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Appendix

A Preliminaries

This section is organized as follows. In Section A.1, we provide some technical tools in probability
theory and linear algebra. In Section A.2, we review the Fourier transformation for different types of
signals. And in Section B.3, we discuss the importance sampling method.

A.1 Tools and inequalities

Lemma A.1 (Chernoff Bound Chernoff (1952)). Let X, Xo,---, X, be independent random
variables. Assume that 0 < X; < 1 always, for eachi € [n]. Let X = X1 + Xo+ -+ + X,, and

w=E[X]= Y E[X;]. Then for any e > 0,
i=1

2 2
E,u) and Pr[X < (1 —e)u] < exp(—%u).

PrLX > (14 2)u] < exp(— 5

Definition A.2 (¢-net). Let T be a metric space with distance measure d. Consider a subset K C T
and let € > 0. A subset N' C K is called an e-net of K if every point in K is within distance € of
some point of N, i.e.

Ve e K,3y e N s.t. d(z,y) <e.

Fact A.3 (Fast matrix multiplication). We use Tmat(a, b, ¢) to denote the time of multiplying an a X b
matrix with another b X ¢ matrix.

We use w to denote the exponent of matrix multiplication, i.e., Tyat(n,n,n) = n“. Currently
w = 2.373 Williams (2012); Le Gall (2014); Alman and Williams (2021).

Fact A.4 (Weighted linear regression). Given a matrix A € C"*%, a vector b € C" and a weight
vector w € RZ, it takes O(nd*~') time to output an x’ such that

o' = argmin||VW (Az — b)|s = (A*WA) " A*Wb.
x

where VW = diag(,/w1, . .., /Wn) € R**™, and w =~ 2.373 is the exponent of matrix multiplica-
tion Williams (2012); Le Gall (2014); Alman and Williams (2021).

Fact A.5. Forany z € (0, 1), we have cos(r) < exp(—x?/2).

A.2 Basics of Fourier transformation

The definition of high dimensional Fourier transform is as follows:
() = / 2(8) exp(—2ri(f, £))dt, where f € RY,
(—00,00)¢
and the definition of high dimensional inverse Fourier transform is as follows:

() = /(_ U pomi(f, 0)A, wheret < B

Note that when we replace d = 1 in the definition of high dimensional Fourier transform and inverse
Fourier transform above, we get the definition of one-dimensional Fourier transform and inverse
Fourier transform.

The definition of discrete Fourier transform is as follows:

Ty = Za:t exp(—2mift/n), where f € [n],
t=1

and the definition of discrete inverse Fourier transform is as follows:

1 n
T, == E Tyexp(2mift/n), wheret € [n].
n
=1
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A continuous k-Fourier sparse signal z(t) : R? — C can be represented as follows:

k
o(t) =Y vjexp(2mi(f;,t)), v; € C, f; € R, Vj € [K].

j=1

Thus, Z(f) is:
k
()= _vid(t = f;):
j=1

A discrete k-Fourier sparse signal € C™ can be represented as follows:
Ty = Zvj exp(2rijt/n), S C [n],|S| =k, v; € C,Vj € S.
jeS

So, Zy is:

,0.W.

~ v; ,j€S8
x.f:{()j J

B Definitions of Semi-Continuous Fourier Set Query and Interpolation

In this section, we give the formal definitions of the problems studied in this paper. In Section B.1,
we define the Fourier set query for discrete and continuous signals. In Section B.2, we define
the band-limited interpolation problem and its two sub-problems: frequency estimation and signal
estimation.

B.1 Formal definitions of Fourier set query

The discrete Fourier set query problem is defined as follows:

Definition B.1 (Discrete Fourier set query problem). Let x € C™ and T be its discrete Fourier
transformation. Let € > 0. Given a set S C [n] and query access to x, the goal is to use a few queries
to compute a vector x' with support supp(z’) C S such that

(' —2)sll5 < e |Zppsl3-

We also define the continuous Fourier set query problem as follows:

Definition B.2 (Continuous Fourier set query problem). For d > 1, let x*(t) be a signal in time
duration [0, T|%. Let z* (f) denote the continuous Fourier transformation of z*(t). Let £ > 0. Givena
set S C RY of frequencies such that supp(z*) C S, and observations of the form x(t) = x* (t)+g(t),
where ¢(t) denotes the noise. The goal is to output a Fourier-sparse signal x'(t) with support

~

supp(z’) C S such that

l2" — 2|7 < (1 +¢) - |97

B.2 Formal definitions of semi-continuous band-limited interpolation

In this section, we provide the following formal definition of the semi-continuous band-limited
interpolation problem, where we assume that the frequencies of the signal are contained in a lattice.

Problem B.3 (Semi-continuous band-limited interpolation problem). Given a basis B of m known
vectors by, ba, - - - by, € RY, let A(B) C RY denote the lattice

A(B) = {z eR?: 2= zm:c,-bi,ci € Z,Ni € [m]}

i=1

Suppose that f1, fo, -+, fr € A(B), Vi € [k],|fi] < F. Let x*(t) = Z?:l v;e? Y and
let g(t) denote the noise. Given observations of the form x(t) = z*(t) + g(t), t € [0,T]% Let

1 = min; || fj — filleo. There are three goals:
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1. The first goal is to design an algorithm that output f1, fa,- - - , fr, exactly given query access
to the signal z(t) for t € [0,T]%.

2. The second goal is to design an algorithm that output a set L of frequencies such that, for
each f;, there is fl € L, || fi — flll2 < D/T.

T .ot
kb e2mEt such that

3. The third goal is to design an algorithm that output y(t) = ijl ;

f[oj]d ‘y(t) - x(t)|2dt S f[QT]d |g(t)|2dt.
Then, we extract two sub-problems from Problem B.3: Frequency Estimation and Signal Estimation.
We give their definitions below.

We first define the d-dimensional frequency estimation under the semi-continuous as follows. In this
problem, we want to recover each frequencies in a small range.

Problem B.4 (Frequency estimation). Given a basis B of m known vectors by, by, - - - b,, € R?, let
A(B) C R? denote the lattice

A(B) = {z €ERY:z= zm:cibi,ci € Z,Vie [m]}
i=1

Suppose that f1, fa,- -+, fr € A(B). Let x*(t) = Z‘?:l 0?50 and let g(t) denote the noise.
Given observations of the form x(t) = xz*(t) + g(t), t € [0, T)% Let n = min;2; | f; — fillco-

The goal is to design an algorithm that output a set L of frequencies such that, for each f;, there is
fi € L |lfi— fil < D/T.

We remark that the recovered frequencies in L are not necessary to be in A(B), and D is a parameter
that can depend on k.

Next, we define the d-dimensional Signal Estimation under the semi-continuous setting as follows.
In this problem, we want to recover a signal that can approximate the ground-truth signal in the time
domain.

Problem B.5 (Signal Estimation problem). Given a basis B of m known vectors by, by, - - - by, € RY,
let A(B) C R? denote the lattice

A(B) = {z €ERY:z= zm:cibi?ci € Z,Vie [m]}

i=1
Suppose that f1, fa,- -, fr € A(B). Let x*(t) := Zle ;>3 and let g(t) denote the noise.
Given observations of the form x(t) = xz*(t) + g(t), t € [0, T)% Let n = min;; | f; — filoo-
The goal is to design an algorithm that outputs y(t) = Z§=1 v ™5t such that
| wo-sopars [ jgPa
[0,7]4 [0,7]¢

k if
v -emeJt

Note that outputting y(t) = >_;_, v; means outputting {v}, f; }je[E]‘

Remark B.6. We note that given the solution of Frequency Estimation (Problem B.4), Signal
Estimation (Problem B.5) can be formulated as a Fourier set query problem (Problem B.2). More
specifically, by Frequency Estimation, we will find a set that contains all frequencies of the ground
truth signal =*(t). Then, we only need to recover the coefficients with frequencies in this set, which is
equivalent to a set query problem.

B.3 Facts about importance sampling

Important sampling try to estimate a statistic value in one distribution by taking samples in another
distribution. In particular, Chen and Price (2019a) considered the importance sampling for estimating
the norm of functions in a linear family F.

In this followings, we first provide some basic definitions about linear function family.
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Definition B.7 (Condition number of sampling distribution). Let G be any domain and F is a linear
Sunction family from G to C. Let D be an arbitrary distribution over G. Then the condition number
of D with respect to F is defined as follows:

12
Kp :=supsup A )2|
teG feF ”fHD

where

11 = | Dio)-I£0)Par.

Definition B.8 (Orthonormal basis for linear function family). Let G be any domain. Given a linear
function family F from G to C, and a probability distribution D over G. We say {v1,...,vq} form
an orthonormal basis of F with respect to D, if they satisfy the following properties:

* foranyi,j € [d], [, D v;(t)dt = 1;—;, and
s forany f € F, f € span{vl, ce Vgt
Fact B.9. Let {v1, ..., v} be an orthonormal basis of F with respect to D. For any function f € F,
let a( f) denote the coefficients under the basis {v1,...,v4}, i.e, h = Zidzl a(h); - v;. Then,
le(h)ll2 = [IAl[p-

For an unknown function f € F, the goal of importance sampling is to estimate || f|| p, given samples
from another distribution D’. The following definition introduces the importance sampling procedure
and condition number of the importance sampling distribution.

Definition B.10 (Definition 3.1 of Chen and Price (2019a)). For any unknown distribution D' over
the domain G and any function f € F, let f(P)(t) := D(t - f(t) be the importance sampling
function for some known distribution D such that

1] = 5, | 5eir0r] = B 0P,

Then, we can use samples from D' to estimate || fP")|| p:, which gives an estimate of || f| p.

tD’

When the family F and D is clear, we use Kis p to denote the condition number of importance
sampling from D' :

] OO {0y LSO
K&D“—Tp{%ﬁ{lvDW%/}} a0 %ﬁ{WMZ} ©

From Definition B.10, we know that the efficiency of importance sampling depends on how many
samples we need to estimate || f2’|| p/. The following lemma provide a criteria for judging whether a
set of samples gives a good estimation for the norm of function.

Lemma B.11 (Lemma 4.2 in Chen and Price (2019a)). For any € € (0,1), let S = {t1,...,ts}
and the weight vector w € R%,. Define a matrix A € R**4 be the s x d matrix defined as
A;j = \Jw; - v;(t;), where {vl, ..., Vq} is an orthonormal basis for F. Then

|h||Su) : ij 2cl+e]-||n|% foreveryh e F

if and only if the elgenvalues ofA*A arein[l —e,1+¢].

The following lemma shows that the sample complexity depends on the condition number Kis pr:

Lemma B.12 (Lemma 6.6 in Chen and Price (2019a)). Let D’ be an arbitrary distribution over G
and let Kis pr be the condition number of importance sampling from D' (defined by Eq. (5)). There

exists an absolute constant C such that for any € € (0,1) and § € (0,1), let S = {t1,...,ts} bea
set of i.i.d. samples from the distribution D" and let w be the weight vector defined by w; = %

foreach j € [s]. Then, as long as
s > C - Kis,pr log —

the s x d matrix A; j = \J/w; - v;(t;) sansﬁes
||[A*A — I||2 < € with probability at least 1 — 4.

5’
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C Energy Bounds for Band-limited Signals

The energy bound shows that the maximum value of a band-limited signal in a certain interval can
be bounded by its energy on the interval. One interesting fact is that the approximation ratio in the
energy bound is only relate to the sparsity k, and have no relationship with time duration 7" and
band-limit F'. An application of energy bound is preserving the norm, that is what is the least size
of set S, such that || f||s = || f||7, for any function f in a certain function family. The relationship
between energy bound and norm preserving can be build by Chernoff bound.

Borwein and Erdélyi (2006); Kés (2008); Chen et al. (2016); Chen and Price (2019b) proved energy
bounds for sparse Fourier signal under one-dimensional continuous Fourier transform. We further
generalize these results to discrete band-limited signal under discrete Fourier transform and high-
dimensional band-limited signal under continuous Fourier transform.

This section is organized as follows:

* Section C.1 reviews previous results for one-dimensional continuous Fourier-sparse signals.
 Section C.2 builds the connection between energy bound and the concentration property.

C.1 Energy bound for one-dimensional signals

In this section, we review the energy bound proved in prior work Borwein and Erdélyi (2006); K6s
(2008); Chen et al. (2016); Chen and Price (2019b).
Kés (2008) proved the following energy bound:

Theorem C.1 (K6s (2008); Chen et al. (2016)). Define a family of F-band-limit, k-sparse Fourier
signals:

k
F = {x(t) = Zvj ceFmit | fi e RN [-F, F]}
=1
Then, foranyt € (—1,1),
2
P o
zeF 2|5

Borwein and Erdélyi (2006) also proved a time-dependent energy bound for one-dimensional signal:

Theorem C.2 (Borwein and Erdélyi (2006); Chen and Price (2019a)). Define a family of F-band-limit,
k-sparse Fourier signals:

k

Fo={at) =Y -2t | f; e RO-F, F]}

Then, foranyt € (—1,1),

C.2 Energy bounds imply concentrations

By using Chernoff bound, we prove the following lemma to show the performance of uniformly
sampling.

C.2.1 Continuous case

Lemma C.3. Let d € Z,. Let R be a parameter. Given any function z(t) : R4 — C with
max |x( )2 < R||z(t)||%. Let S denote a set of points chosen uniformly at random from [0, T

te[0,T]4

We have that

&l Z Ja(t)” = [l=(®)II7]

€S

EEIIw(t)IIQT] < exp(—Q(e*[S]/R)),
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where ||x(t)||% = % f[O,T]d |z(t)|?dt.

Proof. Let M denote n[aax]d|x(t)\2 Replacing X; by Mt )l and n by |S|in Lemma A.1, we obtain
te[0,T

that
52
PrllX — ul > ep] < 2exp(—51)

The above equation implies

mlE:m%? PILUIE

i€s
Multiplying M on the both sides

2 2
> aISIxE\?'T] < 2exp(-Zp)

2
€
[|ﬂ§jz |x>ﬁ~zddw@]s2mm3m
i€S
Applying bound on p
lz(t)Z
[ 5] D la(t) P = llz(@)lIF Zﬁlx(t)ll?p] <2e p(—*\SI )
€S
which is less than 2 exp(— % |S|/R), thus completes the proof. O

D Uniform Sketching Band-Limited Signals

In this section, we show an intermediate step in the reduction from Frequency estimation to Signal
estimation: constructing a small sketching subset .S of the time domain obliviously (without making
any query to the signal), so that the signal discretized by S has norm close to the original continuous
signal. More formally, we define the uniform sketching Fourier signal problem as follows:

Problem D.1 (Uniform sketching band-limited signal problem). Suppose f1, fa,--- , fr € RY, and
v1,...,v € C. Define the continuous signal z(t) = 2?21 vje2”i<fj’t>. Let ) = min,-; || f; — fil|co-

Let € € (0,0.1) denote the accuracy parameter. Find a set S = {t1,...,ts} C [0, T|? of size s such
that

(1 =)lzllr <llzlls < (1 + &)z,

where

1 1
2= — t)[2de d 2= t:)|?
llzl|7 T2 Jiy 210 |z(t)[“dt, and [|z|5 5 le( )l

In Section D.1, we show how to sketch one-dimensional signals with nearly-optimal weighted
sketching.

D.1 Weighted uniform sketching one-dimensional signals

For one-dimensional signals, the most natural approach to uniform sketching is to uniformly sample
some points in the time domain. However, by a standard concentration argument, we know that the
sample complexity is poly(k), which is not time-efficient for our task. In this section, we show a
more efficient sketching method for one-dimensional band-limited signals by assigning different
weights to each sample point. More precisely, let S = {t1,...,¢s} C [0,7T] be a discrete sketching
set and let w € R be the weight vector. We define the weighted sketching norm of the signal as

follows:
|2l =D wi - |w(t:)]?
i€[s]
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And the goal of weighted uniform sketching is to find a small set .S and a weight vector w such that
[]ls.w & [l

In the following lemma, we give a sketch for any one-dimensional band-limited signal with nearly-
optimal size:

Lemma D.2 (Nearly-optimal weighted sketch for one-dimensional signals). For k € N, define a
probability distribution D(t) as follows:

_ Je/(L=1t/T)),  for|t| <T(1—1/k)
i = {c -k, for|t| € [T(1 - 1/k),T) ©)

where ¢ = ©(T~'log™ ' (k)) is a normalization factor such that fTT D(t)dt = 1.
For any f1, -+, fr € [-F,F] and vy,---,vx € C, let the continuous signal z(t) =
2521 v; exp(2mif;t). For any e,p € (0,1), let Sp = {t1,--- ,ts} be a set of i.i.d. samples

from D(t) of size s > O(e 2klog(k)log(1/p)). Let the weight vector w € R® be defined by
w; :=2/(TsD(t;)) for i € [s]. Then with probability at least 1 — p, we have

(I=g)lzllr < llzllsp,w < (1 +e)llz

|T7

T
where ||z||2. ;= % S lz(6)2dt.

Proof. For the convenient, in the proof, we use time duration [—7', T]. Let F be defined as:

k
Fi=qa(t)=)Y v;-e®i|f; e RN[-F F],v; €C
j=1
Let {v1(t), v2(t),- -+ ,vk(t)} be an orthonormal basis for F with respect to the distribution D, i.e.,

/T D(t) - vi(t)v;(t)dt = 1,5, Vi, j € [k].
0

We first prove that the distribution D is well-defined. By the condition that | TT D(t)dt = 1, we have

TA-1/(k)) . T ,
2/ 7dt+2/ ¢ k2kdt =1,
0 (1—t/T1) T(1—1/(k))

X T(1-1/k) 1 T ,
c = 2/ —dt + 2/ k*dt
0 (1—[t/T]) T(1—1/k)

=2Tlogk + 2T
= O(Tlog(k)).

Thus, we get that ¢ = (T~ log ™" (k)).

