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A CONVERGENCE PROOF FOR ADAGRAD-WINDOW

In this section, we give the proof of convergence for the two versions of AdaGrad-window. To avoid

the inversion of singular matrices, the second-moment matrix V; ; is often added by .14 where 6 > 0

is a small fixed constant and I; € R?*? is the identity matrix. In the following, to avoid discussions
m 2

of whether V; ; is singular, we let V, ; = 01, + Zj:m_iﬂ 91, + 22:1 gf’j where we the small
constant § is less than 1/7" where T is the total number of epochs.

The algorithm can be summarized as follows.

Algorithm 1: Full and Diagonal AdaGrad-window
—5/4

Input: The step sizen ~ m , the iteration number in one epoch m.
Initialization: x; ;; random shuffle all samples to get a partition B4, ..., B,,; matrix G = Qdxm
to save the gradients;

fort + 1to1T do
ne=n/vVt
for i < 1 to m do
Calculate the mini-batch stochastic gradient g ; = V fg, (z t,i);
Gi. =61, Vi, =01+ GG,
_1
Full: :Et’H_l = mt,i — T]t‘/t,i QQt,i;
Diagonal: @ ;41 = T4 — ntdiag(‘/t,i)iégt_’i;
end
Let y411 = Ty mt1;
end

return T = arg Milge(z, |, ...or41 .1} IV f(x)

A.1 FULL ADAGRAD-WINDOW
A.1.1 USEFUL LEMMAS

Lemma 8. Foranyt > 0and 1 <1 < m, we have

m
—1/2 —1/2 —1/2
Vgl <1, Vi Pgeill <1, 1V S guill < Vim.
=1

Proof. Since V;; = H + g?ﬂ- for some positive definite matrix H > 0, by the Sherman-Morrison
formula, we have

Q,I'Hflgt,i

2

Ty —1
Vlg, . — Jtict dti
TesVei Gt 1 +gt—|:iH_1gt,i -

Similarly, we can prove ||V;,_ni/ Qgt,i | < 1. For the last inequality, since V; ,,, = 0I; + GG, , we
have:

m

—1/2
Vi 23" guil?
=1

e'G! (0I, + G:G] ) 'Gre

e (In— (In+07'G[ Gy) e
Te = .

m

IN

Lemma9. Foranyt > land1 <1 <m,

@10 — el < (m—i+)ne1 + (i — D).
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Proof. First, we have:
lze—1, — @eall < llee—1i — eall + lee — x4l

Next, there is:

m

i1 — weall = 1D (@e101 — To1j)]
=i

< M- IZH Vieis)™ gt Ll

<(m—1i+1)m_1,

where we use Lemma 8 in the last inequality. Similarly, we may have |1 — @] < (i — 1)n.
Thus Hwt_l,i — L if| (m — 14 1)7775—1 + (Z — 1)77:‘»

A.1.2 PROOF OF LEMMA ]

Proof. Use the L-smooth assumption, we have

[V f (a¢1) }ij—w§jthmu — Ve, (@)
i=1 =1
Z IV fe,(xe1) — Vi, (2e0) |

T
Z thl :Etz”

where V fi, corresponds to the mini-batch gradient calculated using the mini batch of g; ;. From
Lemma@], we know ||@; 1 — @4 ;|| < (¢ — 1)n;. Thus, there is

1 1 m—1 1 m—1)L
uwmm—m;wm<m;umﬁmﬂ<(2)mﬁ~“W

Vit 2
O
A.1.3 PROOF OF LEMMA[3]
In fact, we will prove a slight modification of Lemma|3|due to the presence of 4.
Lemma 3*. For anyt > 0, we have either:
/ m
)T 1 2
% Vi, i) = i (12)
th t,m ;gt,) 11/3+8 ||th Il

or |Vf(ze1)| < % < (qmL) or [|YX7, geill < V6. In addition, there is always

m —-1/2 m
(> imy gt,i)TV;t,m/ (>oiz18t,i) = 0.

Proof. First, we will show that either:

m

Y lIGeei]? < (8/3+8 1) |Grel?,

i=1

or [[Vf (e 1)l < 7 - (nmL).

In the following, we suppose that ||V f(z¢1)] > % - (nmL), otherwise the proof is done. Using
Lemma we know that || >, g, —mV f(x1)]| < % -(mm2L/2) < Z||V f(2+,1)]|. Therefore,

13
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we have:

IGrel” = |Gre —mV f(m,1) +mV f(ze)]?
> [m||Vf(ze,1)]| = [|Gre = mV f(ze1)|]*

IV f@e )| = 1Y gei = mV f (@)

i=1

Y

IVF @)l

On the other hand, there is:

m m
Z |Grei||* = Z lge.ilI”
i=1 i

(lgei = Vi(me )l + IV filze 1))

s

@
Il
-

2 (lge; — Vi(me)I” + IV filzea) )

qu

.
I

IN
)
MS“

(L2 @i — eall® + IV fi(ze,1)|7)

.
Il
-

(L2 = 1%/t + [V fil@e ) |P)

Ms

<2

<.
Il
_

<2L2mPi?/(3t) + 23 |V filwe) |2
i=1

< 2m/3)|V (@) +2) IV filzea)l?
i=1
Using the strong growth condition, we have:

m

z:HGtezll2 2m/3)[V f(21,1) H2+2Z||sz 1)

=1
< (2m/3 -+ 2mr2)||V f(@e1)
< (8/3+8)||Ghell.

