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ABSTRACT

Energy-based models (EBMs) are generative models that are usually trained via
maximum likelihood estimation. This approach becomes challenging in generic
situations where the trained energy is nonconvex, due to the need to sample the
Gibbs distribution associated with this energy. Using general Fenchel duality re-
sults, we derive variational principles dual to maximum likelihood EBMs with
shallow overparametrized neural network energies, both in the active (aka feature-
learning) and lazy regimes. In the active regime, this dual formulation leads to
a training algorithm in which one updates concurrently the particles in the sam-
ple space and the neurons in the parameter space of the energy at a faster rate.
We also consider a variant of this algorithm in which the particles are sometimes
restarted at random samples drawn from the data set, and show that performing
these restarts at every iteration step corresponds to score matching training. Using
intermediate parameter setups in our dual algorithm thereby gives a way to inter-
polate between maximum likelihood and score matching training. These results
are illustrated in simple numerical experiments.

1 INTRODUCTION

Energy-based models (EBMs) are explicit generative models which consider Gibbs measures de-
fined through an energy function f, with a probability density proportional to exp(— S f(x)), where
B is the inverse temperature. Such models originate in statistical physics (Gibbs| 2010; Ruelle,
1969), and have become a fundamental modeling tool in statistics and machine learning (Wain-
wright & Jordan, |2008; |Ranzato et al., 2007; LeCun et al., 2006; Du & Mordatchl [2019; [Song &
Kingma, [2021). Given data samples from a target distribution, the learning algorithms for EBMs
attempt to estimate an energy function f to model the samples density. The resulting learned model
can then be used to obtain new samples, typically through Markov Chain Monte Carlo (MCMC)
techniques.

The standard method to train EBMs is maximum likelihood estimation, i.e. the learned energy is the
one maximizing the likelihood of the target samples, within a certain function class. One generic
approach for this is to use gradient descent, where gradients may be approximated using MCMC
samples from the trained model. However, this is computationally difficult for highly non-convex
trained energies, due to ‘metastability’, ie the presence of large basins in the energy landscape that
trap trajectories for potentially exponential time. This has motivated a myriad of alternative losses to
learn EBM energies, such as the popular score matching; see (Song & Kingma, |2021) for a review.
All in all, such weaker losses come at the expense of a loss of statistical power, which motivates
exploring computationally efficient methods for EBM maximum-likelihood estimation.

EBMs also have structural connections with maximum entropy (maxent) models, which have been
studied for decades through Fenchel duality. |Dai et al.| (2019b) was the first work to leverage similar
duality arguments for maximum likelihood EBM training. Howeyver, their analysis is restricted to en-
ergies lying in RKHS balls (i.e. non-parametric linear models). Despite the appealing optimization
properties of RKHS, these spaces of functions typically only contain very smooth functions when
the dimension is large (Berlinet & Thomas-Agnan| 2004). A recent line of work—originating in
supervised learning—has considered an alternative based on shallow neural networks (Bach, 2017,
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which admit a linear representation in terms of a measure over its parameters and are able to adapt to
hidden low-dimensional structures in the data. The statistical benefits of the obtained F; or Barron
spaces have recently been studied in the context of shallow EBMs by |Domingo-Enrich et al.|(2021)),
who show that they may outperform the RKHS models.