To show that sampling from distribution D give a good weighted sketch, we will use some technical
tools in Section B.3. Applying Lemma B.12 with D' = D, D = Uniform([-T,T]),d =k, = p,
we have that, with probability at least 1 — p, the matrix A € C*** defined by A = Jw; - vi(x;)
satisfying

which implies that

[A*A =12 <e,
as long as s > E% - Kis p log %. Then, by Lemma B.11, it implies that for every x € F,
(=927 < lzl2y w < (L + o)l

It remains to bound the size of Sp; or equivalently, we need to upper-bound the condition number of
the importance sampling of D’ (see Definition B.10):

D) IfOP
oo SV

1

K|51D/ = sup{
t
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()|

8p{|

= sup{ 1
2TD(t I1f ||D
SUP{QTD( g min{y— |t/T\’ H
(L—[t/T]) & 1o
< k
smad S T 2k
_ k.
- 2cT
=O(klogk),
where the first step follows from the definition, the second step follows from D(t) =
Uniform([-T,T])(t) = 5%, the third step follows from Theorem C.1 and Theorem C.2, and

the remaining steps follow from direct calculations. Thus, we get that
1Sp| > Q (e 2k log(k) log(1/p)) -

The lemma is then proved. O

D.2 c-net for sparse band-limited signals

In this section, we construct e-nets for high-dimensional sparse Fourier continuous and discrete
signals.

Lemma D.3 (e-net construction for continuous signals). Given k € Z. unknown frequencies
fisforeosfu € [-F, F1% Let V := {eQ’Ti<fi7t> |ie [k]} be a family of Fourier basis. Let Q :=
{u € span{V} | |[ul|% = 1} be the set of all signals in [0, T]% with frequency fi, ..., fx, where
lall3 = 2o fio gy la(t) et

Then, there exists an e-net Py C Q such that
1. Vue Q,3w € Py, ||lu—wlr <e.

2. [Pal < (52).

Proof. We first construct an 7 -net for the unit disk in C, i.e., {z € C | |z| < 1}. Let P’ denote
2k 2k
P = Jja €7, 51| € = <=
{2k]1+12k32 | J1:J2 1] ;g2 }

Notice that |e/(2k)j1| < €/(2k) - 2k/e = 1; and similarly, |¢/(2k)j2| < 1. Thus, for any a € C,
la| <1, there is a b € P’ such that

la —b| <e/(2k)+¢e/(2k) < e/k.
Moreover,
i 2
[P | <(2-2k/e+1)-(2-2k/e+1) = <46+1> .
Hence, we conclude that,
* P’is an £-net in the unit circle of C.

* P’ has size at most (4% + 1)2.

Then, we use P’ to construct an e-net for Q. Since the dimension of Q is at most k, we take an
orthonormal basis wy, - - - , w; € Q such that,

/ wl(t)wj(t)dt = 1i:j-
(0,7}
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And we define i
"= {Z Q;W; |VZ S [k},ai S 7)/}
i=1

First, for any u € Q, we have

u—Zvlexp (2mi(f;, ) Za W,

=1
which implies that || < 1 for all ¢ € [k]. So, for any a € O, there is a b € P” such that
|la —bllr < k-e/k = e. Moreover, [P”| < ((4% + 1)?)* < (5%)2*. Therefore, we conclude that

P is an e-net for Q and |P"| <( )2]C

Then we define

Py={veQ|VueP  v= argmin, co{|lv — ul/r}}.
therefore we have that, for any a € Q, there is a b € P” such that ||ja — ||z < €, because there
is a ¢ € Py, such that |c — b||r = mingeglld — bllr < |la — bljr < e. Then, |lc — a|lr <
e =0l +[|b—allr < 2e.

E Fast Implementation of Well-Balanced Sampling Procedure

Well-balanced sampling procedure was first defined in Chen and Price (2019a) to study the active
linear regression problem. Our signal estimation algorithm will call it as a sub-procedure. In this
section, we give a fast implementation of well-balanced sampling procedure based on the Randomized
BSS algorithm Batson et al. (2012); Lee and Sun (2015).

First, we restate the definition of well-balanced sampling procedure in Chen and Price (2019a).

Definition E.1 (Well-balanced sampling procedure (WBSP), Chen and Price (2019a)). Given a linear
Sfamily F and underlying distribution D, let P be a random sampling procedure that terminates in m
iterations (m is not necessarily fixed) and provides a coefficient o; and a distribution D; to sample
x; ~ D in every iteration i € [m].

We say P is an e-WBSP if it satisfies the following two properties:

1. With probability 0.9, for weight w; = «; -

g( of eachi € [m),

> wi - |h(@:)|* € [1-10VE, 1+ 10vE] - [|h]];, VheF.
i=1

2. The coefficients always have 27;1 a; < % and o; - Kis p, < 5 foralli € [m].

This definition describes a general sampling procedure that uses a few samples to represent the whole
continuous signal, and the sampling procedure should satisfy two properties: one guarantees that the
norm of any function in a function family is preserved, and another guarantees that the norm of noise
is also preserved.

In Section E.1, we review some results in Chen and Price (2019a) and show that WBSP can be
implemented via randomized spectral sparsification. In Section E.2, we design a data structure
and improve the time efficiency of the WBSP. In Section E.3, we discover a tradeoff between the
preprocessing cost and the query cost, which can improve the space complexity.

E.1 Randomized BSS implies a WBSP

In this section, we review the result of Chen and Price (2019a), which shows that the Randomized
BSS algorithm Batson et al. (2012); Lee and Sun (2015) implies a well-balanced sampling procedure.
Lemma E.2 (Lemma 5.1 in Chen and Price (2019a)). Let G be any domain. Given any dimension d
linear function family F of function f : G — C,

u

F={r Z'UJUJ )v; € C},
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where u; : G — C. Given any distribution D over G, and any € > 0, there exists an efficient
procedure (Algorithm 2) that runs in O(c~1d®|G| + e ~1d“*!) time and outputs a set S C G and
weight w such that

< |S| = 0(d/e), we RIS,
* the procedure is an c-WBSP,

holds with probability 1 — 5.

Algorithm 2 A well-balanced sampling procedure based on Randomized BSS (see Chen and Price
(2019a))

1: procedure RANDBSS(d, F, D, ¢)

2: Find an orthonormal basis v, ... ,vq of F under D
4: 7«0, By« 0
5: lo  —2d/v,up « 2d/v
6: while Ujt1 — lj+1 < Sd/’y do
7: ®; + tr[(ujl — B;) 4+ tr[(Bj — ;1) > The potential function at iteration j.
. : 1
8: Set the coefficient a; = 3~ - g
9: Setv(z) + (v1(2),...,va(x))
10: for x € supp(D) do
11: Set the distribution
Dyfa) - Da) - (4(0) (03T = B ole) + o) (B = 1) o)) /2
12: end for b
13: Sample x; ~ D; and set a scale s; + - - %
14: Bj+1 — Bj + 85 - U(.l?j)U(.Ij)T
15: Ujt1 € Uj + m, lj+1 — lj + m
16: j—i+1
17: end while
18: m < j
19: Assign the weight w; < s;/mid for each z;
20: return {z1, L2, , Ty}, W

21: end procedure

E.2 Fast implementation of WBSP

In this section, we give a fast implementation of Algorithm 2:

Theorem E.3 (Fast implementation of WBSP). Let G be any domain. Given any dimension d linear
Sfunction family F of function f : G — C,

d
F={f@t) = Zvjuj(t)lvj € C},

where u; : G — C. Given any distribution D over G, and any ¢ > 0, there exists an efficient
procedure (Algorithm 3) that runs in O(d?|G| + e~ 1d® log |G| + e ~1d“*1) time and outputs a set
S C G and weight w € RIS! such that the following properties hold with probability at least 0.995:

* [S|=0(d/e),
* the procedure is an c-WBSP.

Our algorithm is based on a data structure for solving the online quadratic-form sampling problem
defined as follows:
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Algorithm 3 Our fast implementation of well-balanced sampling procedure
1: procedure RANDBSS+(d, F, D, ¢) > Theorem E.3
2: /*Preprocessing™/
Find an orthonormal basis v, ... ,vq of F under D
. 4d
j — 0, 130 +— 0
lo < —2d/v,up < 2d/v
d < 1/poly(d)

A

> Letv(z) = (vi(2),...,vq(z)) € R
9: DS.INIT(| D, d, {v(z1), - ,v(zp))} C R {D(x1),...,D(zp))} CR) > Algorithm 4
10: [*Iterative step*/

11: while Uil — lj+1 < Sd/’y do
12: ®; + tr[(u;l — B;) 4+ tr[(Bj — ;1) > The potential function at iteration j.
13: R 2
14: E; « (ujl — Bj)™ '+ (B — l;I)~!
15: q < DS.QUERY(E;/®;) > q € [|D]], Algorithm 4
16: xj ¢ &g and set a scale s; « e
17: Bj+1 $— Bj —+ Sj - ’U(Xj)’U(Xj)T
18: Ujtp1 < Uj + m, lj+1 — lj + m
19: j—3+1
20: end while
21: m<—j
22: Assign the weight w; < s;/mid for each z;
23: return {Xy,Xa, - ,Xm }, W
24: end procedure
Problem E.4 (Online Quadratic-Form Sampling Problem). Given n vectors vy, ..., v, € R? andn
coefficients a, . . . , auy, for any PSD matrix A € R, output a sample i € [n] from the following
distribution D 4:
;- UZTAUZ' .
gﬁ [q] : Z};l o "U;FA’U]' Vi € [n]. @)

Theorem E.5. There is a data structure (Algorithm 4) that uses O(nd?) spaces for the Online
Quadratic-Form Sampling Problem with the following procedures:

o INIT(n,d, {vi,...,v,} CRY {ay,...,a,} C R): the data structure preprocesses in time
O(nd?).

* QUERY(A € R¥*%): Given a PSD matrix A, the QUERY operation samples i € [n] exactly
from the probability distribution D s defined in Problem E.4 in O(d?logn)-time.

Proof. The pseudo-code of the algorithm is given as Algorithm 4. The idea is to build a binary tree
such that each node has an interval in [I, ..., 7] C [1,...,n] and stores a matrix y_;_, a; - v;0; . For
each internal node with interval [/, . .., r], its left child node has interval [I, ..., | (I + r)/2]], and its
right child node has interval [[(I +7)/2] +1,...,7].

We first prove the correctness. Suppose the output of QUERY is i € [n]. We compute its probability.
Let ug = root, uy, ..., u; be the path from the root of the tree to the leaf with id = ¢. Then, we have

t T T
Zk:zj g - vy, Avg o -viTAui

t
Prlus] = H Priujluj_1] = = =
e I e Z’:llrl o vl Avg Sop g o v Ay

where [l;, ..., ;] is the range of the node u, the first step follows from the conditional probability,
the second step follows from Line 34 in Algorithm 4, and the last step follows from the telescoping
products. Hence, we get that

Pr[QUERY(A) = i] = gr [i] Vi€ [n].
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Hence, the sampling distribution is the same as the Online Quadratic-Form Sampling Problem’s
distribution.

For the running time, in the preprocessing stage, we build the binary tree recursively. It is easy to
see that the number of nodes in the tree is O(n) and the depth is O(logn). For a leaf node, we take
O(d?)-time to compute the matrix «; - v;v; € R¥<. For an internal node, we take O(d?)-time to
add up the matrices of its left and right children. Thus, the total preprocessing time is O(nd?).

In the query stage, we walk along a path from the root to a leaf, which has O(log n) steps. In each
step, we compute the inner product between A and the current node’s matrix, which takes O(d?)-time.
And we compute the inner product between A and its left child node’s matrix, which also takes
O(dg)-time. Then, we toss a coin and decide which subtree to move. Hence, each query takes
O(d?*log n)-time.

The theorem is then proved. O

Lemma E.6 (Running time of Procedure RANDBSS+ in Algorithm 3). Algorithm 3 runs in
s O(|D|d?)-time for preprocessing,
s O(d*log(|D|) + d“)-time per iteration, and
» O(c~td) iterations.

Thus, the total running time is,

O(|D|d?* + & *d - (d*log |D| + d)).
Proof. In each call of the Procedure RANDBSS+ in Algorithm 3,

* Finding orthonormal basis takes O(|D|d?).
* In the line 9, it runs O(| D|d?) times.
* The while loop repeat O(¢~1d) times.

— Line 14 is computing (u;I — B;) € C**4, (u;I — B;)~!. This part takes O(d“) time®.
— Note that line 15 of Procedure RANDBSS+ in Algorithm 3 runs O(d? log | D|) times.

So, the time complexity of Procedure RANDBSS+ in Algorithm 3 is
O(|D|d? + e *d - (d*log |D| + dv)).
O

Lemma E.7 (Correctness of Procedure RANDBSS+ in Algorithm 3). Given any dimension d linear
space F, any distribution D over the domain of F, and any ¢ > 0, RANDBSS+(d, F, D,¢) is an
e-WBSP that terminates in O(d/e) rounds with probability 1 — 1/200.

Proof. We first claim that, for each j € [m], x; has the same distribution as D;, where
D;(2) = D(x) - (v(e) " Byo())/®; Va € D

Notice that sampling from distribution D; can be reformulated as an Online Quadratic-Form Sampling
Problem: the vectors are {v(z)}.cp , the coefficients are {D(x)},ep, and the query matrix is
E; =L / ®;. Then, we have D; = DE§ defined in Problem E.4. Hence, by Theorem E.5, we can

use the data structure (Algorithm 4) to efficiently sample from D).

Therefore, the sample x; in each iteration is generated from the same distribution as the original
randomized BSS algorithm (Algorithm 2). Then, the WBSP guarantee and the number of iterations
immediately follow from the proof of (Chen and Price, 2019a, Lemma 5.1).

The proof of the lemma is then completed. O

SNote that this step seems to be very difficult to speed up via the Sherman-Morrison formula since u; changes
in each iteration and the update is of high rank.
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Algorithm 4 Quadratic-form sampling data structure

1: structure Node

2: Ve Rdéxd

3 left, right

4: end structure

5: data structure DS
6: members

7 neN

8: U1,...,U7L6Rd

9. a1,...,ap €R

10: root: Node

11: end members

12: procedure BUILDTREE(!, r)

13: p < new Node

14: if | = r then

15: p.V + o ~vlvl—'—

16: else

17: mid < [(l+71)/2]

18: p.left + BUILDTREE((, mid)

19: p.right < BUILDTREE(mid + 1,7)
20: p.V « (p.left).V + (p.right).V

21: end if

22: return p

23: end procedure

> Point to the left/right child in the tree

> The number of vectors
> d-dimensional vectors
> Coefficients

> The root of the tree

> [l,...,r] is the range of the current node
> Leaf node

> It takes O(d?)-time
> Internal node

> It takes O(d?)-time

24: procedure INIT(n, d, {v; }ie(n) € RY, {}icp) € R)

25: v; Vi, i +— ay for i € [n]
26: root - BUILDTREE(1, n)
27: end procedure

28: procedure QUERY(A € R¥*%)

29: p«root, <1, r<n

30: s+ 0

31: while [ # r do

32: w < (p.V, A)

33: wy < ((p.left).V, A)

34: Sample ¢ from Bernoulli(wg/w)
35: if c = 0 then

36: p « pleft, r + (I +7)/2]
37: else

38: p < p.right, I < [(I+7)/2]+1
39: end if

40: end while

41: return /

42: end procedure
43: end data structure

> There are O(logn) iterations
> It takes O(d?)-time

Proof of Theorem E.3. The running time of the algorithm follows from Lemma E.6, and the correct-

ness follows from Lemma E.7.

E.3 Trade-off between preprocessing and query

O

In this section, we consider the preprocessing and query trade-off in the data structure for quadratic
form sampling problem. In the following theorem, we give a new data structure that takes less time
in preprocessing and more time for each query than Theorem E.5, and the space complexity is also

reduced from O(nd?) to O(nd).

Theorem E.8. There is a data structure (Algorithms 5 and 6) that uses O(nd) spaces for the Online
Quadratic-Form Sampling Problem with the following procedures:
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o INIT(n,d, {v1,..., v} CRY {ay,...,a,} C R): the data structure preprocesses in time
O(nd“=1).

* QUERY(A € R¥*%): Given a PSD matrix A, the QUERY operation samples i € [n] exactly
from the probability distribution D s defined in Problem E.4 in O(d*log(n/d) + d“)-time.

Proof. The time and space complexities follow from Lemma E.9. And the correctness follows from
Lemma E.10. O

Algorithm 5 Quadratic-form sampling with preprocessing-query trade-off: Preprocessing

1: structure Node

2: V4,V € Réxd
3: left, right > Point to the left/right child in the tree
4: end structure
5: data structure DS+ > Theorem E.8
6: members
7. neN > The number of vectors
8 meN > The number of blocks
9 wv,...,v, €RY > d-dimensional vectors
10:  root: Node > The root of the tree
11: end members
12: procedure BUILDTREE(/, 1) > [l,...,r] is the range of the current node
13: p < new Node
14: if [ = r then > Leaf node
15: p.‘/g — [U(l—l)d-i-l s Uld]
16: p.Vi « (p-Va) - (p.Va)T > It takes O(d“)-time
17: > p.matl = Zéi(l—l)d-i-l vV,
18: else > Internal node
19: mid < (1 +71)/2]
20: p.left «+— BUILDTREE((, mid)
21: p.right + BUILDTREE(mid + 1, 1)
22: p.Vi « (p.left).V; + (p.right).V4 > It takes O(d?)-time
23: end if
24: return p

25: end procedure
26: procedure INIT(n, d, {v; }ien) € RY, {}icp) € R)
27: v; < v; - /oy for i € [n]

28: m <« n/d > We assume that n is divisible by d
29: Group {v; };e[n] into m blocks By, ..., By, > Bi = {vi—1)d+1, - - - Via} fori € [m]
30: root <— BUILDTREE(1,m)

31: end procedure
32: end data structure

Lemma E.9 (Time and space complexities of Algorithms 5 and 6). The INIT procedure takes
O(nd*~1)-time. The QUERY procedure takes O(d? log(n/d) + d*)-time. The data structure uses
O(nd)-space.

