
Appendix722

A Problem Background723

A.1 Vehicle Trajectory Prediction724

The methods for vehicle trajectory prediction can be broadly classified into four categories [100]. These include:725

(i) Physics-based methods: These employ vehicle dynamics or kinematics models, such as singles trajectory726

methods, Monte Carlo, and Kalman filtering methods [101, 102, 103, 104, 105, 106]. These methods are known727

for their conciseness, efficiency, and computational effectiveness. (ii) Classic machine learning: Unlike physics-728

based methods that rely on several physics models, classic machine learning approaches apply data-driven729

models and consider additional factors for predicting trajectories. Examples include the Hidden Markov Model,730

Dynamic Bayesian Network, and K-Nearest Neighbors [107, 108, 109, 110, 111]. However, these traditional731

methods are typically only suitable for simple prediction scenarios and short-term prediction tasks.732

Recently, with the advancement of modern machine learning, vehicle trajectory prediction methods based on:733

(iii) Deep learning and (iv) Reinforcement learning become increasingly popular. These methods are capable of734

considering interaction-related factors, understanding high-dimensional complex policies, and adapting to more735

complex scenarios. Examples include Graph Convolutional Network, Graph Attention Network, Conditional736

Variational Auto Encoder, and reinforcement learning techniques such as Inverse Reinforcement Learning,737

Generative Adversarial Imitation Learning, and Deep IRL [112, 113, 83, 114, 115, 116, 117].738

In summary, an increasing number of autonomous vehicle trials are utilizing deep learning or reinforcement739

learning methods to predict future vehicle trajectories. These approaches leverage expert demonstrations and740

extract interaction information from traffic participants and road conditions, considering a broader range of741

influencing factors.742

A.2 Kolmogorov-Arnold Networks (KANs)743

Hilbert’s 13th problem [118] famously posits that it is impossible to solve general seventh-degree equations744

using only functions of two variables. Subsequent research by Kolmogorov et al.[36] has shown that any function745

involving multiple variables can be represented using a finite number of three-variable functions. Further studies746

as detailed by Arnol’d et al. [37], establish that even functions of just two variables are sufficient, as described in747

Theorem 2.1 presents significant for machine learning: learning a high-dimensional function essentially reduces748

to learning a limited number of one-dimensional basis functions ψ(x) in Equation (2).749

In reference [20], the authors introduce Kolmogorov-Arnold Networks (KANs), which are neural network750

applications based on Theorem 2.1. Unlike Multi-Layer Perceptrons (MLPs) that founded on the universal ap-751

proximation theorem [119, 120, 121, 122], KANs feature learnable activation functions on what are traditionally752

referred to as "edges" (neurons) and they utilize fixed activation functions at what are typically called "nodes"753

(weights). Uniquely, each weight in KANs is replaced by a univariate function parametrized as a spline, meaning754

the network contains no linear weights whatsoever.755

A variety of KANs are used across different tasks as noted in [123], such as solving ordinary differential equations756

[44, 124], image classification and reconstruction [125, 126], and time series forecasting [127, 128, 129], among757

others. These applications demonstrate competitive or superior performance in efficiency and predictive power758

compared to traditional models. However, to the best of our knowledge, we are the first to utilize KANs in759

vehicle trajectory prediction. This involves approximating and predicting trajectories for different driving styles,760

expanding the range of basis functions, and providing explanations for specific matches between functions and761

trajectories.762
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B Dataset Information763

