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Abstract

Physics-informed neural networks (PINNs) bring together machine learning and1

physical laws to solve differential equations. Although Hillebrecht and Unger2

(2022) provide rigorous upper error bounds for PINN prediction error under Lip-3

schitz continuity conditions, certification requires complementary lower bounds4

to establish complete error enclosures. In this work, we obtain computable a5

posteriori lower bounds for PINN errors in ordinary differential equations (ODEs)6

under strong monotonicity conditions without prior knowledge on the true solution.7

This work gives fully certified a posteriori error bands for nonlinear ODEs and for8

linear ODEs satisfying structural assumptions, providing robust error enclosures9

computed after training.10

1 Introduction11

The certification of machine learning methods has emerged as a critical challenge in scientific12

computing, particularly for physics-informed neural networks (PINNs) where reliability guarantees13

are essential for deployment in safety-critical applications. PINNs incorporate physical constraints14

directly into the learning objective through differential operators, enabling them to leverage neural15

network expressivity while respecting physical consistency. This hybrid approach facilitates accurate16

predictions even with limited or noisy data by constructionally enforcing physical feasibility [10].17

Certified error estimation for PINNs builds upon foundational developments in scientific machine18

learning [12]. Existing approaches encompass statistical uncertainty quantification and a deep19

confidence framework [4], dual-weighted residual methods [11], and goal-oriented error estimation20

[14], though these typically provide either statistical rather than rigorous bounds or require substantial21

training data. Drawing from certification frameworks in reduced-order modeling [7] and classical22

stability theory for ordinary differential equations [6], this work establishes rigorous a posteriori23

error bounds that remain valid for unseen data without requiring knowledge of the true solution.24

Theoretical analyses by [5] further advance PINN reliability by deriving rigorous, dimension-robust a25

priori approximation error bounds for both solution and operator-learning networks.26

While upper error bounds estimate the proximity of the exact and approximate solutions, lower error27

bounds estimate the difference of them. Complete certification requires both upper and lower error28

enclosures to provide tight bounds on prediction quality. However, the complementary problem of29

establishing rigorous lower bounds remains largely unexplored. [8] has demonstrated rigorous a30

posteriori upper bounds for PINN errors in ODEs under Lipschitz continuity assumptions, however,31

the derivation of equally rigorous lower bounds remains an open challenge. Therefore, we present32

this problem to derive lower error bounds under the strong monotonicity assumptions for ODE-33

based PINNs. We complement worst-case Lipschitz-based upper bounds with best-case strong-34
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monotonicity-based lower bounds, establishing complete certified error intervals for PINNs, while35

achieving sharper results for linear systems through matrix exponential eigenvalue analysis (e.g.,36

exponential growth and decay rates).37

These certified error intervals provide mathematically guaranteed enclosures for the approximation38

error, where a narrow interval indicates high confidence in the error estimation, while a wide interval39

primarily reflects limitations in the trained model’s ability to satisfy the underlying physics. The40

interval width therefore serves as a direct quantitative measure of certification tightness, guiding both41

theoretical analysis and practical implementation decisions.42

The paper is organized in the following way. Section 2 introduces the problem setup and strong43

monotonicity framework. Section 3 presents our main theoretical contributions: a posteriori lower44

bounds for nonlinear systems under strong monotonicity and improved bounds for linear systems.45

Section 4 discusses numerical implementation aspects, including Simpson’s rule integration. Section46

5 demonstrates different numerical examples.47

We employ standard mathematical notation throughout, with T = [0, T ] with T > 0: denoting the48

time domain, ∥ · ∥ the Euclidean 2-norm. We emphasize that in the theoretical part, any other norm49

can be used. If the symbol ∥ · ∥ is used on a set it describes the number of elements in this set.50

2 Problem Description51

We consider the initial value problem on the time interval T:52 {
ẋ(t) = f(t,x(t)), t ∈ T,
x(0) = x0,

(1)

where f : T × Rn → Rn is a continuous function and x0 ∈ Rn. There are different theorems53

stating the existence and uniqueness of the solution of (1). The Picard–Lindelöf theorem [1] states54

the existence and uniqueness under additional Lipschitz continuity condition on f in its second55

variable with the Lipschitz constant independent on its first variable. The Brouwer’s fixed-point56

theorem guarantees the existence and uniqueness under additional coercivity and strong monotonicity57

conditions [13]. Since the strong monotonicity condition plays a crucial role in derivation of the58

lower bound process, we present this condition as existence of a constant λ > 0 independently on t59

such that60

(f(t,u)− f(t,v)) · (u− v) ≥ λ∥u− v∥2 for all u,v ∈ Rn. (2)