Proof. We prove the space and time complexities of the data structure as follows:
Space complexity: Let m = n/d. Itis easy to see that there are O(m) nodes in the data structure.
And each node has two d-by-d matrices. Hence, the total space used by the data structure is

O(n/d) - O(d?) = O(nd).

Time complexity: In the preprocessing stage, the time-consuming step is the call of BUILDTREE.
There are O(m) internal nodes and O(m) leaf nodes. Each internal node takes O(d?)-time to
construct the matrix V7 (Line 22). For each leaf node, it takes O(dz)-time to form the matrix V5
(Line 15). And it takes O(d“)-time to compute the matrix V7 (Line 16). Hence, the total running
time of BUILDTREE is O(md“) = O(nd*~1).
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Algorithm 6 Quadratic-form sampling with preprocessing-query trade-off: Query

1: data structure DS+ > Theorem E.8
2: members
3: neN > The number of vectors
4. meN > The number of blocks
5 wvp,...,v, € RY > d-dimensional vectors
6:  root: Node > The root of the tree
7: end members
8: procedure BLOCKSAMPLING(p, [ € N, A € R4*9) > p is a leaf node with index !
9: U<« (pVo)T - A-(p.V2) > It takes O(d*)-time
10 Define a distribution D; over [d] such that D; (i) « U, ;
11: Sample ¢ € [d] from D, > It takes O(d)-time
12: return ([ — 1)d + i
13: end procedure

14: procedure QUERY(A € R4x4)

15: p<root, <1, r+m

16: 50

17: while [ # r do > There are O(log m) iterations
18: w <+ (p.V4, A) > It takes O(d?)-time
19: wy + ((p.left). V7, A)

20: Sample ¢ from Bernoulli(wg/w)

21: if c = 0 then

22: p < pleft, r < [(I+7)/2]

23: else

24: p < p.right, [ < |[(I+7)/2] +1

25: end if

26: end while

27: return BLOCKSAMPLING(p, [, A)

28: end procedure
29: end data structure

In the query stage, the While loop in the QUERY procedure (Line 17) is the same as in Algorithm 4.
Since there are O(m) nodes in the tree, it takes O(d? log m)-time. Then, in the BLOCKSAMPLING
procedure, it takes O(d*)-time to compute the matrix U (Line 9), and it takes O(d)-time to sample
an index from the distribution D; (Line 11). Hence, the total running time for each query is
O(d*logm + d*) = O(d?log(n/d) + dv).

The proof of the lemma is then completed. O

Lemma E.10 (Correctness of Algorithm 6). The distribution of the output of the QUERY(A) is Dy
defined by Eq. (7).

Proof. For simplicity, we assume that all the coefficients o; = 1.

Let ug = root, uq, . .., u; be the path in the While loop (Line 17) from the root of the tree to the leaf
with index [ € [m]. By the construction of leaf node, we have
T
V(i-1)d+1 ld
Vi=WV,' = [vg_1yayr 0 vid] : = Y v
ol i=(1—1)d+1
Id

which is the same as the V' -matrix in Algorithm 4. Hence, similar to the proof of Theorem E.5, we
have

¢ > ld v Av;
i=(l—1)d+1 “i 3

Prfu,] = | I Priujlu;_1] = (n -
ok > v, Av;

i=1

where {(l — 1)d + 1, ...,1d} is the range of the node u; and {1,...,n} is the range of ug.
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Then, consider the BLOCKSAMPLING procedure. Let {v1, ..., vq} be the vectors in the input block.
At Line 9, we have

vl
U=V AVy = | : | Aoy -+ wd).
vd
For i € [d], the i-th element in the diagonal of U is
Ui = v Av;.
Hence,
v, Av;

S T Ay
Zj:l v; Av;

Pr[BLOCKSAMPLING = {] =

Therefore, for any k € [n], if k = (I — 1)d 4 r for some I, € N, then the sample probability is
Pr[QUERY(A) = k] = Pr[BLOCKSAMPLING = k | u; = Block {] - Pr[u; = Block ]

B vy Avy, ‘ Zii(l—l)dﬂ v Av;
B Zii(l—l)d+1 v Av; 2ima vy Av,
B v,;rAvk,
N S v Av;
=Da(k).
The lemma is then proved. O

As a corollary, we get a WBSP using less space:

Corollary E.11 (Space efficient implementation of WBSP). By plugging-in the new data structure
(Algorithms 5 and 6) to FASTERRANDSAMPLINGBSS (Algorithm 3), we get an algorithm taking
O(|D|d? + v~2d - (d*log | D| + d*))-time and using O(|D|d)-space.

Proof. In the preprocessing stage of FASTERRANDSAMPLINGBSS, we take O(|D|d?)-time for
Gram-Schmidt process and O(| D|d*~1)-time for initializing the data structure (Algorithm 5).

The number of iterations is 7~ ?d. In each iteration, the matrix E; can be computed in O(d“)-time.
And querying the data structure takes O(d? log(|D|/d) + d*)-time.

Hence, the total running time is

O (|D|d? + |D[d*~" +~2d(d* log(|D|/d) + d*)) = O (|D|d* + v~ 2d“ ™ + v~ 2d*log |D|) .

For the space complexity, the data structure uses O(|D|d)-space. The algorithm uses O(d?) extra
space in preprocessing and each iteration. Hence, the total space complexity is O(|D|d). O

F Sketch Distillation for Fourier Sparse Signals

In Section D, we show an oblivious approach for sketching Fourier sparse signals. However, there
are two issues of using this sketching method in Signal estimation: 1. The sketch size too large. 2.
The noise in the observed signal could have much larger energy on the sketching set than its average
energy. To resolve these two issues, in this section, we propose a method called sketch distillation to
post-process the sketch obtained in Section D that can reduce the sketch size to O(k) and prevent
the energy of noise being amplified too much. However, we need some extra information about the
signal z*(t): we assume that the frequencies of the noiseless signal x(¢) are known. But the sketch
distillation process can still be done partially oblivious, i.e., we do not need to access/sample the
signal.

In Section F.1, we show our distillation algorithms for one-dimensional signals.
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F.1 Sketch distillation for one-dimensional signals

In this section, we show how to distill the sketch produced by Lemma D.2 from O(k log k)-size to
O(k)-size, using an e-well-balanced sampling procedure developed in Section E.

Lemma F.1 (Fast distillation for one-dimensional signal). Given fi1, fa, -, fx € R. Let 2*(t) =

2?21 vjexp(2mif;t). Let n = miny; | f; — fi|. For any accuracy parameter ¢ € (0,0.1), there

is an algorithm FASTDISTILL1D (Algorithm 7) that runs in O(e~2k“*1)-time and outputs a set
S C [=T,T) of size s = O(k/e*) and a weight vector w € RS, such that,

(1 =a)lz"Ollr < 2" (O)lsw < (T +e)llz" ()7
holds with probability 0.99.
Furthermore, for any noise signal g(t), the following holds with high probability:

lgl%. < llglZ,

T
where Hx||2T = % ffT |z(t)|2dt.

Proof. For the convenient, in the proof, we use time duration [—7,T]. Let D(t) be defined as
follows:

_ fe/A=1t/T)), for|t| <T(1—1/k)
D) = {c~k, for |t € [T(1 = 1/k), T]

where ¢ = O(T~log ™' (k)) a fixed value such that [*. D(t)dt = 1.

First, we randomly pick up a set So = {t1,--- ,ts,} of sp = O(egg *klog(k)log(1/po)) i.i.d.
samples from D(t), and let w} := 2/(T'soD(¢;)) for i € [so] be the weight vector, where £, po are
parameters to be chosen later.

By Lemma D.2, we know that (Sp, w’) gives a good weighted sketch of the signal that can preserve
the norm with high probability. More specifically, with probability 1 — py,

(1 —eo)llz" W7 < llz" ()5, < (1 +e0)ll2™(8)II7- ®
Then, we will select s = O(k/c?) elements from Sy and output the corresponding weights
w1, W, -+ ,Ws by applying RANDBSS+ with the following parameter: replacing d by k, € by

€2, and D by D(t;) = w!/ > jelso) Wy fori € [so].
By Theorem E.3 and the property of WBSP (Definition E.1), we obtain that with probability 0.995,
(L —e)lla™ (O3 w < 2" O30 < A +en)lla™ (15, -
Combining with Eq. (8), we conclude that
lz* |15 € [ — 1,1+ ex] - |27 13, o

€1 —eo)(1 —e1), (A +e0)(1 +e1)] - 2*||7

€l—e1+el 2*l7,
where the second step follows from Eq. (8) and the last stpe follows by taking ¢g = £ = £/4.

The overall success probability follows by taking union bound over the two steps and taking py =
0.001. The running time of Algorithm 7 follows from Claim F.2. And the furthermore part follows
from Claim F.3.

The proof of the lemma is then completed. O

Claim F.2 (Running time of Procedure FASTDISTILL1D in Algorithm 7). Procedure FASTDIS-
TILL1D in Algorithm 7 runs in
9] (6_2 kw-‘rl)

time.
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Algorithm 7 Fast distillation for one-dimensional signal

1: procedure WEIGHTEDSKETCH(k, e, T, B) > Lemma D.2
2: ¢+ O(T log (k)
3: D(t) is defined as follows:

¢/((1 = |t/T)logk), if |t < T(1— 1/k),
bt) < {c~k:, it [t € [T(1 = 1/k), 7).

4: Sy« O(e2klog(k)) i.i.d. samples from D

5: fort € Sy do

6: Wy < 7;1355%15155

7: end for

8: Set a new distribution D'(t) < w;/ Y, g, we forallt € Sy

9: return D’

10: end procedure

11: procedure FASTDISTILLID(k, &, F = {f1,..., fx}, T) > Lemma F.1
12: Distribution D’ +— WEIGHTEDSKETCH(k, ¢, T, BB)

13: Set the function family F as follows:
k
F = {f(t) = Zvj exp(2mif;t) ‘ vj € (C}.
j=1

14 s, {t1,t2, - ,ts},w < RANDBSS+(k, F, D’ (c/4)?) > s = O(k/e?), Algorithm 3
15: return {tq,ts, -+ ,ts} and w
16: end procedure

Proof. First, it is easy to see that Procedure WEIGHTEDSKETCH takes O (e~ 2k log(k))-time.

By Theorem E.3 with |D| = O(e %k log(k)), d = k, we have that the running time of Procedure
RANDBSS+ is

O (k* - e ?klog(k) + e %k” log (¢ *klog(k)) 4+ e 2k~ ™)
=0 (E_ka-H) .
Hence, the total running time of Algorithm 7 is O (e ~2k~*1).

O

Claim F.3 (Preserve the energy of noise). Let (S, w) be the outputs of Algorithm 7. Then, we have
that

g% < Nla®)lIF,
holds with probability 0.99.

Proof. For the convenient, in the proof, we use time duration [—7, T']. Algorithm 7 has two stages of
sampling.

In the first stage, Procedure WEIGHTEDSKETCH samples a set So = {t1,...,t; } of i.i.d. samples
from the distribution D, and a weight vector w’. Then, we have

E [l9(®)13,.0] = B[ 3 wilg(t)I?]

0

E [wilg(#)?
1tND[wzlg( ol

- 2

E | =——|gt)|?
< t}~D {TSOD(t;) l9(t2)] }

7

|
&l

(2
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50

E —1 t{ 2
;t;A/NUniform([fT’T])[SO |g( z)| ]

= E ()]

t~Uniform([—T,T])

lg(®)II7

where the first step follows from the definition of the norm, the third step follows from the definition
of w;, the forth step follows from E,.. p, (1) [g;—ggf(t)] =Eiup, @) f(1).

In the second stage, let P denote the Procedure RANDBSS+. With high probability, P is a e-WBSP
(Definition E.1). By the Definition E.1, each sample ¢; ~ D;(t) and w; = «; - D (t’f; in every iteration

Di(t
i € [s], where >0, a; <5/4and D'(t) = ﬁ As aresult,
t'e 0o t

Ellg(1) 3] = & [Z;wﬂg(mﬂ

E ilg(ti)?
> B, e

- thIDE;(t ) [ai . Di(tz:) |g(ti)|2}

w

= SIIJ_})P{Z il Fywr - (Y wi) ™t
i=1

t’eSo
/S p71 ! Hg(t)”%'o,w"
where the first step follows from the definition of the norm, the third step follows from w; =

o; g%g, the forth step follows from ;.. p, 1) Do(t) f(t) = Eyop, ) f(t), the sixth step follows

from D'(t) = ST and the definition of the norm, the last step follows from >_°_, a; < 5/4
and (D cg, Wir)~ =y = O(p 1) with probability at least 1 — p/2.

Hence, combining the two stages together, we have
E[Ellg@lI5.u]] < o7 E [lg®l50,u] =" - lal7-
And by Markov inequality and union bound, we have

Prlg)l§w < p2llg@®lF] <1-p

F.1.1 Sharper bound for the energy of orthogonal part of noise

In this section, we give a sharper analysis for the energy of g on the sketch, which is the orthogonal
projection of g to the space F. More specifically, we can decompose an arbitrary function g into

gl + g+, where ¢!l € F and f[O,T] h(t)g*(t)dt = 0 for all h € F. The motivation of considering g*
is that gl is also a Fourier sparse signal and its energy will not be amplified in the Signal Estimation

problem. And the nontrivial part is to avoid the blowup of the energy of g, which is shown in the
following lemma:

Lemma F.4 (Preserving the orthogonal energy). Let F be an m-dimensional linear function family
with an orthonormal basis {v1, ..., vy} with respect to a distribution D. Let P be the ¢-WBSP that
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generate a sample set S = {t1,...,ts} and coefficients o € R%,,, where each t; is sampledfrom
distribution D; for i € [s]. Deﬁne the weight vector w € R® be such that w; := «; D (t ) for i€ s

For any noise function g(t) that is orthogonal to F with respect to D, the following property holds
with probability 0.99:

m

> g, vi)swl® S ellgllp,
i=1
where (g,v) s 1= Y5, wjv(t;)g(t)).
Remark E.5. We note that this lemma works for both continuous and discrete signals.

Remark F.6. |(g,v;)s.,|* corresponds to the energy of g on the sketch points in S. On the other
hand, if we consider the energy on the whole time domain, we have (g, v;) = 0 for all i € [m]. The
above lemma indicates that this part of energy could be amplified by at most O(g), as long as the
sketch comes from a WBSP.

Proof. We can upper-bound the expectation of Y., [{g, v;)s,»|? as follows:

E [i|<g,vi>5,wﬂ = [llw\hZL AOTOMOIN
i=1

.....

<> sup {uy > 00} - E buylo(t;)]

where the first step follows from Fact F.7, the second step follows from the definition of D’, the third
follows from the linearity of expectation, the forth step follows from Fact F.8, the last step follows by

pulling out the maximum value of w; Zle |v;(t)]? from the expectation.

Next, we consider the first term:

sup {wjzm }: sup {a] (tt) i: }

teD; teD;

= sup { S }
Y tep, LD;(t) he]-'{ ||h||2 }
= a;Kis p,.
where the first step follows from the definition of w;, the second step follows from Fact F.9 that

sup{ ”ﬁgfﬁg‘Q } = Zle |v; (t;)]2, the last step follows from the definition of Kis,p, (Eq. (5)).
heF D

Then, we bound the last term:

E[w;lg(t;))] = E_|oy

ts Q}ZCV'E t)?] = a; 2.
E B [ 19 P] = o, B flate) ] = el
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Combining the two terms together, we have

2[5 gl =

where the last step follows from P being a e-WBSP (Definition E.1), which implies that 2221 aj =

and o; Kis p;, < ¢e/2forall j € [s].

<

S

(ajKis.p, - llgllD)

<.
w =

j=1

<ellglp-

Finally, by Markov’s inequality, we have that

m
> Hgvi)swl® S ellalp

i=1

holds with probability 0.99.
Fact F.7.

Z|g, sl = lwl? Y| E g

where D' is a distribution defined by D' (t;) :=

Proof. We have:

S lg. vi) sl =

i=1

> |

=1

m

=1

Iw\ll

Jj=1

.....

Proof. We first show that for any i € [m] and j € [s],

B [wjuilty)g(t;)]

t] J

= E [«

tj~Dj

=0.

<.

(Zaj) -max{a;Kis,p, } - |gll}
JEls]

2

fori € [s].

5
4

©))

where the first step follows from the definition of w;, the third step follows from g(¢) is orthonormal

with v;(t) for any ¢ € [k].

Then, we can expand LHS as follows:

tj)ﬂ

E_|l > vt

39



1231
1232

1233
1234

1235

1236

1237

1238

1239
1240
1241
1242
1243
1244

1245

1246

1247

1248
1249

= Dl,.E;,Ds [( Z wjvi(t])g(t]))* ( ; wjvi(tj)g(tj))

_ S[Zw]wj,w Vo) vt gt

Z Dl,.E,DS [’LUj’LUj/UL‘ (tj )mg(tj/)]

jj'_l
= ZE [wiloi(t)Plgt)P1+ > 2R E [wjwjvi(t)gts)eity)g(t;)]
1<j<j'<s b
= RHS + Z 2% Dl,E,DJ [wjvi(tj)g(tj) DJ_HI,E:..,DJ‘/ [w_j"l)i<tj')g(tj/)]:|
1<j<y’'<s
=RHS + Z 2R D1,E,Dj [wjvi(tj)g(tj) - 0]
1<j<j’'<s

= RHS,

where the third step follows from the linearity of expectation, the fifth step follows from ¢; only
depends on tq,...,t;_1, and the sixth step follows from Eq. (9).

Fact F.9. Let {v1,..., v} be an orthonormal basis of F with respect to the distribution D. Then,
we have

sup { } v (t

heF ||h||2 Z '
Proof. Then,

sup{ ‘h(t)P} = sup {W}

ner L IRIB ) aecr ||a||§

g a;v(t ‘

aECkHaHQ 1‘
k

=D lu®),

i=1

where the first step follows from each i € F can be expanded as h = Zf Lav; and [[R(8)[|% = |al|3
(Fact B.9), the second step follows from the Cauchy-Schwartz inequality and taking a = o ((tt))” O
G One-dimensional Signal Estimation

In this section, we apply the tools developed in previous sections to show two efficient reductions
from Frequency Estimation to Signal Estimation for one-dimensional semi-continuous Fourier signals.
The first reduction in Section G.1 is optimal in sample complexity, which takes linear number of
samples from the signal but only achieves constant accuracy. The section reduction in Section G.2
takes nearly-linear number of samples but can achieve very high-accuracy (i.e., (1 4 ¢)-estimation
error).