Since g7, =X l|ge.il|*Ta = ||Greil|* I, we have Vi, = (6 + 3.7 |Greil|*)I4. Thus

Z -r 1/2 Z |Gell”
gtz V g ) Z
\/5 + Zz 1 ”Gt‘%”2

From equation (I2), we have:

54> IGei]* <5+ (8/3+81%)||Gre|>.

i=1

Thus either |Gye| < V6 or:

S / ||G ||
—1 2 t€
E g 1 V E t.i >7.
b fm 7) \/11/34-872

=1
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A.1.4 PROOF OF LEMMA4]

In order to prove Lemmad] we need the following lemma, which is a modification of Lemma 3.1 in
(Schmitt} [1992).

Lemma 10. Given any matrices C € RE*™ syuch that C + 0 and vectors a, b € R4*1 we have

(61 + C +aa™)Y? — (6I;4+ C +bb")'/?| < §||a — bl
s

Proof. From section v 3.11 in (Kato, [1976), we have the integration formulation:

(6I;+C +aa")/? — (6I;+C +bb")'/?

1 oo
:7/ VAN +6I;+C +aa”) Y af" + fb" )M+ 6I,+C +bb")"td\
™ Jo
1 (oo}
:—/ VAN +6I;+C +aa")taf T (Mg +6I;+C +bb" ) 1dx
™ Jo

+l/ VA + 6L+ C +aa") " fbT ALy + 61, + C +bb") " d\
™ Jo

where af ' + fb' =aa’ — bb" with f := a — b. We split the first integral into [0, s] U [s, +00]
with

To bound the two parts, we first notice that
1
My 4 6I;4+C +bb" )Y < ||(My+ 61,7 = St

and

6" (M +0I;+C +bb" )™ < ||b" (6L, +bb")71|,
since \I;+0I;+C +bb" = 6I;+bb" = 0leadsto (AI[;+0I;+C +bb" )1 < (6I;+bb")~ 1.
Similarly, there are

1
M, +6I,+C D < ——
[(Ma+0Is+C +aa ) ”*A+5’
and

M+ 61,4+ C +aa") ta| < ||(6I;+ aa") ta).

For the first part, we have

[ / VI + 61+ C +aa” ) taf (M +6I;+C +bb")"Ld)|
0

S \/X
< - |I(61, -t / —dA\
<116+ aa”) el - [

<[ fll2- 014+ aa) a2 - 2v/s.
For the second part, we have

“+o0
I VI +6I;+C+aa’ ) raf (M +0I;+C +bb" ) 1d)||

S

<t [
2

<IFll-llal - 7
Thus, we have

1 oo
7/ VAMy+6I;+C +aa")af " (M + 61, +C +bb" )" 1d\
™ Jo

<dllal'/?-|(61s+aa")  allV? - | £].
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Similarly, there is
1 oo
7/1VXMMJQ+C+mU*ﬁWM¢MQ+C+%U”M
™ Jo

<4|1b]|'/2 - [T (01a + B0 ") MM || £].
Therefore, we may deduce
Hwh+c+adYﬂ—w@+c+wUUﬂ
4
<—lla[* - [|(61a + aa™) " a2 || ]| + — ||b\|1/2 167 (01a+ b)Y || £
8
S;Ha - bHa
where we use ||a| - ||(6I;+ aa ') tal < 1and ||b] - ||(6I;+ bbT)~1b|| < 1 in the last inequality.
These two inequalities can be deduced using Sherman-Morrison formula: ||al| - [|(6] +aa ') tal =

“laTa/(1+6ta"a) <1

Proof of LemmaM] By lemma|[I0] we have

IVel? = Vil
m—i—1 m
5Id+zgt]+ Z gt 1,m— ] 1/2 5Id+zg?,j)l/2”
j=1
m—i—1 1+k m—i—1—k i+k+1 m—i—2—k
< 2| 5Id+29m+ Z Giorm—y)'? = Olat D i+ 3. i)l
k=0 j=1 j=0
m—1—1 ]
< Z ;||9t—1,z'+k+1 — Gt itkr1l]
k=0
m—i—1

8
- Z gt—1.m—5 — ge.m—jll,

=0

where we use lemma @ in the second inequality m — ¢ times by setting C' = E;Jj 9t2, ; T+
m—i—2—k 2
>ico i 1m—jand @ =g 1,itk+1,b = Gritrt1.

