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A NOTATION

Arguments for functions are denoted with parentheses, e.g., f(z) implies = is an argument for
function f. The iteration index for a parameter is indicated via superscripts, e.g., h(*) is the value of

the parameter h at iteration k. Device indices are given via subscripts, e.g., hz(k) refers to parameter
belonging to device i. We write a graph G with a set of nodes (devices) )V and a set of edges (links)

EasG=(V,¢E).

We denote vectors with lowercase boldface, e.g., x, and matrices with uppercase boldface, e.g., X.
All vectors x € R4*! are column vectors, except in certain cases where average vectors X € R1xd
and optimal vectors w* € R'*? are row vectors. (x,x’) and (X, X’) denote the inner product of
two vectors x,x’ of equal dimensions and the Frobenius inner product of two matrices X, X’ of
equal dimensions, respectively. Moreover, ||x|| and || X|| denote the 2-norm of the vector x, and the
Frobenius norm of the matrix X, respectively. The spectral norm of the matrix X is written as p(X).

B ALGORITHM PSEUDOCODE

Algorithm 1: Decentralized Sporadic Federated Learning (DSpodFL)

k
Input: K, {g(k (M, € k))}0<k<K’ {d }zeM,ngSK’{ b )}
{a }ogkgK
Output: {QEKH)}Z.GM
k < 0, Initialize 09, {6{” « 0O}, {v® « 1}
while k£ < K do
forall : € M do
(k) 0, aggr( )
1f vi(k) = 1 then
sample mini-batch §§k) €D,
9" V(675"
end
orall j € 5(k) do
if ﬁ(k) = 1 then
rij < 1/(1 + max NP V)1
ij

aggr( 2 — aggr( ) +7r; (Oék) — Hz(k))

end

(i,5)€E®) 0<k<K’

(0)
ieM? {U - 1} (i,§)EE®

+~0

Yy

end

end
forall i € M do

gty HZW + aggr( oz(k)g(k)

7

o

if random () < dgk) then
vZ(kJrl) 1

end

forall j € £*) do

(kﬂ) <~ 0if random () < b then
‘ kD)
Vij

end

end

+—1

end
k+—k+1

end
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C INTERMEDIARY LEMMAS

Lemma C.1 (See Appendix[D|for the proof.) Let Assumption hold. We have
(a) The global objective function F(0) is B-smooth and p-strongly convex, i.e.,

IVE®) = VE@)| < B0,  (VFO) = VF©),0-60) 2 pulo -0

(b) The gradients of the global and local objective functions, and the gradient of the local objective
function at the optimal point are bounded as

IVE@I<Bl0 -6l IVE@I* <2 (820 0% +32), [VE@®)] <5

Part{(a)] of Lemma [C.I] outlines the smoothness and convexity behaviour of the global objective
function based on the measures of local objectives, and part[(b)] provides upper bounds on the gradi-
ents. Note how these show that we are not making the bounded gradients assumption for all # € R",
but only bounded local gradients at the globally optimal point 6*.

Next, we provide upper bounds on the expected Frobenius norms of the following quantities related
to SGD noises.

Lemma C.2 (See Appendix[E|for the proof.) For every iteration k > 0, the average SGD noise and
their deviation from this average can be bounded as

max max

2 2
Eg(k) |:H€U(k)H ] S d,(k) (';"Q/Tn7 ]Eé-(k) l:HV(k)E(k) — 1m@(k)H :l S md(k) 02,

in whichev® = LS ez(‘k)vz(k)'

Note that by setting d&’i&x = lin we get back the well-known estimation bounds for these
quantities (e.g., see Lemma 2 in|Pu & Nedic| (2021)).

Next, we find an upper bound on the expected deviation of the gradients from their average (similar
to the second quantity in Lemma[C.2).

Lemma C.3 (See Appendix[G|for the proof.) For each iteration k > 0, we have the following bound
on the expected error of gradients from their average

max

. 2
Eew [HV(’“)V(’“) - 1mw(’“)H } < 3d%)

mé? + (C2 + 26%) Ems [H@(k) -1,,60 HT

l

in which V'\®) is a matrix whose rows are comprised of the gradient vectors VFi(ng) ), and W(k) =

m k k
Lsm VEOW)®.

+m (282 (1-diy),)) E=en [He“‘:) o

Finally, we analyze the behaviour of the random mixing matrix P(*) defined in equation [3| and
equation 4]

Lemma C.4 (See Appendix[H)for the proof.) For each iteration k > 0, we have

(a) The expected mixing matrix denoted as R™), is irreducible and doubly-stochastic:
A0 _ b i#J
1= 0y =

j=1Yj

Ego [PH] 2 RM) = [f(’?)

i Lgi,jgm’ K
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) By [(PO)] = (RO)* + R 2 RO,

where R(()k) is a matrix whose rows and columns sum to zero. Thus, R*) will be irreducible
and doubly-stochastic.

(©) Ezw [[PROW — 1,00’ < jP Bz |[0F) — 1,097,

in which p\¥) is the spectral radius of the matrix R® — %1m1,Tn.

D PROOF OF LEMMA

[@)| First, we use the smoothness property given in Assumption to get

m

IVE@®) = VE@)]| (VE;(6) = VE;(0)]| < %Z IVE;(0) = VE; (6]

1
m“

J

1 m B
- S Billo—0=plo-0<Bl0-0
j=1

IN

Next, using the strong convexity property of Assumption[d.2}j(b)] we have

(VF(0) — VF(9),0 - 0) = (VE;(0) — VE;(0),0 — 0')

<
Il
Jan

3=

2 _ 2 2
pill0 = 611" = pl|6 — &' = pfl6 - 0|

\%
3=

Il
—

J

(b)| Since VF(6*) = 0 by definition, we can use the results of partof this lemma to show that
IVE@)| <510 — 0]

Once again noting that VF(6*) = 0, we next use the gradient diversity bound outlined in Assump-
tion F2}{(c)| to get
IVE((6%)] < 05 (10)

Finally, using equation[I0]and Assumption we write
IVEOI <2 (IVE©0) - VRO + [VE©)?) <2 (8200 - 01 +67) ,

finishing the proof.

To explain the statement written after Assumption [#.2]on how these measures relate to each other,
we first have

p<pi <Bi < B,
in which u; < f; is a well-known fact (see [Bottou et al.| (2018)) as a reference), and u < u; and
B; < B follow from the definitions given in Assumption 4.2} Moreover, if we upper-bound the
gradient diversity term ||V F(6) — V F;(6)|| without using Assumption 4.2f{(c)l we will have
IVE®) = VE(0)]| < [VF(0) = VFi(6") + VE(0") = VE(0)]

< IVEO) +IVEO")] + [VE(6) — VE(0)]| (11)

<6+ Bill0 =07+ 516 — 0%l < 0;+ (B + B) 16 — 07,
in which we used Assumption and the results of Lemmal|C.I}(b)] Now comparing equation|TT]

4.2l(c)

with the assumption made in c¢)|for the same expression, we conclude that

G < Bi+ 5, ¢ <25
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E PROOF OF LEMMA

We start by finding an upper bound for the average SGD noise, by expanding the terms using their
definitions, and employing the properties given in Assumption[4.3]

m

= B 2ZZ<(k) ) ) <>>

=1 j5=1

s o] =2 [ S|
g( ) g( ) m v i i
_ Z]E (k){ (k) (k)H ]
2

H <k>}

SM\H
hE
hE

<]Ef§"‘) _egk)”z(k)} B -eg'k)”y{)} >

s
I

—
[

S
N

_|_
SM‘H
NE

©
Il
=

s

bl

== ZEgm [

(5[40 1]

