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A. Notations

The main notations of this paper are summarized in Table

Table 1: Descriptions of the main notations used in this work.

Notations Descriptions
N,n the total number of clients and the total sample number of each client
S, S; the total dataset and the i-th local dataset, i = 1, ..., IV

) the i-th client’s dataset where the j-th sample z;; is replaced by zlfj,
Si S(J’) = {Sl,...,Si_l,ng),Si_,_l,...,SN}
My, M the collection of selected client indices in the ¢-th iteration and its size
Zij the j-th sample in .S; over distribution D;, j = 1,...,n
D; the distribution of z;; (D; is independent of D if ¢ # i)

¢ the training parameters for the global model and the ¢-th local model in the
W W t-th iteration respectively
W, d the hypothesis function space and its dimension

F(w), Fy(w;)
Fs(w), Fs, (w;)
filwi; ), V i,V f;
My

by, by

v

w;‘, w(S)

T

A, A(S) = wT

-

0, K

L, B,
t—tito
[(x)

the expected risks for the global model and the local model of the i-th client

the empirical risks for the global model and the local model of the i-th client
the loss function of the ¢-th local client over sample z;, its first-order
gradient and the corresponding estimation

the step sizes in the ¢-th iteration and the positive step size in the definition
of the derivative

the sizes of i.i.d. random samples and random direction vectors

the [-th random direction vector for the i-th client in the ¢-th iteration
the expected optimal model and the empirical optimal model

the total number of iterations

the federated learning algorithm and the parameter trained with A on S
the parameter of ¢; on-average model stability

the Euclidean norm

the parameters related to sub-Weibull distribution

the parameters of Lipschitz, smoothness and PL condition respectively
the delay of the ¢-th client in the ¢-th iteration and the maximum delay
L(z) = [ t* e~ dt

B. Proofs of Main Results

We first introduce the lemmas which will be used in our proofs.

B.1. Lemmas

Lemma 1. If the function f is 3-smooth, then we have for any z, Z,

flwsz,7) = f(@52,7) < (w =0, V1 (@52, ) + 56w - ]} 1)
and
IV Az 2P < flwiz,2) = inf fw52,9) < flwiz2). @



Lemma 2. []|]. Assume X is K-sub-Weibull(9), i.e. X ~ subW (0, K), then | X||, < (20)° Kp?,
where p > 1/0. In particular; | X ||2 < (40)°K,0 > 1/2.

Lemma 3. [2]]. Let e be the base of the natural logarithm. The following inequalities hold:

t t
(a) if « = 1, then kzl k= <log(et); (b) if « > 1, then kzl N

Lemma 4. [3]. Assme a random vector X € R? is d-dimensional uniform distribution. For any
k € N, there holds E [|| X ||*] = d/(d + k).

Lemma 5. [3]. Let v; € R 1 € {1,2,...,by} be i.i.d. random vectors satisfying d-dimensional
uniform distribution. For every random vector v € R? independent of all vy, the following inequality

holds
u| < \/*d [lull
= b2 .

ba

1
™ Z(u,vl>vl —u

=1

E

B.2. Proof of Theorem 1

Proof of Theorem 1: (a) According to the symmetry, triangular inequality, L-Lipschitz continuity
and /; on-average model stability, we deduce that

[E[F(A(S)) = Fs(A(S)]l

N
- % > E[F;(A(S)) — Fs, (A(S))]‘
i=1
g% S [BIE(A(S)) — Fs, (AS))]
1 & RS
== Z E | Fi(A(9) -~ Z fi(A(S); 2ij)

N n
S;Z;Z;]E[fz(/l(s ); 2ij) fi(A(S),ZW)H
<Lyye [lacst2) - acs)|]
nNz:lj_:1
<Le.

This proves Part (a).

(b) Let g(w) = f(w) — Fs(w). From Lemma[2] and Assumption 1(a), it is obvious that, for any
w,w € W, w # ',

IVg(w)ll < (460)°K,
which means
[f(w) = Fs(w) = (f(w) = Fs (w))] < (40)° K lw — w']|.
Taking expectation with respect to (w.r.t.) all randomness, we get that
E[|f(w) = Fs(w) = (f(w') = Fs:(w"))[] < (46)" KE[||w — w'[]. ©)
Then,
[E[F(A(S)) — Fs(A(9))]]



N i=1
< S Y B[S )i) - Az
i=1 j=1
S%N i i: (E Hfz-(A(S(j”); 2i) — Foun (A(SYUD)) — fi(A(S); zi5) + FS(A(S)))H
i=1 j=1

B [ (459 - Fotas) |

) = A(S)[l] + 2E[Fs(A(S))]

<(40)°Ke ; QIé[Fs(A(S))],

where the first three inequalities are caused by the triangular inequality and the fourth inequality is
due to Equation (3). The stated result in Part (b) is proved.

