piecewise concave function. Then C > 0 for all
possible configurations if it holds whenever:

1. the triangle inequality is tight for (T, Tyw, Twu); OF

2. each value of x. (e € {uv,vw,wu}) belongs to the endpoint of the domain for some piece
of the rounding function f*, where s is the sign of e.
Therefore, it suffices to show 6 - LP — ALG > 0 in either of the two cases outlined above.

‘We introduce another useful lemma:
Lemmad. If xyy, Tyw, Twy € [é, 1- é], then oo - LP — ALG > 0.

Proof.

a - eldpy, — e.costy, > a(l — pywpPwy) min{z, 1 — z}
- Hlax{pvw(l - pwu) + (1 - pvw)punu (1 - pvw)(l - pwu)}

1
Z O[(l - pvawu) . E - (1 - pvu)pu)u) =0.

Same inequality holds for other vertices, hence o« - LP — ALG > 0. |
For notational simplicity, define (x,y, 2) := (Tyy, Tyw, Twy) and wlo.g z <y < z.

A.1 Triangle inequality is tight.

In this case, z = x + y. As the rounding functions are defined piecewise, we can partition the entire
space of possible configuration of (z,y) into a finite number of regions (labeled I through VI in
Figure where the behaviors of Py, Puw, Pwu are well identified in each.

Since fT = f~, the value of p, is independent of the sign of e, therefore the formula for both e.cost,,,
and e.lp,, are independent of the sign of the edges vw and wu. Therefore, once the region and the
sign of the edge uv are fixed, the formula for e.cost,, and e.lp,, are fully resolved as a function
of x,y, z, as shown in Table By the implication of Lemma it suffices to verify all possible
configurations of the following procedure:

1. Select any region: This results in 12 corresponding cells, with 6 possible cases.

2. Select any 2 columns: This results in 8 corresponding cells, with 3 possible cases.

3. For each column, select the sign: This results in 4 corresponding cells, with 4 possible
cases.

4. The following must hold: « - (e.lp, + e.lpy) — (e.cost, + e.costy) > 0, where a, b are the
vertices corresponding to the selected columns.
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Figure 2: Configuration of regions induced from (L6).

Table 1: Formula for e.cost and e.lp for each configuration.

Typ =T Toyw =Y Tyu =2=T+Y
Region €.Ccosty, elp, e.costy, e.cost, e.lp,
1 0 T 0 0 z
— 1 1—=x 1 1 1—=2
II ‘+’ z T z 0 z
=’ 1—2z 1—=x 1—=2 1 1—=2
1 ‘+ y+z—2yz (1—y2)x z y z
— 1-y)(l-2) (Q-y2)(1—-x) 1-=2 1-y 1-=2
v 4’ 1—y (1—-y)x 1 y z
=’ 0 (1-y(l-ux 0 1—y 1—2z
A% ‘4 0 0 1 1 z
-’ 0 0 0 0 1—2z
VI + 1—y (1-y)x 1—z (1 x4y —2zy (1—zy)z
— 0 (1-y(1-2) 0 (1-a)1-y (-2)1-y) (-ay(-2)

A.1.1 Region LILV

All formulas are affine; therefore, checking ac- (e.lp, +e.lpy) — (e.cost, +e.costy) > 0 at the extremal
points is sufficient. Tableshows extremal points of the regions with the value of 6 - e.cost — e.lp for
each configuration. In each region with the point, adding any two values from different columns results
in a nonnegative value, validating the nonnegativity throughout the region with sign configuration.

A.1.2 Region III

We can also further optimize procedures 3 and 4: Compute « - e.lp, — e.cost, for each region, sign,
and vertex configuration. For a given region and vertex, if one sign configuration dominates another,
choose the smaller one.

For example, consider 6 - e.lp,, — e.cost,, in Table Since z < 1, (1 —y2)(1 —z) > (1 — y2)z.
For e.costy, y + 2z — 2yz > (1 — y)(1 — z) since

y+z-2yz—(1—-y)(l-2)=

1—(2-3y)(2-32)
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Table 2: Value of 6 - e.lp — e.cost for each extremal point of the region.

Region (z,y) Sign 6-elp, —e.costy, 6-elp, —e.cost, 6-e.lp, — e.cost,

I (0,0) 4 0 0 0
o 5 5 5

0,3) “+ 0 2 2

. 5 3 3

(5:5) + 1 1 2

. 4 4 3

II 0,3) “+ -1/3 5/3 2
. 16/3 10/3 3

(5 8) ‘+ 2/3 2/3 2

- 13/3 1/3 3

3LhH + 4/3 4/3 4

s 11/3 11/3 1

\Y% 0,2) “+ 0 3 3
g 0 2 2

(0,1) 4 0 5 5

- 0 0 0

(3.3 + 0 3 5

. 0 2 0

since y, z € [1/3,2/3] within the region. Therefore, 6 - e.lp,, — e.cost,, is smaller with the sign ‘+’.

Now, consider the minimum value possible for the formula above within the region. Replacing
r=z—= y7

6 - e.lpy, — e.cost, = —6yz? + 6y*z + 2yz — Ty + 5z.
Fixing y, the formula is concave of z; therefore, it is minimized in z = y or z = 2/3, resulting in

2y% — 2y and 4y? — 23—5y + % each. Within the range y € [1/3,2/3], the minimum value of each is
—1/2iny =1/2and —4/9 1y = 2/3. Thus, 6 - e.lp,, — e.cost,, > —1/2.