Sl

Ew |47,

2 ) 1 X dk) 2
(k) (k)| _ (k) 2 mazx
O B[] = o oot < e

_ % ;]Eegm [

Next, we found an upper bound for deviance of the error matrix from its average, using a similar
approach as above. We have

2
Ec [HV(k)E(’“) el }

— Ecoo [”V(k)E(k) H2 _9 <V(k)E(”“), 1m@(’“)> n Hlm@m HQ}
] — 2E(n) lz< Ek)vz-(k)@(’“)>
1= i=1
2
]

— ;Eggk) [ € ? (k)} _ %ZEggk) [
_% < g(k)[ (k) (k)} Z [ }> +mE£<k)[
=1

J#l

2
= Eg(k) + Eg(}c) |:mH6U(k) H :|

o]

i=1j
J

1) = -
- (1 - ) Yo dVo? < (m—1)d}), 0% < mdlk), 0%

F PROOF OF LEMMA [_1]

Using Lemma on §¥) the average model parameters at iteration k, we get

o))" <2 (st o

+6?> : (12)
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Now, if 0 < a® < we can write

_2
utB’
_ 2 _ 2
Hg(kH) _o||” = Hg(k) —a®gp®) _ g
<0_(k) — oW 9*,oz(k)ﬁ(k)> + (a(k))2

< (1 n ua(k)) Hg(kz) _ a(k)VF<§(k)) _olP
n <1 1k)> (a( ) i(é(k)) _VFi(el(k))vl(k)HZ
2 <§(k) _ o™ _ 9*,a(k)@(k)> N (a(k))QH@(k) Hz

< (1 + ,uoz(k)) (1 - ua(k))zug(k) — 0" ’

(k) 2
+ L (1 + Na(k)> ﬁz He(k) )H
mp

_ _ 2 2
N A |

INgE

7

k
v;

20/(F)
+ = (1+ua(k))
M

=l
Il =

1

M3

(52 - o

<.

2
+6§)
Ros
9 <§(k~) — ™ g, a(k)@<k>> n (a<k>>2H@(k) H2
() (1) 25 1) S5 1) o o
(k)

) i 52t o
+ 2:1;) (14 pat®) Z 07 (1- o)

9 <§(k) — o ® g a<k>@<k>> n (Oé(k))zH@Uc)’

0

2

2
o

2

)

in which the relationship in first four lines follow from (i) equation (5} (ii) ggk) = Vl(-k) + egk) for
all i € M, (iii) Young’s inequality, (iv) Lemma 10 in |Qu & Li| (2017)), Assumption -I (a)| and
equation Next, we take the expected value of the above inequality and use Assumption 4.3|and
Lemma &to get

Ezx) [Hg(k+1) g 2:| <E,u |: (1 4 ua(m) (1 _ ua(k)>2
2:1(/’:) (1 + ua<k)) Zﬁz ( ng))]EE(kl) {Ha(k) _o*
o)

2 1) e [ - o

20/(F) k
+ TM (1 + ,ua(k)) ;(ngvfk) [1 — 1)1( )}

|

- 2E5(k—1)uv(k) {<0_(k) — a(k)w( 9* ]EE(k) [Ev( )} >]
+ (%) Bg | [ ]
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— 2Bt e [<g(k) — a7 ™ Z 9%, B {@(@} >}

+ (a(k))QEw) Mev(k’)HQ]
= [1 — pa® <1 + o) — (ua(k)>2> + QO:’C) (1 + /LOl(k)) (1 — dg;)n) 52]

Bt MeUf) —¢*

") i 32 ()2
+ (1 + uoz(k)) %EEWU [H@W - 1m9<k>H ]

(k) ()\2 4(k) 2
208 (14 at®) (1= ), ) 52 4 L22) e
" m

min

]

G PROOF OF LEMMA
Noting that

HV(’“)V(’“)—lmW(k)HQ:QHV(’“)V() PyF* H +2HV(’“)VF(’“) 1,,Vo

we first find an upper bound for each of the two terms above separately. For the first term, we have

=3 [VE(6)o - v (6)o
;HVF (9z )vl VF(&Z )vl

_ (oY _ Y20 < N~ (54 llg

_ZHVFZ(QZ ) VF(HZ )H o g;(aﬁg 0

0" )21}2@

m 2
<3} <6§+<§ )vz@,
=1

where Assumption 4.2}{(c)| was used in the first inequality. Next, for the second term, we use As-

sumption write

L 2 m L 2
o 1.5 = 8 e ()5

N )21}@

k) _guc)H +QH§(’“’ _

o) §<k>H2 + <3H§<k> s

=3 | A3 (VA (6 - 9 (60) )
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. i;i HVFj (%k))vz(k) _VF, (9§k))v§k)"2

ol = v (00) o 4 9 F; (00) o) — v (070

I
3=
NE
=
o
/N
=

+ VE; (%)) = VE; (000 + F; (80) ol - v (61 )0 <’“>H

(CE)

Sl\lw
NE

95 (09) - 5 (09) [+ [o50) - 50

2
U;w)

+ HVFj (09) = v (6”)

< %ii (ﬁzHe(k) (k)H +B2H9(k) o* (Uz( )+v§k) 2v§k)vj(.’“))
i=1j=1
i >H <k>>
< iiﬁf ﬁ: (ng(k) _ g(k)HQUZ(k) + Hg(k) _ o 2 (vfk) n v(k) §k)v§’“))
=1 =
+WW—¢WW¢U
S [ Z Hg(k) o®) +mZH0(k) J( )

+ o -

mZUk)—i—mZU QZZ (k) (k) ]

m B 2 B 2
< 6522‘95’“) _9(k>H o™ +652H9<k> — o

=1
m 2 _ 1 &

<693 [[Ja 00 "+ o o[ [1- 20| [
i=1 j=l1

Now, by combining the two components together we get

[verwe - 1mﬁ(’“)H2 — 2| viv® - V(k)VF(’“)HZ +2[[VEVE® - 1,,LW““)H2

=1

02+ (¢2+26%) 0P - é<k>H2

1
2 2 (k) H (k)
+ 219 1_75 : 0
Gi f m Y

m 2
gr) — p* ]v(k).
J 7
j=1
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Finally, we take the expected value of the above inequality to conclude the proof.

a2
Es [Hv(k)v(k) _ 1mvv(k)H ]
m _ 2
< 32 (512 + (CE + 2ﬁ2) Ezx-n {Hﬁfk) — G(k)H :|) Evgk) [ng)} + (CiZEUgM [ng)]
i=1 ’ ‘

2 1] - 2 1] - 2 [0 S 1))

J#l

ul

(52 + (¢ +26%) Eza-y [Heﬂ ) — <k>H2Dd§"”+ (cfdﬁ'“)

Es(k—l) |:H0(k)

<9y

1 1 - ~k
+28% | d¥) = —d® — —a? 3" >E5<k1> [HW—&*
m m —

J#i

2H
57;2 + (C? + 252) Ezk-1 [Hez(k) - é(k)"2]

+<<j3 + 232 (1 S >>EE<M> U)e“) — o 2H

<3 i at)
=1

1+Zd(’“

<3d£r]f¢)m mé2 + (C _’_2/6 Ex |: (-)(k 1 G(k)H :|
e (428 (1= 14 (= 0] ) ) B |5 - o 2”
— 300, | mo? + (¢2 + 26%) B U’@(k) _ 1m§(k)m