G.1 Sample-optimal reduction

The main theorem of this section is Theorem G.1. The optimal sample complexity is achieved via the
sketch distillation in Lemma F.1.

Theorem G.1 (Sample-optimal algorithm for one-dimensional Signal Estimation). For n € R,
let A(B) C R denote the lattice A(B) = {cn | ¢ € Z}. Suppose that f1, fa, -+, fr € A(B).

40



1250
1251

1252

1253

1254

1255

1256

1257

1258

1259
1260

1261
1262

1263

1264

1265

1266
1267

Let z*(t) = Z?Zl v; exp(2mif;t), and let g(t) denote the noise. Given observations of the form
x(t) = a*(t) + g(t), t € [0,T). Let n = min,»; | f; — fil-
Given D,n € Ry. Suppose that there is an algorithm FREQEST that

* takes Sreq Samples,

o runs in Teeq-time, and

* outputs a set L of frequencies such that with probability 0.99, the following condition holds:

vie k) A€ Lo lfi fll < o

Then, there is an algorithm (Algorithm 8) such that
o takes O(k + Skreq) samples

o runs O(k“+1 + Treq) time,

* outputs y(t) = Z% v} - exp(2mifit) with k = O(L|(1 + D/(Tn))) such that with

Jj=1%J
probability at least 0.9, we have

ly(®) —=@®l7 < lg)7-

Algorithm 8 Signal estimation algorithm for one-dimensional signals (sample optimal version)

1: procedure SIGNALESTIMATIONFAST(z, k, F, T, B) > Theorem G.1
2: €+ 0.01

3: L < FREQEST(z,k, D, F,T,B)

& Afl S S eAB) |3 €L, |f - fI<D/T}

5

s, {t1,ta,- -+ ,ts},w < FASTDISTILLID(k, \/z, {fi/}ie[E]’T’ B) >k w € RF,
Algorithm 7
6 Ay exp(2rifit), A€ CF
7: b (2(ty), z(tz), -, x(ts)) "
8: Solving the following weighted linear regression > Fact A.4
v« arg min||y/w o (Av' — b)||2.

v’ €Ck

9: return y(t) = Zle v} - exp(2mifjt).
10: end procedure

Proof. First, we recover the frequencies by utilizing the algorithm FREQEST. Let L be the set of
frequencies output by the algorithm FREQEST(x, k, D, T, F, B).

We define L as follows:
L= {feA(B)Hf’eL, = 1l <D/T}.

We use & to denote the size of set L. And we use fl, fg, cee ]?E to denote the frequencies in the set
L. Tt is easy to see that

k< |£|(1+ D/(Tw)).

Next, we focus on recovering magnitude v/ € C*. First we run Procedure FASTDISTILL1D in

Algorithm 7 and obtain a set S = {t1,%2,--- ,ts} C [0,T] of size s = O(k) and a weight vector
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w € R ;. Then, we sample the signal at ¢y, ...,ts and let (t1), ..., z(t,) be the samples. Consider
the following weighted linear regression problem:

min ||vw o (Av' —b)]|,, (10)

v’ eCk

where \/w := (\/wy, . .., /W), and the coefficients matrix A € C=*k and the target vector b € C*
are defined as follows:

exp(?wifltl) exp(?wiétl) e exp(?wifEtl) z(ty)

exp(2mifite) exp(2mifats) -+ exp(2mifit2) z(t2)
= . . ) . and b := .

exp(27.riflts) exp(27.rif12ts) e eXp(Z%iﬁ«ts) z(ts)

Then, we output a signal

k

y(t) = Zv; - exp(2mif;t),

j=1
where v’ is an optimal solution of Eq. (10).

The running time follows from Lemma G.2. And the estimation error guarantee ||y(t) — z(t)||7 <
llg(¥)||r follows from Lemma G.3.

The theorem is then proved. O

Lemma G.2 (Running time of Algorithm 8). Algorithm 8 takes O(E‘*’H)—time, giving the output of
Procedure FREQEST.

Proof. At Line 5, we run Procedure FASTDISTILL1D, which takes 0(75“’*1 )-time by Lemma F.1.
At Line 8, we solve the weighted linear regression, which takes

O(sk*~) = O(k*)
time by Fact A .4.

Thus, the total running time is O (k< t1). O

Lemma G.3 (Estimation error of Algorithm 8). Let y(t) be the output signal of Algorithm 8. With
high probability, we have

ly() = 2@l < llg(®)ll7-

Proof. We have

ly(t) = z(@®)llr < lly(t) — 2" (O)llz + 9@l
<@ +a)[y®) —2"O)llsw + lg®)lr

(t) -
< (1 +a)lly(®) —2@)[sw+ A +)g@)llsw + gDl

< (@ +e)]z(t) —z®)lsw + 1 +)llg®) 5w + lg®)llz

S 2 (®) = 2(@)llsw + 9@

S ll2(@) = 2@z + [lg@®)l

S llg@llr, (11)

where the first step follows from triangle inequality, the second step follows from Lemma F.1 with
0.99 probability, the third step follows from triangle inequality, the forth step follows from y(¢) is the
optimal solution of the linear system, the fifth step follows from Claim F.3, the sixth step follows
from Lemma F.1, and the last step follows from the definition of g(t). O
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G.2 High-accuracy reduction

In this section, we prove Theorem G.4, which achieves (1 + ¢)-estimation error by a sharper bound
on the energy of noise in Lemma F.4.

Theorem G.4 (High-accuracy algorithm for one-dimensional Signal Estimation). Forn € R, let
A(B) C R denote the lattice A(B) = {cn | ¢ € Z}. Suppose that f1, fa,---, fr € A(B). Let

x*(t) = Z§=1 vj exp(2mif;t), and let g(t) denote the noise. Given observations of the form
x(t) = x*(t) + g(t), t € [0,T). Let n = min,»; | f; — fil-
Given D,n € R,. Suppose that there is an algorithm FREQEST that

* takes Sreq Samples,
* runs in Tgeq-time, and

* outputs a set L of frequencies such that, for each f;, there exists an f! € L with |f; — f]| <
D/T, holds with probability 0.99.

Then, there is an algorithm (Algorithm 9) such that
o takes O(e~'klog(k) + S) samples,

o runs O(e~'k* log(k) + T) time,
* outputs y(t) = Z?zl v} - exp(2mifit) with k = O(L|(1 + D/(Tn))) such that with
probability at least 0.9, we have
ly(t) —2*@®)]F < (1 +2)llg(®)17-
Remark G.5. For simplicity, we state the constant failure probability. It is straightforward to get
failure probability p by blowing up a log(1/p) factor in both samples and running time.

Proof. Let L be the set of frequencies output by the Frequency Estimation algorithm FREQEST. We
have the guarantee that with probability 0.99, for each true frequency f;, there exists an f/ € £ with

Ifi—f l’ | < D/T. Conditioning on this event, we define a set L as follows:
Li={feAB)|3f L, |f' - f| < D/T}.

Since we assume that {f1,.. ., fx} C A(B), wehave {f1,..., fi} C L. We use k to denote the size
of set L, and we denote the frequencies in L by f1, f2, -+, f3-

Next, we need to recover magnitude v’ € CF.

We first run Procedure WEIGHTEDSKETCH in Algorithm 7 and obtain a set S = {¢1,ta, -+ ,t5} C
[0, 7] of size s = O(c~2klog(k)) and a weight vector w € R . Then, we sample the signal at
ty,...,tsand let x(t1), ..., z(ts) be the samples. Consider the following weighted linear regression
problem:

min Hﬂo(Av’—b)‘ (12)

v’ eCk

where \/w := (\/wy, ..., /ws), and the coefficients matrix A € C=** and the target vector b € C*
are defined as follows:

27

exp(27rif1t1) exp(27rizgt1) e exp(Qﬂ'iZEtl) x(ty)

exp(2mifite) exp(2mifots) -+ exp(2mifit2) x(ta)
= . . ) . and b := .

exp(27.ri]71ts) exp(27.ri]72ts) e exp(27.ri]zlgt5) (ts)

Note that if v’ corresponds to the true coefficients v, then we have ||\/w o (Av' — b)||2 = |[\/w o
g(S)|l2 = |lglls,w- Let v’ be the exact solution of the weighted linear regression in Eq. (12), i.e.,

v’ :=arg min |[vwo (40" —b)||.
v’ €CF
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And we define the output signal to be:

= Zv - exp 27r1f t).

j=1
The estimation error guarantee ||y(t) — z*(t)||7 < (1 + ¢€)]|g(t)||r follows from Lemma G.7. The
running time follows from Lemma G.6.

The theorem is then proved. O

Algorithm 9 Signal estimation algorithm for one-dimensional signals (high-accuracy version)

procedure SIGNALESTIMATIONACC(z, €, k, F, T, B) > Theorem G.4
L < FREQEST(z,k, D, F,T, B)

1:
2:
3 {flfh Y U €AB) |3 € L, |f — f| < DT}

4: s,{t1,t2, -+ ,ts},w < WEIGHTEDSKETCH(k, \/, T, B) >k, w € R, Algorithm 7
5 Al"j — exp(?wifjfti), A€ Coxk

6 b (z(ty), z(ta), - ,z(ts))"

7 Solving the following weighted linear regression > Fact A4

v+ argmin||y/w o (Av" — b)||2.
v’ eCk

8: return y(t) = Zf 1 V) - exp(2mifit).
9: end procedure

Lemma G.6 (Running time of Algorithm 9). Algorithm 9 takes O(e~'k* 1og(%))—time, giving the
output of Procedure FREQEST.

Proof. At Line 7, the regression solver takes
O(sk*~1) = O(e 'klog(k) - k=) = O(e 'k log(k))
time. The remaining part of Algorithm 9 takes at most O(s)-time. O

Lemma G.7 (Estimation error of Algorithm 9). Let y(t) be the output signal of Algorithm 9. With
high probability, we have

ly(t) =2z (@®)llz < (1 +e)llg(®)lz-

Proof. Let F be the family of signals with frequencies in L:

k ~ ~
F={nt) =3 v;- et vy e j e [i]}.

j=1
Suppose the dimension of F is m < k. Let {uy,us, - - , u,, } be an orthonormal basis of F, i.e.,
1 -
T ui(t)uj (t)dt = 1i:j7 Vi, j € [m],
[0,T7]

On the other hand, since u; € F, we can also expand these basis vectors in the Fourier basis. Let
V € C™*¥ be an linear transformation’ such that

u; = Z Vi oexp(27rifjt) Vi € [m].

j=1

"When m < k, V is not unique, and we take any one of such linear transformation.
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Then, we have
exp(2mifit) U
. = V+ . : ,
exp(QWi]?Et) Un
where V+ € CF*™ s the pseudoinverse of V; or equivalently, the i-th row of V' contains the
coefficients of expanding exp(2if;t) under {us, ..., u.,}. Define a linear operator o : 7 — C™

such that for any h(t) = Z§:1 vj exp(2mif;t),

alh):=V*t.v
which gives the coefficients of / under the basis {u, - - -, uz}.
Define an s-by-m matrix B as follows:

ui(ty) wa(ty) U (t1)

B A yT - 1(t2) u (.t2) U (t2)

U1(.fs) U2<ts) - Um.(ts)

B = AV. ltis easy to see that Im(B) = Im(A). Thus, solving Eq. (12) is equivalent to solving:
min [Vwo (Bz =)z (13)

Since y(t) is an solution of Eq. (12), we also know that a(y) is an solution of Eq. (13).

For convenience, we define some notations. Let vV := diag(y/w) and define

=VW - B,
Xy = VW - [a(ty) a(ty) - x(t)]
X5 = VW et () at(t) oo @ ()]

By Fact A.4, we know that the solution of the weighted linear regression Eq. (13) has the following
closed form:

aly) = (B*WB) 'B*Wb = (B}, B,) ' B} X.. (14)

Then, consider the noise in the signal. Since ¢ is an arbitrary noise, let g/l be the projection of g(z) to
Fand g+ = g — gl be the orthogonal part to F such that

gl(t) € F, and / Jl()gt(t)dt = 0.

(0,77

Similarly, we also define

gw = VW - [g(t > g(t2> e gt))”
gl =V [glt) glt) - .dlt)]"
gi = VW - [L (t2) ...’gL(tS)]T

By Claim G.8, the error can be decomposed into two terms:
ly(t) — (@)l < | (BeB) " B - g, + [[(BoBu) B2l
By Claim G.10, we have
|33 Bl gy S e ot )z
And by Claim G.13, we have

2 2
[pimayBs -], = o]
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Combining them together (and re-scaling € be an constant factor), we have that
ly(t) = 2*@)llz < llg"Ir + vVellg™ iz
Since ||gl||2. + ||g*]|3 = ||g||?, by Cauchy—Schwarz inequality, we have that
(lg"llz + vllg*llz)® < ("7 +llg™17) - (L +e) = (1 +e) - [lg]7-
That is,

ly(t) =" (OII7 < (1 +e)llg)l7-

Claim G.8 (Error decomposition).

ly(t) = " ()l < [[(BoBw) By - gl + |[(BLBw) ' B, 'gﬂsz '

Proof. Since y,z* € F and {uy, ..., uz} is an orthonormal basis, we have ||y — 2* |7 = [la(y) —
a(z*)||2. Furthermore, by Eq. (14), we have a(y) = (B}, B,,) ' B - X,,. And by Fact G.9, since
z* € F, we have a(z*) = (B} B,) ' B} - X7,

Thus, we have

ley) — a(z™)|l2 = (B Bw) "By - (Xu — X3l
= |[(By,Bw) "' By, - gull2
= (B, Bw) "By, - (g + gl 2
< (BjyBw) ' By, - g ll2 + |(ByBuw) By - gl |l

where the second step follows from the definition of g,,, the forth step follows from g,, = gl + g*,
and the last step follows from triangle inequality.

Hence, we get that [[y(t) — 2*(t) |z < [|(B},Bw) "B}, - gi|l2 + | (BiBu) "1 By, - glla- O
Fact G.9. Forany h € F,
a(h) = (B, Bu) "' By, - hu,

where hy = VW [h(t1) -+ h(ty)] .

Proof. Suppose h(t) = 25:1 vj exp(27rifjt). We have

Bya(h) = VWB - a(h)
=VWB- (V*ty)
= }1107

where the second step follows from VT is a change of coordinates.

Hence, by the Moore-Penrose inverse, we have

a(h) = Bl hy = (B:,By) ' B hy.

w

Claim G.10 (Bound the first term). The following holds with high probability:

(BoBw) By - gb|ls S e llat ()]
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Proof. By Lemma D.2, with high probability, we have

(I =e)llzllr < llzllsw < (L + )|,

where (S, w) is the output of Procedure WEIGHTEDSKETCH. Conditioned on this event, by Lemma
B.11,

ANB;,By) €1 —¢,1+¢],

since B,, is the same as the matrix A in the lemma.

Hence,
(B Buw) ™' By, - 9|3 < /\max(( Buw)™)? 1By, - gwll3
(=) 2IIBy, - g3
S €Hg N7
where the second step follows from Apax (B} By) 1) < (1 — )71, and the third step follows from
Lemma F.4 and Corollary G.12. O

Lemma G.11 (Lemma 6.2 of Chen and Price (2019a)). There exists a universal constant C such
that given any distribution D’ with the same support of D and any ¢ > 0, the random sampling
procedure with m = C1(Kp/logd + ¢ ' Kp/) i.id. random samples from D' and coefficients
a1 =+ = ay, = 1/mis an e-well-balanced sampling procedure.

Corollary G.12. Procedure WEIGHTEDSKETCH in Algorithm 7 is a e-WBSP (Definition E. 1 ).
Claim G.13 (Bound the second term).

828753 ab = o] -
Proof.

(B2, Bw) ™' B, - gbll3 = llatg)1I3 =llg" 17,

where the first step follows from Fact G.9 and gl € F, the second step follows from the definition of
Q. O
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H High-Accuracy Fourier Interpolation Algorithm

In this section, we propose an algorithm for one-dimensional continuous Fourier interpolation
problem, which significantly improves the accuracy of the algorithm in Chen et al. (2016).

This section is organized as follows. In Sections H.1 and H.2, we provide some technical tools for
Fourier-sparse signals, low-degree polynomials and filter functions. In Section H.3, we design a high
sensitivity frequency estimation method using these tools. In Section H.4, we combine the frequency
estimation with our Fourier set query framework, and give a (94 ¢)-approximate Fourier interpolation
algorithm. Then, in Section H.5, we build a sharper error control, and in Section H.6, we analysis the
HASHTOBINS procedure. Based on these result, in Section H.8, we develop the ultra-high sensitivity
frequency estimation method. In Section H.10, we show the a (3 + /2 + £)-approximate Fourier
interpolation algorithm.

H.1 Technical tools I: Fourier-polynomial equivalence
In this section, we show that low-degree polynomials and Fourier-sparse signals can be transformed
to each other with arbitrarily small errors.

The following lemma upper-bounds the error of using low-degree polynomial to approximate Fourier-
sparse signal.

Lemma H.1 (Fourier signal to polynomial, Chen et al. (2016)). For any A > 0 and any § > 0, let
x*(t) = Zje[k] v;e? it where | f;| < A for each j € [k]. There exists a polynomial P(t) of degree
at most

d=O(TA + k*logk + klog 1/9)
such that

1P = 2*||7 < 8™ 17

As a corollary, we can expand a Fourier-sparse signal under the mixed Fourier-monomial basis (i.e.,
{2t Y i) jela))-
Corollary H.2 (Mixed Fourier-polynomial approximation). Forany A >0, > 0, nj € Z>o,j €
[k], Zje[k] n; = k. Let

ng

s p/
§ :eQTrlthE v; e2mfj,it,

JE[K]

where |f] ;| < A for each j € [kl,i € [n;]. There exist k polynomials P;(t) for j € [k] of degree at
most
d=O(TA + k*logk + klog 1/9)

such that

| 3= ety — o) < sl 03

JE[K]

The following lemma bounds the error of approximating a low-degree polynomial using Fourier-
sparse signal.