Finally, consider the minimum value possible for 6 - e.lp,, — e.cost, and 6 - e.lp, — e.cost,,. Again,
these are affine; hence checking on extremal points is sufficient. It turns out that 6 - e.lp,, — e.cost, >
4/3, minimized at (y,z) = (1/3,2/3) with ‘4’ sign; 6 - e.lp, — e.cost, > 4/3, minimized at
(y,2) = (1/3,2/3) with ‘-’ sign.

Therefore, any objective value is greater than or equal to 4/3 — 1/2 = 5/6 > 0 in the region.

A.1.3 Region IV

We can utilize the optimization method explained in|A.1.2[again: Since (1—y)z < (1—y)(1—=z) and
1 —y > 0, the formula with the sign ‘+ is smaller for 6 - e.Ip,, — e.cost,,, which is (6z — 1)(1 —y).
This has a minimum value of —1/3 in (z,y) = (0,2/3).

Also, since 62—y = 6x+5y > 10/3 > 5/2 in this region, the formula with the sign ‘— is smaller for
6 - e.lp, — e.cost,, which is 5 — 6z — 5y. This has a minimum value of —1/3 in (z,y) = (1/3,2/3).

The formula for 6 - e.lp,, — e.cost, is 6y — 1 or 6(1 — y). Each of them has a minimum value 1 in
(z,y) =(1/3,1/3), 2in (z,y) = (0,2/3), respectively. Thus, (6 - e.lp,, — e.costy,) + (6 - e.lp, —
e.cost,) and (6 - e.lp, — e.cost,) + (6 - e.lp, — e.cost,) are atleast —1/3 +1=2/3 > 0.

Finally,

(6 - e.lpy, — e.costy,) + (6 - eldp, — e.cost,) > (62 —1)(1 —y) + (5 — 62 — 5y)
=—6ry—4dy+4>—-6y+4>0,

Making the approximation factor o = 6 tight at (z,y) = (1/3,2/3) as well as the objective value
nonnegative.
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A.14 Region VI

As in 1V, the formula with sign ‘+ is smaller for 6 - e.lp,, — e.cost,,, whichis (6z — 1)(1 — y). This
has a minimum value of 1/3 in (z,y) = (1/3,2/3).

The formula for 6 - e.lp, — e.cost, is (1 — x)(6y — 1) or 6(1 — z)(1 — y). Each of them has a

minimum value 2/3 in (z,y) = (1/3,1/3), 4/3 in (x,y) = (1/3,2/3), respectively.

For 6 - e.lp, — e.cost,, consider the difference between those of ‘+’ sign and ‘—’ sign.

6(1-ay)(z—(1=2)—(@+y—22y—(1-2)(1—-y)) =221 —ay) — (-3zy + 2z +2y - 1)
=zy—2x—2y+3

11
2(2—1')(2—’!/)—12§>0,

since z > 2/3. Therefore, the formula with sign ‘—’ is smaller, which is 6(1 — zy)(1 — z) — (1 —
z)(1—-y).
Define p = zy, then

6(1—2y)(1—2)—(1—2)(1—y)=06pz—5z—Tp+5,

with region z € [2/3,1], p € [% -5.(3) } . Fixing the value of z, it is a decreasing function with
respect to p; fixing the value of p, it is a decreasing function with respect to z. Therefore, the function

is minimized at z = 1, p = i with the value —i.

Therefore, any objective value is greater than or equal to 1/3 — 1/4 = 1/12 > 0 in the region.
Overall, 6 - LP — ALG > 0 when the triangle inequality is tight.

A.2  All coordinates belong to endpoint of segments.

There are total 4 possible LP values: 0, 1/3, 2/3, 1. Among all the possible (z,y, z) tuples,
there are only 7 tuples whose triangle inequality is not tight. Moreover, 3 tuples (z,y,z) =
3,4, ﬁ 2.2), (2,2, 2) among them only consist of value 1/3 or 2/3, thus 3- LP — ALG > 0
by Lemmal4| Therefore, we only need to verify the remaining 3 tuples.

Since left-side and right-side limits of the value of rounding function at such point might differ,
we have to consider all possible limits of 6 - LP — ALG up to 23 = 8 directions. Table shows
remaining 3 tuples and the directional limit of the value of 6 - e.cost — e.lp for each configuration.
Note that since z < y < z, only up to 4 out of 8 directions are required to verification. As in
argument on region I, I, V of Case 1, in each point with direction specified, adding any two values
with different column results in a nonnegative value, validating the nonnegativity.

This completes our case analysis.

B Proof for Theorem/[I]

Suppose that LP-P1vVOT achieves an expected ci-approximation.

We begin by considering the configuration (x,1 — x,1) with signs (+,+, —) or (+,—,—) and
weights (1,0, 1). Then:

a(l = fF1—z))z> 2~ fH(2)1 - fF(1-a), (17
al—f~(1-2)z =2~ fF(2)1 - f(1-2), (18)

which implies:
ff@)<2—az = [fT(l-2)=f(1-2)=1 (19)

Next, consider the configuration (0, z, ) with signs (4, +, +) and weights (1, 1,0):
ax > 3f () — 2f T (2)?, (20)
which yields the bound f*(z) < ax. Therefore, for z € [0,1/a], we have
ffz)<ar<2—az, ffl-2)=1
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Table 3: Value of 6 - e.lp — e.cost for each points in consideration of Case 2.