+m (8 +242 (1 ;) (1 - d;’jfn)> Eg(e-1) MW) — 0

mé? + (¢* + 262) Eguy U(@ 1 9’€>M
il

We take the expected value of the matrix P(*) by looking at its individual elements. We have
riiE. { (k)” .,
[ e R 1<i,j<m i

bt
1<4,5<m [1 — Zj:l TijEﬁ(k) ﬁij H 1=13
ij 1<i<m

]

< 3dF

m(L’I‘

m (¢ +28% (1= d3), ) Ezun {Ha“@) 0

H PROOF OF LEMMA

E\?(k) {P(k)}

p(k) }

|:” " 1<i,j<m Zi] R()
(k) -

[1 B ZJ 1 b3 r”} 1<i<m 1=
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Similar to the proof of the previous part, we take the expected value of (P(’“))TP(’“) = (P(’“))2
by looking at its individual elements. We can write

ifi #£j:

k k
Ega [Z Py i) )]
l

. (k . (k L (k k
=Egm Z 3710 (l )vl(]) (1 — Zriqv( )> 350 z(]) (1 — erqv§q)> 7350 z(])
l;ﬁz] q=1 qg=1
m
k . (k
=E¢m an] (z )UI(J) (2 Z mqv —I— rquj(q))> rijvgj)]
q=1
=Egau an] 0, Ul] —|— rlqv —|— Tjq0; otk )) ruﬁz(f)
q#w
( )+ T3i0; k)> rijv ff)]
= Z rariEy (k){ )}E *) [vl(J)}
=1
+ 2 — Z (’I“in{)E(I;) |:’(A)Z((I;):| + quE@;I;) [@5’;)}) rijE'Dg?) |:’[Ajl(‘;€):|
=1
qqséij

721" ]Em[()}

Ms

q

k k k — 2p*
(b(- )Tiq + bg'q)rjq) bz('j)Tij 2bz('j)ri21
1

s

Z Tzlblj ri; + 2 —

Q
Il

%

*
<.

q

On the other hand,
ifi=7:

EVW) [szl pl]

m 2
=Egm Z TiT1i0;) )”z(z ) < an AUC))
iZi
(K (K (k) A (k
=Egw Z r?lvz(l ) +1-2 Z rzqv( ) + Z Z riqritvgq)vgt )]
Li=1 q=

q=1t=1

=E¢m i vaf) 1-2 Z qu’l)lq + Z anntv + i r?qﬁl(;)

i q=1 Yt#é q=1
= QZT”E (k) [ } +1- QZTWE (k) {Ul(f)} + Z ZTZanEA(k) [’Ulq)}EA(k) {’f)zt }
q=1 g=1t=1
t#q
m m
=2 Z b(lk)r% +1-2 Z bgs)nq Z Z bgs)rlqb” Tit
qg=1t=1
t#q
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Finally, comparing the above expression with the elements of (R(’“))Q, we get

Eg ) {(P(k))? _ [Ev(k)

= (R(k))2 +

Nk (k
sz(‘l )plj )] ]
=1 1<i,j<m
_ (k)( - (k)) 2}
26" 1 o &
[ b” b” "ij 1<i,5<m

m k k . .
[21:1 2bz(‘l) (1 - bgz )) Tzzl]l ) 1=

<i<m
~(RO) R £ RO,

. . k) . .
in which Ré ) is a matrix whose rows and columns sum to zero.

[(©)]In order to prove this inequality, we expand the left-hand side frobenius norm by its columns and
use the results of part[(b)] of this lemma. We have

12 U _ 2
E=e) [HP“)@(’@ - 1m0(’“)H } —Ezw | Hp(k)gj(_k) _ 9§'k)1mH
j=1

_ ok ke 12| o) (o) a0 |12
—Ezw [ [PD6 — 00 P01, || =Bz [S[PW (61 - 81, |
j=1

=Ezwm i <9§k) - é;k)lm)T(P(k))TP(k) (e;k) _ é§k)1m)

= Ezo f: (" - 9§-’“)1m)T1Ev<k> [POP®] (61 —501,,)

I PROOF OF LEMMA

Using equation [3] and equation [5] we first expand the left-hand side norm, and then use Young’s
inequality to get

H@<k+1) _ 1mg<k+1>H2 _ HP(k‘)@(k) 1,80 g ® (Vw)(;(k) _ 1m@(’“>) H2
< Hp<k>@(k> — 1,00 — o®) (Vuc)v(k) _ 1mﬂ(’“)) H2
—2a®) <P<k>®<k> — 1,00 — o™ (VWVW - 1mﬁ(“) ,
vEER _ 17@<k>>

n (a(k))2HV(k)E(’“) _ 1m@<k>H2
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1—
k) _ 1. gk
= (1+ 2p(’<) )HP © L H

25 (k) () (k) o)
+<1+1_p~<k)>(a )HV ~1mVo H

_oa® <P<k>@<k> 1,00 —a® (VOTO —1, 750

I, — 1,17 | VWE®
m m

n (a(k))zHV(k)E(’“) _ lm@(‘“)HQ.

Next, we take the expected value of the above inequality and use Lemmas [C.2] [C.3] and to
get

_ 2 5(k) o2
B [H@(k-ﬁ-l) _ 1mg(k+1)H ] < %ﬁ(mﬂza(km |:H®(k) B 1m0(k)H ]

L+5% 0)> k OIE
B dgngz( ( >) mé? + (¢* +262) Bguy) H@< ) 1,00 >H

+m (4282 (1-d%),)) E=en [Hé“f) — 0

1)

—2O[(k)]EE(k)\E(k)

<P(k)@(k)_1mg(’f)_a(k) (VO9® - 1,75%),

1
o ) v ]|

2
+ m(a(k)) dk) o2

14 pt*) L+ 5% g 0\ (2 2
: +3liﬁ(k)d£m)w<a( ) (¢ +28%)

e (o) (€429 1)) B [J00 o
+m( ) a® (3 < 17:2(@ 52+ 2)

J PROOF OF PROPOSITION [4_1]

_ 2
Egt o [H@“@ - 1m9(k)H ]

]

Step 1: Setting up the proof. We want to find the conditions under which we will have p(®*)) <
L. As we have %) = [¢,],_, ., and p(®W)) = max{‘A(lk)’ ; ’Aé’“)‘} where A" are the
eigenvalues of the matrix ®*) for i = 1,2, we need to show that max{ gk)‘} < 1.
Therefore, we first write the eigenvalue equation of the matrix as

(A=of) (= 0lf)) — ool =0 = 22— (ol + o)) A+ o 0ll) — 66l = 0.
Since this is a quadratic equation in the form of ar?+bA+c =0, we know thatif b < 0,and a, ¢ > 0

and the determinant is positive, we will have max { ‘Agk)‘ , ‘)\ék) ‘} = =btvbi-dac Vzlf"lac. Therefore, we
solve for =btvb2=dac Vb2—4dac
2a

< 1 as follows

Vb2 —dac<b+2a = 4da(b+c)+4a*>0 = a+bt+c>0.
Now, rewriting the above inequality in terms of the actual coefficients, we get

12 g8 g 4 R _ g0 4E) gy (17 (k)) (17 (k))>¢<k> B (13
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2
Furthermore, note thata = 1 > 0, b = ( (k) 4 (b(k)) < 0and b? — 4ac = (¢§]§) - ¢§'§)) +
4¢§ qb(k) > 0 hold by definition, so we only need to check for

o= g B g® _ 40409 o (14
Equation |13|and equation |14]lay out the necessary conditions in order to get p(®*)) < 1.