B.1 Datasets764

nuScenes This dataset [67] offers high-definition maps and trajectory data from 1,000 driving scenes in Boston765

and Singapore, areas noted for dense traffic and complex driving challenges. It comprises 245,414 trajectory766

instances, each a sequence of 2D coordinates over 8 seconds, sampled at 2Hz. The nuScenes benchmark requires767

predicting a target agent’s 6-second future trajectory from a 2-second historical trajectory. The comprehensive768

dataset features approximately 1.4 million camera images, 390,000 LIDAR sweeps, 1.4 million RADAR sweeps,769

and 1.4 million object bounding boxes across 40,000 keyframes.770

Argoverse This dataset [68] facilitates research in 3D tracking and motion forecasting for autonomous771

vehicles. Originating from select areas in Miami and Pittsburgh, it includes 113 scenes with 3D tracking772

annotations, featuring 324,557 significant vehicle trajectories derived from over 1,000 hours of driving. The773

forecasting component of Argoverse provides agent trajectories and high-definition maps, requiring the prediction774

of a target vehicle’s future trajectory for the next 3 seconds, based on its past trajectory over two seconds, sampled775

at 10Hz. The dataset encompasses 333K real-world driving sequences, primarily at intersections or within dense776

traffic, each focusing on one target vehicle for trajectory prediction.777

Waymo This dataset [69] publicly to aid the research community in investigating a wide range of interesting778

aspects of machine perception and autonomous driving technology. This Dataset we use is the Motion part, with779

object trajectories and corresponding 3D maps for 103,354 segments. Given agents’ tracks for the past 1 second780

on a corresponding map, predict the joint future positions of 2 interacting agents for 8 seconds into the future.781

The ground truth future data for the interactive test set is hidden from challenge participants. The validation782

sets contain the ground truth future data for use in model development. In addition, the test and validation sets783

provide 2 interacting object tracks in the scene to be predicted.784

B.2 Metrics785

We evaluate the predicted trajectory Y t against the ground truth trajectory Y t
GT using standard error-based metrics.786

Our DSA framework adopts the commonly used Average Displacement Error (ADE) and Final Displacement787

Error (FDE), as defined in [23]:788

ADE =
1

T

T∑
t=1

∥Y t − Y t
GT∥L2 , FDE = ∥Y t − Y t

GT∥L2 .

Here, the superscript t denotes the current time step, and T refers to the total number of time steps in the789

prediction horizon. The metrics we use include ADEk, FDEk, minADE, minFDE, and b-minFDE. The subscript790

k indicates the Top-k most likely predicted future trajectories. The "min" variants (minADE and minFDE)791

compute the L2 distance between Y t
GT and the closest predicted trajectory Y t across all generated samples,792

averaged over all agents. The b-minFDE metric extends minFDE by incorporating the Brier score [130], which793

evaluates the calibration of the predictive distribution. It is defined as the sum of the Brier score and minFDE.794
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C Proof of Bound795

As we discuss in Section 3.3.2, Kolmogorov’s theorem [131] provides error bounds by evaluating the absolute796

value of the function and the overall variation in the function value. This is illustrated as follows:797

Theorem C.1 (Kolmogorov Theorem) For f ∈ C [a, b], there exists a polynomial pn such that approximation798

error is bounded by:799

∥f − pn∥L∞ ≲

(
logn

n

)
V (f, [a, b]),

where V (f, [a, b]) denotes the total variation 8 of f over the interval.800

From this theorem, we conclude that when n > e, increasing the degree n of pn results in a smaller decrease in801

the theoretical upper bound on the approximation error.802

However, in practice, considering computational cost and time, the value of n cannot be arbitrarily large. In803

this section, we provide three proofs corresponding to the three categories of drivers, demonstrating that under804

a given error limit δ, there exists a relationship between the minimum degree n and the components of the805

trajectory to be approximated, as described in Section 2.1 (i.e., position (x, y), velocity, and acceleration). For806

clarity, we use f to represent each continuous component with respect to t.807

C.1 Conservative Drives: Bernstein Polynomial808

In Section 3.2.1, we use the properties of Bernstein polynomials (Bn) for their uniform convergence to809

approximate the trajectories of conservative drivers, characterized by low speed and minimal motion changes.810

The minimum degree n of the Bn polynomial is obtained by:811

Theorem C.2 For all ϵ > 0, if ∂ [Bn (f)] = n, then for a given error limit δ with 0 < ϵ ⩽ δ ≪ ∞, then812

n ⩾ max | f ′′ (ξ) |
/
8δ.