(z,y,2) Sign  6-e.lp, —e.costy, 6-elp, —e.cost, 6-elp, — e.cost,
(2-0,2-461) 4 1 1 26/9
o 2/3 2/3 -1/9
(2-6,24461) 4 0 1 5/3
o 0 2/3 0
(2406,2446,1) 4 0 0 0
o 0 0 0
(2 -06,1,1) -+ 0 5 5
o 0 0 0
(2+6,1,1) 4 0 10/3 10/3
o 0 0 0
(2-06,1,1) + 0 5/3 5/3
. 0 0 0
(2+6,1,1) e 0 0 0
. 0 0 0
(1,1,1) 4 0 0 0
o 0 0 0

Now consider the configuration (z, x, 2x) with signs (4, +, +) and weights (1, 1,0):

ar(l— fT(x)fT(22)) > fH(x) + fT(22) — 2f T (2) fF(22). 1)
Rewriting the inequality, we obtain:
(1- (2 - a)f*(2))f*(22) < az — f*(2). 22)

Observe that for z € [0,1/a) where f(z) < 1, the term
1= (2-oa2)f"(z) 21 =2f"(2) + [F(2)* > 0
is strictly positive. Hence:
az — () (1 - aw)*f*(a)

A sy 3 B e cmrn o R 29

forz € [0,1/a).

Combining the above, we conclude:

) < gx for z € [0,2/a).

Setz = %. Then from @ and @, we have:

4 2 4
+ )< Z_9_ + _ ) =
f <3a) <3 2—ax, so f (1 Sa) 1.

Since f*(z) < 1forz € [0,2/a), this implies:

2<1 4 . >10
— - — o> —.
a 3a -3

Hence, the approximation factor must be at least 10/3.
C Proof for Theorem

We can apply the same argument with Appendix [Al with the partition by regions (Figure and
formula for e.cost and e.lp (Table changed accordingly.

Define (x,y, 2) := (Tyw, Tow, Twy) and wlo.g z <y < z.

24



(0,1)

VI
0,06 (0.4,0.6)
0.5,0.5
- vV VI (0.5,0.5)
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Figure 3: Configuration of regions induced from .

Table 4: Formula for e.cost and e.lp for each configuration.

Typ = & Tow =Y

Region  Sign e.cost elp e.cost

I + 0 x 0
‘=’ 1 11—z 1

I ‘+ Ez T gz
=’ 1-32 -2 1-32

m o+ 1 x 1
=’ 0 1—2z 0

v e %y—g 22— %051/2 2(5 — 2@5yz)ac gz
= (=30 -32) (1-Fy2)(1 - z) 1-3z

v 3y (1= §y)a 1
=’ 0 (1-3y)(1—2) 0

VI ‘+’ 0 0 1
= 0 0 0

vl + 1—2y (1-3yz 1-3z (1-
= 0 (1-3wao) 0 (1500

Lyy = 2 =T + Yy

Region Sign e.cost elp

I ‘4’ 0 z
=’ 1 1—=2

I + 0 z
‘=’ 1 1—2

m + 0 z
=’ 1 1—=%

v ‘4’ gy z
‘-’ 1-— gy 1—2

A\ 4 3Y z
‘—1- %y 1—2

VI ‘+ 1 z
‘—’ 0 1-%

vl 4’ x4 %y — 59—0:1331 (1- %xy)z
i~ (1-30)1-3y) (1-Zay)(-2)
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Table 5: Value of % - e.lp — e.cost for each extremal point of the region.

Region (z,y) Sign % - e.lpy — e.costy, % - e.dpy — e.costy, % - e.lp, — e.cost,
I (0,0) 4+ 0 0 0
i 7/3 7/3 7/3

0,2 -+ 0 4/3 4/3

- 7/3 1 1

&L 2/3 2/3 4/3

. 5/3 5/3 1

II (0,2) + -2/3 2/3 4/3
= 3 5/3 1

(5,8) + 0 0 4/3

(. 7/3 7/3 1

N -3 13 2

- 8/3 2 1/3

(3,3) + 0 0 2

= 7/3 7/3 1/3

11 (5,3)  + -1/3 1/3 2
= 8/3 2 1/3

(3,3) + 0 0 2

= 7/3 7/3 1/3

(2,2) 4 1/3 1/3 8/3

- 2 2 -1/3

VI (0,2) o 0 1 1
- 0 4/3 4/3

(0,1) + 0 7/3 7/3

- 0 0 0

(3,8) + 0 1 7/3

i 0 4/3 0

C.1 Triangle inequality is tight.
C.1.1 Region L, I1, I1I, VI
Affine formulae; refer to Table Also note that the factor 10/3 is tight for (0, 2, 2) with (++, +, +),

C.1.2 RegionIV

The argument here is analogous With (1-Byz)z < (1-Zyz)(1-x)asz < 35 2y+ 32—

Dy > (1— 3y)(1— 32) as

5 5 50 5 5 1-(2—5y)(2 - 52)
Qa2 P (1= 2y) (1-22) =
3V T3 g ( 3y) ( 3Z> 3

and y,z € [2/5,3/5]. Therefore, 12 - e.lp,, — e.cost,, is smaller with sign ‘+’.
Replacing z = z — v,
E -e.lp, — e.costy, = —@yZQ + @sz + @yz — 5y + éz
3 27 27 9 3
Fixing y, this formula is concave of z, hence minimized in either z = y or z = 3/5, which yield

20y? — Ly and 3y? — 5y + 1 each. Within the range y € [2/5,3/5], the minimum value of each is

—1/9iny =2/5and —1/8iny = 9/20. Thus, 1 - e.lp,, — e.cost,, > —1/8.