Step 2: Simplifying the conditions. Starting off with the more important of the two, we first solve
for equation In order to simplify this inequality, we choose to have (i) 0 < (;51]; < 1 and (ii)
0< d>22) < 1 for the main diagonal entries. For QSH as defined in Lemma4.1} we have

¢§ﬁ)j§ 1 =

5)

1+ pa®) — (uoz(k))2 232 (k)
> 22 (1 —a® ) .
1+ua(k) 2 min

To better characterize the condition on «*) based on the above inequality, we put the following
constraint on a(®) to get

F(k) 2 2 2
Constraint 1: o¥) < # = pa® > M—i (1 - di,’jfn) (1 + I‘gk)) + (ng)) -1,
where ng) > 0 is a scalar. The above condition requires the step size «*) to be lower-bounded,
which is something we want to avoid. Thus, if the right-hand side of the inequality is non-positive,
this condition only requires us to choose a non-negative value for the step size, which is sensible.
So, we have

252 (1-a,) (1+18) + (rg’”)Q ~1<0

= (rg’“))z + (25 (1- dg,’;zn)> i 4 ( 25" (1-d%,) - 1) <0

2
e ) <[ 0-a)
W
dgjm gé 1§F§k)§2ﬂi2 1_d£7};)n)_1
=

= min{l 252 (1—d£m)n) - 1} <1 gmax{l 252 (1 —dfjjzn) = 1}.

We observe that we found a lower and upper bound for the choice of ng). Note that this lower
s

d®) >1,%§: 22 (1-d),) —1<1r <1

bound is not on the step size, as we only have alk) <

Next, in order to simplify qbﬁ) as defined in Lemma we can use equation |15|to write

Constraint 2:

2
L+ pa® — (pa) Qﬂ " (- d,) o
1+[LOZ( ) min 2

in which ng) > 1 ensures that the constraint is satisfied, since we solved for equation|15|and found
the conditions on o(*) and ng) to do so. Hence, for the bounds defined in Lemma , we get

1+ Fﬁ’”) k) .32

mp

a®)

)

o2 - o) <!
v < 20;(@ (14100 (1-d),) 0+ W’

and there are no changes to the upper bounds of qbgi), gb(k) and wék), which were defined in Lemma
Note that matrix ®(*) and vector ¥(*) in equation |6 were used as upper bounds, therefore we
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can always replace their values with new upper bounds for them. Consequently, with this new value
for qﬁﬁ), we continue as

oM>0 = o< o

() ) ()

Finally, we check the next conditions on gbg;) defined in Lemma , ie,0 < qﬁ(zg) < 1. Note that
for qbﬁ), ¢§’§) and ¢§’§> the lower bound is 0, but for ¢§’§> it is 1+Tﬁk). Therefore, the lower-bound
condition of d);; > 0 is already met. For the upper-bound condition ¢2§ < 1, noting that we have
3+4’3(k> < 1, we can write gb(k) < ‘3+p to enforce this constraint. We have

3+ pk) 1 1—p® 1

i S i Vi VR

1+
— I <o) <

Step 3: Determining the constraints. Now that we have made sure that (i) 0 < gbn) < 1 and (i)

0< <b22) < 1 in the previous step, we can continue to solve equation For the left-hand side of
the inequality, we have

(1 - gli)) (1 - gg)) = B (1 + ng)> (Fék) — 1) (1 — dgjzn) ﬁZa(k):| (1 _ Qsé’;))
2 [ (oert) (1) () | 2

Now, putting this back to equation[I3] we get

{i (1 +F§k)) (Fék) — 1) ( dg;)n) 520[%)} Lﬁ() > ¢(1 ¢(k)

4
(LT ] ot 1225 20— 2)) (4]

< [i (1+1() (18 =1) (1 - ), ) 52 m} S
VI i, - )
VBaliha T 50 2 + 262 (1- )

= oM<

Finally, we solve for equation. 4] Noting that by solving equationwe made sure that 1 — (;Sg’i) —
(k) + ¢11)¢2 ¢12 ) > 0, we can write

c>0 = ool —oBel) >0 = ol el —1>0

2 1+ ptk)
= 1 (1 +F§’“>) (rg’@ ) ( —a® )ﬂQaW + +2p 10

min

o) < I (1 + ﬁ(k))
4 (1 n ng)) (rg’” ) (1 - dfjjzn) 82
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Step 4: Putting all the constraints together. Reviewing all the constraints on a(*) from the begin-
ning of this appendix, we can collect all of the constraints together and simplify them as

a® < min { F(k) 1 1-— ~(k) 1 K
2\/3d ) 1+ p® ¢C2+262’2(1+r§’“)) (Fé’“)—l) (l—dffzn) B2
p(1+pM)

a(14+18) (08 = 1) (1-d%),) 52
R
%me/1+-P“C\/C2+-252 a,) }
:min{rg’“)’ 1 1 —p<~k> L (14 pR)
i g3, VIH AP V28 4 (1400 (1 < 1) (1= dll), ) 52
\/I‘(k 1\/1 d¥) (1 ph)
VBalila /T 502 + 262 (1 - ) }

while satisfying

2 2 2 2
" > o, min {1 26~ (1 _ dﬁf?ﬂ) — 1} < T < max {1 25 (1 - dg;)n) 1},
112 p? (16)

. Y . . . 5(F)
Note that one of the terms in the above minimization function was trivially removed since % <

1. In order to simply the condition on o(*) further, we take the minimum of these terms with respect
to each variable separately to get

) ) (k) .
o { 1121}})1 {FL r;%gl { 4 (1 + F(k ) (F((k)+ ’ ) )(1 mm)
PRGN
gﬁgwm\/@ + 252 mm) ’ (17)

1 ptk) 1
2%ﬂ@ﬂ+wm@+w2'

Solving for the inner minimization in equation first using ng) by defining cgk) =

p (k) (k)
m@—p(k)) and C( ) _ (1—0—1"1 ) ( (}:mm)ﬁz e have
VB /1550 222 (1-d(2), ) W(1+70)

c(k) Fék) -1

k
( 1<T8 <™

<1 _ ;
- Cék)(rék)—l) , (18)

k) k ) k k

in which ng) > 1 is due to equation We can see that in equation one of the expressions is
increasing with respect to F(k), and the other one is decreasing. Thus, we find the optimal value for
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it 5% as

F*(k) 3 _ 1 F*(k) _ 1 1
Vi ol =T e T N

2/3
REON (Cgmcgfe)) /

2/3
VBdiyaz/1+ p®) \/CQ+262 1 *dgfl)n) (1+5™0)
V1 d, (1 50) 1(1+01) (1- ) 2
<1+5“U©@QQ2+262 (1-d%)) e o
- max 4 41
2(1-dyh) (1= 50) (1+117) 52
In order to simplify the above value for F;(k), we bound it as
w \* v
3 d k 3 d7TLLL.L
Y3l e |41 <n® < — v2 1.
2 (1 +1¢ ) 8 (1 - d%’frlm) (1 p®)) (1 + F(l’“))

Note that if dgm)n — Oand dg,]f()m — 1, then we would have 1 < Fg(k) < 00. Choosing Fék) = I‘gk)*,
we get