In this work, we focus instead on the computational aspects of training such shallow EBMs. Relying
on infinite-dimensional Fenchel duality results for the KL-regularized L? and L*° regression prob-
lems over probability measures (App. B), we recast the maximum likelihood training of F;-EBMs
into a min-max problem over measures, and derive a gradient descent-ascent algorithm (Alg. [T))
in the associated metric spaces, based on the Wasserstein distance. Crucially, these schemes, de-
fined over idealised parametrisations requiring infinite number of neurons, admit a finite-particle
approximation, as in regression or classification. When viewed in terms of particle systems, the
dynamics evolve two interacting populations simultaneously: one over the neuron parameters, and
the other over the data space (Sec. 3). Moreover, our proposed algorithm naturally interpolates be-
tween the primal and dual formualtions, thanks to the relative time-scale between the minimization
and maximization steps, and is even able to interpolate between MLE and Score Matching. This
dual algorithm is evaluated experimentally in[Sec. 5|in a well-calibrated high-dimensional teacher-
student environment, which allows us to assess our models against the ground-truth, and test the
effect of input dimension. Our experiments confirm that the dual algorithm converges significa-
tively faster than the primal one, suggesting that dual updates might bypass metastability despite
high-dimensional and non-convex energy landscapes.

Related work. Our work is based on general Fenchel duality results that may be useful in
applications beyond the main focus of this paper (see[App. D). These theorems are a generalization
of results stated in the compact case in |Domingo-Enrich et al.|(2021)) in their Appendix D. Similar
duality results have been studied extensively in the area of maximum entropy (maxent) models
(reviewed in Ch. 12 of Mobhri et al|(2012)). The first maxent duality principle was due to Jaynes
(1957). Maxent models have been applied since the 1990s in natural language processing and in
species habitat modeling among others, and studied theoretically especially since the 2000s (Altun
& Smolal [2006; |[Dudik et al.| 2007).

Recently |Dai et al.| (2019a) leveraged duality arguments in the context of maximum likelihood
EBMs, although in a form different from ours. Their duality result works in the more restrictive
setting of “lazy” energies lying in RKHS balls and probability measures with L? densities, and they
derive it directly from a general theorem that works for reflexive Banach spaces (Ekeland & Temam
(1999), Ch. 6, Thm. 2.1). Our Fenchel duality results, which work for Borel probability mea-
sures and feature-learning (1) energies, are more general because we must rely on measure spaces,
which are non-reflexive Banach spaces. Their algorithm is also different: they do not evolve gener-
ated samples, but rather use a transport parametrization of the energy. |Dai et al.|(2019b) expand the
work (Dai et al.;|2019a) combining it with Hamiltonian Monte Carlo.

A precursor of modern machine learning EBMs were restricted Boltzmann machines (RBMs), first
trained via contrastive divergence or CD (Hinton, [2002) - which estimates the gradient of the log-
likelihood via approximate MCMC samples of the trained model. It later led to maximum likelihood
training of EBMs (see e.g. | Xie et al.[(2016;2017); Du & Mordatch| (2019) among many others). A
popular variant of CD is persistent contrastive divergence or PCD (Tieleman| 2008 Tieleman &
Hinton| 2009)), in which the MCMC samples are evolved and reused over gradient computations
to be progressively equilibrated. Drawing a comparison with our work, our dual F;-EBM training
algorithm resembles PCD in that both evolve a set of samples over training iterations.

A vast array of EBM losses alternative to maximum likelihood have been developed in recent years
(Song & Kingmal 2021)) with the goal of avoiding the MCMC procedure, which may be costly
for non-convex densities. Some successful ones are score matching (Hyvérinen, 2005) and related
methods such as denoising score matching (Vincent, [2011). Building on these, recent works have
achieved state of the art image generation (Song & Ermon,2019;[2020; Ho et al., | 2020; |Song et al.,
2021). We derive the score matching algorithm for F; energies and show a continuum of algorithms
interpolating between dual maximum likelihood and score matching training.



Under review as a conference paper at ICLR 2022

Finally, our work (in particular [App. C) also has links with maximum mean discrepancy (MMD)
flows. MMDs are probability metrics that were first introduced in (Gretton et al., [2007; [2012)) for
kernel two-sample tests, and that have enjoyed ample success with the advent of deep-learning-based
generative modeling as discriminating metrics (Li et al., 2015; |Dziugaite et al.| 2015} |Li et al.,[2017).
Among the MMD literature, the closest work to ours is (Arbel et al.,[2019), which study theoretically
the convergence of unregularized MMD gradient flow (our equation with 3~ = 0). In their
experiments, they observe that noisy updates (8~ > 0) are needed for good generalization. Our
work shows that their algorithm is exactly training maximum likelihood EBMs energies in an RKHS
ball of radius that depends on the noise level (see[App. C).