Finally, & - e.lpy — e.cost, > 1/3, minimized at (y,z) :.(2/5,3/5) with *+” sign; & - e.lp, —
e.cost, > 2/3, minimized at (y, z) = (2/5,2/5) with ‘+’ sign.

Therefore, any objective value is at least 1/3 — 1/8 = 5/24 > 0 in the region.
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C.1.3 RegionV

The argument here is analogous with - e.lpy, — e.cost,, is smaller with sign ‘+’, which is

(222 — 1)(1 — 2y). This has a minimum value of —1/9in (z,y) = (1/5,2/5).
The formula for 2 - e.lp, — e.cost,, is either 5/3(2z + y) or 7/3 — 5/3(2x + y), whose global
minimum value is 0 in (z,y) = (2/5,3/5) with sign ‘—’.

The formula for & - e.lp,, — e.cost,, is either 10/3 y —1or10/3(1 — y), whose global minimum
value is 1/3 in y = 2/5 with sign ‘+’. Thus, ( -eldp, — e.costy,) + (130 e.lp, — e.cost,) and
(X - eldpy — e.costy) + (5 - edp, — e.cost,) are at least —1/9+1/3 =2/9 > 0.

Finally,

10 10
3 e.dp, — e.costy, | + 3 e.lp, — e.cost,
1 1
> min{(zoxf 1) <1 — gy) g(2$+y) <§0x — 1) (1 — gy> + g - g(2x+y)}
10 5 0 4
= mi —r—2)(2-2
mln{(?)x )( 3y)+3 9zy+3}

C.14 Region VII

The argument here is analogous with|A.1.4 13—0 - e.lpy, — e.costy, is smaller with sign ‘+’, which is

(Y2 —1)(1 — 3y). This has a minimum value of 0 in (z,y) = (0.4,0.6).

-e.lp, — e.costy, is either (1 — 32)(12y — 1) or —(1 32)(1 —y), whose global

The formula for 12 3 3T

minimum value is 1/9 in (z,y) = (2/5,2/5), (1/2, 1/2) with sign ‘4.

For -e.lp, — e.costy,

10 25 5 5 50 5 5
3 <1 — Smy) (22 —-1) — <§x+ A <1 - gx) (1 — gy))

25 25 10 10
>211— — — (- — —y—1
> < gacy) ( 3wy+3x+3y )

Il
N
[N]
|

w

8
N—
N
[N]

|

wW| ot
N
N—
I

—_

v

w|
(A%

=

since z > 2. Therefore, the formula with sign ‘—" is smaller, which is 22 (1 — 222y)(1 — z) — (1 —

Sz)(1-3y).

Define p = zy, then

0 B NG (120 (127 250 5 825 T
—(1——=z —z)—(1—-zz ——y|=——pz—-2— — -
3 9 Y 3 3Y) T or PP T3 Py

with region z € [4/5,1], p € [ z— %, (7) } Fixing the value of z,it is a decreasing function with

respect to p. Therefore, the function is minimized when p = (%) , which now becomes:

125 5 325 , 5 7

54° 108" 33
This function decreases in the range z € [4/5, 1], hence the minimum value is —1/36 in z = 1.
Therefore, (12-e.lp,, —e.cost.,)+( 5 -e.lp, —e.cost,) and (12-e.lp, —e.cost,)+( 4 -e.lp, —e.cost,)
are at least 1/9 — 1/36 = 1/12 > 0.
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Table 6: Value of % - e.lp — e.cost for each points in consideration of Case 2.

(z,y, 2) Sign 13—0 - e.lpy — e.costy, % - e.lp, — e.costy, % - e.lp, — e.cost,
(2,2,1) 4 0 0 0
=’ 0 0 0
(2-0,1,1) “+ 0 7/3 7/3
=’ 0 0 0
(2+46,1,1) 4 0 7/9 7/9
=’ 0 0 0
(2,1,1) “+’ 0 0 0
=’ 0 0 0
(1,1,1) -+ 0 0 0
=’ 0 0 0
Finally,

10 l 14 + 10 l 5t
3 e.lpy, — e.costy, 3 e.lp, — e.cost,
10 5 10 25 5
> —z-1 1-- —(1—-— 1—2)—(1—=
= (5o=1) (=30) + 3 (=Fm)u-0-(-5

:(5x—2)<1—gy)+%(1—%Iy>(l—z)

sincewZ%yﬁ%,zﬁl.

C.2  All coordinates belong to endpoint of segments.

There are also 4 tuples of (x, y, z) to verify, which are fully covered in Table@ Note that there are

now only single point 2/5 where rounding functions are not continuous.

This completes our case analysis.

D Proof for Theorem

Suppose LP-CCC is an expected a-approximation algorithm, where 2 < a <

Plugging (4, 1,1) with (o, 0, —), we obtain:

(- ()22 () ()
f° G) >3- a.

Next, plugging (, . 3) with (4, +, 0) yields:
L@ 2t @ +rG) -2 G
S-pr @)1= G e

which can be rewritten as:

which implies:

4.

2
)

(oG9 () (1) = (- () [ () )

(24)

(25)

(26)
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Feasible Region vs Critical Points
S

35

> 30

2.5

20 —_

Figure 4: Comparison between the domain of g and the curve where % g(z,y) =0.

Using the known bound from [16], plugging (0, z, x) with (+, +, +) yields:
@) <1-vV1-az, (28)

which implies:

597 ()= 6+ -9

for any o < 4.