(14 59) \/rg’” - 1\/1 —d®) (1-5®)
min (k) (k) ’
t ] 4 (1 r®) (1 -1 (1-d%,) 52 \/gdg;gwm\/mzﬁ? (1-d2,)
(1+ (k) (k) o AN
(1+r[:’“>)(( dsszz) -p

u '\
6(1+1%) (<2 + 22 (1 - d;’jgn)) <2d$§3z6>

Moving on to the second minimization in equation using F(k), we note that finding the

optimal value I‘l( ) would be analytically cumbersome due to the conditions that need to

be satisfied for it; First, I‘gk) > 0, and second, min{l,ii; (1 _q® ) _ 1} < ng) <

min

mn

max {1, 2%2 (1 —a™ ) — 1}. Thus, in order to get a more intuitive upper bound for a(*), we

settle for a possible suboptimal value for it. If we choose ng) = 1 which is the only point satisfying
(k)

the conditions in equation and it also does not rely on the value of d,,;,,, we get

1/3

1 1= 5k
a® < min -, a . % )
w12 (20 (1-dl),)) 2dinia 3

1 1— 5% 1
2y/3a%), V1+7W VG +257
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Step 5: Obtaining p(®(*)). We established p(®(*)) < 1 in the previous steps. The last step is to
determine what p(®(*)) is. We have

(k) 4 ) (k) 4 ) (k) p k) _ 4 () 4 (k)

(@(M) —fbgk\/b24—4ac $ir + 3 \/( + 0 ) (¢11 22— P12 21)

p =
2a 2

k k k k
(1)+¢é2)+\/( 51)_ 52)> +4¢12¢

{1 - % (1 + rg’”) (ré’” - 1) (1 - dﬁ,’jfn) B2a® 4 HTW

1+ ™) 2
() (¢ +25%)|

(132 (o) (0 -1) (1) o

14 5k 1+ 50 W2 ) 2
T _31_p<k>d5ﬂg><(()) (¢ +25%)

+3

!
2

(1 + ng)) rna:cﬂ2 1 + ( ¢) 1/2
a® P F) (o) 2 2)
ol o 0 g (o) (2 ()|
3450 1 k k k
= 4 - 7 (1 + Fg )) (F(Q )~ 1) (1 - dEan) ﬂ2a(k)

31+ p® 2
+ 3 2 1 ”(k) dmax (C +26 ) ( )

(22 (1er) (147 - ) (1) s

3
1+5% @\2)
_Sl—p( dmax(( +2ﬂ)<0& ))

(k)
el ) v -t ()]

K PROOF OF THEOREM (4.1

Note that by the properties of spectral radius, we have that ®||-|| < p(®)||-||. Now, using equation([7]
we can write

EE(k) §(k+1)—9* 2 9(0 — 9
1] ] o0
Eaio @0+ - 1,504’ |©© — 1,50’

k
+ Z p(®) e 4+ W
=1

We emphasize that the time index k in ®(*) and ¥ (%) was dropped, since we are using a constant step
size, constant probability of SGDs and aggregations. This results in the constant matrix ®(*) = @
and the constant vector ¥(*) = W Focusing on the term Zle p(‘I’)k_THlII + ¥, we get

k k+1 k o
S @) e w = 3 p(@) e — <Z p<<1>>“> ¥ < (Z p<<1>>“> v
u=0

r=1 r=1 u=0
1 p(®)
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Putting the above inequalities together concludes the proof of equation [8] Finally, noting that
p(®) < 1 following[4.1] We can let k — oo to get equation 9]

L DIMINISHING STEP SIZE POLICY

In this appendix, we do the convergence analysis of our methodology under a diminishing step size
policy, i.e., when a**1 < o(®) for all & > 0. We will show that convergence to the globally

optimal point is possible if the frequency of SGDs, i.e., dl(-k), is increasing over time. Thus, a few
preliminary lemmas are first required, to re-derive counterparts of Propositiond.T]and Corollary .|

for the increasing dl(k) strategy.

Proposition L.1 (See Appendix @ for the proof.) If the probability of SGDs is chosen as dz(.k) =
1 —T3509 with0 < Ty < ﬁ, and the step size satisfies the following condition for all k > 0

(k) _ =(k)

r 1 1 1

o®) < min A p ,
1o 2v3 /14 50 /(2 4 22

1/3

p AN
6 (¢2+2051Y2%) (14 1() ( 25 ) }

then we have p(@(k)) < Ljorall k > 0, in which p(-) denotes the spectral radius of a given matrix,
and ®¥) s given in the linear system of inequalities ofequation@ p(<I>(k)) is given by

p(®@*)) = 1 — h(a®), where h(a®) = 1_Z<k) —|— Aok — B(cu(k))2 -
~ 2 E
%\/(ﬂ— 2(Aa®) + B(a®)?) +C(a®), and 4 = =L 4 1)@ - 1)p2,

p e (k)
- % g (42 +2p%), and C = Quﬁﬁm (2 + 2F3F§ )%)

Sy

Proposition implies that limy_, ., %) = 0 in equation El However, note that this is only
the asymptotic behaviour of ®(*:0) and the exact convergence rate will depend on the choice of
the step size a(*). Furthermore, noting that the first expression in equation [7| asymptotically ap-
proaches zero, Proposition [C:] also implies that the optimality gap is determined by the terms

Z:f:l &P (=1 L ¥(k) and it can be made zero if the step size a(*) satisfies certain conditions,
which we will discuss in Theorem [

Proposition outlines the necessary constraint on the step size a*) at each iteration & > 0. We
next provide a corollary to Proposition [C.I] in which we show that under certain conditions, the
above-mentioned constraint needs to be satisfied only on the initial value of the step size, i.e, al0),

Corollary L.1 If the step size «*) is non-increasing, i.e., a*+tY < o) the probability of SGDs
are determined as dl(-k) =1-T3a® with0 < T3 < ﬁ forall k > 0, and we have ﬁ““) <p=
SUPj—0.1,... %) for the spectral radius, then the constraints in Propositionsimplify to

1/3

2/3
(0)<m1n{F L0 . 5 <1> }
2VBVIFDVE 128 6 (¢ + 20,0, 2) (14 1) 2

In the above Corollary, we obtained the constraints on the initial value of the step size, i.e., al0),
that lead to the spectral radius of ®(*) being less than 1, i.e., p(®*)) < 1. We need one more
ingredient given in the subsequent lemma in order ultimately characterize the short-term behavior
and also derive non-asymptotic convergence guarantees on DSpodFL in Theorem L.}

Two final building blocks are necessary for the proof of Theorem [C.I] We present these in the
following lemmas.
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Lemma L.1 (See Lemma 1 in|Zehtabi et al.| (2022b)) for the proof.) Let {(.},-, be a scalar se-
quence where 0 < (- < 1, Vr > 0. For any p > 1, we have

k

1
1—)P < ——
Es( ) Py G

Next, we outline another crucial lemma for our analysis.

Lemma L.2 (See Appendix@for the proof.) Let a diminishing step size o/*) = a(o)/\/ 1+ k/vbe

used, which satisfies the properties
[ee] (oo} 2
alFth) < oz(k), Zoz = Z (a(k)) < n (19)
k=0 k=0
Under the setup of Proposition|L. or the probability of SGDs, i.e., dgk), if the probability of aggre-
bk = = by, forall (i,j) € M2, then the following bounds hold

> Yij

Zk 0 & -
(@) q=r a(q) 2 20‘( )(ﬁ - \/17 +'y)’

. k -
(b) limyyo0 Yo, h(al?) > 4400 ( 1+ 2~ \/17 + ;),

(r=1)
(c) limy 00 ZT 1 W

_(ﬁ[ 2('y+1)< E—Fln 1 )_FZ\/W .
F Virg e B O Y

where h(a'®)) and the constant A were defined in Proposition

gations are constant, i.e.