By the L-smooth assumption and Lemma 2] we have

m—i1—1 m—i—1
Z ”gt—l,m—j _gt,m—jH S Z LHmt—l,m—j - xt,m—j”
7=0 j=0
m—1—1
<L Y (e + (m—j)m)
7=0
(m—1i—1)(m—1) (m—9)(m+i+1)

L’I’]t .

= L1+

2 2

Thus, we deduce

8
IV = Vil =— Z 19t 1.5 = e
i=
< 1 4n(m—i—1)(m—i)L+i dn(m —i)(m+i+ 1)L
TVt —-1 T Vi T
< 1 (677(m —i—1)(m —14)L N dn(m —i)(m 41+ 1)L)
Y T T '
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A.1.5 PROOF OF LEMMA[3

Proof. We divide it to two parts:

m m

Vf(wt 1 1/22%1 ZVHI/QQM

wtl thz 1/229151 th-zl/2gtl %(thz Z 1/2
i=1

Using Lemma 2] and Lemmal 8] the first part can be upper bounded by:

m m

1
[f(ze1) — - th il Vi, 7;&/2 Zg ti Z Vi, 11/2915 i]

i=1
1 & 1/2 —1/2
<lf @) = — 3 geall - (Vi > gl + 3 1V a0)
i=1 i=1 i=1

m2L.

IN

1
N n
Using Lemmafd]and Lemmal 8] the second part can be upper bounded by:

m

1 _
E(ZQ;D)Z [‘/;f 771L/2 V 1/2}gtz
=1 =1
1 & - _
= > Vi * 2 al) Vi = ViV, e

i=1

<
Il
—_

A
3=
INgE

1/2 1/2 1 2 1/2
[\t Zg;»n AV =V VS P ge )
. .

J
m

N I B V(U VA U
SV . *

1
\[

m—l—i—i—l)L)
™

1 5nm®/2 L
7

Plugging equation and equation into equation (I3), we have:

1 5nm®/2L
Vf($t1 1/22:9:&2 ZVHUQQH §7 ( L-l-%).

A.1.6 PROOF OF LEMMAIL

Again, we will prove a slight modification of Lemma|l|due to the presence of §.

(14)

5)

Lemma 1%. For any t > 1, denote ¢, = 1/+/11/3 + 82, ¢y = 5n?’Lm?/2 + 5n>Lm>/? /1 as

constants independent of t. We have:

1

25V @)l < [(@nn) = @) + 1 oo

or |V f(zeq1)| < % (qmL) or || "1, guill < V6. In addition, there is always 0 < f(z; 1) —

(@t mi1) + - Co
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Proof. As shown in section 4] there is:

_1/2 5 L
7 VT @)V (2 000) F @) = F@emsn) + 5 Newmis — @l
i=1
s1
+ i 'vf(wtl 1/229151 sz-sll/Qgtz
Vi
S2
(16)
From Lemma[9] we have:
L 1 n?’m2L
i~ @l = Ll —wal? < 7 T0L a7
t 2
From Lemma 5] we have:
n 1 2, 2 5772m5/2L
—-52< - L+ ——). 18
NG <3 (n*m?L + - ) (18)
From [Lemma 3* Lemma[2 and Lemma[9] we have:
st =" (VT (@) - iigmv;”?(ig“) + l(fjgu)m—l”(igm]
\/ZTI \/i ) m 4 K ,m pat s m 4 , ,m ‘ s
> - \i[HVf(wu - — | Vim V2 ng ||+7 thz ) Vi V3 th,i,)
i=1
2 3/2L
n*m
2 ||thz
2t m,/11/3+8 2.\t e
2 3/2L
n-m n
> i —mVf(z + Vf(z
TR 11/%82 \[Hth Tl + e IV @)l
2,.3/2]
n-m n
> — + Vfz
Y v L]
2,2
n-m-L U
> — + Vf(x ,
N Y x s d ML
(19)
or [[Vf(@e1)ll < 77 - (ymL) or || 3272 ge.i

Plugging equation (17).equation (I8) and equation (I9) into equation (I6), we have:

1 5p*m’L  5np*m®/2L
)l € F @) = F@imin) + 5 - (Fg—= + ),

1 #”vf(
Vit \/11/3 +8r2

or |Vf(ze1)|| < % ~(nmL) or | S°7 giill < /6. In addition, from the first inequality in
equation (I9), we can easily see that there is always:

2,.3/2 2,2
gy ML mTL
Vi oT 26 t
Therefore there is alway 0 < f(x1) — f(@tm+1) + % - Ca. O
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A.1.7 PROOF OF MAIN THEOREMI]

Proof. If there is a t where £ <t < T such that || "7, g+ < V0, using Lemma[and the fact
that 6 < 1/T, we have

1 & R
IVf(@e )| < IV f(me1) — Ezgt,ill + | > guill
=1 i=1
nm-1)L 1 “ ,
R LI

< (m—1)Ln N | &
VeT m?
mS/4\/11/3 + 8r2
< — f*+G+5LInT),
< o (f(11) = f nT)

<

Sl

which completes the proof.