Therefore, we obtain the following upper bound on f° (%)

I <}) - s (5= (1)) + (0 (? B 1)2_2'

2 2 (57 (

(29)

Define
Y(5-32%) + (. —1)* -2
2+(%74)x

forz € [0,1—/1— %] and y € [2,4), to examine the maximum possible value of f° (%) for a
given a.

g(z,y) =

The partial derivative of g(z, y) with respect to x is:

g(x - 3y—4 5y — 84y% + 368y — 448
a9V = 28-y)  2B8-y)d-8r+ay)?

(30)

Within the given region, % g(z,y) is nonzero, as shown in Figure Moreover, evaluating at x = 0
gives:

by —84y? +416y — 512 5y — 44y 464 o

1
= > - (31
o 32(8 — ) 32 3

B
%g(%y)

Therefore, for any yo € [2,4), the function g(x, yo) is strictly increasing within the region. Conse-

quently,
g(mzyo) Sg (1 - \) 1- %ayo) )
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which corresponds to the parabolic boundary of the region depicted in Figure

1
V2

(1—12)(2+6t —3t2) + 12 -2

Parameterizing this curve as (1 —¢,4(1 — ¢2)) for t € (0, } , the value of g along the curve is:

g(1 —t,4(1 — %)) = 5@ D10 (32)
3 2
_ 3t 2&2&_ t_+4t1)+ 6 (33)
This is the upper bound for f° (%) when o = 4(1 — t2).
On the other hand, from (25}, the lower bound is 3 — a = 3 — 4(1 — 2) = 4¢2 — 1.
Therefore, the inequality
20t —t 4+ 1)(4t* —1) < 3t> —6t> — 4t + 6 (34)
must hold.
Define:

h(t) :=2(t* — t + 1)(4t? — 1) — (3t3 — 6t* — 4t + 6) = 8t* — 11¢> + 12¢* + 6t — 8.
Since b (t) = 96t2 — 66t + 24 > 0 and ' (0) = 6 > 0, h is convex and increasing for t > 0.
Finally, since h ( 1-— %) > 0, we conclude that 2 (t) > 0 when ¢t > /1 — 21, implying that

the lower bound for f° (%) exceeds the upper bound when o < 2.11.
Therefore, the approximation factor of LP-CCC for CCC must be greater than 2.11.

E Proof for Theorem[4]

Unlike the pseudometric-weighted case, the variables z¢,, and z{,,, can multiplicatively affect the

value of e.lp, (u,v) in . Therefore, Lemmadoes not apply, and we must instead verify the
inequality o - LP — ALG > 0 directly.

For sign configurations that do not involve a ‘o’ (i.e., all edges have + or — signs), the inequality
«a-LP — ALG > 0 with o = 2.06 — ¢ is already established in [16]. Thus, it suffices to check the
remaining 6 configurations involving at least one ‘o’ sign.

As before, define (.7,‘, Y, Z) = (Iuva Tow, -Twu) and (pzvpyvpz) = (pu'uvpvvawu)-

E.1 (o,o0,0) Triangles

= (1 - puwp'uw) = e.COStw(U, U).

N | —

2 eldpy(u,v) > 2(1 — PuwpPow) -

Since the same inequality holds for all permutations of the endpoints, we conclude:

2-LP—-ALG > 0.

E.2 (o,0,+) Triangles
If z > %,

2-elpy(w,u) — e.costy,(w,u) > (1 — pepy) — Pz + Py — 2Pzpy) = (1 — ps)(1 —py) >0,
and by the same reasoning as in Section we also have

2 - edpy(u,v) > e.costy(u,v), 2-eldp,(v,w) > e.cost,(v,w).

Hence, 2 - LP — ALG > 0.
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Otherwise, i.e.,if 1 — 2z > 0:

1
2.-LP—-ALG=2- <(2—(pz+py)pz)max{§,1—x,1—y,l—z}—&—(l—pl«py)z)

— (L =pypz + 1 = pap. + P + Py — 202py)
>2-((2 = (pe +py)p2)(1 = 2) + (1 = papy)z)
— (2= (ps +py)p: + (1 = papy) — (L = p2)(1 = py))
= (1 - 22)(2 - (pac +py)pz) (1 - 23)(pxpy - 1) (1 _px)(l _py)
= (1=22) (2= (px +Py)Pz +Pepy — 1) + (1 = pz)(1 = py)
2 (1=22) (2= pas —py +papy = 1) + (1 = p2)(1 = py)
=(1-22)(1=pa)(1 = py) + (1 = pa)(1 = py) 2 0.
E.3 (o,0,—) Triangles
If 2 < 1— 1, then as in Section[E.2| we have e - LP — ALG > 0.
Otherwise, since 1 —z < 1/a < 1/2,
o-LP— ALG

=a- <(2— (P +py)z)max{%,1 —z,1-9,1 —z} + (1 — papy)(1 —z)>
—(1=pyz+1—prz+ (1 —py)(1 —py))
1
= a2 - (ps +py)z)max{§,1 —x,1 —y} +a(l —ppy)(1 —2)

— (2= (e t+py)z+ 1 —p)(1—py))-
Fixing the values of x and y, the function is affine with respect to z, and its slope is given by

1
_a(px +py)max{§;1 -1 _y} _a(l _pxpy) + (pac +py)

«
< (=5 +1) (o +p) — a1 = papy) < 0.
Therefore, the function is minimized when z is maximized.