B.3. Proof of Theorem 2

Proof of Theorem 2: Let SU:) = S("v) = (g, }N_l1 U S, Define ol =|{m: 2, =2
Vt € N,i € My, j € [n],m € [b1]. Thatis af; is the number of samples that are equal to z” in
the ¢-th global iteration for the i-th edge device. It is obvious that E [of;] = bi/n,E [(af))?] =

(E [of] )2 + Var (of;) = b (14 21=1). Then, the update can be reformulated as

ij
Wi == blM Z Za”vfz( Wi lJ’{vzl}z 1’“) “@

€My j€[n

79 <550

~ b ~
For the sake of simplicity, we denote V f; (w 2t {vf l} ’ , u) as Vf; ( w;; Zj) According to
=1

the new formulation, we can get

o+ — a4
Nt blM S ol (Vi (whi2l) - Vi () 2L))
1EM; j€[n]
S wt—u} blM Z Z z] vfz ) sz( 17 L])) (5)
1EM; j€[n]
Z Z <VfZ et ”) sz( Wi w) sz( Wy 1J)+vf2 I ZJ H
ZE/Vltje[n]

Considering the possibility of choosing a client who has a disturbed sample, we carry out the followmg
discussion. When N ¢ M;, we use smoothness, the fact that wf» =wtto get

(5)
<Hw —w by M Z Z |Vf1 17 w) sz( Wi w)“
i€M; j€[n]
< t ,f ﬁnt _ ot
<lw' @'l + 557 D0 > ol llwi - ]
1€Mtj€["]
ﬂn
=l =@+ 37 D D ol flw' -
ZEMtJE [n]



( Bmijza)thw

€My je[ ]

and

(6)
S S Yl

Vi (wh2l) = Vi (@) 255) = Vi (wf; 28) + Vi (0] 25)

1€EM;y j€[n]
b
Z(sz( Wy 3 z]) Vfl( Wy 1])7vf,l>v§,l
’LEMt]E =1
p p
+ (5<vf,lfvzifi<wi;zfj>|wzwmvf,l) vhy = (BT Filwi 2y vl ) o )

ba
I
Z ( <§(v£,l)Tquﬂifi(wi§ ij)|w,;:w§j;“f,l) Uf,l
=1

l

_vfl( Wy zg)+vfl( Wy zg)

ZEMt _]E <

H T
- (5@;{» Vw2 i) o )

bo
+ blz Z<vf1( zv z]) vfﬁ( zv zy)’vztl> vf?( 27 z])+vf1( 1,’ z]) |>
PRI ( Z@n P
lGMtJG
b2
+ b12 Z<vfl( 17 ’Lj) vf’b( 27 7,]) vt> vfl( 7,7 2])+Vfl( 17 zy) )
=1
pB
b1Ml€ZM”;O‘ ( vaund
bo
+ b12 Z<Vfl( 17 z]) vfl( z7 z]) Ut> Vfl( 17 z])+vf2( 17 z_]) >
=1

When N € My, let P, = {(4,7)|i € M/{N},j € [n]ori=N,j€ [n— 1]}, then
()

<l o+ g 3l 9 (utssh) = Vi k) |
- bf&axn 197 (whs 2hea) = V v (s i) |

_ Bn _ 2n. L
<l = 0]+ 57 S - o'l + ik,

2 L
(1 e et ot P

and



Vi (whzh) = Vi (wh 2L) — Vi (wh; 28) + V fi (wl; L)

761 Za

7 [V (whs 2n) = VI (0l 2) = Vi (wlys o) + 9 (i 2hv) |
t Mﬂi t 3
> Z ag; oz
M i€EMy jE€[n ’ ba =1
ba
blMZ i vai( 17 z]) Vfl( 17 z])avztl> Vfl( z’ 1])+Vfl( za zy) |
=1
ba
1
+ bztwaﬁvn 5 2 (Vv ahn) = V(@i 2v)s vy vie = Vi (whvi 2v) + Vi (@ 2va) ‘
=1