813

Proof: First, we calculate the error between f(x) and Bn(f)814

|f (x)−Bn (f)|

=

∣∣∣∣∣
n∑

k=0

[
f (x)− f

(
k

n

)](
n
k

)
xk (1− x)n−k

∣∣∣∣∣
⩽

∣∣∣∣∣
n∑

k=0

[
−f ′′( k

n
−x) − 1

2
f ′′
(
k

n
− x

)2
]
· PB (k)

∣∣∣∣∣ (4)

=
1

2
f ′′ (ξ)

n∑
k=0

(n
k
− x
)2
PB (k) ξ ∈

(
x,
k

n

)
. (5)

In formula (4), PB (k) ≜ Ck
nx

k (1− x)n−k. From Equation (5), we next proceed to prove815

1.
∑

k

(
n
k
− x
)
· PB (k) = 0 ,816

2.
∑

k

(
n
k
− x
)2 · PB (k) = x

n
(1− x) .817

For Equation 1, applying the Central Limit Theorem (CLT) as discussed in [132], we consider the total difference818

of weights, represented by [(n/k)− x]. Specifically, the probability p satisfies p = x = k/n. In this case, as819

described in [133], we have E(k) = nx. Thus, we can derive the expectation as follows:820

E

(
k

n

)
=
E (k)

n
= x. (6)

Therefore, Equation 1 simplifies to E(k/n)− x = 0.821

For Equation 2, we employ a similar method; here (n
k
−x)2 represents the squared difference in weights between822

k
n

and x, alternatively described as the deviation between observation and expectation. According to Equation823

(6),824

D

(
k

n

)
=
nx

n2
· (1− x) =

x (1− x)

n
.

8Total Variation A measure of the total amount of variation in a function over a given interval [a, b], which
is defined by supx̸=y |f (x)− f (y)|

/
|x− y| .
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Equation 2 corresponds to the squared deviation
(
n
k
− x
)2 based on weights PB(k). Moreover825

∵ E

[(
k

n
− x

)2
]
= D

(
k

n

)
,

826

∴ (5) =
1

2
f ′′ (ξ)

x (1− x)

n
⩽
M2

8n
, with M2 = max

ξ∈D
f ′′ (ξ) .

Considering the error limit δ, we have:827
M2

8n
< δ ⇒ n ⩾

M2

8δ
.

□828

Theorem C.3 If f ∈ Lp[a, b], Bω
n (f) ∈ [a, b] and ∂ [Bω

n (f)] = n. For all ϵ > 0, 0 < ϵ ⩽ δ ≪ ∞, δ is829

given error limitation, then:830

n ⩾
max[|f ′′(ξ̃) · ω|] · (b− a)2

8δ
,

where ω is the weights of weighted Bn polynomials Bω
n (f).831

Proof: Here the error is L∞ norm, the definition of Bω
n (f) is832

Bω
n (f) =

n∑
k=0

f

(
k

n

)
ω

(
k

n

)(
n

k

)
xk(1− x)n−k

Let u = (x− a)
/
(b− a), then u ∈ [0, 1]. So M̃2 is similar to Theorem C.2, here833

M̃2 = max
u∈[0,1]

∣∣g′′ (u)∣∣ = (b− a)2
∣∣f ′′ (ξ)

∣∣ ,
where g (u) = f

(
u−a
b−a

)
. The next following prove is similar to Theorem C.2. □834

C.2 Aggressive Drivers: Chebyshev Polynomial835

In Section 3.2.2, aggressive drivers’ trajectories are characterized by non-smooth, high-speed movements during836

motion changes. We use the Chebyshev polynomials T c
n and their minimum-maximum error properties to837

approximate these trajectories. The minimum degree n of T c
n polynomial is obtained as follows:838