Now, w.Lo.g., assume x < y, and consider the following three cases:

l.z>1/2
Dzs Py > 0.85as z,y > 1/2. Applying z = 1,
a-LP— ALG

> (2 —pg —py )max{; 1fx,17y}f(przfpy)f(lfpm)(lfpy)
= (5-1) C=p—p) - (1=p)1-p)

> (21 (2fprpy)*1(2*prpy)2
(3-1) 1

Since 6 —2a=1.7<p, +p, <2,a- LP — ALG > 0.
2. x<1/2,z+y>1
Applying z = 1 again,
a-LP—ALG

1
>oc(2—pm—py)ma><{§,1—:v,l—y}—(2—pm—py)—(1—px)(1—py)

= (a(l—2) = 1)(2—ps —py) — (1 = pa)(1 —py).

31



E4

Note that the function is affine with respect to p,; therefore, the function is minimized when
py reaches the boundary, ie.,y =lory =1 —z.

If y = 1, then p, = 1, hence

(@1 =2) =1)(2 = px —py) = (1 = pa)(1 = py)
=(a(l—z) =1)(1 —p2)

> (%f1> (1—pa) > 0.
On the other hand, if y = 1 — z, then p, = %y—i— 1—70 =1- 13—0:]5 asy > 1/2, hence
(a(l—2) = 1)(2=ps —py) — (1 —pa)(1 = py)

17 3 3 17
_(“(1_”)_1)(1_Tox+ﬁ“>_T0<1_Ex>”
1 115
=352. - — — ) >
3.5 <x 2)(95 176>_0

asx < 1/2and p, = Hx.

Loty <l

Applying z = = + y,
a-LP— ALG

= (2 (pa +py)(%JF?J))IH&X{%J —ux,1 fy} + ol —papy)(1 —z —y)

= (2= (pe +py)(@+y)+ (1= p:)(1—py))
=(a(l—2)=1)2= Pz +py)(@+ )+l —ppy)(1 =2 —y) = (1 —pz)(1 —py)
=03 (a(l —2) = 1)+ a(l —pepy)(1 —z —y) — (1= pz)(1 = py).
For the last inequality, since p, < 1.7z and p, < 1.7y, 2 — (p +py)(z+y) > 2—1.7(z +
y)2 > 0.3.
Differentiating the function by vy,

dp dp
—apzfd;’ ~(1—x—y)—a(1—p1py)+7d; (1 —pa)
<—ap (1 m gy —a(l—p)+ B (1) <0
dy dy

. d L . .
since dL; < 1.7 < a. Hence, the function is minimized when y is maximized.

Applyingy:l—m,sincey:1—:c>1/2,py:%y+%=1—%mandthus

03 -(a(l—z)—1)+a(l —pzpy) (1 —z—y) — (1 —p)(1 —py)

:0.3-(a(l—m)—1)—<1—%m>-%m

1 23
=0.51 [ -] >

since z < 1/2.

(o, 4, +) Triangles

For Sections[E.4]and[E-3] we utilize the following lemma, which serves as a weaker version of

Lemma

Lemma 5. Let the sign configuration be such that the edge uv is the only edge labeled with a
‘o’ among the three edges of the triangle. Suppose the rounding function f° is piecewise affine.
Then C > 0 for all possible configurations of (Zywy, Tyw, Twy) if the inequality holds in each of the
following cases:
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1. The triangle inequality is tight for (Tyy, Tyw, Twy);
2. Ty, lies at an endpoint of a domain interval for some piece of the function f°;

3. Xyp = min {%,%w,l‘wu}-

Proof. Fix the values of x,,, and x,,,, and treat C as a function of x,,, and p,,,. Within this function,
the term involving x,,,, appears only in

1
e~lpw(uv) = (1 _pvawu) - max {Ea 1- Ty 1- Tyws 1- xwu} )

which is piecewise affine with two domain intervals:

1 1
|:Ovmin{§7$vw»$wu}:| and |:min{§7mvwvxwu} 71:| .

The remaining terms in C are affine in p,.

Hence, C is a piecewise affine function defined over two domains in the (2., puy) space:

1 1
[07min{§,mvw7azwuH x [0,1] and {min{?aszwwu},l} x [0,1].

Since f° is piecewise affine, substituting p,, = f°(z,) yields a piecewise affine function in ..
The breakpoints of this composition occur at:

1. the endpoints of the domain intervals of f°, and

2. the point z,, = min {%, Topw, xwu} where the domain of the piecewise max function
changes.

Therefore, the minimum of C occurs either at domain boundaries or at breakpoints—precisely the
three cases specified in the lemma.

Moreover, in this particular case, an even stronger argument can be made: Examining the full formula
of C = - LP — ALG with this sign configuration,

a-LP— ALG
1
= ((1 —pypz)lnaX{§,1 -x,1-y,1 —Z} +(1—pep.)y+ (1 —pxpy)2>
- (1 — DyDz + Pz + D2 — 2pzp: + Do + Py — 2pa¢py)
1
= a1l — pyp.) max pl-zl-yl-z + (—alypz +pyz) — 2+ 2(py +p2)) Pz

+Oc(y+Z) - (1+py + D2 _pypz)

The first term is a monotonically decreasing function of x; the second term is a monotonically

decreasing function of p, since —a(yp. + pyz) — 2 + 2(py + p-) < 0, as shown in the following
Lemma:

Lemma 6. For fT given as equation and o€ [0'5%95, 3.0.5092570'19] ~ [1.963,2.988],

a(zf*(y) + [T (@)y) +2 - 2(/" (@) + T (y) =0
in [0,1]2.