2 BACKGROUND AND SETUP

In this section, we provide preliminary background on the functional spaces associated to over-
parametrized two-layer networks, and on EBMs and their training losses.

Notation. If V is a normed vector space, we use By (/) to denote the closed ball of V' of radius
B, and By := By (1) for the unit ball. If K denotes a subset of the Euclidean space, P(K) is the
set of Borel probability measures, M(K) is the space of Radon (i.e. signed and finite) measures,
and M™T(K) is the set of non-negative Radon measures. If v is a Radon measure over K, then
[7llry = Jx dlv] is the total variation (TV) norm of +, which turns M(K) into a Banach space.
Throughout the paper, and unless otherwise specified, ¢ : R — R denotes a generic non-linear
activation function. We use (-)4+ : R — R to denote the ReLU activation, defined as (z); =
max{z,0}. We use 7 to denote a fixed base probability measure, possibly used with a subindex
to specify the space it is defined over. We use S C R?*! for the d-dimensional hypersphere
and log for the natural logarithm. We denote the Lebesgue measure by A. Given two probability
measures v,v" € P(K ) Dgr(v[|V)) = [} log 2

H,V')=— [ log )dy is the cross- entropy

2.1 OVERPARAMETRIZED TWO-LAYER NEURAL NETWORK SPACES

In this work, we will focus on dense function approximation classes generated by overparametrized
shallow neural networks. One can distinguish two canonical models, depending on the asymptotic
scaling regime. For further background on these regimes, we refer the reader to|Chizat et al.[(2019).

Kernel regime. Let X' C R% O C Ré, p: X x0O — R, and 7¢ be a fixed base probability mea-
sure over ©. We define F as the reproducing kernel Hilbert space (RKHS) of functions f : X — R
such that for some h € L?(©, 7g), we have that, forall z € X, f(z f@ o(x,0)h(0)dre (). The

RKHS norm of F; is defined as || f|| 7, = 1nf{Hh||L2 © | f() f@ (-, 0) h(0) dT@(H)} where
Hh||L2(® = [ |n(0)]? dre(0) (c.f. Bach/(2017)). As an RKHS, the kernel of 75 is

k(z,y) = /@w(wﬁ)w(ﬂfﬁ) dre(0). (1)

Feature-learning regime. Set X', © and ¢ as in the previous paragraph, and define F; as the
Banach space of functions f X — R such that, for some Radon measure v € M(O),
for all x € X we have f = Jo@(x,0) dy(). We define the norm of Fy as || f||r =

inf { IVl [FC) = Jg ol dv(@)} . This construction was introduced by Bach|(2017), who first

used the notation F; and focused in particular on the case X' C R?, © = S and o(z,0) =

ReLu”({(z,1),0)) for some k € Z,. This space is also known by the name of Barron space (E
et al.,|2019; |E & Wojtowytsch, [2020) in reference to the classic work (Barron, [1993).

Remark that since ||h]z1e) = [g ()] dro(0) < ([g |h(0)* dTe(6))/? = ||hllL2(e) by the
Cauchy-Schwarz inequality, we have Fo C .7-"1 in particular finite-width neural networks belong
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to F7 but not to F» (Bachl[2017). The TV norm in JF; acts as a sparsity-promoting penalty, which
encourages the selection of few well-chosen neurons and may lead to favorable adaptivity properties
when the target has a low-dimensional structure.