Theorem C.4 For f ∈ Lp[a, b] and a given error bound δ (where 0 < ϵ ⩽ δ ≪ ∞), the condition ∂ [T c
n (f)] =839

n is satisfied:840

n ⩾
1

ω−1

(
f,

δ

12

) , (7)

where ω−1 is the inverse of the modulus of continuity for the function f .841

To provide the proof of Theorem C.4, we first introduce the definition of the modulus of continuity and a lemma842

related to this proof.843

Definition C.5 (Modulus of Continuity in Lp Space) Let f ∈ Lp [a, b] , p ⩾ 1 and 0 ⩽ m ⩽ b − a. The844

modulus of continuity ωp (m, f) is defined as:845

ωp (m) =ωp (m, f)

= sup
0⩽h⩽m

(∫ b−h

a

|f (x+ h)− f (x)|p
)1/p

which represents the continuity norm for f over the interval [a, b].846

For T c
n polynomials belonging to the C2π space 9, we use En(f) to denote the deviation of the approximation847

of f by a trigonometric polynomial Tn of degree n, as follow:848

En(f) = inf
{Tn}

∥f − Tn∥.

This deviation satisfies:849

9C2π Space Let f ∈ R with period 2π. Define

∥ f ∥= sup
−π⩽x⩽π

| f (x) | .

We call the above set the C2π space
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Lemma C.6 (Jackson [134]) Let f ∈ C2π , then for all n ∈ N, the following inequality holds:850

En(f) ⩽ 12 · ω
(
f,

1

n

)
.

851

It is evident that T c
n ⊆ C2π . Based on Lemma C.6, we present the proof of Theorem C.4.852

Proof: According to the definition of δ, we have ∥ f − Tn ∥L∞< δ. Lemma C.6 provides the modulus of853

continuity under the L∞ space, so we need to relate ωp from Definition C.5 to ω in Lemma C.6, which relates854

the Lp and L∞ norms:855

∥g∥Lp([a,b−h]) ≤ (b− a− h)
1
p · ∥g∥L∞([a,b−h]).

For the function difference g(x) = f(x+ h)− f(x):856

|f(x+ h)− f(x)| ≤ ω(f, h), for ∀x ∈ [a, b− h].

Therefore, the ωp(m, f) is related to ω(f, h) as follows:857

ωp(h, f) ⩽

{∫ b−h

a

[ω (f, h)]p
}1/p

= ω(f, h) · (b− a− h)
1
p . (8)

When h→ 0, Equation (8) can be approximated as:858

ωp ⩽ ω · (b− a)
1
p .

According to Lemma C.6 and satisfy the error limit δ, s.t. En(f) ⩽ δ, we have859

ω

(
f,

1

n

)
⩽

δ

12
.

To obtain the lower bound on n, since ω(f, h) is a nondecreasing function with respect to h, we take its inverse860

function ω−1(f, y) as follows:861

1

n
⩽ ω−1

(
f,

δ

12

)
. (9)

Finally, the lower bound for n can be derived from inequality (9) as:862

n ⩾
1

ω−1

(
f,

δ

12

) .
□863

Lemma C.4 provides a minimum bound related to the value of the modulus of continuity. Furthermore, the864

Lipschitz continuity [135] of vehicle trajectories Xi and Yi offers a more compact bound for inequality (7):865

Corollary C.7 The bound in inequality (7) is satisfied as follows:866

n ⩾
12L

δ
, (10)

where L represents Lipschitz constant.867

Proof: The proof of Corollary C.7 consists of two parts: (i) establishing Lipschitz continuity of vehicle868

trajectories and (ii) deriving Equation (10).869

(i) Lipschitz Continuity of Vehicle Trajectories870

To demonstrate the Lipschitz continuity of vehicle trajectories, it suffices to show that their state information871

(Section 2.1), including (x, y) position, velocity v and acceleration a, satisfies the Lipschitz condition (L-872

condition). Specifically, there exists a constant L, s.t. for any x′, x′′ ∈ [a, b], the following holds:873 ∣∣f (x′)− f
(
x′′
)∣∣ ⩽ L

∣∣x′ − x′′
∣∣ . (11)