—_

Using Corollary [C.T]and Lemmas|[C.T]and [C2] our main theorem follows.

Theorem L.1 (See Appendix @ for the proof.) If a diminishing step size policy o) =
a(o)/\/ 1+ k/y with v > 0 satisfying the conditions outlined in Corollary is employed, and
the probability of SGDs are all set to same value as d(’C /a for all i € M, while

probability of aggregations are set to constant values, i.e., b( ) = bza forall (i,5) € M?, then we
can rewrite equation |Z|as

Ezw [Hg(’“rl) _ 9*“2}

i | <o(2) ] ool
k=0 | B [H@(k+1) —1,,804D)|| } = \Vk/ [||e® - 1,00
( ©) (20)
2 1 Ink ooy (L4 pal?) 8% + 2
(0) _ j21e m
(o) (o) ~o () (i) m(%gma)
Letting k — oo, we get
Esn [0 — ]
lim sup =0. (21)

kv Bz [[|@F+D) — 1,50+ ]

3Note that the last condition implies limp_, oo a® =0
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The bound in equation 20| of Theorem [L.T] indicates that by using a diminishing step size policy

of a®) = a9 /\/1 + k/v, DSpodFL achieves a sub-linear convergence rate of O(In k/v/k), and
equation 21| shows that asymptotic zero optimality gap as k — oo can be achieved.

However, it is worth noting that choosing the probability of SGDs based on the step size, i.e.,
dz(-k) =1-0a®/a® foralli € M and k > 0, is only of theoretical value in this paper. This
is because our motivation of introducing the notion of probability of SGDs was to capture compu-
tational capabilities of heterogeneous devices in real-world settings, therefore, it is an independent

uncontrollable parameter and cannot be chosen based on the step size.

Finally, note that setting dgk) = 1—a® /a9 is equivalent to having all devices in the decentralized
system to conduct SGD at each iteration as k — oo. This result is akin to[Wang & Nedic|(2022), in
which an increasing similarity between the step sizes of devices is needed for convergence, despite
them being initially uncoordinated.

M  PROOF OF PROPOSITION [L.T]
Let the probability of SGDs dgk) be chosen as the following for all ¢ € M:
) _ 1 _ Tuey® b
di =1 F30[ 5 0 < Fg < 05(0)’

where a(%) is the step size with a diminishing policy, i.e., limy_.c a(*) = 0. Note that d\” =

1 — I'309 and limy,_, o dl(.k) = 1, which means that all devices will basically do SGDs at every
iteration for large enough values of k. Based on this relationship that we put between the probability

of SGDs and the step size, we first rewrite the bounds for matrices ®*) and T*) which were given
in Lemmas &.1]and[£.2] We have

2 = (k) 2
gli) =1— pa® (1 + pa®) — (ua(k)) ) TRl A (Z ) <1 + ua(k)) B2,

(k) 32
ol = (1 —|—,uoz('“)) (1 - Fga(k)) e ;
my

032 50m (1) (o) (527

h _ 1+p® 14 ) (k) )\ 2 (2 2
=y 3 (1 Tea) (a®) (4 28%),

ik) _ (a(k)>2 {2/1:3 (1 —sz(’“)) 5% 4+ (1 — Fga(k)) Zj )

1/’ék) =m (1 — F3a(k)) (a(k))z (31 i— 'ZEZ 6% + 02> .

The important difference with the terms in equation and the corresponding ones outlined in

Lemmas and is the fact that we get a («¥))” factor for %) and $. This factor will
help us show in Theorem [CT] that zero optimality gap can be reached, which follows mainly from

equation [T9]
Next, we do an analysis similar to the proof of Proposition[d.1] which was given in Appendix [J}

(22)

Step 1: Setting up the proof. We skip repeating the explanations for this step, as they are exactly
the same as step 1 in Appendix [J]

Step 2: Simplifying the conditions. Recall that we have to ensure (i) 0 < (i)g]i) < 1 and (ii)

0< (bé’;) < 1. For qsgl;) as defined in equation , we have

1+ pa®) — (ua(’“))Q 23°I'3
(14 pa®)atk) = p2 -

o<1 = (23)
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We then put the following constraint on o(*) to get a tighter lower bound for equation We have

F(k) 232T 5
Constraint 1: o®) < —1— = pa® > prgk) (1 + ng)) + (ng)) 1,
I 1
where ng) > 0 is a scalar. In order to avoid a positive lower-bound on the step size o*), we find

the conditions under which the right-hand side of the above inequality is negative. We have
28°T'3 _(x 2
26T p (1+108) + (r{?) -1<0
I

24327 2427
- <1+ Bu 3> (Fﬁ’“)) i spt 1 <o,

2621 )
= (<1+ i 3>r§’“)1>(r§’“)+1)<0 = 1< <

-
1+ 2550

Next, in order to simplify (bﬁ) further, we add another constraint using equation |[23(to parameterize
the lower bound in equation 23] We have

1+ pat®) — (,ua(k) < 23°T'3 (k)

1+ pak) = 2 ’
+ pa® — (ua®)?  9g2r
Constraint 2: Ml - EZ) ) > F S, ) > 1,
par 2

in which I‘;k) > 1 makes sure that the constraint in equationis satisfied. Hence, we can update
the entries of matrices ®(*) and ¥(*) as

21T ) .
o) <1- =21 (141) (1 — 1) g2
1

(1 n P‘l’“)) 52 1t 50 2 2
o < la®, ) <3 L (a®) (42 +2F3F§’“ﬂ>
mj 1—p® 7 (24)
5(0) 509 2
k) o 1+P L+p k 2 2
2 =" +31—~(k)(0‘( ') (¢ 25).

20 o2 , 2/ 14 5k
7/)§k) < (a(k)) =3 (1 + I‘(k)) 6% + , wék) < m(a(k)) 3 +e 2402
o m 1— p(k)
Note that matrix ®*) and vector ¥(¥) in equation El were used as upper bounds, therefore we can

always replace their values with new upper bounds for them. Consequently, with this new value for
51), we continue as
(k) H

o, ') (1 + Fg’“)) (ré’” - 1) i
Finally, we check the next condition 0 < ¢22 < 1. Noting that we have 27— < 1, we can enforce
(bgz < 1 by setting ¢22 < %. We have

5(F) 5(F) _ 5k
2 4 2V3 V1450 /(2 +252

>0 = a®) <

Step 3: Determining the constraints. Having made sure that (i) 0 < ¢(k) < Tland(ii)0 < qb(k) <1
in the previous step, we can continue to solve equation [I3] For the left-hand side of the inequality,

we have
2 F(k) , )
(1 - Yi)) (1 — qﬁé];)) = [l 1 (1 + ng)> (Fék) — 1) B2a®) (1 - g;))

(k) _ ~(k)
2T5T 1
[3 1 (1 + Fg’“)) (rg’” - 1) 5204(’@] R

Y

" 4
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Now, putting this back to equation[T3] we get

[m <1+F§k)) (F(k )52 (k)] 45( ) > o) g0

1
(1 + ng)) B2 1+ 5® 2 2
= A A )l P ey PPN O L (a(k))
mp 1—pk) 1

2151 ®)Y (1) 2 | 1=A%
N

rarf? (189 = 1) (1= 5#)’?