2.2 EBMS AND TRAINING LOSSES

Consider a measurable set X C R% with a fixed base probability measure 7y € P(X). If F is
a class of functions (or energies) mapping X to R, for any f € F we can define the probability
measure vy as a Gibbs measure with density:

dl/gf

x) = Z e PI@  with  Z ::/e*ﬁﬂy)dT ,
dry )= Ly ori= | x(y)

where dvgy/dry is the Radon-Nikodym derivative of 135 and Zsy is the partition function. The
parameter 3 > 0 is the inverse temperature. We could merge [ into F by considering the function
class {8f|f € F}, but we have decided to keep them separate to showcase the dependency on
(. Gibbs measures are the cornerstone of statistical physics since the seminal works of Boltzmann
and Gibbs. Beyond their widespread use across computational sciences, they have also found their
application in Machine Learning, by the name of energy-based models (EBMs), where the energy
function is parametrised using e.g. a neural network.

We denote by F;-EBMs the energy-based models for which the energy class F is the unit ball
Br, (1) of Fy. Notice that the class {5f|f € F} is equal to the ball Bz, (). Such models may
be regarded as abstractions of more complex deep EBMs, in that they incorporate feature learning,
and they were first studied by Domingo-Enrich et al|(2021), which provide statistical guarantees.
They are to be contrasted with F>-EBMs, for which F is the unit ball Bz,(1). F2-EBMs, which
we study in [App. C| have fixed features and showed worse statistical performance in experiments
(Domingo-Enrich et al., 2021).

Given samples {z; }7_, from a target measure v/,, training an EBM consists in selecting the best vz ¢
with energy f € F according to a given criterion. Two such criteria are relevant in this paper.

Maximum likelihood. The maximum likelihood estimator (MLE) is defined as f =

argmax e 7 [ [, Cf;;: (x;), or, equivalently, as the minimizer of the cross-entropy H(vy,,vgy)

with the empirical measure v, = £ 3" | §,.:

f—argmln——Zl (duﬁf l)) —argmln—Zf z;) + B log Zsy. ()

feF feF i—1

The estimated distribution is then simply given by duﬁf = ngle’ﬁf dty. By observing that
DxL(v||V') = H(v,v') — H(v), where H(v) := H(v,v) is the entropy, minimizing the cross-
entropy is equivalent to minimizing the KL divergence when the latter is finite. However, such
equivalence is only well-defined in the population setting where the empirical measure v, is re-
placed by its population counterpart v/,. An appropriate choice of function class F induces a reg-
ularization that prevents the learned Gibbs measure to overfit to the empirical data measure, and
presumably approximate v, instead. The MLE enjoys strong statistical properties (Wainwright &
Jordan, |2008; [Wainwright, [2019)), as well as a powerful variational principle as soon as one consid-
ers convex function classes (see [App. A), but its notorious computational challenges (see Related
works section) have motivated alternative approximation metrics to be used to learn EBMs.

Since an arbitrary element f of F; can be expressed as f(z) = [q ¢(x,0) dv(6), with || f|| 7, equal
to the infimum of |||ty for all such +, the maximum hkehhood function for F = Br, (1) the
problem (2) can be restated as fure = [, (-, 6)dye(#) where

TMLE _32%\41%1;712/ (24,0) dy(0) + Blog (/X exp (—6/@90(96,9) d7(9)) dm(x)>(3)

lIvllrv<1
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Score matching. An important instance of such weaker metrics is given by Score Matching
(SM). The SM metric between two absolutely continuous probability measures v, v’ is defined as
SM(v,v') = [, |Vlog d‘i—’;(;c) — Vlog %(xﬂz dv(z). The SM metric is known in information
theory as the relative Fisher information. Note that this metric cannot be trivially extended to the
case vV = vy, because empirical measures do not have a density with respect to 7x. To get around
this difficulty, note that, if the target measure v, is absolutely continuous with respect to 7, and

we denote by f,(z) = =" log 5~ dvp. “ (x) its energy, learning an EBM with function class F under
the population loss corresponds to solving f = arg min g = [ [Vf(x) — Vfp(z)[* dvp(z). The
insight from Hyvarinen| (2005) is that under regularity conditions on f,, via integration by parts we
then have [, [V f — Vfp|*> dvp = Eg,3n  L(f,vn) + C, where Eq,,3n  denotes expectation over
the data set, C' is a constant in f which is therefore irrelevant, and