According to the physical relationships among these states, if acceleration a satisfies L-condition, then by the874

boundedness theorem [136], the other states also satisfy it. Thus, we take a as an example, and similar arguments875

apply to the other states, quod erat demonstrandum.876

According to [137, 138], the variation in vehicle acceleration is constrained by factors such as engine performance,877

vehicle weight, and braking system, which implies that the jerk j(t) (the rate of change of acceleration over time)878
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cannot be physically infinite. Therefore, there exists a constant Mj , s.t. |j (τ)| ⩽ Mj . For any t1, t2 ∈ [a, b],879

the following holds:880

|a (t1)− a (t1)| =
∣∣∣∣∫ t1

t2

j (τ)

∣∣∣∣ ⩽ ∫ t1

t2

|j (τ)|

⩽
∫ t1

t2

Mj dτ =Mj |t1 − t2| .

Therefore,Hence, the acceleration function a(t) is Lipschitz continuous with the Lipschitz constant L =Mj .881

(ii) Derivation of a more compact bound.882

To obtain a tighter bound, we use the L-continuity property of f . From the continues of modulus, we have:883

ω(f, h) ⩽ Lh⇒ ω−1(f, y) ⩾
y

L
. (12)

From Jackson’s inequality in Lemma C.6, let y = δ/12 in Equation (12). This ensures that the error remains884

below δ, with δ/12 acting as a piecewise error threshold. Then Equation (12) becomes:885

ω−1(f, y) ∼ ω−1(f,
δ

12
) ⩽

δ

12L
. (13)

Combining inequalities (7) and (13), we obtain the more compact bound (10). □886

C.3 Normal Drivers: Legendre Polynomial887

In Section 3.2.3, we discuss that the speed and acceleration of normal drivers maintain an intermediate state888

between conservative and aggressive drivers. Their trajectories do not change as dramatically as aggressive889

drivers, nor are they so slow as to affect the flow of traffic. To approximate these trajectories, we use the Legendre890

polynomial Ln. The minimum degree n of Ln is obtain by:891

Theorem C.8 For all ϵ > 0, if ∂ [Ln (f)] = n, for a given error limit δ with 0 < ϵ ⩽ δ ≪ ∞, then892

n ⩾

(
CH

δ

)1/α

, (14)

where CH is Hölder constant modulus of continuity and α represents Hölder exponent.893

From Theorem C.8 we apply Jackson’s inequality (Lemma C.6) to establish a relationship between the approxi-894

mation and the modulus of continuity. This inequality also applies to continuous functions defined on the interval895

[−1, 1] interval. To achieve the bound in Equation (14), we further use the Hölder continuous property [139]896

of vehicle trajectory. Similar to L-continues as defined in Equation (11), Hölder continuous (H-continuous) is897

define as follows:898

Definition C.9 (Hölder continuous) For a function f defines on interval I , if there exits a constant C ∈ R, s.t.899

for ∀z′,z
′′
∈ I:900 ∣∣f (z′)− f

(
z′′
)∣∣ ⩽ CH

∣∣z′ − z′′
∣∣α , α ∈ (0, 1] ,

then f is is said to be Hölder continuous of order α.901

When α = 1, H-continuous reduces to L-continuous. Reference [140, 141, 142, 143] analyze the Hölder902

continuity or related smoothness of vehicle trajectories and their states (position, velocity, and acceleration),903

either directly or indirectly by examining the smoothness of physical constraints and changes. Therefore, the904

bound in Equation (14) can similarly be derived from inequality (12):905

ω(f, h) ⩽ CHh
α ⇒ CH

(
1

n

)α

⩽ δ.