Proof. w.l.o.g. x < y. Consider the 2 possible cases, based on the value of y.

1. y > 0.5095
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In this case, f™(y) = 1 and thus

alzf(y) + fH(x)y) +2 = 2(f (=) + fT(y))

=a(z + fH(a)y) —2f*(2),
which is an increasing function of y.
If z > 0.5095, setting y = z,

a(z+ fH(@)y) —2fT(z) > 202 -22>0
since & > 1/2. Otherwise, setting y = 0.5095,
a(z+ fH(z)y) = 2f"(z) = (a-0.5095 — 2)f " (2) + az

is concave of x since o - 0.5095 — 2 < 0 and f* is convex in the range. Hence, this is
minimized at either x = 0 or x = 0.5095, where the former case results in 0 and the latter
case results in 2« - 0.5095 — 2 > 0.

2. y < 0.5095
As a function of y,
a(zf*(y) + [ (@)y) +2 = 2(fF () + [T (y))
= (az = 2)f*(y) + af T (2)y + 2 - 2f " (2)

is concave since ax — 2 < - 0.5095 — 2 < 0 and f is convex in the range. Hence, this is
minimized at either y = x or y = 0.5095, where the latter case reduce to Case 1, and the
former case results in

(ax = 2)f*(y) + af T (@x)y +2 - 2f(z)
=2 ((ax = 2)f(x) +1),
whichis 2 > 0if x < 0.19, or

z-019 \?
2 <(‘” -2 (0.5095 - 0.19) + 1)

otherwise. This is a decreasing function when x € [0, %} , which contains [0, 0.5095].
Therefore, this is minimized when x = 0.5095, which also reduce to Case 1.

This completes the proof of the lemma. O
Therefore, as p, is a monotonically increasing function of z, the function is minimized when z is
maximized.
Now, w.l.o.g. y < z and consider all 2 possible cases:
l.y+z2>1
Applying z = 1,
a-LP— ALG

> ((1fpypz)ma><{%71*y71*z} +(1*py)Z+(1*pz)y>

— (3 =pypz — P> — y)
1

> (5(1 *pypz) + (1 7pz)y + (1 7])31)2) - (3 — DPyPz — Dz *py)

1 D P
>a- (5(1 —pypz) + (1 —py)f +(1 —m)j’) — (3 =pypz — P2 — y)

() - (- 5) (- 5)

Since z > 1/2, p, > 0.94 > %, thus the function is decreasing with respect to p,. The

minimum value of the function is therefore 0 when p, = p, = 1.
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2.y+z<1
We use the similar argument with of those conducted by Chawla et al.[16] on the (+, +, —)
case. For simplicity, let a = 0.19, b = 0.5095.

Ify <a,p, =0, hence
a-LP— ALG
=a-(1-y)+ 1 —papz)y +2) — (14 2pz + pz — 2pap2)
= —opep-y + a(l+2) = (1+ 2ps + pz — 2paps) -
This is a non-increasing function of y, and thus it is sufficient to check on y = a.
If z>b,p, =1, hence
a-LP— ALG
=a-((L=py)(1 =)+ 1 =pe)y+ (1= papy)z) — (2 = 2pzpy)
= a(l = pepy)z + (1 = py)(1 = y) + (1 = pa)y) — 2(1 — papy).
This is a non-decreasing function of z, and thus it is sufficient to check on z = b.

Now the problem reduces to only a < y < z < b case, where the formula for p, and p,, are
both quadratic.

We now show that the function is minimized when y = z as well as = y + z. Consider the
parametrization (z,y,z) = (z,t — ¢,t + ¢), where t € [a,1/2], ¢ € [0, min{t — a,b —t}],
and x = 2t since o - LP — ALG is a monotonically increasing function of z. Then
a-LP—ALG
= (1 =pyp=)(1 = 1) + (1 = pap2)(t — ¢) + (1 = pupy ) (t + )
- (1 + 2p; + Py + P2 — PyDz — 2pzpz — 2pzpy)
+ ol —py)e.
Fixing the value of ¢, the sum of first 2 terms is a negative even quartic function of ¢, where
the negativity is obtained from —a(1 —¢) + 1 < —a(1 — b) + 1 < 0. Thus, we can write

the function as
P(t)c + Q) + a1l — py)e + R(1),

where P(t) = =520 < 0. Since a(1 — py)e > 0if ¢ > 0, itis sufficient to show that
Q > 0and 4/ % > min{t — a,b — t} to prove that the function is minimized when ¢ = 0.
Calculating the @), this results in

2 t—a\’
Q) = o ((a(l ~0-1(5=5) +omt—2) -1~ sz>>
=—Pt)-(t—a)*+ o —2(1)2 (=14 (ot + 2 — 2aa)py)
> —P(t) (t—a)?,
where the final inequality is derived from
1

< ~ 0.62 646 = £°(2-0.19) < p,.
at+2—-2aa — 2—aa 0.628 < 0.646 = f*(2-0.19) < p

Hence, Q > —P(t) - (t —a)? > 0 and therefore 4/ _%3 >t—a > min{t —a,b—t}, which
implies that o - LP — ALG is minimized at ¢ = 0, i.e. at (2¢,¢,1).
Finally, plugging (z,y, z) = (2t,t,1),
a-LP— ALG
=a- ((1=py)(1—y) +2(1 = popy)y) — (1 + 2p + 2Dy — Py — 4Dapy)
= (a(l fpf/)(l —t) 4+ 2at — 1 —2p, +p§) — (2apyt + 2 — 4py)px.
The top left region of Figure shows the region (2¢, f°(2t)) where the formula above is

negative when fV is given as equation Since our proposed f° doesn’t intersect the
region, - LP — ALG > 0if y = z,and thus o- LP — ALG > 0 whenevera < y < z < b.
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E.5 (o,+,—) Triangles