If there is a t where £ < ¢ < T such that ||V f(z1)| < ﬁ - (nmL), then it directly leads to:

IVf(@e1)| < = - (gmL)

Vi
5/4 / 2
<z \l/%gﬂr (f(®11) = f*+G+5LInT),

If for all t such that Z < ¢ < T and ||V f (1) > % - (nmL), we have || 327, ge.ill2 > V/0, then
from !:emma I*L we have for all I <t<T,
1 ,5n?>m2L n 5m°mP/2L

\[ \/m (xe1)]| < flae1) — f(wt’mﬂ)_yg_( . : 7

In addition, we have forall 1 < ¢t < 5, there is

1 ,5m*m?L  5n?mP/2L
ng(mt,l)_f(wt,m-‘rl)'i'?'( 772 + 2 - )

Summing up the above two inequalities for t = 2, ...,T", we have

/o n
2T 11/3 +8r2 Z<t <T||vf(mt Vi
Ul G|
S — | P
' 11/3 + 8r2 Ny Vit

T
1 5 m2L 5m2m>/2 L
<f(@2,1) = f(@rmi1) +Z; i + 2 —)
t=2

5n°m?2L N 5n2m5/2L

Sf($271) — f* +InT - ( 5 -

Plugging = m /%, we have

5/4 2
min I\Vf(ast DI < \/m(f(a:m) — f*+5LInT).

T<t< V2T
Since miny<i<7 [V (we1)| < mingoyoq [VF(@e)ll and f(@2,1) — f(w11) < Gllw2y —

x1.1]| < Gmn < G from the gradient bounded assumption and lemma@, the proof is completed. [

A.2 DIAGONAL ADAGRAD-WINDOW

Most parts in the analysis of the diagonal version is similar to the full version and we omit some
proofs that are very easy to derive using same arguments as the full version.
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A.2.1 LEMMAS

Lemma 11. Foranyt > 0and 1 < i < m, we have

m

IV gl < Vd, IV gu. Vi 2> geall < Vmd.
1=1

Proof. SinceV,; = H —&—diag(gﬁi) for some positive definite diagonal matrix H = 0, if e;r‘/t'7iej =

0, there must be ejT g:,; = 0. Thus, we have
d
g;v;s;lgt,i < Zl = d.
j=1
o —1/2 . . )
Similarly, we can prove ||V, ., “gs i[| < \/d. For the last inequality, we have:

= e e gt1+ ...+ eTQt m)?
(th,i)TVt,,é(th, Z S+ |
i=1 i=1

6 gt1||2+ +He gtm”

m(lle] gl + ... + €] gemll®)
<3 el ) <m
<5+ lef geall? + ..+ lef gmll

Lemma 12. Foranyt > 1 and 1 < i < m, we have:

i1 — @il < (m— i+ D)V + (i — 1)Vdn,.

Proof. The proof is similar to Lemma 9] where we use Lemma T T]instead.

Lemma 13. For anyt > 0, we have:

Ly 1 — 1)LV
IVf(xe1) — - ng-” < G . M
1=1

Proof. The proof is similar to Lemma[2] where we use Lemma [[2]instead.

Lemma 14. For any t > 0, we have either:

3 )TV 3 i) = Ly il
(;gt, ) t,m (;gL ) = \/m” ;gt, ”

or [[Vf(w1)

< L (o) or | 0%, geall < /5T,
Proof. Since Vi, < (6 + 31", ||g¢.:[|*) L4, we have:

Zg TV, 1/2 Zg ) > 1200 geill®
t,% t, ti) Z .

= 6+ 2 gl
The rest of the proof is the same as

Lemma 15. Foranyt > 1 and 1 < i < m, we have:

6n(m —i—1)(m —i)LVd n dn(m —i)(m +i+ 1)LVd

m m

2 1/2
Vi = Va2l < — - (

Sl

20

).

(20)

21



Under review as a conference paper at ICLR 2021

Proof. Denote the diagonal matrix D = §I; + diag(Z;:1 gt27 ;) and A; = A; ; for any diagonal
matrix A, we have:

2 1/2
Iv,/2 = v,/

N

. - 1/2 . i 1/2
= (D +diag( Y g7 1,) " — (D+diag( > g7;) "2
j=i+1 Jj=i+1
= max [(Dx+ ) (efgi-1,)°)" = (Di+ Y (efgi))"?]
- j=i+1 j=i+1

Y (er gi-1,5)? — (ef ge5)?