Under the conditions of either of these theorems, a unique exact solution exists and, therefore, we61

can define the following flow map:62

φ : T× Rn → Rn (3)
that maps the time t ∈ T and the initial value x0 ∈ Rn to the solution at time t, i.e., x(t) = φ(t,x0).63

In most applications, an explicit expression for φ is not available and evaluation of φ is only possible64

via suitable approximation techniques. We will learn approximate solution via physics-informed65

machine learning (ML) algorithms.66

The learning process for initial value problem (1) is a two-step process. At first, a suitable ML67

candidate function:68

φ̂ : T× Rn × Rk → Rn, (t,x0,ω) 7→ φ̂(t,x0,ω) (4)

with parameter vector ω ∈ Rk is defined. In our case, φ̂ is an activating function encoding the69

number of layers and neurons while ω represents the weights and bias for the network. Our standing70

assumption throughout the paper is that the candidate function φ̂ is sufficiently smooth. Secondly, we71

find ω∗ such that φ̂(·, ·,ω∗) is a good approximation to flow map (3) by minimizing a suitable loss72

function L : Rk → R. Defining x̂ := φ̂(·,x0,ω
∗), the ML prediction error is then given as:73

ε(t) := x(t)− x̂(t) (5)

for t ∈ T. The second step typically relies on existing data, which in our case corresponds to74

evaluations of x on a discrete subset of T.75

Unlike the Lipschitz condition used for upper error bounds in [8], we employ the strong monotonicity76

for lower error bounds stated in (2). This condition implies a contractive structure sufficient to control77

the error dynamics from below. Thus, our main problem is as follows:78
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Main Problem: Rigorously quantify the ML prediction error (5) from below for any t ∈ T at low79

computational cost without computing the true solution.80

3 A Posteriori Error Estimation: Lower Bounds81

Assume that we have already trained our network and that for some initial value x0 ∈ Rn we have82

computed the machine learning approximation x̂ of the initial value problem (1). Since our candidate83

function φ̂ is assumed to be smooth, we can define the residual484

Rφ̂(t) := ˙̂x(t)− f(t, x̂(t)). (6)

Herein, the time derivative may be computed efficiently via automatic differentiation, see for instance85

[3]. With these preparations, we are now ready to formulate our first main result towards the solution86

of Main Problem.87

Theorem 1. Suppose f in (1) satisfies the strong monotonicity condition from (2) and the ML88

candidate function φ̂ is sufficiently smooth. For any continuous function δ : T → R+ with89

∥Rφ̂(t)∥ ≤ δ(t) (7)

define90

I(t, δ) :=

∫ t

0

eλ(t−s)δ(s) ds, (8)

where λ is the strong monotonicity constant from (2). Then the ML prediction error (5) satisfies91

∥ε(t)∥ ≥ eλt∥ε(0)∥ − I(t, δ). (9)

3.1 Linear Systems and Improved Bounds92

For linear time-invariant systems where the right-hand side of (1) is given by93

f(t,x) = Ax (10)

for some matrix A ∈ Rn×n, we can derive improved bounds by leveraging the matrix exponential94

structure and matrix-measure inequalities.95

Lemma 2. For the linear map f(x) = Ax, strong monotonicity condition (2) is equivalent to96

A+A⊤

2 ⪰ λI. The largest admissible λ equals λmin

(
A+A⊤

2

)
.97

Theorem 3. Suppose that the right-hand side of (1) is linear, i.e., given by (10), and φ̂ is sufficiently98

smooth. Assume there exists δ > 0 such that99

∥Rφ̂(t)∥ ≤ δ for all t ∈ [0, T ].

Then, the ML prediction error (5) satisfies the following bounds:100

∥ε(t)∥ ≥

{
em(A)t∥ε(0)∥ − δ

ω(A)

(
eω(A)t − 1

)
, if ω(A) ̸= 0,

em(A)t∥ε(0)∥ − δt, if ω(A) = 0.
(11)

where m(A) and ω(A) are the smallest and largest eigenvalues of A+A⊤

2 , respectively:101

m(A) := λmin

(
A+A⊤

2

)
, ω(A) := λmax

(
A+A⊤

2

)
.