L(f.v) = ZB Af(e) + 51V

In practice, we train an EBM via score matching by solving f = argmingcr L(f,v,). Score
matching is computationally more tractable than maximum likelihood and performs well in practice
(see Related works section). Statistically, its main drawback is that the SM metric is weaker than
the KL divergence, and may fail to distinguish distributions in some instances.

The following proposition, proved in[App. G| provides the expression for the loss L and the resulting
score matching problem for F;-EBMs.

Proposition 1. Suppose that X C R¥ is a manifold without boundaries. Assume that
S IVap(z,0) - V= d"” 2 (2)| drx(x) is upper-bounded by some constant K for all 0 € ©. Assume
also that supgeg ||Vz<,9(:c, 0)|| < n(x) and that [, |n(z)|? dv,(x) < oc. The optimization problem

to train EBMs under the score matching loss over the ball Br, (1) gives fsn = [, (-, 0)dysm ()
where

7o = s / / ( V() - Va /@ p(a,0) dy(0) — B~ Dol 0)) A, (2)d(0)4)
[Ivll7v<1

3 DUAL F;-EBM TRAINING VIA MAXIMUM LIKELIHOOD

As a corollary of the duality result from[Subsec. B.2| we derive an alternative objective for F;-EBMs
trained via maximum likelihood, the original objective being (3) and we develop an algorithm to
solve this alternative problem. To this end, we make:

Assumption 1. Let p : X X © — R be a continuous function such that either X is compact or (i) for
any fixed 0 € ©, p(x,0) < £(x) for some strictly positive § : X — R, and (ii) £(z) + log(&(x)) =

( log (d”( )) — (dy + €) log ||a:|2> as ||z||2 — +oo for some € > 0.

In particular, this assumption holds for ReLU network energies when setting X = R4, © = RO+,
o(xz,0) = o({(x,1),0))/]|0]] and T» Gaussian (and in many other settings).

Theorem 1. Under[Assumption 1} the problem (3) is the Fenchel dual of

) // 0) — Up d~(0
By hitey P i) ©6) dlv = rn)(@) dv(6). s)
Ivllzv<1

Moreover, the solution v* of is precisely the Gibbs measure for the optimal v* in (3)), that is,
L (0) = A exp (=B fo 0(2,0) dr*(2)).

If we replace the F; ball by the F; ball, the analogous duality result links the maximum likelihood
problem with the entropy regularized MMD flow from [Arbel et al| (2019) (see[App. C).
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Training dynamics on nonnegative measures. Let us write the dynamics to solve (3) that can be
discretized in terms of parameters and particles (cf below). To this end we consider the
triple (Y, ~ ™, v) where the nonegative measures = are defined through the Hahn decomposition of
v = 4 — v—. Then we introduce coupled gradient flows for this triple, in which ;" and 7, evolve
via a Wasserstein-Fisher-Rao gradient flow (Chizat et al., |2018) and 4 evolves via a Wasserstein
gradient flow (Santambrogio}, 2017):

Oy = —aoVe - (W VoF(0)) +arf (cF(0) — K;),  o==%£1, 77 =~

6
Oy =V - (Vt <szt($) - B 'Vlo dd;(>> + 87 Ay, ©

where « is a tunable parameter and we defined

F(6) = /X o(2,0) (v —1) (@), fula) = /@ o(2,0) (dvit — o) (0), @)

K= ]IH’Y:rHTv-‘rHV;HTVZl/@Ft(e)(d%j_ - d’Yt_)(e)