= max - s
1<k<d | (D + 30 (e gim1,5)2)Y2 + (Dy + X571 (€4 9e,)%) /2 |

< max i (e gi-14)° — (ef 1))
Tasksd S lefgio1gl + leg el

m
T T
< max |€,.Ggi—1.; — €. Gt i
=2 1§k§d‘kg 2 kQ,J|
Jj=i+1
m
<> g1 — geill-
j=it1
The rest can be deduced similar to lemma[4] where we use lemma[l2]instead. O

Lemma 16. For anyt > 1, we have:

_ T 1 m®/2Ld%/?
Vf(actyl)—r th'Ji/QVf(wt,l) — Z V;J.l/zgm- < % . (5% + nm2Ld). (22)
i=1

Proof. The proof is similar to Lemma [5 where we use Lemma [IT, Lemma [I3 and Lemma [I5
instead. O

Lemma 17. For anyt > 1, denote ¢, = 1/\/11/3 + 872, ¢y = 5n*m>2Ld>/% /2 + 5n*m>/?Ld/m
as constants independent of t. We have either:

1 / 1 /
v < - Z.d,
i AllVi@e)ll < f(@en) = f(@emea) + 5 -2
or |V f(ze1)| < % - (mmL) or || 1%, guill < V6. In addition, there is always 0 < f(x;1) —

f(@eme1) + % - Ch.

Proof. The proof is similar to[Lemma 1¥ where we use lemmas corresponding to the diagonal version
instead. O

A.2.2 PROOF OF MAIN THEOREM [2]
Proof. The proof is similar to Theorem[I| where we use the diagonal lemmas in the last section. [
B MISSING PROOFS ON THE STRONG GROWTH CONDITION

B.1 PROOF OF LEMMA 6]

In order to prove Lemmal6] we need the following results, which is a special case of the main result
in (Milne, 2019)).
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Lemma (Milnel 2019). There exists closed sets B;,i = 1, ..., L, such that:

L
U=|]JB:nT,

i=1

and smooth functions ¢; : V; = Rwith V; D B; N U open, satisfying:

B,nU = @i
and strong convexity V2¢;(x) = %I, Vo € V.

Proof of Lemmal6] For any set D, denote D° to be the set containing all the inner points of D. We

will prove that all points in U’ = Ule (B; N U)° satisfy the strong growth condition with constant
2L
T.

By|Lemma (Milne‘,_2019ﬂ we know that f is strongly convex with constant % in (B;NU)°. Therefore
Vo, y € (B;NU)°, thereis f(y) > f(z) + Vf(z) (y — x) + 3|z — y||*>. We have:
fl@) = f(x") < f(x) - f(y)
A
<Vf(@) (z—y) - e -yl
A A
L 2 M 12— M 112
< {IVF@)IP+ Jle — 9l - Jle - vl
1
$IVE@)*

On the other hand, from the L-smoothness, we have:
1 L1 ) 1
fi(x) — fi(x — ZVf,»(a:)) + §||vai(-’”)H > Vfi(z) (vai(w))-
Since * minimize f; as well, there is:
N 1
fi(z™) < fi(x — ZVfi(w))
1
< fi(x) — = ||V fi(x)|*>.
< fil@) = 57 IV fila)]

Thus,
*IIVf( WP = f() = f(=)
-~ i(ﬁ-(w) - I@)
> — Z IV fi(z)||%.
Therefore x satisfies the strong growth condition with constant % The proof is complete. O

B.2 PROOF OF LEMMA[T]

Proof. Denote the data to be {(a;,0;)}_;, where o, € {0, 1}. From the condition, we know that
|lai|]| < cand 3z* with |z*|| = 1 such that a z* < —7 if o; = 0 and @, * > 7 if 0; = 1. Now
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Va, we have for the cross entropy loss:

n

1 — 1 1
4 v 2 _ * _ 2 2
2 L IVE@I =53 (0= )]
B ST oV
= n 01:1 earw_’_l Oi:o ea7w+1
Sl SR T N S
_nOi:1 ea,:rm_’_l 0706‘1 :lt_|_1
<i[z( CG;rfD )aT$*+Z( )aTa:*]2
Tonriistealm 0 edim 41
:i[(Z( : Jai + Y ( ! )a;) ' z*]?
nr2 = ea,:rm_‘_l o = €a:m+1 4
T
c e T 1
<— ——)a; + ————)ai|]* - |lz*|
mQHOZ:l(ea;mH) §)<ea:m+1> 17 2]
2
C
= SIVf(@)?
The proof is complete. O

C DETAIL OF EXPERIMENTS ON MNIST AND CIFAR-10

In both experiments, the loss function is taken to be the cross entropy. The step size 7; is set to n/+/t
for SGD, AdaGrad, AdaGrad-window and 7/t'/3 for SGD-shuffle, consistent with the theory. The
constant 7 is chosen from {0.01,0.1, 1.0} separately based on test accuracy for each method. The
small constant § is set to default as 107,

In the MNIST dataset, the logistic regression takes a 784-dimensional image vector as input and
predicts a 10-dimensional class vector as output. Every epoch contains 50 iterations; each iteration
uses a mini batch of size 1200. In the CIFAR-10 dataset, we use ResNet-18 (He et al.| 2015) as our
model where we do not include data augmentation and weight decay schemes in data preprocessing.
very epoch contains 50 iterations; each iteration uses a mini batch of size 1000.