4 Application to Physics-Informed Neural Networks102

PINNs incorporate physical laws directly into machine learning [10]. They achieve this by adding103

terms to the loss function that require the network to satisfy the governing ODE (1). This physical104

loss component called the physical loss is used as an analytical tool in our error estimation approach.105

4We use the notation Rφ̂(t) to indicate that this is the residual for the ML candidate function φ̂, which
additionally depends on the parameter ω.
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When experimental data is unavailable, the neural network φ̂(t,x0,ω) must learn system dynam-106

ics purely from physical laws. The network approximates the system behavior by satisfying the107

differential equation throughout the domain.108

We define collocation points Ycoll ⊂ T×Rn, where each point y = (t,x0) contains a time and initial109

condition. The physics loss measures how well the network satisfies the ODE:110

Lphysics(ω) =
1

|Ycoll|
∑

y∈Ycoll

∥∥∥∥∂φ̂∂t (y.t, y.x0,ω)− f(y.t, φ̂(y.t, y.x0,ω))

∥∥∥∥2 . (12)

To ensure unique solutions, we enforce initial conditions through a separate loss term. For initial111

conditions Yic = {(0,x(i)
0 )}Mi=1:112

Linitial(ω) =
1

|Yic|
∑
y∈Yic

∥φ̂(0, y.x0,ω)− y.x0∥2 . (13)

The total loss function combines both components:113

L(ω) = γphysics · Lphysics(ω) + γinitial · Linitial(ω), (14)
where γphysics and γinitial balance equation satisfaction against initial condition accuracy.114

This approach allows the network to learn the flow map φ(t,x0) by simultaneously satisfying the115

system dynamics and initial conditions, without needing pre-computed solution data.116

5 Numerical Examples117

In this section, we present our framework on academic examples.118

Example 1. Consider linear initial value problem:119

du(t)

dt
= 0.8u(t), u(0) = 1, t ∈ [0, 1],

whose exact solution is u(t) = exp(0.8t). Since f(u) = 0.8u, L = 0.8. Further, for the linear form120

A = [0.8], we have A+A⊤

2 = [0.8], hence m(A) = ω(A) = 0.8. To separate the two lower-bound121

mechanisms, we choose λ = 0.4 < m(A). Let Rφ̂(t) = dû
dt − 0.8 û(t) and ε(t) = û(t) − u(t).122

Bounds are evaluated exactly as in Section 3.1 using a point-wise envelope |Rφ̂(t)| ≤ δ on [0, 1].123

Figure 1 shows that the PINN tracks the exact trajectory closely on [0, 1]. In Figure 2, the certified124

interval (shaded) contains the true error for all t. Because L = ω(A) = m(A) = 0.8 for this125

scalar problem, the linear-sharp and nonlinear upper bounds coincide. The linear-sharp lower126

bound (m(A) = ω(A)) tracks the error closely, while the nonlinear lower bound with λ = 0.4 is127

(deliberately) more conservative; both remain valid for all t ∈ [0, 1].128

Example 2. Consider nonlinear logistic equation:129

du(t)

dt
= u(1− u), u(0) = 0.1, t ∈ [0, 1], (15)

has exact solution u(t) = 1/(1 + 9e−t) with u(t) ∈ [0.1, 0.25]. The nonlinearity f(u) = u(1− u)130

yields for u, v ∈ [0.1, 0.25]:131

f(v)− f(u)

v − u
= 1− (u+ v) ∈ [0.5, 0.8],

giving strong monotonicity constant λ = 0.5 and Lipschitz constant L = 0.8.132

A PINN (3 × 50 tanh) was trained with 1000 collocation points and loss weights 100 (physics) :133

1 (IC). Let ε(t) = û(t) − u(t) and residual Rφ̂(t) =
dû(t)
dt − û(1 − û). Using smoothed residual134

envelope δ(t) =
√
|Rφ̂(t)|2 + µ2 with µ = 0.05max

t
|Rφ̂(t)| and Simpson’s rule (200 subintervals)135

for integral approximations.136

Fig. 3 shows PINN and exact solutions are visually identical. Fig. 4 demonstrates rigorous certification:137

true error lies within the certified band, with lower bound (using λ = 0.5) closely tracking error and138

upper bound (using L = 0.8) being conservative. Band width depends on residual envelope and139

shrinks with better training of ODE-guided PINN.140
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A Technical Appendices and Supplementary Material172

In this section, we provide all supplementary materials such as proofs of theorems stated in Section 2 and Section173

3 and other numerical experiments presented in Section 5.174

Proof of Theorem 1. Let x̂0 := x̂(0). The strong monotonicity condition from (2) together with the smoothness175

of φ̂ implies that Rφ̂ is continuous. The error dynamics satisfy:176

ε̇(t) = ẋ(t)− ˙̂x(t) = f(t,x(t))− f(t, x̂(t))−Rφ̂(t).