Thus, we obtain a bound as expressed by inequality (14).906

23



D Effects of Framework Sensitive907

In Section 4, we evaluate our DSA framework from the perspective of polynomial pn dimensions. Specifically, the908

pn combination and degree of basis functions, with a focus on the approximation and prediction effectiveness of909

the model. In this section, we further analyze the robustness of the DSA framework. In particular, we investigate910

how varying traffic densities (Section D.1) and different road conditions (Section D.2) affect performance. All911

experiments in this analysis are conducted on the nuScenes dataset.912

D.1 Traffic Density913

Traffic density is closely related to vehicle speed and traffic flow, and significantly influences trajectory prediction914

due to varying interaction patterns among vehicles [144]. To clearly present the impact of traffic density, we915

divide the dataset into five levels based on the number of vehicles per unit area. We compare the performance of916

our DSA framework against the best-performing baseline with publicly available code: Context-Aware [81], as917

identified in Table 1. The comparison results are illustrated in Figure 5.

Figure 5: Comparison of trajectory prediction performance under different traffic densities with
Context-Aware [81]. Our method is represented by solid lines, while Context-Aware is depicted using
dashed lines on both sides. The middle subfigure shows the density distribution with circled numbers
indicating the corresponding density levels.

918

Our DSA framework consistently outperforms the baseline across over 75% of the dataset. When averaged over919

the highest-density and most common case (density level 1 in the middle subfigure of Figure 5), our method920

achieves improvements of 1.97 in ADE1 and 3.26 in FDE1, as well as 0.25 in ADE5 and 0.13 in FDE5.921

The most notable gains appear in density level 2, where DSA reduces prediction errors by 49.48% and 44.19%922

for k = 1, and by 33.78% and 25.05% for k = 5, compared to Context-Aware. Although our framework shows923

slightly lower performance in levels 4 and 5 when generating 5 trajectories, these cases together account for only924

6.28% of the dataset.925

D.2 Road Condition926

Road structure significantly influences the motion patterns of agents navigating through urban or highway927

environments and is thus essential for accurate trajectory prediction [145, 11, 112]. Does road complexity928

increase the frequency of driving style changes, thereby making prediction more difficult? To investigate this929

question, we evaluate the performance of our DSA framework under different road conditions, as shown in930

Table 5.931

Table 5: The b-minFDE in different road condition on the nuScenes dataset. The best results are
highlighted.

Method Type Stationary Straight Straight right Straight left Right U-turn Right-turn Left U-turn Left-turn All

MTR [146] 2.15 2.58 4.85 4.26 8.13 4.82 5.17 4.85 2.86
DSA 2.03 2.48 4.96 4.17 8.11 4.77 5.28 4.87 2.75

Our DSA framework achieves the lowest overall error of 2.75, improving upon the baseline by 3.85%. It932

outperforms the baseline in 6 out of 8 categories, including reductions in error for common scenarios such as933

Stationary (5.6%) and Straight (3.9%), as well as complex maneuvers like Straight-Left (2.1%), Right U-turn934

(0.25%), and Right Turn (1.0%).935

Although MTR performs slightly better in Straight-Right and Left U-turn (by 0.11 in both cases), DSA matches936

or surpasses baseline performance in the most frequent and safety-critical trajectory types. These results937

demonstrate the robustness and adaptability of our framework across diverse road semantics, particularly in938

non-linear or discontinuous motion patterns.939
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E Detailed Description of the Algorithm940

In Sections 3.3.1 and 3.3.2, we introduced the mechanisms for polynomial combination and degree adaptation.941

In this section, we provide a detailed description of the corresponding algorithms.942

E.1 Polynomial Combination943

To match each trajectory under various driving styles to a suitable polynomial combination, as analyzed in944

Section 3.2, we employ a Mixture of Experts model based on Top-K Gating (MoE-TopK) [63]. In this method,945

tunable Gaussian noise is added to the gating logits, and only the top K values are retained for expert selection.946

Let us denote by G (x) and Ej (x) the output of the gating network and the output of the j-th expert network for947

a given trajectory Xi, for clearly we omit subscript i. The output zcom of the MoE module can be written as948

follows:949

zcom =
∑3

j=1
G (X)j Ej (x) . (15)