Lemma H.3 (Polynomial to Fourier signal, Chen et al. (2016)). For any degree-d polynomial

d .
Q) = > c¢;t?, any T > 0 and any € > 0, there always exist v > 0 and
7=0

d

Z e2mi(vi)t

j=0
with some coefficients «q, - - - , aq such that

Yt € [0,T),|z*(t) — Q(t)] < e.
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H.2 Technical tools II: filter functions

In this section, we introduce the filter functions H and G designed by Chen et al. (2016), and we
generalize their constructions to achieve higher sensitivity.

We first construct the H -filter, which uses rect and sinc functions.

Fact H.4 (rect function Fourier transform). For s > 0, let rects(t) := 1j;j<s/2. Then, we have

sin(sf)'

rect, (f) = sinc(sf) = = 7

Definition H.5. Given s1, s2 > 0 and an even number { € N, we define the filter function H,(t)
and its Fourier transform H1(f) as follows:

Hy (1)
Hy(f)

50 - (sinc’(s1t)) * rects, (t)

S0 - (rects, * - -+ *rects, )(f) - sinc (fs2)

where so = Cos1V/ is a normalization parameter such that H1(0) = 1, and x means convolution.

Definition H.6 (H -filter’s construction, Chen et al. (2016)). Given any 0 < s1,s3 < 1,0< 9 < 1,
we define Hy, 5, 5(t) from the filter function H.(t) (Definition H.5) as follows:

o let 0 .= O(klog(k/d)), s2:=1— % and

» shrink Hy by a factor s in time domain, i.e.,

H81753,5(t) = Hl(t/sfi) (15)
Ho, wos(f) = ssHi(ssf) (16)

We call the “filtered cluster" around a frequency fy to be the support of (05, x PEZ 5)(f) in the

frequency domain and use

to denote the width of the cluster.

81~€

Ah = Isupp(H81,8375)| = (17)

53

Lemma H.7 (High sensitivity H-filter’s properties). Given ¢ € (0,0.1), s1,s3 € (0,1) with
min(2—,s1) > O(k*)/e, and § € (0,1). Let the filter function H = Hy, s, s(t) defined in

1—53 ’

Definition H.6. Then, H satisfies the following properties:

Property I :
Property I :
Property III :

Property IV :

1 2
H(t) € [1—=6,1], when |t| < (5 - ;)53

1 2 1
H(t) €10,1], when (5 - ;)53 <t < 253
1

t 1 1
H(t) < sp- (51(U — )+ 2)7 when |t| > Zs3.
S3 2 2
= Slé Slg
supp(H) C [~ 218 517
supp(A) € [ 325, 2

1435 For any exact k-Fourier-sparse signal x*(t), we shift the interval from [0,T] to [-1/2,1/2] and
consider x*(t) for t € [—1/2,1/2] to be our observation, which is also x*(t) - recty (t).

1436

1437

—+oo

Property V : / |:r*(

_+Oo
Property VI : /

— 00

t)- H(t)- (1 - rectl(t))|2dt < 6/+Oo lz*(t) - recty (¢)|*dt.

—+oo

|x*(¢) - H(t) - rectl(t)\2dt el—e1]- / |x*(t) - rectl(t)\2dt.

— 00

Remark H.8. By Property I, and II, and III, we have that H(t) < 1 fort € [0,T].
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Proof. The proof of Property I - V easily follows from Chen et al. (2016). We prove Property VI in
below.

First, because of for any ¢, |H; (t)| < 1, thus we prove the upper bound for LHS,

—+o0 “+oo
[ @@ e [0t o- e (o
Second, as mentioned early, we need to prove the general case when s3 = 1 — 1/poly(k). Define
interval S = [—s3(3 — i),s;;(% - %1)], by definition, S C [-1/2,1/2]. Then define S =
[~1/2,1/2]\ S, which is [~1/2, —s3(5 — +-)) U (s3(5 — &), 1/2]. By Property I, we have
/ l*(t) - H(t)]2dt > (1 — 6)2/ l2* (¢)|?dt (18)
s s
Then we can show
JECRY
S
<|S|- max |a*(1)]
te[—1/2,1/2]
2 3
<(1-s(1- 2000 [ oPar
% 2
< s/ o (1) 2t (19)
1
3

where the first step follows from S C [~1/2,1/2], the second step follows from Theorem C.1, the
third step follows from (1 — s3(1 — 2)) - O(k%) <e.

Combining Equations (18) and (19) gives a lower bound for LHS,
+oo
/ o (£) - H(£) - recty (1)|2dt
— 00
> [ |z (t)H(t)|?dt
s
>(1- 26)/ |m*(t)\2dt
S
=(1- 26)/ - |x*(t)|2dt — (1 —29) /7|x*(t)|2dt
S S

us

> (1 - 26) /9U§|x*(t)|2dt —(1- 26)E/SU§|33*(1€)\2dt

—(1-20—¢) / | (¢)|2dt
-3
—+00
> (1 - 25)/ |z*(t) - recty (t)|2dt,
— 0o

where the first step follows from S C [—1/2,1/2], the second step follows from Eq. (18), the third
step follows from S NS = (), the forth step follows from Eq. (19), the fifth step follows from
SUS = [~1/2,1/2], the last step follows from ¢ > 4.

O

As remarked in Chen et al. (2016), to match (H (), H(f)) on [—1/2,1/2] with signal z(£) on [0, T],

we will scale the time domain from [—1/2,1/2] to [-T'/2,T/2] and shift it to [0,T]. Then, in

frequency domain, the Property IV in Lemma H.7 becomes
Z&lz inz

Supp(ﬁ(f)) g [_7, 7}, Where Ah =

51f

o (20)
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We also need another filter function, GG, whose construction and properties are given below.

Definition H.9 (G-filter’s construction, Chen et al. (2016)). Given B > 1, § > 0, « > 0. Let
1 :=0O(log(k/9)). Define Gp s5,(t) and its Fourier transform G s, (f) as follows:

GBs,a(t) == bg-(rect =

Cam

Groalf)i= by (sine(Lf))" s vect  (f),

where by = ©(BV1/) is the normalization factor such that é(O) =1

Lemma H.10 (G-filter’s properties, Chen et al. (2016)). Given B > 1,§ > 0, o > 0, let G :=
G B .5.0(t) be defined in Definition H.9. Then, G satisfies the following properties:

() sinc(t5% ),

Property I+ G(f) € [1 —6/k,1], if|f| < (1 - 0) o=
Property IT: G(f) € [0,1], if (1 - 0) o= < |f < o=

- 2B’
~ 2
Property IIL:  G(f) € [~0/k,8/k], if | f| > %.
I -Bl B
Property IV : e 2, 2.2
roperty IV supp(Gi(1)) € [1 - 2 L 2
Property V : m;ax|G(t)| < poly(B,1).

H.3 High sensitivity frequency estimation

In this section, we show a high sensitivity frequency estimation. Compared with the result in Chen
et al. (2016), we relax the condition of the frequencies that can be recovered by the algorithm.

k

Definition H.11 (Definition 2.4 in Chen et al. (2016)). Given z*(t) = Y v;e*™/it, any N' > 0,
j=1

and a filter function H with bounded support in frequency domain. Let L; denote the interval

of supp(e?™ifit . H) for each j € [k]. Define an equivalence relation ~ on the frequencies f; as
follows:

fi~ f5 iff LinL; #0 Vi, j € [k].
Let S1,...,Sy, be the equivalence classes under this relation for some n < k.

Define C; := ; US L; for each i € [n]. We say C; is an N'-heavy cluster iff
€5
/ \H - z*(f)2df > T - N?/k.
C;

The following claim gives a tight error bound for approximating the true signal z*(t) by the signal
x g+ (t) whose frequencies are in heavy-clusters. It improves the Claim 2.5 in Chen et al. (2016).

k

Claim H.12 (Approximation by heavy-clusters). Given z*(t) = Y v;e*™ /it and any N' > 0, let
j=1

Cy,- -+ ,Cy be the N'-heavy clusters from Definition H.11. For

S*:{je[k]

fi ECIU"‘CI}7
we have x5+ (t) = Y v;e*™ Vit approximating x* within distance
jes*

lzse —2*]|3 < (1 = 1/k)(1 4 e)N2.

Proof. Let H be the filter function defined as in Definition H.6.
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Let
g (t) = Z vje%ifjt.

JE[R]\S*

Notice that ||z* — g+ 2.

7= llose
By Property VI in Lemma H.7 with setting € = £( := £/2, we have

(I—eo0) Tlag=

T
Z=-(1- 50)/0 lrg=(t)[2dt
T
~(1—2p) /0 lge(t) - rectz (1)|2dt

< /+oo lr5=(t) - H(t) - rectr(t)|*dt,

+oo
< / leg=(t) - H()?dt,

where the first step follows from the definition of the norm, the second step follows from the definition
of rectp(t) = 1,Vt € [0, 71, the third step follows from Lemma H.7, the forth step follows from
rectr(t) < 1.

From Definition H.11, we have

+00 R
/ lw=(t) - H(1)[2dt = / e H(f)2df

— 00 — 00

/ o H(P)df
[—00,4+00]\C1U---UC,

<(k—1)-TN?/k.

where the first step follows from Parseval’s theorem, the second step follows from Definition
5+

H.11, Property IV of Lemma H.7, the definition of S*, thus, supp(zg- - H(f)) = C1 U--- U,
supp(zs+ - H(f)) Nsupp(xg= - H(f))) = 0, the last step follows from Definition H.11.

Overall, we have (1 — &¢)|lzg=||3 < N2 Thus, ||zs-(t) — 2*(¢)]|3 < (1 — I/k)((1 + €)N? by the

basic algebra fact: ﬁ <1l+4eforanye € [0,1]. O

Due to the noisy observations, not all frequencies in heavy-clusters are recoverable. Thus, we define
the recoverable frequency as follows:

Definition H.13 (Recoverable frequency). Let C be an N-heavy cluster. We say C'is Na-recoverable
if it satisfies:

/ [ 2()]2 > TNZ/k.
C

A frequency f is (N7, Na)-recoverable if f is in an Ni-heavy, Na-recoverable cluster C.

The following lemma shows that most heavy clusters are also recoverable.

Lemma H.14 (Heavy-clusters are almost recoverable). Let x*(t) = Z?:l v;e? it and x(t) =

x*(t) + g(t) be our observable signal. Let N? := ||g||3. + d||z*||3. Let Cy,---,C) are the 2N -
heavy clusters from Definition H.11. Let S* denotes the set of frequencies f* € {f;};c[x such that,
f* € C; forsome i € [l]. Let S C S* be the set of (2N, N')-recoverable frequencies.

Then we have that,

||.TS —I*HT < (3—l/k—|—€)N
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Proof. 1f a cluster C; is 2\ -heavy but not A/ -recoverable, then it holds that:
[T (Par = ara ez o [P @1
C; C;

where the first steps follows from C; C |J fes0 C}, the second step follows from C; ¢ |J f,€8 C
So,

/ [ g(f)Pdf = / H (e = e)(f)Pdf
C; C

> (WC T (f)2df - WC |H~a:(f)|2df>

1 _—
>3 [Py 22)
C;

where the first step follows from g(t) = x(t) — 2*(¢), and the second step follows from triangle
inequality, the last step follows from Eq. (21).

LetC' :=J f,€5\8 Cj, i.e., the union of heavy but not recoverable clusters. Then, we have

VT gl3 > Z/mg Idf>fZ/le )2df 23)

c;eC’ c;ec’

where the first step follows from the definition of the norm and C; N C; = (), Vi # j, the second step
follows from Eq. (22).

Then we have that

T
Tz slF < T /2|| sas - H|F

(1+¢) Z/|H o (f)Pdf

Ciec
1+ o) H - gll3
14+e)T|H - g7
14+6)T|gl7F
1+¢e)TNZ

<4
=4

—~ ~ —~

<
<

where the first step follows from Property VI of H in Lemma H.7 (taking e there to be £/2), the
second step follows from e € [0, 1] and the definition of C;, the third step follows from Eq. (23), the
forth step follows from ¢(t) = 0,Vt ¢ [0, T, the fifth step follows from Remark H.8, the last step
follows from the definition of 2. Thus, we get that:

|zsasllr < (2—=1/k+¢e)N, (24)

which follows from /1 +¢ <1+4¢/2.
Finally, we can conclude that
les = 2*||r < |l — zs+|l7 + ||2se —2"[|7
= llzsasllr + llzs — 2"z
<llzsaslr + (1 +e)N
<(B-1/k+2)N,
where the first step follows from triangle inequality, the second step follows from the definition of

Tsx\5- the third step follows from Claim H.12, the last step follows from Eq. (24). The lemma
follows by re-scaling ¢ to £/2. O
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H.4 (9 + ¢)-approximate Fourier interpolation algorithm

The goal of this section is to prove Theorem H.20, which gives a Fourier interpolation algorithm with
approximation error (9 + ¢). It improves the constant (more than 1000) error algorithm in Chen et al.
(2016).

Claim H.15 (Mixed Fourier-polynomial energy bound, Chen et al. (2016)). For any
je{0,---,d},i¢e [k]},

u(t) € span {eQ"if"t -t

we have that

)12 < (kd)*log® (kd) - ||ul|?
max, lu(t)]* < (kd)*log®(kd) - [lull7

Claim H.16 (Condition number of Mixed Fourier-polynomial). Let F is a linear function family as
follows:

F := span {e%if"t St

je{0,---,d},ie [kz]},

Then the condition number of Uniform|0, T'] with respect to F is as follows:

2
Komtormo1 = sup sup 21— 0((kd) 1og? (kd)
te[0,T] feF ”fHT

The following definition extends the well-balanced sampling procedure (Definition E.1) to high
probability.

Definition H.17 ((¢, p)-well-balanced sampling procedure). Given a linear family F and underlying
distribution D, let P be a random sampling procedure that terminates in m iterations (m is not
necessarily fixed) and provides a coefficient o; and a distribution D; to sample x; ~ D; in every
iteration i € [m).

We say P is an e-WBSP if it satisfies the following two properties:

D(z:)

1. With probability 1 — p, for weight w; = «; - D (z0)

of each i € [m],
> wi - |h(@;)* € [1 =10V, 1+ 10vE] - [|hl|), Vh e F.
i=1

2. The coefficients always have >_;" | a; < 5 and ov; - Kis,p, < £ forall i € [m].

The following lemma shows an (e, p)-WBSP for mixed Fourier-polynomial family.

Lemma H.18 (WBSP for mixed Fourier-polynomial family). Given any distribution D’ with the
same support of D and any € > 0, the random sampling procedure withm = O( ™' Ks p/ log(d/p))
i.i.d. random samples from D’ and coefficients a; = - -+ = @, = 1/m is an (e, p)-WBSP.

Proof. By Lemma B.12 with setting ¢ = /¢, we have that, as long as m > O(é - Kis, pr log %), then
with probability 1 — p,
[A"A=1I]l2 < Ve

By Lemma B.11, we have that, for every h € F,

> wj - |h(z;)? € [L£e] - ||hl[3,
j=1

where S is the m i.i.d. random samples from D', w; = a; D(z;) /D’ (x;).

Moreover, " o; =1 < 5/4 and

Kis b/ €
a; - Kis,pr = — < < g,
m = log(d/p)
where the first step follows from the definition of «;, the second step follows from the definition of
m, the third step follows from log(d/p) > 1. O
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Now, we can solve the Signal Estimation problem for mixed Fourier-polynomial signals.

Lemma H.19 (Mixed Fourier-polynomial signal estimation). Given d-degree polynomials P;(t),j €
[k] and frequencies f;,j € [k]. Let x5(t) = Z§:1 P;(t) exp(27if;t), and let g(t) denote the noise.
Given observations of the form x(t) := xs(t)+ ¢’ (t) for arbitrary noise g’ in time durationt € [0, T.

Then, there is an algorithm such that
s takes O(e~'poly(kd)log(1/p)) samples from x(t),
o runs O(e~'poly(kd)log(1/p)) time,

* outputs y(t) = Z§:1 Pj(t) exp(2mif;t) with d-degree polynomial P[(t), such that with
probability at least 1 — p, we have

ly = zsllz < (1 +¢)llg'l7-

Proof sketch. The proof is almost the same as Theorem G.4 where we follow the four-step Fourier
set-query framework. Claim H.15 gives the energy bound for the family of mixed Fourier-polynomial
signals, which implies that uniformly sampling m = O(e~*|L|*d*) points in [0, T'] forms an oblivious
sketch for 2*. Moreover, by Lemma H.18, we know that it is also an (g, p)-WBSP, which gives the
error guarantee. Then, we can obtain a mixed Fourier-polynomial signal y(¢) by solving a weighted
linear regression.

Now, we are ready to prove the main result of this section, a (9 + €)-approximate Fourier interpolation
algorithm.

+ g(t),

Theorem H.20 (Fourier interpolation with (9 + ¢)-approximation error). Ler z(t) = x*(t)
r[0,T] we

where x* is k-Fourier-sparse signal with frequencies in [—F, F). Given samples of x ove

can output y(t) such that with probability at least 1 — 2~(*),

ly —=*[l7 < (9+&)llgllr + 8ll="( 7.
Our algorithm uses poly(k, e~ log(1/8)) log(FT) samples and poly (k,e*,1og(1/4)) -log? (FT)
time. The output y is poly(k,log(1/9))e~1-5-Fourier-sparse signal.
Proof. Let N2 := ||g(t)||% + §||=* (t)||% be the heavy cluster parameter.

First, by Lemma H.14, there is a set of frequencies S C [k] and z5(t) = > v;e?™/it such that
jes

lzs — 2" || < (34 O(e))N. (25)

Furthermore, each f; with j € S belongs to an A/-heavy cluster C; with respect to the filter function
H defined in Definition H.6.