Consider the time-derivative of ∥ε(t)∥2:177

d

dt
∥ε(t)∥2 = 2ε(t) · ε̇(t) = 2ε(t) ·

(
f(t,x(t))− f(t, x̂(t))−Rφ̂(t)

)
.

Using the strong monotonicity condition from (2):178

ε(t) ·
(
f(t,x(t))− f(t, x̂(t))

)
≥ λ∥ε(t)∥2,

and using the upper bound from the Cauchy–Schwarz inequality:179

ε(t) · Rφ̂(t) ≤ ∥ε(t)∥∥Rφ̂(t)∥.

Combining these inequalities, we obtain:180

d

dt
∥ε(t)∥2 ≥ 2λ∥ε(t)∥2 − 2∥ε(t)∥∥Rφ̂(t)∥.
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For ∥ε(t)∥ > 0, dividing by 2∥ε(t)∥ yields:181

d

dt
∥ε(t)∥ ≥ λ∥ε(t)∥ − ∥Rφ̂(t)∥.

Rewriting as a differential inequality and multiplying by the integrating factor e−λt:182

d

dt

(
e−λt∥ε(t)∥

)
≥ −e−λt∥Rφ̂(t)∥.

Integrating from 0 to t and rearranging and multiplying by eλt:183

∥ε(t)∥ ≥ eλt∥ε(0)∥ −
∫ t

0

eλ(t−s)∥Rφ̂(s)∥ds.

Finally, applying the bound (7) gives:184

∥ε(t)∥ ≥ eλt∥ε(0)∥ −
∫ t

0

eλ(t−s)δ(s) ds = eλt∥ε(0)∥ − I(t, δ).

This proves the theorem.185

Remark 4. Theorem 1 can be easily generalized for time-dependent strong monotonicity parameters186

(f(t,u)− f(t,v)) · (u− v) ≥ λ(t)∥u− v∥2

by replacing the constant λ with the integrated quantity Λ(t) =
∫ t

0
λ(s) ds, yielding187

∥ε(t)∥ ≥ eΛ(t)∥ε(0)∥ −
∫ t

0

eΛ(t)−Λ(s)δ(s) ds.

Proof of Lemma 2. Let w = u − v. Then (f(u) − f(v)) · (u − v) = w⊤Aw. Decompose A as A =188
A+A⊤

2
+ A−A⊤

2
, where A−A⊤

2
is symmetric and A−A⊤

2
is skew-symmetric and w⊤ A−A⊤

2
w = 0 for all w.189

Hence w⊤Aw = w⊤ A+A⊤

2
w and the claimed equivalence follows. The maximal λ is the smallest eigenvalue190

of the symmetric matrix A+A⊤

2
.191

Proof of Theorem 3. For (10), the error satisfies192

ε̇(t) = Aε(t)−Rφ̂(t), ε(0) = x(0)− x̂(0).

Using the variation of constants formula yields193

ε(t) = eAtε(0)−
∫ t

0

eA(t−s)Rφ̂(s) ds.

Taking norms and applying the triangle inequality produces194

∥ε(t)∥ ≥
∥∥eAtε(0)

∥∥−
∫ t

0

∥∥eA(t−s)
∥∥∥Rφ̂(s)∥ds.

From matrix analysis [9], it is known that for all z ∈ Rn:195

em(A) t ∥z∥ ≤ ∥eAtz∥ ≤ eω(A) t ∥z∥, t ≥ 0,

and196 ∥∥eAt
∥∥ ≤ eω(A)t.

Application of these inequalities to the error bound produces:197

∥ε(t)∥ ≥ em(A)t∥ε(0)∥ − δ

∫ t

0

eω(A)(t−s) ds. (16)

Here, the integral can be evaluated as198 ∫ t

0

eω(A)(t−s) ds =

[
− 1

ω(A)
eω(A)(t−s)

]t

0

=
eω(A)t − 1

ω(A)
.

if ω(A) ̸= 0, and199 ∫ t

0

eω(A)(t−s) ds =

∫ t

0

ds = t.

if ω(A) = 0. Substitution these results in (16) completes the proof.200
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Remark 5. For the upper bound case, using similar techniques one can obtain201

∥ε(t)∥ ≤

{
eω(A)t∥ε(0)∥+ δ

ω(A)