As shown in [21, 61, 62], kernel density estimation and latent variable analysis reveal that a driver’s behavior950

evolves continuously across different situations. This implies that driving behavior can be viewed as a probabilis-951

tic mixture of weighted driving styles. Given that drivers may exhibit behaviors characteristic of multiple styles952

in dynamic scenes—such as when another agent suddenly appears—we adopt the Noisy Top-K Gating network953

[63] to capture this mixture behavior. This network activates only the top-k best-matching experts, enhancing954

responsiveness and specificity. Accordingly, this modification adjusts G∗(·) in Equation (15) to G̃ (x), detailed955

as follows:956

G̃j(x) = Softmax {KeepTopK [H(X), k]} ,with

H(X) =(X ·WGj ) + SN () · Sp
[(
X ·Wnoisej

)]
.

Here, "SN" and "Sp" denote Standard Normal [64] and Softplus [65] functions, respectively. The symbol W∗957

denotes the weight matrix corresponding to each subscript. The loss function is defined as follows:958

LMoE-K = wload · CV (loads)2 , (16)

where "load" refers to the importance values assigned to each driving style, with wload representing the corre-959

sponding weight. "CV" stands for the Coefficient of Variation, which assesses the variability of these values.960

Equation (16) is a part of Loss in Section 4.1. This structure of the MoE model effectively recognizes the961

diversity of trajectories, allowing each expert to specialize in different features of driving styles.962

E.2 Degree Adaptation963

From Theorem 3.7, we understand that the accuracy of polynomial pn approximation is directly influenced by964

the degree n of the pn. However, adapting the degree of pn poses a complex, non-convex, and combinatorial965

optimization challenge, as the relationship between prediction error and polynomial degree is not straightforward.966

This complexity often leads to the presence of multiple local optima.967

To address this issue, we utilize the versatile Bayesian Optimization (BO) tool SMAC3 [66] for its robustness968

and flexibility, making it particularly suitable for optimizing low-dimensional and continuous functions (type:969

SMAC4BB), such as those found in vehicle trajectory prediction.970

We treat the adaptive of polynomial degree as a hyperparameter optimization problem, using SMAC3 for BO,971

which leveraging Gaussian Processes with the Matérn kernel and the Expected Improvement acquisition function,972

iteratively searches the candidate degree set to minimize the loss function. Specifically, the degree n is treated973

as a hyperparameter optimization problem, aimed at minimizing the loss on validation data Dval of our model974

trained on training data Dtrain. This process can be formulated as follows:975

nSMAC ∈ arg min
n∈Z+

c (n) = arg min
n∈Z+

L (Dtrain,Dval;n) ,

The hyperparameter optimization process targets the degree nSMAC, which is defined as the optimal degree that976

achieves the least error for the corresponding basis function pn. Here L denotes the loss function.977
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F Limitation and Discussion978

Limitation We summarize existing open vehicle trajectory prediction datasets in Table 6, and observe that979

the maximum available trajectory duration is typically less than 10 seconds. Despite this limited time span,980

our framework based on three driving styles adapts well to such settings. We evaluate its performance on both981

short-term (3 seconds, Table 1) and long-term (8 seconds, Table 2) prediction tasks, achieving consistently strong982

or state-of-the-art results across all durations.983

Table 6: Existing vehicle trajectory datasets. “His” and “Pre” represent the historical and predicted
trajectory durations, respectively, while “Total” denotes the overall duration for each vehicle.

Datasets Pub. Collect Locations His Pre Total

KITTI 2012 CVPR Karlsruhe 2 4 6
Apolloscapes 2018 CVPR Beijing, ShangHai and SHenZhen 3 3 6

nuScenes 2020 CVPR Boston and Singapore 2 6 8
Argoverse 2019 CVPR Miami and Pittsburgh 2 3 5

INTERACTION 2019 arXiv China, Germany and Bulgaria 1 3 4
InD 2020 TIV German 3.2 4.8 8

RounD 2020 ITSC Aachen 2 4 6
HighD 2018 ITSC German 2.8 2.8 5.6
Waymo 2020 CVPR USA 1 8 9