We would prove that the lower bound C’ of C, which is defined as
oa-LP— ALG

=a- <(1—pyz)max{%,1—x,l—y,l—z}+(1—pzpy)(1—z)+(1—PzZ)y>
— (L= pyz+ps+2—2p2+ (1 —pg)(1 —py))
>a- <(1 —pyz)max{%,l—y,l—z} +(1 —pzpy)(l—Z)Jr(l—pzz)y)

~(L=pyz+pe+2=2pz+ (L —pa)(L—py)) £
is nonnegative.
Since this is now affine with respect to p,, this further enhances the argument Lemmato check only
on the endpoint.
l.y>1/2,2<1/2
Asin[E2]and[E3] 2 LP — ALG > 0.
2. y,2>1/2

Similar With we can deduce a stronger argument than of Lemma@ Examining the full
formula of C’,

¢ =a-(a-poma{ga-p1-b 0o pp)a -2+ 0 po)

—(I=pyz+ps+2—2ppz+ (1 —ps)(1 —py))
= (—ayz —apy(1 — 2) — py + 22)p,

1
+a(lfz)+ay+pyzfz+py72+a(1fpyz)max{§,1fy,lfz}.

The first term is a monotonically decreasing function of p, since
—ayz —apy(l —z) —py+ 2z = (alpy —y) +2)z — (a+ 1)py
is an increasing function of z since p, > y in the range,

1
—ayz—apy(l—z)—py+2z§—ay—py+2§—%—f+ (§>+2%—0.016<0.

Hence, the function is minimized when x is maximized. Setting x = 1,

C/za.((1—pyz).%—F(l—py)(l—z)—k(l—z)y)—(2—pyz—z)

o 3
:(—a+1—ay+(§+1)py)z+ay—apy+§a—2.

Sincey > 1/2 and p, < 1,

fa+lfay+(%+l)py§fa+2<0.

Hence, the function is minimized when z is maximized. Setting z = 1,

6% (6%
¢z 51+ (=5 +1)n

:(%—1)(1—py)20,

3.y<z,y<1/2
C'=a (1 —pyz)(1 —y)+ (1 = papy)(1 — 2) + (1 — pz2)y)
— (L =pyz+pz+2—2p2+ (1 —pa)(1 —py))
= (—Oé(l +py - pyy _pz‘py +p:ry) + 2pz +py - l)Z
+ (2 = papy) — 2+ Dy — PPy
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This is a decreasing function of z since

— a1 +py — pyy — PaPy + Pay) + 2P +py — 1

=2+ apy —ay)ps —a(l+py —pyy) +py — 1
is an increasing function of p, since 2 + apy —ay > 2 — % >0,

— a1 +py — pyY — PPy + Pay) + 2Pz +py — 1

< —a(l—py+y)+1+p,

—(1-py)l4+ay)—a+2<-a+2<0.
Hence, the function is minimized when z is maximized. Setting z = 1,
C'>a ((1=py)(1—y)+ (1 =pa)y) — (3= 2ps — 2py + papy) -

As mentioned above, it is sufficient to checkonz =landx =1 —y.

(@ z=1
C'=a (1-p)1-y)—(1-py)
=1 -py)la—1-ay)
«
>(1-p,)(5-1) 20
b z=1-y
Sincex:l—y>1/2,pI:—:E—|—10 %y Therefore,
¢ =a-(a-p)a-n+ 5 ) (1+50) - +1
If y < 0.19,

B I

1
12992 — 550y + 230) > 0.65 > 0.
200( Yy Yy +230)

Otherwise, i.e. 0.19 <y < 1/2 < 0.5095,
C' ~ 0.74331 + 2.39737y — 19.7409y2 + 24.0007y°,
whose minimum value in the region is approximately 7.236 x 1076 > 0in y ~ 0.4788.
4. z<y<1/2
C'=a-((1-py2)(1 = 2) + (1= pepy)(1 = 2) + (1 = pz2)y)
—(1=pyz+ps+2z—2pz+ (1 —ps)(1—py))
= apy2® + (—a(2+ py — PaPy + Paly) + 2pa + py — 1)z
+a(2+y = pepy) — 2+ Dy — PPy
Differentiating by z,
2apyz — (2 +py — Pepy + pay) + 2pe +py — 1
< apy — 2+ py — pePy + Pay) + 20 +py — 1
= (—2a+2p; +py) — (1 = pz)py +p2y) =1 <0

since z < 1/2 and —2« + 2p, + Py < —2a+ 3 = —1.3 < 0. Therefore, the function is
minimized when z is maximized.

Plugging z = y, this now reduce to Case 3 with z = y due to the continuity of C’.
E.6 (o, —,—) Triangles

As in 2e.lpy (u, v) > e.costy,(u,v). For other two terms,
elpu(v,w) + e.lpy(w,u) = (1 = puw2)(1 = y) + (1 = pupy)(1 - 2)
> (1= puo)(I —y) + (1 = puo)(1 — 2)
= (1= puv)(1 = pow) + (1 = puv) (1 = puu)
= e.costy(w,u) + e.costy, (v, w).
Hence, 2 - LP — ALG > 0.

This completes our case analysis.
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