The initialization of (6) is vy = v, and fyg[ = 0 (such that the initial energy is null). The term
K, keeps the total variation of +; below one. The parameter « acts as a relative timescale. Notice
that different values of « can potentially lead to different behaviors of the dynamics; setting o < 1
would correspond to the primal formulatlon of maximum likelihood with persistent MCMC samples
(as in PCD). In contrast ifa>1, ’yt evolves faster than v, and if the optimization is well behaved
at all times y; = 7;” — ~, remains close to minimizing the inner maximization problem of @) with
v = 7. Initializing vy = v, is crucial to avoid the kind of metastabilities that curse the behavior of
classical (primal) maximum likelihood EBM training.

below states that the solution (i, ;) may be approximated using coupled particle
systems (see proof in and is the basis for Alg.[T] The link between particle systems and
measure PDEs is through a classical technique known as propagation of chaos (Sznitman,1991) and
it has been used previously for similar coupled systems in the machine learning literature (Domingo-
Enrich et al., 2020).

Proposition 2. Let {9(] )} ", be initial features sampled uniformly over ©, let {o;}""| be uniform
samples over {£1} and let {wo = 1}, be the initial weight values, which are set to I. Let

{XO )} Y, be the initial “generated” samples, which are chosen i.i.d. uniformly from the target
sample set {x;}"_,. Consider the system of ODEs/SDEs:

da(J) ~ . dw(]) ~
L = a0 VE,(0;), L= awf (0;F(01) - Ky)
7 7 d 7
dXt():( VXY + BV log H ) dt + /26~ daw?
where
N n
- 1 i 1 ,
Fi0) = 5 2 (X7,0) = =3 (a1 6), ng% 07),
i=1 i=1
)

- 1 S
Kt = ]IZ;,LZI wt(j)Zm % Z ajw,gj)Ft(ng)).
j=1
are the empirical counterparts of the functions in (7). Then the system (8) approximates the measure
dynamics. Namely, as m, N — oo:

o the empirical measure 4, = L Z =10 wt( )59@) converges weakly to the solution vy = ;" —~y;
t

of (6) with uniform znltlallzatlon for any finite time interval [0, T, and

. N N .
* the empirical measure Uy = % Dot d (i) converges weakly to the solution vy of (@) for any
t

finite time interval [0, T).
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Importantly, the system of ODEs/SDEs in (8) may be solved via forward Euler steps on {6;}7; and

{w; }7, (or rather, {log w;}7_,), and Euler-Maruyama updates on {X o7 }N.|. Such a discretization
yrelds Algorithm T} Algonthmlmakes use of a tunable parameter pg, Wthh stands for the restart
probability and will be discussed in as a natural way to connect maximum likelihood with
score matching. To discretize (8] we set p r = 0, i.e., there are no particle restarts.

Algorithm 1 Dual 7;-EBM training (pr = 0: maximum likelihood, pr = (saAl): score matching)

Input: n samples {z;}"_; of the target distribution, stepsize s, stepsize ratio a.
Initialize unif. features (G(J)) 1 over O, weights (w (J)) *, in [0, 1), signs (0;)72, over {£1}.

Initialize generated samples {XO }N | uniformly i.i.d. from {z;}7 ;.
fort=0,..., 7 —1do
fori=1,...,Ndo
With probabrhty PR, replace X, @ by some uniformly chosen sample in {x; }7 (see
Sample Ct " from the d;-variate standard Gaussian.

Perform Euler-Maruyama update: X\, = X" — s(Vf,(X") + g~ 1V log 47 (X, D) +

_ A 1=
V2B~ 1s Ct(z), where f; is defined in (9).
end for

for j = 1,.._. m do
Update 9t+1 0 + sao;VE,(0), where F} is defined in (@).
Update wgi)l = wg_)l exp(saath(Ht(J))).

Normalize if needed wgi)l = wt(i)l/ max (mfl > =1 ~t(ii, 1)
end for
end for

Output: samples {X( )}l |- energy fr(z) = £ Z] Lojwip(z, 05).