D CONVERGENCE PROOF FOR ADAGRAD-TRUNCATION

D.1 THE ANALYSIS OF ADAGRAD-TRUNCATION

In this section, we introduce an AdaGrad variants, Adagrad-truncation, and provide its theoretical
analysis.

D.1.1 ALGORITHMS

In this section, we show Adagrad-truncation in Algorithm [2 for minimizing finite sum objective

functions formulated as eq. |1} In the following sections, we provide an O(1/+/T) convergence rate
for both Adagrad-truncation and its diagonal version.

D.1.2 TECHNICAL LEMMAS

In this section, we show our technical lemmas for providing the convergence rate of Adagrad-
truncation.

Lemma 18 (Sherman-Morrison formula). Suppose M € R**¢ is an invertible square matrix and
w,v € R? are column vectors. Then M + uv ' is invertible if and only if 1 +v " Mu # 0. In this
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Algorithm 2: Adagrad-truncation

Input: The step size > 0, the iteration number in one epoch m, the number of instances n

Initialization: x; ;; go = 1/+/m; Random shuffle all samples;
fort < 1to7 do
Initialize ;1 = T;—1.m+1, gr = 0%,
for i < 1tomdo
Calculate the mini-batch stochastic gradient g, ; = V fg, , (x4,);
2
9t =9+ 91 Vii=mlgi1|” - I;
1
i1 =T — N Vi " G
end
end

return x = arg minmewl,hm,wqwrl,l HVf(iL')H

case,

M—l TM—l

M uv MO (23)
1+v"TM-1u

Lemma 19 (Lemma 13 in|Duchi et al.[(2011)). Let N = M > 0 be symmetric d x d matrices. Then
N1/2 - M1/2.

(M—I—uv—r)_1 =M"1-

Proof. This lemma had been proved in|Duchi et al. (2011), we include a proof for the convenience of
readers. Let \ be a eigenvalue of N''/2 — M'/2, corresponding to some eigenvector x. Hence, we
have (N1/2 — \I) = M'/?z. Taking the inner product of both size with z " N''/2, we have

o " Ne— e N2z = 2T N/2 <N1/2 _ AI) z

S1
—2 TN2 M2 < HNl/2mH HMl/QmH —VaTNz -z Mz <z Nz. (24)
——
Sa
Thus, with S; < Sy and " N'/22 > 0, we obtain A > 0 to complete the proof. O

Lemma 20 (Conjugate Rule inHalko et al. (2011)). Suppose that M = 0. For every A, the matrix
A*M A = 0 where A* means the conjugate transpose matrix of A, In particular,

M<N=A"MA<A*NA. (25)
Lemma 21. Let N = M > 0 be symmetric d X d matrices. Then N-1 <ML

Proof. Since N = M, we have M3 NM~3 — (M—%N%) (N%M—%) >~ I because of
Lemma [20. Commuting the product of two matrice does not change the eigenvalues, hence all

eigenvalues of N=2M-'N2 are larger than 1. Utilizing Lemma@again, then we obtain M ~! >
N~ to complete the proof. O

D.1.3 CONVERGENCE RATE FOR THE ADAGRAD-TRUNCATION

In this section, we provide convergence rate analysis for Adagrad-truncation which have an O(1/v/T)
convergence rate for achieving FSPs on non-convex and random shuffling settings. Since the Cauchy-
Schwarz inequality and the triangle inequality are used frequently, we will not provide them additional
explanation in our proof.

In fact, we will prove a slight modification of Lemma due to the presence of strong
growth condition.

Lemma 21%*. In Adagrad-Truncation, if the step size satisfies

ne < thfl,j /(4mLr),
j=1
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Then, we have
m

thz

2
(zngm@ <3 lgnal? < st

=1

Proof. According to the Assumption [(A3)] for any x, we have

m

fZHme” )| < 2 V@) 26)
According to the Cauchy-Schwarz inequality, we have

1
Ve (@) | 2 5 gl = [V oo o @rn) = g @7)

Combining eq. [26]and eq[27] we obtain

1 m
om Z ||Qt,z
i=1

<r? ||V ) |? + — ZvaB“ (x1,1) gt,iH2

2
+ 2r?

thz vf wtl ng

i=1

1 m
+ =3 Vo @i) = g
i=1

2
1 m
+ (2mr2 + m) Zl |V fo..(®e1) — gt,iH2 : (28)

S1
For each 7 in S1, we have
i—1
IV fe, ,(@e1) = gra|| <Lllzei — eall < LY @ i1 — @
j=1
(29
CEL _0.5 Z] 1 ||gt,]||
HZ] 1gt 1,5
where (1) follows from Lemma@ Hence, we have
2
1
S1 < <2m7’2 + ) -m - [ Lm™%5y Z] 1 g5l
m HZ git—1
j=1 N (30)

Z; 1 ||gt,J||
Draree |

Hence, if we require 7, < ‘Z;’;l gt*l’jH /(4m?3/2Lr), we have S1 < 1/4m - Z;"Zl ||9t,i||2'
Plugging the result into eq. we obtain