By Definition H.11 of heavy cluster, it holds that
/ \H -2 (f))Pdf > TN?/k.

Cj
By Definition H.11, we also have |Cj| < k- Ay, where Ay, is the bandwidth of H.
Let A € Ry, and A > k- Ay, which implies that C; C [f; — A, f; + A]. Thus, we have
fitA
| (R = T
fi=A
Now it is enough to recover only xg, instead of z*.

By applying Theorem H.36, there is an algorithm that outputs a set of frequencies L C R such that,
|L| = O(k), and with probability at least 1 — 27*(¥)_for any f; with j € S}, thereisa f € L such
that,

\f; — f| S AVAT.
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1574 We define a map p : R — L as follows:
p(f) = argmin |f — | Vf € R.
feL

1575 Then, x5(t) can be expressed as

xs, (t) — Z Uje27rifjt
JESs
Z vje27ri-p(fj)ff . 2™ (f5=p(f5))t
jESf
_ Z p2mift Z Uj627ri(frf)t’

fer J€Ss: p(f5)=F

1576 where the first step follows from the definition of x g, the last step follows from interchanging the
1577 summations.

1578 For each ﬁ € L, by Corollary H.2 with z* = z5,, A = AV AT, we have that there exist degree
1579 d = O(TAVAT + k3logk + klog 1/§) polynomials P;(t) corresponding to f; € L such that,

lzs, (t) — > TP, (t)llr < 8l|as, (¢)llr (26)
fIEL

1580 Define the following function family:
Fo= span{e%ift 0 |VfeL,jelo1,.. .,d}}.

1581 Note that -7 e?™fitpi(t) € F.
1582 By Claim H.16, for function family F, Kuyiform(o, 1] = O((|L|d)* log®(|L|d)).

1583 By Lemma H.18, we have that, choosing a set W of O(e ™! Kyyiformo, 1] 10g(|L|d/p)) i.i.d. samples
1584 uniformly at random over duration [0, 7T is a (&, p)-WBSP.

1585 By Lemma H.19, there is an algorithm that runs in O(~1|W|(|L|d)“~!log(1/p))-time using sam-
1586 ples in W, and outputs ¢ (¢) € F such that, with probability 1 — p,

ly'(t) = Y Pl < (L+e)l|a(t) — > P (b)) r 27
fi€L fiel

1587 Then by Lemma H.3, we have that there is a O(kd)-Fourier-sparse signal y(t), such that

ly(t) —y' @)l < & (28)
1588 where ¢’ > 0 is any positive real number, thus, i can be arbitrarily close to 3/.
1589 Moreover, the sparsity of y(t) is kd = KkO(TAVAT + k3logk + klogl/d) =

1590 & °poly(k,log(1/4)).

1591 Therefore, the total approximation error can be upper bounded as follows:

ly —2"r
<ly—=vlr+ Hy - Z emeltP H + H Z eQT”f”P( t)—zx* (Triangle inequality)
fieL fieL
(+om)ly= 30 R, + | X e enn - (Ba. (29)
fieL fieL
<(1+e Hm— S emihitp ¢ H n H S g (1) — o ) (Eq. (27))
fieL fieL
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1595

1596
1597
1598
1599

1600
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1602
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1604
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1606

1607

1608

1609

1610

1611

< (1+2¢)gllr+ 2+ S)H Z e2mifit p, (t) —z* . (Triangle inequality)

fiel
< (1+29)lgllr + @ +e)| Yo AW —as, ||+ @+o)les, — 2z

fieL

(Triangle inequality)

< (I +2)gllr + 2+ €)dllzs, |7 + (2 + o)|lzs, — 2|7 (Eq. (26))
< (I +29)|gllr +OW)|lz™ |7+ (2 + &)1 +96)||zs, —z*||r (Triangle inequality)
< (1+20)lgllr + O 2" llr + (2 + )(1 + ) (s, — w5l + v — 2* 17)

(Triangle inequality)
(1+2¢)|lgllr + OW)||z*||T + (2+e4+0())(4+ O())N  (Eq. (25) and Lemma H.41)
(1 +2e)lgllr + O@)[[2"||r + (8 + O(e + §))N,

N = \[lgll3 + dllz* 13 < llgllz + Vall2*|r,

ly = 2*llz < (9 + O@))llgllr + O(V3)llz" ||z

By re-scaling € and §, we prove the theorem.

IN

Since we take

we have

H.5 Sharper error control by signal-noise cancellation effect

In this section, we significantly improve the error analysis in Section H.3. Our key observation
is the signal-noise cancellation effect: if there is a frequency f* in a Ni-heavy cluster but not
(N1, N3)-recoverable for some Na < A7, then it indicates that the contribution of f* to the signal
x*’s energy are cancelled out by the noise g.

In the following lemma, we improving Lemma H.14 by considering g’s effect in the gap between
heavy-cluster signal and recoverable signal.

Lemma H.21 (Sharper error bound for recoverable signal, an improved version of Lemma H.14).
Let z*(t) = Z?Zl v;e2™it and x(t) = x*(t) + g(t) be our observable signal. Let N} :=
g% + ||z (t)||%. Let Cy,--- ,C, are the Ni-heavy clusters from Definition H.11. Let S*
denotes the set of frequencies f* € { f;} ;e[ such that, f* € C; for some i € [I]. Let S C S* be the
set of (N1, \/EaN1)-recoverable frequencies (Definition H.13).

Then we have that,
|H s — H-asll7+ |H -2 — H-2sll7 < (14 O0(VE2)) |2 — zs-[|7

Proof. Letg'(t) := g(t) + a*(t) — g+ (t) = x(t) — xg+(t).
In order for cluster C; to be missed, we must have that

/ 25 (F)Pdf > TN2/k > = / H2(f)Pdf (29)
C; €2 Jey

where the first steps follows from C; C Uy, ¢5+C}, the second step follows from C; ¢ Uy, esCj.
Thus,

/ T3 (f)Pdf = / (e —as)(f)2df
C; C;

<\/ / a5 (F)Pdf - \/ / - a( |2df)

L e - 2( )2
= LH (F)Pdf

> (
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1 7 = 2
2o AT, (30)

1612 where the first step follows from the definition of ¢’, the second step follows from triangle inequality,
1613 the third step follows from Eq. (29), the last step follows from e < 0.1.

1614 Bound ||H -z — H - xg|lp. LetI’ = Uy cg\sCj, then we have that,

TnHm—H.xsn%g/ H - a(t) — H - as(t)[dt

— 00

R BB G

— 00

= | Wz =H-a)()Pdf + | [ -z~ H-as)(f)Pdf - GD

1615 where the first step follows from the definition of the norm, the second step follows from Parseval’s
1616 theorem, the third step follows from I’ U I’ = [—o0, 00].

1617 Bound |H - xg« — H - xg||]r We can upper-bound it as follows:
TIH a5 — H - as]3 < / H - ws-(t) — H - 2 ()t

— 00

_ /°° (H a5 — H-25)()*df

— 00

(H -5 — H-z5)(f)PAf + | |(H-ws- — H-z5)(f)[df

= [ | ||
I’ I’

= [ (- zs- = H-z5)(f)P"df (32)

I/
1618 where the first step follows from the definition of the norm, the second step follows from Parseval’s
1619 theorem, the third step follows from I’ U I’ = [—o00, 00], the last step follows from (Uy, ¢ g+ /5Cj) N

1620 17 = 0.

1621 Putting it all together. By Eqs. (31) and (32), we get that
T|H-zs- — H-zs|7+T||H -z — H - zs|7

< | T wse = H-a)(NPAS+ | Vo= T (PPAS + || = - as)(f) ).

I/| 1’

1622 For the first integral, we have

V [ s —ff-?sxfﬂ?df:\/ [ s (e
I I
< ¢ s npar \/ | g
< %@ [ g Rar \/ | g e

<(1+ JE)\//I [H-g'(f)[2df, (33)

1623 where the first step follows from (Uy,csC;) NI’ = (), the second step follows from triangle inequality,
1624 the third step follows from Eq. (30), the last step is straightforward.

1625 For the second integral, we have

(T2 -z (DPaf = [ 1T a(nPas

I’
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<2, [ (A g(pPaF, (34

1626 where the first step follows from (Uy,csCj) NI’ = (), the second step follows from Eq. (30).

1627 For the third integral, together with the [}, \ﬂ( f)|?df term in the first integral’s upper bound
1628 (Eq. (33)), we have

[ \(F 72— Fws)()Pdf + / [ g(f)Pdf
T I

— [ s g —a(Par+ [ (g PA
g I’

- L H g (f))df + / T (f)Pdf
g I’

R

—00

LR
=T|H-g'®7
<Tllg'|I7, (35)
1620 where the first step follows from the definition of g’, the second step follows from (U, e s+ C}) N I =

1630 (U, esC}), the third step follows from I’ U I’ = [—00, oc], the forth step follows from Parseval’s
1631 theorem, the fifth step follows from ¢’(t) = 0, V¢ ¢ [0, T, the last step follows from H(¢) < 1 by
1632 Remark H.8.

1633 Furthermore, we have that

|G Grar < [ G0 < T Ol 36)

— 00

1634 Therefore, we conclude that
T|H-xs- — H-zsll7 +T||H -z — H - z5]|7

§T||H-ats*—H-l’s||2T+/ \(}ﬂ—H/-?S)(f)ﬁdf—k/J(fﬂ—m)(f)ﬁdf
I/ I/
< [ 105 - Eoza)(pPas + [ (o - Bz)(PPas+ [ (o~ Hs)(Pas
I/ I/ I/

< (1+.E) / H-g'(f)]df + / (H -z — H-23)(f)Pdf + L (H -z — H-zs)(f)Pdf

I’ I’ g
< (14 5)? / H - g'(f)]df + 25 / H-g'(f)]df + L (H -z —H-zs)(f)df

I/ I/ I/
— 0(v&) / g ()Pdf + / H g (f))Pdf + [ (H 2 — H-ws)(f)2df

I/ I/ I/
< OBl % + / T g (f)Pdf + [ (H 2 — H-2s)(f)2df
I’ I’

<O(E)T|g'll7 + Tlg'll7
=1+ 0(e)Tld 7

1635 where the first step follows from Eq. (31), the second step follows from Eq. (32), the third step
1636 follows from Eq. (33), the forth step follows from Eq. (34), the fifth step follows from (14 /2e2)? <
1637 1+ O(\/g ), the sixth step follows from Eq. (36), the seventh step follows from Eq. (35), the last
1638 step is straightforward.

1639 The lemma is then proved. O
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As a consequence, we can easily bound ||zg- — 25|/ as follows.
Corollary H.22. Let S* and S be defined as in Lemma H.21. Then, we have that,

lzs — @il < (1+ O(VE))llx — w517

Proof. We have that,
lzs- —zslly < (L +2e)[|H - w5 — H- 257 < (1+26)(1+ O(Ve2) |z — 2s- |17

where the first step follows from Lemma H.7 Property VI, the second step follows from Lemma H.21
and € = e5. O]

In Lemma H.21, we introduce an extra term ||H -z — H - 2g||7. The following lemma shows that this
term appears in the approximation error ||« — xg /||, which can be used to upper-bound the Signal
Estimation’s error.

Lemma H.23 (Decomposing the approximation error of recoverable signal). Ler x*(t) =

2?21 v;e?™it and x(t) = x* (t) + g(t) be our observable signal. Let N? := ||g(t)[|% + d||z*(¢) %

Let Cy,--- ,Cy are the Ni-heavy clusters from Definition H.11. Let S* denotes the set of frequencies
I* € {fi}tje such that, f* € C; for some i € [l], and

/ & H(f)2df > TN/,
C;

Let S denotes the set of frequencies f* € S* such that, f* € C; for some j € [l], and

/ T H()PAS > s TN,

J

Then we have that,

|z —zslly < |H(x —zs)llr + lgllr + O(e)[[2* — zs]|r.

Proof. We first decompose ||z — xg||7 into the part that passes through the filter H and the part that
does not pass through H:

lz = @s|l7 < |1H(z = 2s)|7 + (1 = H)(z - z5)[7
<|H(@ = 2s)7 + 11— H) (@ — 2|7 + [|(1 = H)(2" — 5|7
<|H(z = zs)7 + 11— H)gliF + (1 = H) (2" — zs)]I7,

where the first step follows from triangle inequality, the second step follows from triangle inequality,
the last step follows from the definition of g.

For the second term, we have that

11 = H)gll7 < llgliz,
by Remark H.8.

For the third term, we have that,
11— H)(&* —as)|7 = llz* — zs]|F — |H(z* — x5)|F < ellz* — zs]7,

where the first step follows from 1 — H > 0, the second step follows from z* — x g is k-Fourier-sparse,
thus combine Property VI of Lemma H.7, we have that || H (z* — z5)[|3 > (1 — €)||z* — 2]

Combining them together, we prove the lemma. O
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H.6 Technical tools III: HASHTOBINS

In this section, we provide some definitions and technical lemmas for the HASHTOBINS procedure,
which will be very helpful for frequency estimation.

HASHTOBINS partitions the frequency coordinates into B = O(k) bins and collects rotated magni-
tudes in each bins. Ideally, each bins only contains a single ground-truth frequency, which allows us
to recover its magnitude.

More specifically, HASHTOBINS first randomly hashes the frequency coordinates into the interval
[0, 1]. After equally dividing [0, 1] into O(k) small bins, each coordinate lays in a different bin. This
step can be implemented by multiplying the signal in the frequency domain with a period pulse
function ij% Then, even if the signal does not have frequency gap, the HASHTOBINS procedure
can still partition it into several one-cluster signals with high probability.

Definition H.24 (Hash function, Chen et al. (2016)). Let 7, (f) = o(f+b) (mod 1) and hy(f) =
round (7w, ,(f) - B) be the hash function that maps frequency f € [—F, F) into bins {0,--- ,B —1}.
Claim H.25 (Collision probability, Chen et al. (2016)). For any Ay > 0, let o be a sample uniformly

at random from [ﬁ, ﬁ]. Then, we have:
L If40o < |f — f7| < 2(B — 1)Ao, then Pt[hop(fF) = hop(f7)] = 0.

I If2(B = 1)Ag < |f* — f|, then Prlhoy(f7) = hop(F)] S 5

Definition H.26 (Filter for bins). Given B > 1, 6 > 0, a > 0, let G(t) := Gp 5a(27t) where
GB s,q is defined in Definition H.9. For any o > 0,b € Rand j € |B]. define

j 1 7it(j/B—ob)/o
Gop(t) = —G(t/o)e? 0/ B0,
and its Fourier transformation:
- o d
GONH=> GG+ 5 —of—ab).
iez

Definition H.27 ((¢o, Ap)-one-cluster signal, Chen et al. (2016)). We say that a signal z(t) is an
(€0, Ao)-one-cluster signal around fy iff z(t) and Z(f) satisfy the following two properties:

fo+2Ao +00
Property T : / BRPAS = (1 - eo) / 2(/) 2
fo—Ao — 00
T “+o0
Property I : / |z(t)|2dt2(1—50)/ |2(1)[2dt.
0 —00

Definition H.28 (Well-isolation, Chen et al. (2016)). We say that a frequency f* is well-isolated
under the hashing (0, b) if, for j = heu(f*) and I« = (—00,00) \ (f* — Ao, f* + Do),

u/:f*

where N7 := e1&2(|lg(t) 17 + 6|2 (£)[17)-
Lemma H.29 (Well-isolation implies one-cluster signal, a variation of Lemma 7.20 in Chen et al.
(2016)). Let f* satisfy

(H -z - GIN()|Af S eo- TNE /K,

Fea
[ EEGR = 1A,
fr-a
where N3 = e1e5(||g(t)|% + S||z*(t)||Z). LetZ = x* - H - ng’?) where j = hop(f*). If f*is
well-isolated, then z and Z satisfying Property II of one-cluster signal (Definition H.27), i.e.,

T +00
| orar = -z [

—0o0

Lemma H.30 (Well-isolation by randomized hashing, Chen et al. (2016)). Given B = O(k/(goe1£2))

and o € [ﬁ, ﬁ] chosen uniformly at random. Let f* be any frequency. Then f* is well-

isolated by a hashing (o, b) with probability at least 0.9.
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Proof. Let S" = {f;}icix) N Is-. By Claim H.25, with probability at least (1 —1/B)¥ > 1—k/B >
1 —epe182 > 0.99, for all the frequencies f € S’, we have that h, ,(f*) # hos(f).

Hence,

. 52 _
| GNP S 3 [ (R
-

-
6% [ —
S R

— 00

62 > * 2
-= _w\x CH(t)dt
52/ 52
= — lz* - H(t)[*dt + |z* - H(t)[2dt
k? Ji—co,000\0,7] k2 Jio.1
<%/ 2 - H)Pde + a2
= 75 T 1.2 z T
k? Ji—co,001\[0,7] k2
52(1+6
S(T)TII "7 (37)

where the first step follows by the Property I1I in the Lemma H.10 that |G(f)| < §/k, which implies
that \fo?)(fﬂ < O(0/k) for f € S, the second step follows from [« C [—00, 00], the third step

follows from Parseval’s theorem, the forth step is straight forward, the fifth step follows from the
property VI of Lemma H.7, the sixth step follows from V of Lemma H.7.

Moreover, let I’ denote the set of frequencies that hash into the same bin as f*, then we have that,
| G rar < [ -G nPar+ [ 197G
f* ’ !
S ,,|g (HIFdf + 7\g op(HIPdf
S Ig-H(f)\ df+*2 7|9-H(f)\ df
/ g HWPar+ oL ol 3

where the first step follows from I’ U I’ = [—o0, 00|, the second step follows from for any f € R,
@ffj,))( f) <1, the third step follows from for any f € I, (A;((T]l))( f) < d/k, the last step follows from

[ g H(p)Pas < / h

1’ —o00

g H(f)Pdf = / lg- H#)Pdt = Tllg - H|3 < T|lgll3-

where the first step follows from I’ € [—oo, 0o], the second step follows from Parseval’s theorem,
the third step follows from g(¢) = 0,Vt & [O T, the last step follows from Remark H.8.