4 LINKS BETWEEN MAXIMUM LIKELIHOOD AND SCORE MATCHING
F1-EBMs

In this section we uncover how the score matching loss fits seamlessly as a variant of Alg.|l} in the
form of particle restarts. Interestingly, we can modify the PDE (6) in a way that allows us to make a
connection with score matching. To this end, let us introduce the following coupled measure PDE:

0y = —aoVy - (VW VeFi(0)) +avf (cF,(0) — K;),  o==%1, 77 =7,

10
>> +5*1Am1/t7a(1/t71/n). (19)

dTX

Oy =V, - (ut <szt(x)ﬁ 1V log 7

Remark that the only difference between this equation and the PDE () for dual maximum likelihood
training is the term —a(v; — v, ), which draws v; closer to the empirical target measure v,,. We have:

Proposition 3. In the limit « — oo, the equations for ~{ in (I0) reduce to
0y =aVp- (VE’WV(%)(G)) 7 (@V(W)(0) = V(w), o==£1 7 =7 (D

where v = v — 7y, = [oV(7)dy, and V(v)(0) is the Frechet derivative of the score
matching loss L : M(© ) —> R defined in @

That is, in the large « limit, equation (I0) is equivalent to the Wasserstein-Fisher-Rao gradient
flow of a loss L which, remarkably, is the score matching loss for F;-EBMs. This means that
adding the term —« (v; — vy,) to the dual maximum likelihood measure dynamics and letting o« —
oo we recover the score matching dynamics. This additional term can be easily implemented at

particle level by replacing each training sample Xt(i) by some random target sample in {x; }?_; with
probability pp = 1 — e~ = at + o(t) for every time interval of length ¢ (proof in [App. G)
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Similar birth-death processes were used in (Rotskoff et al.| 2019) in the context of neural network
regression. Hence, the score matching scheme corresponds to setting the restart probability pr = sa
in Algorithm [I] The restart probability acts as a knob that allows us to interpolate between score
matching and maximum likelihood.

In summary, score matching differs from dual maximum likelihood in that the trained measure is
being “pulled” towards the target measure at all times via particle restarting. Such constant pulling
should be useful to alleviate sampling problems due to metastability issues which may arise with
dual maximum likelihood. However, dual maximum likelihood has the upside of providing samples
of the learned EBM as a byproduct of training, which score matching does not. A good balance
between both algorithms may be to use a restart probability pr between s A 1 and 0, or even a pr
that decreases with time from one value to the other, in such a way that at the beginning of training we
avoid metastability issues by restarting the particles frequently, and at an advanced phase we perform
little to no restarting to obtain faithful samples. It is also interesting to contrast our approach to score
matching with the works [Sutherland et al.| (2018)); |Arbel & Gretton| (2018)), which using different
techniques propose algorithms to train EBMs with RKHS energies via score matching. Finally,
notice that a particle discretization of the flow yields an alternative straightforward algorithm
to train F-EBMs via score matching; see [Subsec. G.1] In[Subsec. G.1|we show that this algorithm
can be linked directly to Alg. [T|with particle restarts, without recurring to measure arguments.

5 EXPERIMENTS

Setup. To illustrate Alg.[Tjwe perform numerical experiments on simple synthetic datasets generated
by teacher models with energy f*(z) = % Z}le wio((0F,x)), with 07 € S? for all j. The training

is performed using Alg.|l{with the added detail that both the features 9,9 ) and the particles Xt(l) are
constrained to remain on the sphere by adding a projection step in the update of their positions. The
code, figures, and videos on the dynamics can be found in the supplementary material. In the main
text we consider two planted teacher neurons (J = 2) with negative output weights wj = w3 =
—10 in dimension d = 14 and m = 64 neurons for the student model, but we include additional
experiments and videos in and supplementary material. We study setups with two different
choices of angles between the teacher neurons, which showcase different behaviors:

* Teacher neurons 67, 03 forming an angle of 2.87 rad (=~ 164 degrees), and output weights wi =
wj = —10. The teacher neurons are almost in opposite directions, and the resulting target
distribution is bimodal, as the energy has two local minimizers around 67 and 63 (see [Figure 5).