§(2m +1)L77

< 8mr?

m
Z 1g¢,i ’
i=1

Hence, the proof is completed. O

Lemma 22. In Adagrad-truncation, forany 1 <t < T and 1 < i < m, we have
lgeill
Al

letiv1 — xeill < me-
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Proof. According to the update rule of Adagrad-truncation, we have

=n\/ 9. Vi gt (31)

e it — @il = Hth'Zl/ Gt.i

If weset Vi; = Vi + gt.ig/ ;- then we have

~ —1
gtT,in;lgt,i = g;» (Vm + gt,igtTi) Gt.i
®gT Cr—1 ‘A/;;lgt;igt—lji‘};;l g a:=gy, LV gt i a a2
= ti ti - ti :> —_
! ! 1+in‘/£,¢19t,i I+a
2
@ lge.ill

<a=g,V;;'9ti, < 5 (32)
m
m |50
Hence, the proof is completed. O
Lemma 23. In Adagrad-truncation, for any t > 1, if step sizes satisfy
=]
T Y T
we have
m m m
ZHGtmeiHSf%mr th,j §12mr th—Lj
i=1 j=1 j=1
Proof. According to the definition of G; and e, we have
m m
IGeell = > (gei — ge-1.i +ge-14) <ZHgtz givil +||> g 1¢H- (33)
=1 =1 =1
S1
For each i in Sy of eq.[33] if we set
|0
= 4m3/2Ly
for any ¢ > 1, we have
i—1
gt — gi— 1Z||<L||w“ Tl SL DY e — wt;||+Z||$t 1j+1 — Ti—1,;
Jj=1 Jj=t
@ ntZ Hgt, | ntflsz'ngtflj @ 1
Somoy/e | = 19 AL ant I+ Zugt Ll
m 47‘m2 J J
|10 wH HZjﬂgt—wH
< ant,ﬂ ant ] Zugtm th L
(34)

where (D follows from L-smoothness, @ follows from Lemma[22, 3 follows from the selection of
step size 7, @ follows from Lemma[Cemma 2T¥. Hence, plugging eq[34 into eq[33, S; in eq[33]

satisfies
ZgH,j : (35)
j=1

S1= ZHgtz gi—1il < Arm Z||gtd|
i=1
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Hence, we obtain

>_lIGreil < 3mr|Grel <5 Z lge,ill +3mr|1> " gi-1,;
i=1 j=1 j=1
@9mr =
<—|\GteH + 3mr th,l,j ) (36)

where (D follows from eq.[33]and eq.[335] @ follows from Lemma[D.1.3] Then, the proof is completed.

O
Corollary 3. In Adagrad-truncation, for any t > 1, if step sizes satisfy
=0
=T AR L,
we have
m m
thq,j <4 th,j
Jj=1 j=1
Proof. This corollary can be easily extended from Lemma [23] [

Lemma 24. In Adagrad-truncation, suppose that the Assumption|(A3) holds. For any t > 1 and
1 <@ < m, if step sizes satisfy

DEERY

T Y T

we have

|2t — e |® < 128(0 — L)mir?

Proof. This lemma can be easily checked when ¢ = 1, we only need to prove i > 2. We have

2

1—1
i —aeall” = {|D (@041 — 20 y) (i—1) Z e 1 — @)
j=1
2
o) S lel® S gl S5 e
<(i—1)ni- Jm QS(Z—l)ntZ' ’ - 2 . 2
m 5 g1 S [T gea]
@ N
<128(i — 1)n;r=, (37)

where (@) follows from Lemma[22]and @ follows from Lemma 20* and Lemma 23] O

Lemma 25. In Adagrad-truncation, if the step sizes satisfy

§ sz‘rlzlgt—laj
m< =

—1
- min { (2m1/2Lr) , 1} .
2m

Then, for any t > 1, we have

; T
377t m 1 m
4m<zg Vi (22001 | <7@en) = (@omen) +32L200m! 202 + 64Lagmr?.

=1

for the t-th epoch.
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Proof. With the L-smoothness, we have

L
f®eme1) — flaen) Svf—r(fﬂt,l) (Tt,me1 — Te,1) + 3 |t mt1 —

= - L
:VfT(iEul) <Z —m‘/},il/zgt,i> + B Tt m+1 —

i=1

L “ _
=5 @t = @eal® = Y-V (@) Vi g
=1
I T
) [@4mi1 — 2 1|| +— <Z g — Ve, (1) ) t_nlL/Q <Z gt 1)

S
2 S

(38)
We next bound S and S, separately. Before providing the upper bound of S; in eq.[38, if the step
size in t-th epoch satisfies

m
Zj:l gt—1,5
M ———F——

2m
we obtain

—1/2 39

)