(
eω(A)t − 1

)
, if ω(A) ̸= 0,

∥ε(0)∥+ δt, if ω(A) = 0.
(17)

This provides a worst-case error estimate. The lower bound in Theorem 3 establishes the best-case error202

persistence and together provide a complete error certification framework.203

Remark 6. Let S := A+A⊤

2
. Then: (i) Strong monotonicity: the sharp constant is λ⋆ = m(A) := λmin(S); a204

positive λ exists iff m(A) > 0, and any λ ∈ (0,m(A)] is valid. (ii) (Global) Lipschitz: The sharp Lipschitz205

constant L⋆ = ∥A∥. (iii) Matrix–exponential growth: ω(A) := λmax(S) and206

λ ≤ m(A) ≤ ω(A) ≤ ∥A∥ ≤ L.

Remark 7. For practical implementation, the lower bounds derived in Theorems 1 and 3 yield computable207

estimators LLB(t). In both cases, the certified lower bound is given by ∥ε(t)∥ ≥ max{0, LLB(t)}, ensuring208

non-negativity of the error estimate.209

Remark 8. Our lower bounds complement the upper bounds derived in Hillebrecht and Unger [8]. While upper210

bounds use Lipschitz constants to quantify worst-case error growth, our lower bounds use strong monotonicity211

constants (or their linear equivalents m(A) and ω(A)) to establish best-case error persistence. For linear212

systems, the gap between m(A) and ω(A) reflects the inherent uncertainty due to possible non-normal transient213

effects, providing a quantitative measure of the certification tightness.214

Proof of Lemma 7. We consider J(t, δ) =
∫ t

0
e−λsδ(s)ds so that I(t, δ) = eλtJ(t, δ). The composite Simp-215

son’s rule approximation is:216

Ĵn(t, δ) =
h

3

g(0) + g(t) + 4

n/2∑
j=1

g((2j − 1)h) + 2

n/2−1∑
j=1

g(2jh)

 ,

where g(s) = e−λsδ(s) and h = t/n. The standard error bound for Simpson’s rule gives: [2]217

|J(t, δ)− Ĵn(t, δ)| ≤
t5

180n4
max
s∈[0,t]

|g(4)(s)| ≤ Kt5

180n4
.

Multiplying by eλt and applying Theorem 1 yields the result.218

A.1 Numerical Integration with Simpson’s Rule219

To compute the integral terms in the a posteriori lower bounds, we employ Simpson’s rule which offers220

improved accuracy compared to the trapezoidal rule used in existing literature [8]. Under appropriate smoothness221

conditions, Simpson’s rule achieves an error scaling of O(n−4) compared to O(n−2) for the trapezoidal rule222

[2].223

Lemma 9. Assume that f in (1) satisfies Assumption 2.1 and the ML candidate function φ̂ is sufficiently smooth.224

Let δ ∈ C4(T,R) with ∥Rφ̂(t)∥ ≤ δ(t) and
∣∣∣ d4

ds4

(
e−λsδ(s)

)∣∣∣ ≤ K for s ∈ T. Then225

∥ε(t)∥ ≥ eλt∥ε(0)∥ − În(t, δ)− EInt,

where În(t, δ) is the composite Simpson’s rule approximation of I(t, δ) =
∫ t

0
eλ(t−s)δ(s)ds using n subinter-226

vals (with n even), and227

EInt = eλt
Kt5

180n4
.

Remark 10. To ensure the required smoothness for Simpson’s rule, we can construct a smooth upper bound for228

∥Rφ̂(t)∥ following [4]:229

δ(t) :=
√

∥Rφ̂(t)∥2 + µ2 (18)
with µ ∈ R+ chosen appropriately.230

B Numerical Examples231

We consider figures which are presented in Section 5.232
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Figure 1: Exact solution u(t) = exp(0.8t) versus PINN on [0, 1].

Figure 2: A posteriori certification. Shaded region: certified band. Curves: upper bound with L = ω(A) = 0.8;
lower bound (linear–sharp) with m(A) = ω(A) = 0.8; lower bound (nonlinear) with λ = 0.4; and the actual
error |ε(t)|.

Figure 3: Exact solution vs. PINN on [0, 1]. The trajectories are visually indistinguishable at the plot scale.

(a) Solution with certified band us-
ing λ = 0.5, L = 0.8.

(b) Relative error and certified rela-
tive bounds.

(c) Absolute error with certified
lower/upper bounds.

Figure 4: A posteriori certification on the logistic ODE. The lower envelope tracks the actual error closely,
while the upper envelope is conservative.
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