Then, combining the above four inequalities, we obtain that

Hthrl _ wt+1”
ba
N-M By pB :
("2 o0 >E TR v ot X ot
i€EMy jE€[n] zeMt j€[n] =1
bo
1
+ b2 Z<vfl( 17 z]) vfl( 17 z])?vfl> Vfl( 17 z])+vfl( z’ z_]) ))
=1

M L
+N<< B Za ) ’w _—t|‘+277t t bM Z Z t:u’BZ” z||3

i€EMy jE€[n]
+ i Z ol

Ui al
blM Nn

ba
Zm( whi 2l) = Vfi(wh; 28) vl ol = Vs (wh 25) + V fi (0l 2L5)
=1

ba

1 P P
5 2 (Vv (i 2vn) = V(@i 2, oo = Vi (whvi 2iv) + Vi (@l 2a)

=1

+

)

Define J{ = {2 ,...,2{, },t € N,i € [N]. Taking conditional expectation w.r.t. .J{, we derive

E e[l — @]

SN]—VM<<1 B Z Z]Eﬂ m> ‘w @

’LEMt Jj€([n]

o > S Ey (“Banu?’

i€EMy jE€[n]

1 &

bQ Z<vfl( 1,7 1]) vfl( zﬂ lj) Ut> vfl( 17 z])+vfl( 7.7 2])

M
+N<< By ZEJ zy) w _th

+

277tL

5
+ b MEJ}:\,[at Zj ZHUZZHS
1 ZGMt]G[n
ba
n 1
+b1jt\4ZEJf[afj] EZ(vfl( i zg) vfl( Wy 2])7 fl> vfl( Wy zj)+vfl( Wy zg) ‘
P, =1
b
1 I I
=1




277L unﬁ
- d ZH ik

-M M
(L +meB)|w' — @[ + — (1 + mB)|lw’ — @[] +

N N
b
N-M 1 _ _
+ N Mt E Z<Vfi(w§;zfj) - sz’(wﬁzfj)avfﬂvf,l -V (wf, ng) + Vi (wfazfg)
1=1
ba
M 1
+ﬁnt Ez<vfl( i ’L]) vf’b( Wy zg)>v'fl> Vfl( Wy zg)+vfl( Wy 2])
1=1
ba
1
i 7Z<va(w§Vazf\/n) - va(U_jf\/;z}tVn)’Uﬁ\/,»v?V,l - VfN (w}t\hzg\/n) + va (mf\fvzllf\/n)
niN b2 =1
2n: L w7 ﬁ
<1+ neB)|w — @' + Jt\, . ZII il
bo
1
+77t Fz<vfl( 27 7,]) vf’b( ’L’ ZJ) Ut> vf’b( 1,7 zj)+vfl( 7,7 1,])
2=
ba
ne || L St o
o |1y 2oV v whs #hn) = Va0 2vn)s )iy = Vv (i ) + Vv (Wi 2va)
=1
Further taking expectation w.r.t. all randomness and utilizing Lemmas [ [5] we obtain that
Efflw™" — @]
B 2ny L
<(1+ mAE[lw’ - &) + o I
ba
1
+77tE b2 Z<vfl( 17 'L_y) vfl( zﬂ ’Lj) vt> vfl( 17 z])+vfl( i 2]) ‘|
1=1
b2
1
1=1
2L dpme 8
<O+ mBEllw’ — o'+ T + 55y [ BV (whil) = Vi (wh25) ]
d P
+ 2SR |V (whi2h) — Vv (wﬁv;zfvj)H]
d 2L 2L | d
< <1+ <1+ng> ﬁtﬁ)E[||wt—wt|H+ <N+ /6+7N by )m
Leta; = (1 + %) B and ag = + B + 1/ . Taking summation from¢ = 1to 7" — 1,
we deduce that
[IIwT — ']
T—1
< Z ( H 1+a17)5)> asmy
t=1 s=t+1
< Z exp ( Z a1775> azny
t=1 s=t+1

T-1 T—1
< Z exp (alm Z 81> asn;
t=1 s=1
T—1 T—1
=exp <a1771 Z 51> asm Z ¢t
s=1 t=1

|



<(e(T =1))"*"™ agm log(e(T — 1))
<0 (((nN)_lL + 1) T log T) ;

where the second inequality is derived by 1 + z < e® and the fourth inequality follows by Lemma 3]
(a). ]

Proof of Corollary 1: We integrate Theorem 1 (a) and Theorem 2 to obtain that

E[F(w") — Fs(w")] |
< S S B[ - ] = LE [fu” — "]

i=1 j=1
<0 (L ((MN)"1L + ) T* log T) .