= alf) < —
6 (1+ ™) (@ + 205 )%)

Finally, we solve for equation ie, c = (Zﬁﬁ) ék) qbg Qk) > 0. Noting that by solving
equationwe made sure that 1 — §’§> - (bé];) + ¢§]§)¢22 ¢12 ¢21 > 0, we can write

c>0 = o)+l —1>0
o F(k) ) 1 5(k)
1_ 3M 1 (1 + Fg@) (Fgf) _ 1) BQG(k) + +Tp —1>0
= a®) < p(1+79) ,
aryr{® (1417 (189 — 1) 52

in which we have used the value of gbﬁ) itself, but the lower bound of gbgg) in the second line.

Step 4: Putting all the constraints together. Reviewing all the constraints on o*) from the
beginning of this appendix, we can collect all of the constraints together and simplify them as

k ~
a®) < min Fg ' 11 o ! K
#4028 oy (141 (10 - 1) 52

11+ ) rari? (1 —1) 0 50) |
arsr{® (1+1) (187 1) 82\ 6 (1 + 5®) (¢2 + 2150V )
L S I n(1+5%)
i3V V28 angr® (14 1) (T - 1) g2
ror(? (1§ 1) (1 5®)° }

6 (14 5®) (¢2+2r0(V %)

2
n

(25)
while satisfying

1 1
max {—1,0} =0 < T < min{ 1, T (= —— i) >,
I+52) 1+5= (26)

1
0<Is< NON
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Note that one of the terms in equatlonlwas trivially removed since 1+”

obtain
RTINS B T 1 p(+p")
2V3 \/1 + 70 V287 argr( (14 1(7) (1 1) g2
I (rg"” - 1) (1 - pk))? }
6 (14 5®) (¢2 + 2,0V 2%)

{F(k) 1 1-pW 1 { (14 pR)

2B T4 50 /2 428 rr, | arer® (14+1) (rf” —1) g2

0 <r<k> _ 1) (1- ~<k>)2) }}

6 (14 5®) (¢2 4 2r5r {2

< 1. Consequently, we

= min
r{®

27)
First, we focus on minimizing the inner expression in equation [27| using F( ) by defining c( ) =

s M) (1- k) & 457" (140 g2
S ( )(k) —=y and c( ) = 1<—~(k)1 We can see that one of the above expres-
6(1+p<k>)(<2+2rgrl T) n(1+5))

sions is increasing with respect to I‘ék) , and the other one is decreasing. Thus, we have

k k k
Cg ) Fé ) =< C(k-)(pl(k),l); 1< Fg ) < Fﬁ(k)
2 2

1 (k) (k) . (k) «(k
gy = \/in—l 5 > 15k,

in which I‘;k) > 11is due to equation Hence, we find the optimal value for it, i.e., I‘*(k),

3
1 1
*(k) _ *(k) —
el mme T BT ayE
1 2 (Cl Cy )
2/3
B (2 (k) g2 ) ~
s 6 (14 5®) (¢2 + 2rar (14 50 »
L (1= p0)"argr? (1417 g2
B g2\ \ /3 2/3
g (3(¢ eV . .
oT; T 3 p (1—50) (1 n F§k>)

We choose ng) = F;(k) (see the explanation given in related step of Appendixﬂ) to get

s 9) TG
min k . : , 7
e | argr® (1400 (1) 1) 827\ 6 (14 5®) (¢2 + 200V 2
2/3
w14 50) (cgk)cgk)) / (c§k>)2 1/3
aryr(? (14 1Y) g2 R
1/3

m (1 - 5<k>)2/3
6 (c2 420512 (147 23 '
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Note that in the process of minimizing equation over ng), two out of the three dependencies on
I'3, and two out of four dependencies on Fg were removed. Hence, we get

(k) _ ~(k)
T 1 1 1
a®) < min A p ,
1o 2V3 /14 50 /(2 4 22

1/3 (28)

[ 1— k3
6 (¢2+ 20512 (14 1() ( 28 ) }

Finally, we make a remark that we do not minimize over I's here, as we take it as a given determin-
istic value based on the choice of dgk) =1-Tza®.

Step 5: Obtaining p(®(¥)). We established p(®(*)) < 1 in the previous steps. The last step is to
determine what p(®(*)) is. We have

p(@m)) _ —HW ¢(k)+¢§§)+\/( (’“)+¢222) - ( () gk _ (k) g@))

k k k £ 2 k), (k
() ¢() \/( §1)_ gz)) +4¢§2)¢g1)
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N PROOF OF LEMMA

SinCe alk) = o , we have
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[(b)| Based on the equation p(®*)) = 1 — h(a(®)) given in Proposition|L.1} 7(a*)) was given as
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Further note that since we established 0 < p(<I>(k)) < 1 in Proposition it would mean 0 <
h(a'®)) < 1. Next, since we have bg,@ = b;; forall (i,7) € M?and k > 0, it follows that 5(*) = j,
where 5(*) was defined in Lemma Consequently, we have
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where Cauchy-Schwartz inequality was used to move the sum inside the square root term. Next,
. 2 . . .
noting that 377 ; a® = oo but 332, (o)™ < oo, we can take the limit of the above inequality
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as k — oo to get
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[(C)| First, we break the summation to two parts, i.e.,
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On the other hand, note that using the definition of A(a(*)) as given in Proposition we have
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Now, moving on to the second term in equation@ we can write
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Focusing only on the integral and defining u(z) = , /14 £ 5. we have
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Putting everything back together concludes the proof.

O PROOF OF THEOREM [L.]]
First, using the fact that ®*)|| - || < p(®X))| - || for each iteration k > 0, we can rewrite equationEl

to get
s [[10 =01 (o) [ 1000
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(o) e
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where the ¥ *) matrix was written using equation

Next, in order to obtain equation 20| when £ — oo, we need to simplify each of the three terms in
equation The easiest one to show is the last term, i.e., ¥ () Based on equation , both of its
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(a) IID data split, with each device having data points (b) Non-1ID data split, with each device having data
from all of the 10 classes in the dataset. points from only 1 of the classes in the dataset.

Figure 3: Results of employing an SVM model on the Fashion-MNIST image classification dataset, with varying
radius for the generated random geometric network graph.

entries w{’“) and wék) have a factor (a(k))Q multiplied by a value that can be upper-bounded by a
constant. Thus, we have
2F3(1+F1)52 + o?

(0©)*
m <3%}’;52 + 02)

Regarding the first and the second term, i.e., HZ:O p(@(‘”) and Zle (Hszr p(¢(q))) (a(r’l))2,

respectively, we have
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in both of which Lemrna was used, since 0 < h(oz(k)) < 1. Next, we employ Lemmaon the
above expressions. The proof easily follows. Note that In ————— < O(In k).

1
V1t -l
P FURTHER EXPERIMENTS

P.1 EFFECT OF GRAPH CONNECTIVITY

We examine the effect of graph connectivity in this section. The underlying network topology that
we use in this paper are generated via a random geometric graph with radius r [Penrose| (2003)). In
the following numerical simulations, we compare our method with the baselines for different values
of the radius, i.e., » = 0.2,0.4,0.6,0.8, 1, where r = 1 corresponds to a fully-connected graph. We
focus on the achieved accuracy after a specific amount of overall delay on the y-axis, for both cases
of IID and non-IID data distributions among devices.

We have demonstrated the results for the IID case for the SVM model in Fig. [3a] and the CNN model
in[a Notice how the graph connectivity does not have much effect on the outcome of any of the
methods in the IID case. This is due to all devices already having data points from the distribution
of the whole dataset, making inter-device communications insignificant. To express differently, if
each device has access to the distribution of the whole dataset, it can solely conduct SGDs without
any aggregations, and it would still perform notably well.
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Figure 4: Results of employing a CNN model on the Fashion-MNIST image classification dataset, with varying
radius for the generated random geometric network graph.