However, in longer prediction horizons, the complexity of driving behavior increases, suggesting that three984

driving style categories may be insufficient to cover all possible scenarios. Moreover, trajectory patterns are985

often influenced by external factors, which can be categorized as either soft or strong conditions.986

Soft conditions, such as weather, affect driver perception and reaction. For example, on sunny days, improved987

visibility may enhance drivers’ responsiveness, leading to smoother and more stable trajectories. In contrast,988

adverse weather conditions such as fog, heavy rain, or snow can result in more abrupt or irregular driving989

behavior.990

Similarly, strong conditions such as traffic signals or regulatory constraints also significantly influence vehicle991

trajectories. Unfortunately, most existing datasets lack labels for these contextual factors. We believe that992

incorporating such labels could further enhance prediction accuracy in future research.993

Discussion For longer vehicle trajectories, we can improve our DSA framework from both practical and994

theoretical perspectives.995

1. Incorporating more driving styles. Our current DSA framework utilizes three representative styles:996

Conservative, Aggressive and Normal (CAN), which reflect two behavioral extremes and an interme-997

diate pattern. However, as the temporal length of each driver’s trajectory increases, driving behaviors998

may exhibit greater variability. To capture these nuances, the model can be extended by defining or999

integrating additional driving styles. This would allow for a more fine-grained characterization of1000

driver behavior and potentially lead to improved trajectory prediction accuracy.1001

2. Expanding the set of basis functions. As driving styles become more diverse and trajectory conditions1002

more complex, a broader set of basis functions is required to effectively approximate and predict vehicle1003

trajectories. Instead of relying on a single polynomial type, we can extend to a set of basis functions1004

of the same class, such as orthogonal trigonometric polynomials. For example, to minimize the L2
1005

norm in modeling trajectories of normal drivers, or other intermediate states between conservative and1006

aggressive behavior. It is beneficial to use a richer set of orthogonal polynomials that better match the1007

dynamics of these nuanced driving styles.1008

G Future Work1009

In this paper, we focus on the characteristics of the individuals who generate the data (i.e., trajectories) and1010

leverage the mathematical properties of basis functions to approximate these trajectories. This concept can be1011

generalized and extended to other domains, such as:1012

• Other traffic participants. In addition to drivers, other agents in the traffic scene such as pedestrians1013

and cyclists, also exhibit distinct behavioral characteristics. By modeling these characteristics, we can1014

select appropriate basis functions tailored to each agent type, thereby improving the accuracy of their1015

trajectory prediction.1016
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• Multivariety Time Series Forecasting. Our framework can be extended to long-term forecasting tasks1017

in domains such as weather prediction, energy consumption and electrocardiography. For example,1018

one could model temperature and precipitation trends across different climate zones, analyze electricity1019

usage patterns based on consumer behavior, or study heart rate dynamics as a function of individual1020

health conditions.1021

Additionally, by leveraging the core theoretical foundation (Theorem 2.2), we aim to construct models grounded1022

in the physical characteristics or behavioral attributes of the data sources, thereby fully exploiting the inherent1023

structure of the data itself.1024

H Visualization1025

Due to space constraints, the number of visualized prediction results in the main text is limited. Here, we provide1026

additional visualizations of predicted trajectories for various scenes, with generated trajectories k = 1, 5, 10.1027

Each value of k is presented for both simple (e.g., straight roads) and complex scenes (e.g., turns conditions),1028

showcasing different types of driving behavior.1029

To enhance the clarity of the visualization results, we present them on a dedicated page and reduce the background1030

opacity to improve visual contrast. Specific outcomes are accompanied by detailed explanations provided in1031

the corresponding figure captions. In summary, considering various scenario combinations and adjusting1032

the number of generated trajectories lead to more diverse, accurate, and comprehensive vehicle trajectory1033

predictions. Increasing the number of predicted trajectories improves prediction diversity and realism, while1034

analyzing different scenarios helps adapt to the diversity and complexity of real-world traffic environments.1035

These improvements contribute to making the model both more mathematically grounded and more adaptive.1036
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