The proof is complete. (]

B.4. Proofs of Theorem 3 and Thoerem 4

Proof of Theorem 3: Let SU:) = §(n~) =[G, 1 N1 51(\7). Similar to the proof of Lemma 1, when

N & My,
(5) = ﬁnt Z ZO‘
zEMfJE[n]
and
1 &
<b22|vf,zll3
LEMf]E =1
1 &
+ b2 Z<vf2( w;; 1,]) vft( Wy, Lj)’ ztl> vfz( Wy zg)+vfl( i z]) |>

When N € My, let P, = {(4,7)|i € M/{N},j € [n]Jori=N,j€ [n— 1]}, then

2
(5) = ( B ZO‘ ) w *“’t”*b?\} ol IV i (whys 2

and
(6)
t Nﬁ 3
< Y > b va”n
€My jE€[n
ba
blMZ i z;vfl( z7 lJ) vfl( 17 z])vvfl> Vft( z’ z])+vft( za z]) |
b
U lQ oty —t .=t t t to.t —t st
+ blMaNn by Z<VfN(wN7ZNn) va(wszNn)va,l>UN7l Vin (wN’ZNn) + VN (wN7an)
=1
Then, combining the above four inequalities, we obtain that
wt+t —at+
ba
N—-M Bn uB3
S (2 )l gl T F o (e
1€Mf]€[n] EM; je[n 2 1=1
1 &
+ bQ Z<vfl( Wys z]) vfl( Wy zg)’ufl> vfl( W5 z])+vfl( Wy z]) >>




S Yl “5Z||v”u3

M 2
+N<< B Za ) ’wt_wt|‘+b7j7\t4 Nn”VfN(wNaZNn)‘

i€EMy jE€[n]
ba
n 1
+b]]thagj bg Z<vfl( Wy z]) vf?( wy; zg)a fl> vfl( Wy, z])+vf1( i) zj) |
P, =1
b
U RS to.t " t t to.t —t . st
+ blMaNn EZ<VfN(wNaZNn) = VIN(@x; Znn), VN ) VN — VIN (wis 2hn) + ViIin (Wi Zhn) || ]
=1

Taking conditional expectation with respect to (w.r.t.) Jf, we derive

Ejefllw™* — @]

N-M
S0 ke 2t

1EM; j€(n]

S S Byl (“BZII P
i€EMy jE€[n]
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1EM; jEN
1 &
b2 Z<vfl( Wy 13) v.fl( Wy s 1_7) Ut,l> vfl( Wy l])+vf7'( Wy lj) +b MEJ‘ [aNn]
1 &
o D (VN (Wi Zvn) = VN (@ Zn)s o) vive = VIN (whvi i) + Vv (@ 2h,) D
=1

21, umﬁ
<(L4mpB)|w *th|+ IIVfN(wN,an [+ ZH all?

ba

1
+77t £Z<vfl( i 1]) vfl( Wys zy)7vfl> vfl( Wy z])+vfl( Wy z]) |
=1
n |1 &
+ nf]t\] EZ<VfN(w§V7Z§Vn) _va(wf\/;é}an%v?V,le}:\’,l _VfN (wg\hz}f\]n) +VfN (w§V72§\/’n) ‘
=1

Further taking expectation w.r.t. all randomness and utilizing Lemmas [4] [5] we obtain that

Effw™* — "]

2
<1+ mAE[lw — @'ll] + IV i (whe 2hen) 1] + ine BBt ]
bo

1
+77tIE b2 Z<vf1( Wi 23) sz( W5 13)7Ufl> vfl( Wy zy)+vfz( i zy) ‘|
=1
1 &
+ W]E ™ D (Vv (whyi 2h,) = VN (0 Zh,), ok vl — Vin (whys 2h,) + Vi (@5 Zi,,) ]
=1

dume
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d

2T]t
niN

+77t\/7 [val( Wi 13) Vfl( Wis 11)”]

<A+ mBE[lw’ — ol + —CE[IV i (wh; zvn)ll] +

[vaN (wszNn) va (wﬁ\/vz;\fn)m



< (1 + (1 + \/Z> mﬁ) Efllw’ — @]

+ (E[”va(wszNn I+ B+ — \/7 E[IVin( wNaZNJ)”]) M- (N

To measure the stability, we need to obtain the upper bound of E[||V f (why; 25,5 = 1, ... .
Based on Equation (T)), the update of FedZO, triangular inequality, Lemmas {4} [5] and Assumptlon 3,
we provide that