\ﬁHZJ 19— 17JH @ 1
nt\/TTl'I = om ‘/tlv/n2<:>772\/>‘/tm — 2

where (@ follows from Lemma([I9)and @ follows from Lemma[20] With such condition, we have Sy
Z (gt — Vth,i(-’Em))

in eq. [38|satisfies
m
\/>77t <th z) ‘/;m (th l>
i=1
@ ? (& -
<32L2n2m!/?r? 4 \/F;Wt <ng> Vim <th,i>
i=1

i=1
%32L27)t2m1/2r2 + e (i gt 1) _1/2 <Z gt z) ) (40)
Am \
where @ follows from L-smoothness and Lemma[24] @ follows from eq.
For S, in eq.[38] we have

m

51 §72m5/2

=

®
2 9 41)
L, = So <64Ln;mr,

e <
where (D) follows from Lemma[24]
As a result, we plug eq.[#0|and eq.[41]into eq.[38] and obtain

Snt (&
s < — == <Z gt L> Vim <Z gt,i> + 32L%n2m!/?p?
i=1
+ 64L77t mr?. 42)
Hence, the proof is completed. O

Lemma 26. In Adagrad-truncation, if the step sizes satisfy

B HZ;& git-1,5
ny < L=

2m

- min {(27711/2L7")_17 1} .
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Then, for any t > 1, we have

(E0) vt (o) o
Vt,mj< 2>-I

m 2 m
m E gt—1,i E git—1,i
i=1 i=1

where () follows from Assumption [(A3) and @ follows from Corollary [3. With Lemma [T9 and
Lemmal21] we have

H

Proof. We have

2

m
th,i

i=1

@
-I<m -I<16m

)

Vi, ”2_ m=/? ng 1. (43)

That means
<ng> 2 (ng>z “m~ (44)
1=1 -

Proof of Theorem[3] For epoch t and ¢ > 2, we have

m

> Vs, (@)
i=1 i=1
m m @ m
th,i + Z lgt.i = Ve, . (xe1)| < th,i
i=1 - i=1

m m m
D guil| + LD (/128G — VmEr2 < |1> g
=1 i=1 =1

where () follows from L-smoothness, and ) follows from Lemma Then, we obtain

m

th,i

i=1

m

Z (9t — V5., (1)) H

+

IN

m
+ LZ s — @41
i=1

IN®

+ 8Lnym>/?r, (45)

m

thz

=1

© 3/2,.
< + 8L77t

Z Ve, (@e1)

1=1

12221 guill n 8Lnfm3/2r

—=n, - 4m/? .
=N 4m 4m1/2

-

® Ui (&

<ne - 4m*/? . (Z gt,i) Vim (th>i> + 8Ln;m?®*r
=1

i=1
®

<n m1/2 6m

e [f(wtl) — f(®pma1) + 32L%n¢m* ?r?

+64Lnt2mr2] + 8Ln2m3/?r
=6m>/2 - (f(x41) = f(@tme1)) + 200r°m?L2 - 7
+ 400r2m®/2L - 2, (46)

where () follows from eq. 3, @ follows from Lemma[26 and ® follows from Lemma 25, Without
loss of generality, we assume 2m'/? Ly > 1, and set the step size in epoch ¢ as

€ @HZ; 19t— LJH

Am3/2Lyr — 2m

N = -min{(2m1/2Lr)_l,1},
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Then, there exists

(T
4m3/2L7’ t vaBt1 xtl

<2

> Vs, (1)
=1

@®
<6m? (f(xs1) — f) + Z 200r*mL?* - n? + Z 400r2m®/2L - n?
t=3 t=3
<6mY? (f(ms1) — f*) + (200r2L2m =2 + 400r>m =32 L)T(')? /(16 L*1?). (47)

For ¢t = 1, with gradient bounded,

fl@e) — fl@eg11) < Gllees — xppr11]] < G2, (48)

where @ follows from Lemma[22] @ follows from the selection of 7, and the setting e < 1 without
loss of generality. With the fact m,r > 1, we have

(T —2)¢ | 1 &
———— 1nin —_—
Am3/2Lr ¢ m = (49)

Z vat,i (mt,l)

<6m!? (f(z1,1) — f* + G?) + (2000 L*m =2 + 400r*m=*/2L)T(¢')? /(16 L*1?),

through combining eq. f7 and eq. 8. If we set T > 4 and L > 1, it can be easily verified that
T —2>T/2and 2Lr > Lr + 1. Hence, rearrange the terms in eq. 47| . we obtain

1 m
na =3 Vs, (z1)|| p <48rm? (f(z11) — f* + G*) LT ()"
i (50)
+ (100rLm =2 + 2007)(¢').
For achieving FSPs, i.e.,min; {||V f(z:1)]|} = O(¢), we require
(100rLm =12 4 2007)(¢') < ¢ 51)
A8rm? (f(w11) — f*+ G?) LT ()7 <,
Plugging eq.[51]to eq.[50] and setting
V3 1) f*+G* 1
= fE S = (52)
10m*/2Lr L+2 VT
we have 1
i _ fx 2,
min {1V (@,)l}} < 80m(Lr+2)y/f(ra) ~ "+ G @

O

Hence, the proof is completed.
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