[ wawra) =g [ e awras

EpE1€2
< 22 Tgl

Next, we consider

where the first step follows from o,b are chosen randomly, the second step follows from
I lg-H(p)Pdf < Tg3.
Thus, by Markov inequality, with probability at least 0.99,

| aanrar

ENELE
= Tgll3- (39)
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Finally, we can conclude that

I« I«

[T GO P = [ 1 T ) G)Pas

lg-H-GY)(HPdf

<2 & H-GYPare
If*

T

52(1+46 . — g

S Ry M R
.

2(1+96),., . 82T —
< PLE Vi + ST ol + [ 1 A Pas

2 2
_B(1+9) 52T

L2

5(1+9) 9 52
pv— eoc1&2T0 2" |7 /K + (€o€1€2k
< eper162T0||x* |2 [k + 2e0e182T ||g|| %/ k

is €0 7“]\4;//}6,

€p€1€&2

T 2
127 g

Tll=*|I7 + =5 lgllz +

+ Deoere2T||gll7 /&

where the first step follows from the definition of g, the second step follows from (a+b)? < 2a2+2b2,
the third step follows from Eq. (37), the forth step follows from Eq. (38), the fifth step follows

from Eq. (39), the sixth step is straightforward, the seventh step follows from 660(61;26 < 1 and
(L + 1) < 2, the last step follows from the definition of V3.

606162k

O

Lemma H.31 ((Chen et al., 2016, Lemma 7.21)). Given any noise g(t) : [0,T] — C and g(t) =
0,vt ¢ [0,T). We have, Vj € [B],

+o0 , +oo
g | [l s hwra] < 4 [ lawmpa

o,b —00

H.7 High signal-to-noise ratio (SNR) band approximation
In the this section, we will give the upper bound of ||zs, (t) — z5(t)]| 7.
Definition H.32 (High SNR and Recoverable Set). For j € [B], let i (t) := (z* - H) - GY), we

define the set as follows

So = {i € B g (O < (1= e2) - 155 (1)1}
where c is constant. And we also give the definition of recoverable set which is the same with s above
fr+Aa

Sy = {3 € (B 13for has(fo) = and [

o H(f)PAf > TNZ /K

fr=A

where N3 = e1e2([lg(t)l[F + d]|=* (¢)[/7-

And then we define a High SNR and recoverable set as follows
Sg =84, NSy,

Let Sy := {j € [k]|hop(fy) € Sg} N S. We have x5, (t) :=

Remark H.33. In the left part of the paper, we focus on the frequency in set Sy which is a subset of
the recoverable frequency set S.

ce2mif;t
jes; Vie

The following lemma shows that for any recoverable frequency (i.e., those satisfy Eq. (40)), HASH-
TOBINS will output a one-cluster signal around it with high probability. Now we will consider a f*
satisfy the assumption introduced in Definition H.32.
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Lemma H.34 (HASHTOBINS for recoverable and HSR frequency). Let f* € [—F, F] satisfy:

r+a
/ |z - H(f)|*df > TN3/k, (40)
f

*—A
where N3 := e1e2([lg(t)17 + dllz* (1)]|7)-
For a random hashing (0,b), let j = hy ,(*) be the bucket that f* maps to under the hash such that
z=(z-H)=* fo];l)) and =1 H - @g?} Given that Sy and c is defined in Definition H.32, j € Sy.
With probability at least 0.9, z(t) is an (¢, Ao)-one-cluster (See Definition H.27) signal around f*.

Proof. The proof consists of two parts. In part 1, we prove that z(t) satisfies Property I of the
one-cluster signal around f* (Definition H.27). In part 2, we prove that z(t) satisfies Property II of
Definition H.27.

Part 1. Letregion - = (f* — A, f* + A) with complement I~ = (—00,00) \ I+.
Next, with probability at least 0.99, we have that
| BwPar=a-sm [ 1ER@R 2 TAZ K
I Ipe

where the probability follows from Ay > 10004, the first step follows from Property I of G in
Lemma H.10, the second step follows from Eq. (40).

On the other hand, f* is well-isolated with probability 0.9, thus by the definition of well-isolated, we
have that

ORI
T
Hence, 7 satisfies the Property I (in Definition H.27) of one-mountain recovery.

Part 2. By Lemma H.29, we know that (z* - H) ngz); always satisfies Property II (in Definition
H.27):

T . “+o0 .
[ e m 6w = 1 -e0) [ et @@« G0
0 —00
As aresult, by [—o0, 00] = [—00,0] U [0, T] U [T, <],
+o00 ) 0 X oo .
= / [ (O H (1) * Gy (1) dt > / [ () H (1) = Gy (1) dt + / " (1) H (1) * Gy (1) Pt
—00 —0o0 T (41)
Then, we claim that
|t w10+ GO0Pa = [ 5T () -GG )P
- ;f+A o ~0)
> / - H(f)- GI)(f)Pdf
fr=A
+a
2 [ e RgPy
fr=A
> TN; [k, (42)

where the first step follows from Parseval’s theorem, the second step follows from [f*— A, f*+A] C
[—00, 0], the third step holds with probability at least 0.99 and follows from Ay > 1000A and
Property I of Lemma H.10, the last step follows from the definition of f*.

By Definition H.32, we have that

+00 ) T .
/ l9(t) - H(t) « GY)(t)dt = /0 la(t) - H(t) = GY) (1) Pdt 43)

—00
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1758
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1763
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T

Sca/ B
0
—+oo

<e [P

— 00

+oo .
< / cela(t) - H(t) » GY) () %dt

—0o0

where the first step from g(t) = 0, V¢ ¢ [0, T}, the second step follows from Definition H.32, the
third step follows from simple algebra, the last step is due to Definition of 27 (t).

Then, we claim that

00 ) o X o0
/ |:U*-H*G((,]1l))|2dt§ / |(x*+g)~H*GgZ|2dt—|— / |g-H*Ggg)|2dt
— 00 — 00 — 00
< \// (@ +g) - H + GY)j2dt (a4

where the first step follows from triangle inequality, the second step follows from Eq. (43).

Next, we consider

\// (2" +g)- HxGY |2dt<\// H*G(J)|2dt+\// g+ H + GY) |2dt
#/ |*.H*Gg{;pm\//T“|9.H*G§,{;|zdt
—o0
< \/50/_ |x*-H*G£Z|2dt—|—\/EO/_OO |x-H*GEﬁ;%\2dt
5\/50/00 |- H * GY)|2dt, (45)

where the first step follows from triangle inequality, the second step follows from Eq. (41), the third
step follows from Eq. (43), the forth step follows from Eq. (44).

0 . o0 .
\// |(x*+g).H*Gg{g|2dt5\/so/ - H + GY)j2dt (46)

Combine equations above, we have that,

Similarly,

0 . 0o
\// @+ 9) Hx Gt + [ 1w+ 9) - 1< GY)Pa

0
\// (z*+g) - H*G])|2dt+\// ot +g) - H*GY)2dt
§\/50/ |x-H*Gg{Z|2dt

where the first step follows from v/a + b < \/a + /b, the second step follows from Eq. (45) and
Eq. (46).

Hence, we have that z = (z* +g) - H * G((Tj?) satisfies Property II (in Definition H.27) with probability
0.95. ’

O
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H.8 Ultra-high sensitivity frequency estimation

In this section, we improve the high sensitivity frequency estimation in Section H.3 with even
higher sensitivity, using the results in previous sections. More specifically, we show how to estimate
the frequencies of the signal g whose frequencies are only £2A/-heavy, while in section H.3 the
recoverable signal’s frequencies are A/ -heavy.

Lemma H.35 (Frequency estimation for one-cluster signal, Lemma 7.3 in Chen et al. (2016)).
For a sufficiently small constant g > 0, any fo € [—F,F), and Ay > 0, given an (g9, Ao)-
one-cluster signal z(t) around fo, Procedure FREQUENCYRECOVERY | CLUSTER, refurns ﬁ) with
|ﬁ) — fo| < Ag - /AT with probability at least 1 — 2~F),

The following theorem shows the algorithm for ultra-high sensitivity frequency estimation.

Theorem H.36 (Ultra-high sensitivity frequency estimation algorithm with low success probability).
Let z*(t) = Zlevje%ifit and x(t) = z*(t) + g(t) be our observable signal where ||g(t)||% <
c||z*(t)||% for a sufficiently small constant c. Then Procedure FREQUENCYRECOVERYKCLUSTER
returns a set L of O(k/(gog1€2)) frequencies that cover all Na-heavy clusters and have high SNR
(See Deﬁnition H.32) ofx which uses poly(k e legt et eyt log(1/6)) log(FT) samples and
poly(k,e=1,egt,ert 65!, log(1/6)) log? (FT) time.

In particular, for Ag = e 'poly(k,log(1/8))/T and N3 = e1e2(||g(t)||% + d||z*(t)||%), with
probability 0.9, for any f* with

frea
/ |z H(f)]?df > TN /k, (47)

*

there exists an ]? € L satisfying

IF* = F1 S Aov/AoT.

Proof. By Lemma H.34 and Lemma H.35, we prove the theorem. O

Theorem H.37 (Ultra-high sensitivity frequency estimation algorithm with high success prob-
ability). Let z*(t) = Z?Zlvje%ifjt and z(t) = xz*(t) + g(t) be our observable signal
where |g(t)||2 < c||z*(t)||% for a sufficiently small constant c. Then Procedure FREQUEN-
CYRECOVERYKCLUSTER returns a set L of O(k/(eoe1€2)) frequencies that covers all Na-
heavy clusters of x*, which uses poly(k,e ', eqt et 65", log(1/6))log(FT) samples and
poly(k,e=',egt,ert g5t log(1/6)) log? (FT) time.

In particular, for Ay = e~ 'poly(k,log(1/8))/T and N3 = e1e2(||g(t)||% + d||z*(t)||%), with
probability 1 — 2% for any f* with

A
/ |z - H(f)|*df > TN3/k, (48)

*

there exists an f € L satisfying

1f* = f1 S AoV/AoT.

The following lemma shows the approximation error guarantee for the recoverable signal x g of the
ultra-high sensitivity frequency estimation algorithm (Theorem H.37).

Lemma H.38 (Recoverable signal’s approximation error guarantee). Let z*(t) = Zf 105 e2mifit

and x(t) = z*(t) + g(t) be our observable signal. Let N} = e1(||g(t)||Z + §||z*(t)||3). Let
, Cy are the Ni-heavy clusters from Definition H.11. Let S* denotes the set of frequencies
I* € {fi}je such that, f* € C; for some i € [l], and

/ T H(RAS > TNk,
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Let S denotes the set of frequencies f* € S* such that, f* € C; for some j € [l], and

/ T H()PAS > esTN? /R,

J
Then, we have that,

lz = asllz + les — 2*llr < (1 + V2 + O(e))llgllr + O(V8)||z* |z

Proof. Following from the fact that /1 + ¢ =1+ O(e) for e < 1, we have

Ny = \/61(||9||2T +ollz*l17) < Verllgllr + Véerllz™ |l

‘We have that

2" —zs|r < lzss —2s|lr +[|2" — zg+[|r
<(1+0We))lz —xs-lr + lz* — 25|
< (1+0We))lz —a™[lr + (2 + O(Ve2))llz" —xs-|Ir
<(1+0W=)lgllr + 2+ O(Vez + €)M (49)

where the first step follows from triangle inequality, the second step follows from Corollary H.22, the
third step follows from triangle inequality, the forth step follows from Claim H.12.

Thus, we have that

|z —zs:||7 < ||z —2%|l7 + |27 — x5« |7
<lgllr + llz* — zs<|7
<llgllr + (1 +e)M (50)

where the first step follows from triangle inequality, the second step follows from the definition of g,
the third step follows from Claim H.12.

Therefore,
|z —zsllr + [[vs — "7
< ([H(z —zs)llr + lglr + O)llz" — zsllr) + [|lzs — 2|7
< ([H(z —zs)llr + llgllr + O)[|z" — zsllr) + [|[zs — zs+[lr + [[ws- — 277
< (|H(z - s)llz + lgllr + OE)lle* = wsllr) + (1 +20) | H(zs — o)l + s — 2l

g

—_—

= |lgllr + O(@)||z" — zsllr + (1 + O(e))(|1H(z — zs)||7 + | H(2s — xs-)||7) + |25+ — 2" |7
<gllz +O@)||z* — zsllr + (1 + O@E)(|1H(x — zs)|l7 + [[H(xs — x5-)||7) + (1 + )M
< llglz +0(@)llz* — zsllz + (1 + OV | H(z — x5)[[3 + [H(zxs — w5l + (1 + )M
<lgllr + O(e)||z* — asllr + (1 + O(e)) (1 + O(ye2))V2|x — ms[|l7 + (1 + €)M}
<|lgllr + O()((1 + O(Ve))llgllr + (2 + O(Vez + €))N1)

+ (14 0() 1+ O(Ve)V2||lz — zs- |7 + (1 + €)M
< lgllz + O(e)((1 + O(Ve)llgllr + (2 + O(V/z2 +€))N1)

+ (V2+0(e + &) (llgllr + (1 + &)N7) + (1 +e)N;

< (1+V2+0(Ve)lglir + O(V8)llz"Iz,

where the first step follows from Lemma H.23, the second step follows from triangle inequality, the
third step follows from g — x5+ being k-Fourier-sparse and Property VI of Lemma H.7, the forth
step change the order of the terms, the fifth step follows from Claim H.12, the sixth step follows
from || H(z —zs)|7 + || H(zs —xs+) |7 < V2/|[H(z — 25)||% + |H(xs — x5+)||., the seventh
step follows from Lemma H.21, the eighth step follows from Eq. (49), the ninth step follows from
Eq. (50), the last step follows from ¢ = ¢y = 1 = €. O
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The following lemma shows that the recoverable signal 2:5(t)’s energy is close to the observation
signal z(t).

Lemma H.39 (Recoverable signal’s energy). Let x*(t) = Zle v;e?™ it and x(t) = x*(t) + g(t)
be our observable signal. Let N? := &1(||g(t)||3 + 6||z*(t)||%). Let C1,- - -, Cy are the N1-heavy
clusters from Definition H.11. Let S* denotes the set of frequencies f* € {f;};cix) suchthat, f* € C;
for some i € [l], and

/ @ B(f)PdSf > TN? /k,
Let S denotes the set of frequencies f* € S* such that, f* € C; for some j € [l], and

PR GRS
Then, we have that,

lesllr < lgllr + [l

Proof. We have that,

|zsllr < |lzss — 2|7 + [[vs — zs« |7 + ||z¥||T
Sllzss — 2|7 + |lv — zs« |7 + [|27||7
Sllzs — x|l + |z — a*||7 + |27

<llglr + [z,

where the first step follows from triangle inequality, the second step follows from Corollary H.22, the
third step follows from triangle inequality, the forth step follows from Claim H.12. O

H.9 High SNR and recoverable signals

Lemma H.40 (High SNR and recoverable approximation error guarantee). Letr x*(t) =
Z§:1 v;e?™ it and x(t) = z*(t) + g(t) be our observable signal. Let N} = &1(||g(t)||3 +
S|lz* (t)||%). Let C1,- -+, Cy are the N1-heavy clusters from Definition H.11. Let S* denotes the set
of frequencies f* € { f;};ek) such that, f* € C; for some i € [l], and

/ |x fIPdf > TNk,
Let S denotes the set of frequencies f* € S* such that, f* € C; for some j € [l], and

/ T H()PAS > ea TN,

J

And Sy is defined in Definition H.32. Then, we have that,
s, —zslle < (L+0(e)) - [lg(t)llz (5D
Proof. We have that
Sy C 8.
And then for any f € S\ Sf,j = hop(f), we have that
I(g- H(1) * G051 —c-o)l@" - H(#) * G0

where the first step follows from Definition H.32, the second step is from simple algebra.

Let7 = S\ Sy. And forany j € [B],if j € [B]\ Sy, T; T = = {i € Slhop(fi) = j}. Otherwise,
T; = (). Moreover, we have that for any f € supp(Z7; * H )

A 0

G z1-7 (52)
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From Property VI of Lemma H.7, we have that
o0 —+o0
/ () - H()dt € [1 — e,1] - / o (8) |2t (53)

By Lemma H.29, we know that (z* - H) * GE‘]; always satisfies Property II (in Definition H.27):
Tlla™ () H (1) = G 0) |17

_ /O (B H () GY) ()2t

+oo N .
> (-2 [ @@ <A CIDPY

- '
> (1-20)- / (@ () « () 2df (54)

where the first step follows from the definition of the norm, the second step is from Lemma H.29,
the third step is due to Parseval’s Theorem, the forth step is based on the Large Offset event not
happening, the fifth step is based on simple algebra, the last step is because of Lemma H.29.

‘We also have that
T||zs, (t) — zs(t)|l7
=T|zr|7

<(T/(1=e)*) - |lzr(t) - HB)7

:71_152 /O o (6) - H(D)2dt
<oz [ ler)- P

e -/oc or(r) « A(f)Paf

- Z / )« H()Pas

<(Hf— >0 Tl () H@) *Ghe)IE
JjEB\Sy
K2 )
S e e o ~jEBZ\Sg Tl(g(t) - H(t) * Gt (55)

where the first step follows from Definition of 7, the second step follows from Eq. (53), the third
step is based on definition of norm, the forth step follows from simple algebra, the fifth step follows
from Parseval’s Theorem, the six step is due to Large Offset event not happening, the seventh step is
due to Lemma H.29, the eighth step follows from Eq. (51).

In the following, we have that

ST |l(g(t) - H(t) * GY)(t) 1%

JE[B]
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Z/T )

< [(g"(t) - H(t)) = Gy (t)[dt

jerp) 70 ! !