E[Fs(w'™) — Fs(w")]

<E [ (0t~ ut, VFs(u)) + %ﬁuwf“ - wf||2]
Z Z vfl 17 z m

g 5 e
16./\/1,5 mel[bq] lEMr melby]

blM Z Z [<va Wi zm) vfz( Wy zm)"’vfz( Wy; f7m),VFs(wt)>]

]

ZEthEbl
2
5 SO VDICATEMELAEMELAEEN)
1EM¢ me[by]
<- ST ST E[(V (whial) - Vi (wh2,)  VEs()] - mE IV Fs ()]
! €Mt me[by]
+ PR [Hm whi 2l ) = Vi (w2 } + BnPE [V Fs () 2]
<z 2 3 B 95wt st) = 1 atist ) [ ] + BB (19 S0P

—nE [IVFs(w")|]?] + Bn/E {H@fi (whi 2f ) = Vi (w2} ,,)

} + BPE [V Fs(w)]?]
< (= ) B 09I + (g + o) 3 Z( B [t ]
S (ZACESIY)

2 1 d 2y, WP AP
((1+ ) it (3~ 35, ) BUFFOP] + G705 + S

1 2832 292
== <4 )ntlE |V Fs(wh)|?] + Mi??“ru/;m

1 2332 22
Then,

E[Fs(w'™) — Fs(w(S))]

d 2123,.2 22t
<(1— (;—QbJ am>1E[Fs(wt)—Fs(w(S))] + B i”’f +“58"

<E [Fs(w') — Fs(w(S))] + MQB:’?? n M2582?7t

t 2 3 2 2 2

10



<E [Fs(w') — Fs(w(S))] + Lkl doitty 1, > it
i=1

4 8
=1
<E [Fs(w') - Fs(w(9))] + 2@3"% +£ 2/;2”1 log(et),

where the last inequality is due to Lemma@ (a), (b). It follows from Lemmam (2) that
E[|IV fx (wh; 23;)1I°]

P 28 : ,
<2BE[Fs, (why)] = 7 D ElFs, (w))] = 26E[Fs(w')

<2 (ElFa(uw)] + 25 4 20 pog(e(r 1))

For convenience, we denote 23 (E[Fs(wl)] + % + % log(e(t — 1))) as 7(t). Then, from
Equation (7)), we know that

Effw'™ — @]

§<1+<1+\/Z>m/3>ﬂﬂ[|lwt ']+ (2F 5+W\/®’”

Leta; = (1 +4/ %) B and a4(t) = T(t + B+ O T(f \/ 7% Taking summation from ¢ = 1 to
T — 1, we deduce that

[IIwT — ]

< Z ( H (1+ a1n3)> as(t)m
t=1 \s=t+1

< i exp ( Z CL1775> as(T — 1)me
= s=t+1

Sy (almzs ) —
T-1 T-1
<exp <a1771 > S_1> ay(T =Ly Yt
t=1

s=1

<(e(T - ))‘le (T — 1) log(e(T — 1))
S(’)(( VlogT—i—l),uTHogT)
O
Proof of Corollary 2: We integrate Theorem 1 (b) and Theorem 3 to obtain that
|E [F(w") - Fs(w")] |
T —@"||] + 2E [Fs(w™)]
i=1 j=1
=(40)’KE [HwT —w"||]] +2E [F (w")]
<0 (( 1\ /log T + 1) O(nN)~1T% log T) .
The proof is complete. ]

Proof of Theorem 4: According to Equation (8,
E[Fs(w'™) = Fs(w")]

11



that is

= (1 - <1 - ;;;) 0”7t> E [Fs(w') — F(w(S))] + ,3543773 el

2 8
1 d 233,,2 292
= <1 - (2 - 2b2> O‘;”) E [Fs(w') — F(w(S))] + & 54 My B 58 M

We multiply both sides of the above inequality by ¢ (t — (% - ﬁ) 04771) to get

: <t . (i . Ajf) am> E[Fs (') — F(w(S))]

< <t . (i . 421) am) (t - (; - 2‘;‘) am) E [Fs(w') - Fw(S))]

w07 prm
4 8

4
t'=1
d d
s 1<i4b>am> IR
2Bt pPBPm
4 S 6 (L

Therefore,

E[Fs(w”) — Fs(w(5))]
d

L—(1—m;)om)(1- l—QL am
< ( (5 - 1)‘“’(; - 1>((1 (4b2 :m)) >E [Fs(w') = F(w(S))]
1850 N 1> *mT
a(T-1-(4=gt)om) 16(T-1-(4-45)om)
=0 (T2 + ).