However, we note that DSpodFL is able to outperform other baselines across all graph connectivity
levels in Figs. [3ajand ] Our method’s efficiency becomes more prominent for the CNN model, as
shown in 4al

As illustrated in Fig. [3b] for the SVM model and [b| for the CNN model, we see that graph con-
nectivity plays a major role in performance of all methods in the non-IID case. We observe that
higher graph connectivity helps devices in the fully-decentralized setup to reach convergence in less
time. This is due to the fact that each device has access to only a portion of the distribution of the
whole dataset, thus making inter-device communications very critical to reach the globally optimal
solution.

P.2 EFFECT OF DATA DISTRIBUTION

Next, we look into the effect of data distribution among devices, and compare our method with the
baselines. We vary the number of labels from which each device gets samples. For example, if the
number of labels is denoted as k in Fig. [5] it means that each device has samples randomly chosen
from k of the classes in the whole dataset. Since the Fashion-MNIST dataset consists of 10 classes,
we run our experiments with £ = 1,2, ..., 10, and look at the achieved accuracy per a fixed overall
delay for all methods.

We observe that for both the SVM model in Fig. [5a and the CNN model in [5b, our DSpodFL
method outperforms the baselines for any number of labels per devices. Moreover, an increasing
trend with the number of labels can be seen for all algorithms, which is expected since with more
labels, devices would have access to data points from the distribution of the whole dataset, and not
just a portion of it.

Finally, the intriguing conclusion of this experiment is that for low number of labels per each device,
i.e., the non-IID case, the Sporadic SGDs method outperforms Sporadic Aggregations method. This
is because inter-device communication is critical for convergence in non-1ID setups, and we cannot
cut back on them arbitrarily. Therefore, Sporadic Aggregations perform very poorly in non-IID
setups. Finally, note that this means in a low-label regime, our DSpodFL method benefits most
from its Sporadic SGDs component in achieving resource efficiency.

On the other hand, however, when the number of labels per each device is high enough, Sporadic
Aggregations tends to out perform Sporadic SGDs, due to the converse of the argument we made in
the previous paragraph. This is clearly visualized in Fig. [5] where in [5a the two above-mentioned
methods cross each other at 5 labels per device, and in[5b|that happens in 3 labels per device.
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Figure 5: Results for the Fashion-MNIST image classification dataset, with varying number of labels per device.
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Figure 6: Results of employing an SVM model on the Fashion-MNIST image classification dataset, with device
and link capabilities coming from a beta distribution with « = 3 = 0.5.

P.3 EFFECT OF DEVICE AND LINK CAPABILITIES

In all of our experiments so far, the probability of SGDs and aggregations were sampled from a
uniform distribution, e.g., dz(-k) ~ U]0,1] and bz(-f) ~ U]0, 1]. In this section, we investigate sampling
these probabilities from the beta distribution, denoted as Beta(c, ), where the values of « and
[ determine its probability density function (PDF). Specifically, we choose « = [ = 0.5, which
corresponds to an inverted bell curve PDF. In this regime, the probabilities are either extremely close
to 1 or extremely close to 0.

We assign the probability of SGDs and aggregations as d; ~ Beta(0.5,0.5) and b;; ~
Beta(0.5,0.5), respectively. This regime is in accordance with practical settings where the de-
vices/links in a decentralized network are either vastly abundant in resources, or are overly poor in
them.

We have provided experimental results for both the IID and non-IID cases in Fig. [6] for the SVM
model and Fig. [7]for the CNN model. It can be observed that the findings discussed in Sec. [5.2]also
hold here. In other words, our DSpodF L method outperforms the baselines in terms of accuracy per
overall delay. However, we observe that our method is able to compellingly surpass other methods
when link and device resource capabilities come from Beta(0.5,0.5), compared to the uniform
distribution as discussed in Sec.
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Figure 7: Results of employing a CNN model on the Fashion-MNIST image classification dataset, with device
and link capabilities coming from a beta distribution.
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Figure 8: Results of employing an SVM model on the Fashion-MNIST image classification dataset, with varying
the number of devices in the network.

We will explain the intuitive reason for this drastic improvement with an example. Let G = (M, £)
be given a network graph, and assume there exits two paths between nodes ¢ and j. Let one of these
paths have a communication cost k times more than the other path, where £ > 1. In our DSpodFL
method, the path with lower cost will be utilized roughly k times more than the other path, thus
resulting in lower communication overhead while still preserving information flow between nodes ¢
and j. Meanwhile, the DGD method does not take this into account.

P.4 EFFECT OF NUMBER OF DEVICES

Next, we do an ablation study on the number of devices, i.e., m. We compare DSpodFL with the
baselines for m = 10, 20, 30, 40, 50. Similar to the previous subsections in this appendix, we plot
the accuracy reached after a specific amount of total average delay. For each m, we generate a new
random geometric graph with radius » = 0.4.

Figs. [8land 0] showcase that our approach outperforms all other baselines regardless of the number
of devices available in the system, with an SVM and a CNN model, respectively. Using either a
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Figure 9: Results of employing a CNN model on the Fashion-MNIST image classification dataset, with varying
the number of devices in the network.

convex or a non-convex model, The superiority of our approach can be seen for both the IID case as
illustrated in Figs. [8a]and[9a] and the non-1ID case as shown in Figs. [8b]and [0

However, note that in the non-IID cases of Figs. [8b]and OP] increasing the number of devices from
10 to 50 results in an increase the achieved accuracy. This is because if the total number of devices
in a decentralized network increases, the number of nodes containing data from a particular class in
the dataset increases as well. In other words, there are multiple sources in the system where data
distribution from each class in the dataset can propagate through the network.

P.5 EFFECT OF PARAMETERS ALPHA AND BETA IN BETA DISTRIBUTION

As we discussed in Sec. sampling the probability of SGDs and aggregations, i.e., dgk) and bl(-f),
from the beta distribution Beta(«, 3), will correspond to various real-world scenarios if we vary its
parameters « and /3. For example, we employed a uniform distribution /[0, 1] in Sec. [5| which is
equivalent to using &« = # = 1 in the beta distribution. Moreover, the choice of « = 8 = 0.5 in Sec.
[P3] gives rise to an inverted bell curve PDF. In this section, we will analyze the effect of choosing
different values for o and f in the distribution, and compare our method’s performance with other
baselines in each scenario.

We have laid out the results for the SVM model In Fig. [I0]and for the CNN model in Fig. [T1] In
all setups, we plot the achieved testing accuracy after 5000 overall delay units where « and 5 in the
beta distribution Beta(a, 8) come from «, § = 0.5,1,2,3,4, 5.

We observe that in all figures, our DSpodF L method outperforms other baselines for all values of «
and (5. Most notably, in setups with lower values of « for a fixed 3, which corresponds to scenarios
where most of the devices/links have low processing units/bandwidth, the efficiency of our method
in converging faster than other baselines becomes more prominent.
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Figure 10: Results of employing a SVM model on the Fashion-MNIST image classification dataset, with device
and link capabilities coming from a beta distribution Beta(«, 8) with varying values for o and 3.
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Figure 11: Results of employing a CNN model on the Fashion-MNIST image classification dataset, with device
and link capabilities coming from a beta distribution (Beta(c, 8)) with varying values for o and 5.
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