<> H(t)) * GY) (t)2at
JG[B]/

=¥ H(f)-GO(f)Pdf
Jj€[B]

g(k_é)/ 900) * H(HIAS
k2 >
- e o) H)Par

k2

T
- — . 2
- | late)- mopar

k2 T )
Sm'/o lg(t)]=dt

k2 9
= TWHQ(UHT (56)

where the first step is due to the definition of norm, the second step follows from ¢(¢) = 0 when
t ¢ [0, T, the third step follows from Parseval’s Theorem, the forth step is because of Lemma H.29,
the fifth step is from Parseval’s Theorem, the sixth step is based on ¢(t) = 0 when ¢ ¢ [0,T7], the
seventh step is from |H (t)|> < 1, the last step is from the definition of norm. We have that

Tlzs, (t) — zs(®)]7

2 .
S T (e 570 2 Tl @ HE) «GLOE

JEB\S,
i * (49) 2
=01k 0 jez[,;] Tl - H(1) * Goy(®) Iz

i Tlg(o)|2
(1— o)1 —e)2(k —oya  9WIT
< (14 0E)Tg®2

where the first step follows from Eq. (55), the second step follows from simple algebra, the third step
is due to Eq.(54), the forth step is because of the reason that § is much smaller than e and e < 1. [

IA

Lemma H.41 (High SNR signal’s energy). Letr z*(t) = Zle v;e? it and x(t) = z*(t) + g(t)
be our observable signal. Let N? := e1(||g(t)||% + §||z*(t)||%). Let C1,- - -, C; are the Ny-heavy
clusters from Definition H.11. Let S* denotes the set of frequencies f* € { f;} ek suchthat, f* € C;
for some i € [l], and

/ i H ()P > TNk,
Let S denotes the set of frequencies f* € S* such that, f* € C; for some j € [l], and

/ T H(H)PAf > TN,

Let Sy be defined in Definition H.32. Then, we have that,

lzs e < (14 O)llgllr + ="~
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Proof. We have that,

les,llr < lles, —2slr + lese —2*|r + [los — zs- |0 + |27
Sllzs, —aslr + lvse — %o + |2 = zs- |0 + [l2"||7
Sllzs, —asllr + lzse — %o + o — 2|2 + %]z
<llzs; = zsllr + llgllr + [l2"[7
<A+ 0E)glr + 2z,

where the first step follows from triangle inequality, the second step follows from Corollary H.22, the
third step follows from triangle inequality, the forth step follows from Claim H.12, where the last
step follows from Lemma H.40. O

H.10 (3 + /2 + ¢)-approximate algorithm
In this section, we prove the main result: a (3 4 v/2 + ¢)-approximate Fourier interpolation algorithm,
which significantly improves the accuracy of Chen et al. (2016)’s result.
Theorem H.42 (Fourier interpolation with (34-+/2+¢)-approximation error). Let z(t) = z*(t)+g(t),
where x* is k-Fourier-sparse signal with frequencies in [—F, F]. Given samples of x over [0, T] we
can output y(t) such that with probability at least 1 — 2~%(*),

ly —a*llr < B+ V2 +e)lglr + bz
Our algorithm uses poly(k,e ", log(1/6)) log(F'T) samples and poly(k,e~*,1og(1/6)) - log® (F'T)
time. The output y is poly(k,e~1,log(1/6))-Fourier-sparse signal.
Proof. Let N3 := e1e2(||g(t)|[7 + dll=*(1)[17). N = ex(llg(®)||F + dll=* (¢)]|7) be the heavy
cluster parameter.

First, by Lemma H.12, there is a set of frequencies S* C [k] and zg-(t) = > v;e?"/it such that
jES*

|lzse —a*||% < (14 e)NE. (57)

Furthermore, each f; with j € S* belongs to an A7-heavy cluster C; with respect to the filter
function H defined in Definition H.6.

By Definition H.11 of heavy cluster, it holds that
GRS
Cj
By Definition H.11, we also have |C;| < k - Ap, where A, is the bandwidth of H.
Let A € Ry, and A > k - Ay, which implies that C; C [f; — A, f; + A]. Thus, we have
fita
| (P = TR
f

j—A

By Corollary H.22, there is a set of frequencies S C S* and zg(t) = 3 v;e?"/it such that

jeSs
lzs — x5 |7 < (1+ O(Ver)) |z — x5+ 7.

Letg =z — xg-.

In the following part, we will only focus on recovering the high SNR frequency. Let S be defined in
Definition H.32. It’s to know Sy C S By applying Theorem H.37, there is an algorithm that outputs

a set of frequencies L C R such that, |L| = O(k/(goe1£2)), and with probability at least 1 — 2~(k),
for any f; with j € Sy, thereis a f € L such that,

£ = fl S AVAT.
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We define a map p : R — L as follows:
p(f) = argmin [f — f| Vf R
feLr

Then, 25 (t) can be expressed as
zg,(t) = Y ve”it
j€S;
_ Z Uje%i'z?(fj)t . 2mi(f—p(f5)t
jes;
_ ZeZﬂift. Z ,Uj€277i(fj_f)t’
ferL JE€Ss: p(f)=F

where the first step follows from the definition of x¢(¢), the last step follows from interchanging the
summations.

For each ﬁ € L, by Corollary H.2 with 2* = x5, A = AV AT, we have that there exist degree
d = O(TAVAT + k*logk + klog 1/8) polynomials P;(t) corresponding to f; € L such that,

lzs, (t) = Y M P (1)l < VEl|as, (¢)llr (58)

fieL

Define the following function family:
F = span{e%ift 0| VfeL,je {0,1,.. .,d}}.

Note that 3- 7, > Py(t) € F.
By Claim H.16, for function family 7, Kunitorm{o, 1] = O((|L|d)*log®(|L|d)).

By Lemma H.18, we have that, choosing a set W of O(e~! Ktunitorm[o,1) 10g(|L|d/p)) i.i.d. samples
uniformly at random over duration [0, T is a (e, p)-WBSP.

By Lemma H.19, there is an algorithm that runs in O(¢~!|W|(|L|d)“~ ! log(1/p))-time using sam-
ples in W, and outputs 3/ (¢) € F such that, with probability 1 — p,

v - > R <o) e - 3 R (59)

fi€L fieL
Then by Lemma H.3, we have that there is a (kd)-Fourier-sparse signal y(t), such that
ly —y'llr <& (60)

where 4’ > 0 is any positive real number, thus, y can be arbitrarily close to .

Moreover, the sparsity of y(t) is
kd = kO(TAVAT + k*logk + klog 1/8) = poly(k,e~*,log(1/9)).

Therefore, the total approximation error can be upper bounded as follows:

ly — 2|7
<ly—=vlr+ H:l/ - Z e2mf“5P H + H Z eQT”fltP( t)—z* (Triangle inequality)
fieL fieL
<+01e)y = 3 e R+ | X e Rw - o (Eq. (60))
fieL fieL
< (142 Hm — 3" elitp H n H S emhitp (1) — o i (Eq. (59))
fieL fieL
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< (14 2)(llz — s, llr + los, —2*llr) + 20+ 20)[| 3 " FP, (1) — s ||

fi€L
(Triangle Inequality)
< (1+2¢)(|lz - sz + 2las, — zsllr + los — 2%llr) + 20+ 2)| S P (1) — 2, |1
fieL
(Triangle Inequality)
< (1+2¢) (e — sl + [[ws — &*||r) + O(V6) s, (t)|lr + 2(1 + 2¢)[|lzs, — zs]|r
(Eq. (58))
< (14 2)(1+ V2 + O(V&) lgllr + O(VB)[a* |2 + O3) s, (8) I +2(1 + 2) as, — sl
(Lemma H.38)
< (1420)(1+ V2 + O0(Va)lgllr + OWV6)|lz*|lr + O(V8)(llgllr + ll&*[|z) + 2(1 +2¢)(1 + O)lg()r
(Lemma H.39)
< B+ V2+0(2)llglr +OVo) |
1905 By re-scaling € and 4, we prove the theorem.
1906 O

1907 I Improving Band-Limited Interpolation Precision in a Smaller Range

1908 In this section, we show that the approximation error of the Fourier interpolation algorithm developed
1909 in Section H can be further improved, if we only care about the signal in a shorter time duration
1910 [0, (1 —¢)T] for ¢ € (0, 1). The main result of this section is Theorem 1.4.

1911 L1 Control noise

1912 Lemma L1. Ler 2*(t) = Zle v;e®™ it and x(t) = x*(t) + g(t) be our observable signal. Let

1913 N7 = e1(||lg()||% + S||z* (t)||%). Let Cy,- -, C| are the Ni-heavy clusters from Definition H.11.
1914 Let S* denotes the set of frequencies f* € { f;} ;e[ such that, f* € C; for some i € [l], and

[ a1 (R = 1A
Ci

1915 Let S denotes the set of frequencies f* € S* such that, f* € C; for some j € [l|, and

/ T H()PAf > TN,

C;
1916 Then, we have that,

lz = zsllz + llzs — 2"|lz < (V2+ O(Ve +)lglr + O(V5)l|2"|7-
Proof. Following from the fact that /1 + ¢ = 14 O(e) for e < 1, we have

Ny = Jer(lgl + 3l ) < VETlglr + v/l -

1917 We have that

T < ||z — 2|7 + [|2" — x5
<|lgllr + lz* — x5 (|7
<llgllr + (1 +¢e)N, (61)

|l — x5

1918 where the first step follows from triangle inequality, the second step follows the definition of g, the
1919  third step follows from Claim H.12.
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Therefore,

|z — x| + [|vs — 2"
<|lz —zs|lr + ||zs — s~

T
7+ x5 — ||

<z —asllr + |lzs — s+l + (1 + 2¢) lzs — ™|

(1+28)H(z —zs)|l7 + (1 +20)[[H(zs — x5+l + (1 + 2¢)[lzs« — 2|7
1+ 0()(A + 20)([[H(z — zs)||r + [[H(zs — 2s)[l7) + (1 +)(1 + O(c)) M

(1+0()
(1+0@)(1+ 20V /| H(z — 25) |3 + [ H(zs — z5)[3 + (1 +€)(1 + 0N,
(1+0()
(V2 + O

<
<

IN

IN

14+ 0(5)(1+ O(vE2) (L + O()V2||z — zg+ |7 + (L + ) (1 + O(c)) M
V2400 + Ve +0))(lglr + (1 + M) + (1 +)(1 + O(e))M
< (V24 O(Ve + 0)llgllr + O(VO) |2,

where the first step follows from triangle inequality, the second step follows from for any function
z:R = C, (1 - c)]z|lr < |||, the third step follows from Property I of Lemma H.7 and
(1 —¢)/2 < (5 — £)s3, the forth step follows from Claim H.12, the fifth step follows from
|H(z — xs)llr + |H(zs — vs-)r < V2y/[H(@ —a5)[5 + [H{zs — 5[5 the sixth step
follows from Lemma H.21, the seventh step follows from Eq. (49), the last step follows from
E=¢€g=¢€1 = €. O

IN

Parameters setting By Section C.3 in Chen et al. (2016), we choose parameters for filter function
(H(t), H(f)) as follows:

* By Eq. (19) in the proof of Property VI of filter function (H (¢), ﬁ(f)), we need (1 —s3(1—
2)) - O(k*) < ¢, thus we have that min(ﬁ, s1) > O(k%) /e.

S1

* In the proof of Property V of filter function (H (t), f](f)), we set £ 2 klog(k/d).

¢ In the proof of Lemma .1, we set (1 —¢) /2 < ( %
1) > 1 — £ or equivalently min(ﬁ, s1/4) >

s1

)s3. Thus, we have that min(sz, 1 —

e A, is determined by the parameters of filter (H(t),H(f)) in Eq. (20):
Ap = ;317{ Combining the setting of s;, s3 ¢, we should set A, >

max(O(k? log(1/8))/(T), Ok log(k/6)/(cT))).

L2 (v/2 + ¢)-approximation ratio

Corollary 1.2 (Corollary of Theorem H.37). Ler 2*(t) = Z?Zlvje%ifft and x(t) = x*(t) + g(t)
be our observable signal where | g(t)||% < col|lz*(t)||3 for a sufficiently small constant co. Then
Procedure FREQUENCYRECOVERYKCLUSTER returns a set L of O(k/(goe1€2)) frequencies that

covers all Na-heavy clusters of x*, which uses poly(k,c=t, e, 551, 61_1, 62_1, log(1/4))log(FT)
samples and poly(k,c™ =1 gt e7t 651, log(1/6)) log?(F'T) time.

In particular, for Ay = ¢~ e~ poly(k,log(1/8))/T and N = e1e2(||g(t)||3 + d6||z*(¢)||%), with
probability 1 — 2=®) for any f* with

A
/ |z - H(f)]Pdf > TN /k, (62)
f*=A

there exists an f € L satisfying

|7 = 71 < Aov/AdT.
Remark 1.3. The proof is similar with the proof of Theorem H.37.

Theorem 1.4 ((/2 + ¢)-approximate Fourier interpolation algorithm with shrinking range). Let
x(t) = x*(t) + g(t), where x* is k-Fourier-sparse signal with frequencies in [—F, F|. Let T' =
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T(1 — ¢). Given samples of x over [0,T], we can output y(t) such that with probability at least
1 — 29k,

ly —a*llr < (V2 +e+)lgllr + dll=* |-
Our algorithm uses poly(k,e=1, ¢t log(1/8)) log(FT) samples and poly(k,e~1, ¢t log(1/9)) -
log?(F'T) time. The output y is poly(k,e =", ¢~ *,log(1/0))-Fourier-sparse signal.

Proof. Let N} := e1(||g(t)||% + &||z*(t)||3) be the heavy cluster parameter.

First, by Lemma H.12, there is a set of frequencies S* C [k] and 25 (t) = Y v;e?™/it such that
JES*

|lzse —z*||% < (14 e)NE. (63)

Furthermore, each f; with j € S belongs to an N -heavy cluster C'; with respect to the filter function
H defined in Definition H.6.

By Definition H.11 of heavy cluster, it holds that
/ T -2 (f)2df > TA? k.

J

By Definition H.11, we also have |C;| < k - Ay, where Ay, is the bandwidth of H.
Let A € Ry, and A > k- Ay, which implies that C; C [f; — A, f; + A]. Thus, we have

fitA
/ T2 (f)2df > TNk
f

j—A

By Corollary H.22, there is a set of frequencies S C S* and z5(t) = Y v;e2"/i such that
j€s

lzs = zs- 17 < (1 + O(VE2)) o — ws- |17

Letg' =z — xg+.
Now it is enough to recover only x g, instead of x*.

By applying Theorem 1.2, there is an algorithm that outputs a set of frequencies L C R such that,
|L| = O(k/(g0e1€2)), and with probability at least 1 — 27**)_ for any f; with j € S, there is a
f € L such that,

1 — S AVAT.
We define a map p : R — L as follows:
p(f) = argmin |f — f| Vf€R.
feL
Then, zg(t) can be expressed as
rs(t) = Zvje%ifft
j€s
= 3 et L 2=
JjES
_ Ze%rift. Z ,Ujezwi(frf)t’
ferL jes: p(f1)=F

where the first step follows from the definition of xg(t), the last step follows from interchanging the
summations.

For each ﬁ € L, by Corollary H.2 with * = g, A = AV AT, we have that there exist degree
d = O(TAVAT + k*log k + klog 1/8) polynomials P;(t) corresponding to f; € L such that,

lzs(t) = S TP (1)) < Sles(t)llr (64)
fieL
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Define the following function family:
Fo= span{e%ift W |VfeL,jelo1,.. .,d}}.

Note that 37 e2mifitp,(t) e F.
By Claim H.16, for function family F, Kuniform[cT/2,7(1—c/2)] = O((|L|d)* log®(|L|d)).

By Lemma H.18, we have that, choosing a set W of 0(5_1KUniform[CT/QyT(lfc/z)] log(|L|d/p))
i.i.d. samples uniformly at random over duration [0, 7] is a (&, p)-WBSP.

By Lemma H.19, there is an algorithm that runs in O (¢~ |W|(|L|d)*~! log(1/p))-time using sam-
ples in W, and outputs 4/ (¢) € F such that, with probability 1 — p,

Hy Z 627”f1tP ||T’ < (1 +e¢ Hl‘ Z 627”f7tP ||T’ (65)
fieL fiel

Then by Lemma H.3, we have that there is a O(kd)-Fourier-sparse signal y(t), such that

ly(®) =y ®)ll7 <& (66)
where §’ > 0 is any positive real number. Thus, y can be arbitrarily close to y'.
Moreover, the sparsity of y(t) is kd = kO(TAVAT + k3logk + klogl/d) =

poly(k,e™t, ¢, log(1/9)).

Therefore, the total approximation error can be upper bounded as follows:

ly — ™[/
<yl + o= 3 er)|, + || 3 e Ferin o,
fi€l Fel
<orafy- ], +| 5o -2,
fieL fieL
o= el o] X -,
fi€L Fel

<(1+ 26)(”33 - xSHT’ + Hxs —

o) 20+ )llws — Y 2P (t)|r
fieL

<(1+ 25)(Hx — xSHT/ + Hxs —z*

)+ 0@ les®)lr

(
< (1+42)(V2+ O(VE +9)gllr + OVB) 2" |r + O(3)l|lzs (1) | 7
< (14 2¢)(V2+ O(VE + O))llgllr + OV5)l|z* | + OO) (llglr + l|2*|I7)
< (V2+0(Ve +))llgllr + O(V3)l|l2" |1z,

where the first step follows from triangle inequality, the second step follows from Eq. (66), the third
step follows from Eq. (65), the forth step follows from Triangle Inequality again, the fifth step follows
from Eq. (64), the sixth step follows from Lemma I.1, the seventh step follows from Lemma H.39,
and the last step is straightforward.

By re-scaling € and 6§, we prove the theorem.

J Broader Impact

By cutting the approximation constant from ~ 100 to 3 4+ v/2, our methods could materially shorten
scan times in MRI, reduce power consumption in compressive sensing devices, and improve fidelity
in spectrum-sparse communication systems, thus benefiting healthcare, environmental monitoring,
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and data transmission. At the same time, higher-quality reconstructions from fewer samples may
amplify surveillance capabilities or aid in generating convincingly doctored audio/video; responsible
adoption therefore demands privacy safeguards, transparent validation on non-ideal data, and ethical
oversight whenever the technology is applied to sensitive domains.
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