The optimization bound is given. By integrating this optimization upper bound and the generalization
upper bound in Corollary 2, we can get the following expected excess risk bound

IE [F(w T)*F(w*)}l
<[E[F(w") - Fs(w ]|+|E[Fs ¥) — Fs(w(5))]|

_|_

<O (772 4+ 422 + ((nN)"'V/log T + 1) (46) T ™ log T + E[Fs(w")]) .
O
B.5. Proofs of Theorem 5 and Theorem 6
Proof of Theorem 5: Let SU:) = S("~) = {5}V 1y S%L). The update for asnchronous case can

be reformulated as

wit! = wt — Z Z atZsz ( i f]l, {’Uf:l}jil 7M> . 9)

lE[N]JE[n]

12



b
For the sake of simplicity, we denote v f1< w; ,zf}',{vffl}lil, )as v fz( w;"s 2]) According to
the new formulation, we can get
- w4
S R U Z Z ”(Vfl wit; 2) — V f; (@l Z;))
zE[N j€n
< w_w_izz Q; vfl zaw) Vfl(z’ltji)) (10)
i€[N] jE[n
77 ~t; sti
' ZZ <Vf1 z’zy) sz( 171]) vfl( z’zg)+vfl( l’Zt]))|'
IE[N]JE[H]

Y

In the sequel, we seperately give the upper bounds for (9) and (10). Let P, = {(¢,4)|i € [N —1],j €
[n]ori = N,j € [n— 1]}, then
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<Hw —w||+ N Nn
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¢ N tn. N Bnt
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wlts 24) = Vi@l 210
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= ok D (o 3R (A C AR ACEA]

1
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AT RIACEIRIACIEARACEN )

Bn
(th% ot = 0+ 2l 1V s 20,

B t—1 , ﬁ
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Then, combining the above two inequalities, we obtain that
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Further taking expectation w.r.t. randomness and utilizing Lemmas 4] [5] we obtain that
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(12)

To measure the stability, we need to obtain the upper bound of E[||V f;(w}*; 2/1)||],4 € [N], 5 € [n].
Based on Equation (TJ), the update of asynchronous FedZO, triangular inequality, Lemmas [4] [5]and
Assumption 3, we provide that
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Then,
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<E [Fs(w!) - Fs(w(s))] + 20 +

where the last inequality is due to Lemma@ (a), (b). It follows from Lemmam (2) that
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N
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2 03,2 212
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For convenience, we denote 23 (E[Fs(wl)] + % + % log(e(t — 1))) as 7(t). Then, from
Equation (12)), we know that
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Proof of Corollary 3: We integrate Theorem 1 (b) and Theorem 5 to obtain that
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i=1 j=1

=(40)’KE [||w” — @w"||]] + 2E [Fs(w™)]
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The proof is complete. |
Proof of Theorem 6: According to Equation (T3)),
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P2 B

= - <; - 2Z >O‘77tE [Fs(w') = Fs(w(S)] + ==+ =5,

that is
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We multiply both sides of the above inequality by ¢ (t — ( % — &) am) to get
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Therefore,
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< (T-1) (T 1 (% — 4 am) E [Fs(w') = F(w(S))]
A @ BT
4(T71— (z* ﬁ)am)
=0 (T—2 + MQ) )

The optimization bound is given. By integrating this optimization upper bound and the generalization
upper bound in Corollary 3, we can get the following expected excess risk bound

|E [F(w T)*F(w*)“
<[E[F(w") - Fs(w)]| + |E [FS(wT) - Fs(w(S))]|
gO(T* +u +((1+(nN)* \/@)IOgT+ \/@@ (46)"uT* + E[Fs(w )])'

+

References

[1] Liam Madden, Emiliano Dall’ Anese, and Stephen Becker. High-probability convergence bounds
for non-convex stochastic gradient descent, 2020.

[2] Shaojie Li and Yong Liu. High probability guarantees for nonconvex stochastic gradient descent
with heavy tails. In International Conference on Machine Learning (ICML), volume 162, pages
12931-12963, 2022.

[3] John C. Duchi, Michael I. Jordan, Martin J. Wainwright, and Andre Wibisono. Optimal rates for
zero-order convex optimization: The power of two function evaluations. IEEE Transactions on
Information Theory, 61(5):2788-2806, 2015.

19