 Teacher neurons 67, 65 forming an angle of 1.37 rad (= 78 degrees). The teacher neurons are
almost orthogonal and the resulting target distribution is monomodal; indeed, when the angle is
less than 7 /2, the target energy has a unique minimizer at the geodesic average between 67 and
05 (see[Figure S|in[App. I).

Monitoring convergence. In all our experiments, to monitor convergence we use a testing set of n,
data points sampled from the teacher distribution: denoting these samples by {z} };=;, we estimate

the KL divergence from the student to the teacher via log (- Z:’zl exp(—Bf:(x) + Bf*(x))) +
L Z?;l(ft(xf) + Bf*(x})) where fi(z) = >0, wP o (09, x)). Similarly, for the score

n* m
2

matching objective we use the estimate - ZZ; |Vw fe(xl) = Vo f*(af )|

Comparison of the primal algorithm and the dual algorithms. We defer the empirical study of
tuning the restart probability to and in this section focus on comparing the dual algorithm
for maximum likelihood F;-EBMs (i.e. with pr = 0) to the classical (primal) algorithm, which
was the algorithm used in the experiments of Domingo-Enrich et al.| (2021)). The primal algorithm
corresponds to Alg. |I| with o < 1, while the dual algorithm uses o > 1. To obtain a principled
comparison of the two settings where numerical errors do not blow up, we set s to be the step-
size for the fastest process (particle evolution for the primal, neuron evolution for the dual), and
min(a, 1/a)s the stepsize for the slow process.
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Figure 1: (Top) The evolution of the KL divergence, the score matching metric and the TV norm
of the trained measure (i.e., the F; norm) during training for Algorithm |I|with X = S, m = 64,
pr =0,5=0.02,n =10% N = 2-10° and o = 0.05 (primal training) or o = 20 (dual training),
showing a speedup by a factor about 10-20 of the latter over the former. The angle between the two
teacher neurons is 1.37 rad (monomodal distribution). (Bottom) Same experiments with an angle of
2.87 rad between the two teacher neurons (bimodal distribution).

The results are shown in for the two angle configurations between teacher neurons. We
observe that the dual algorithm is several orders of magnitude faster at reaching KL and SM val-
ues close to the final ones, which showcases the main advantage of the dual approach. For the
monomodal distribution, the final values obtained by the dual algorithm are slightly better than
for the primal algorithm; for the bimodal distribution, the converse happens and the convergence
is slower for both algorithms, most likely due to metastability. Interestingly, the decrease of the
performance metrics seems to stall as soon as the hard J;-norm threshold is reached.

6 DISCUSSION AND OUTLOOK

In this work we leverage a Fenchel duality result to recast the maximum likelihood loss for JFi-
EBMs into a min-max problem on probability measures over the sample space. We provide mean-
field dynamics at the measure level to solve this problem, which lead to a dual algorithm (Alg. [T)
after discretization. We observe that if we restart particles at random target samples throughout
training, we get an algorithm which is equivalent to training under the score matching loss. We
perform experiments in which we learn planted distributions with two-layer ReLU networks, and
we observe empirically that our dual algorithm is much faster than the classical one.

At theoretical level, one direction for future work is to obtain convergence results for the dynamics
(6) and (10). [Domingo-Enrich et al| (2020) study similar coupled Wasserstein-Fisher-Rao gradient
flows, but their results only work in the case of weight learning rates much larger than position
learning rates. We hypothesize that the additional term —« (v, — v, ), which keeps v close to vy,
might help in the analysis.

At the numerical level, it would be interesting to further test the variant of Algorithm [T] with an-
nealed pr decreasing in time, to understand under which parameter setup it captures the best fea-
tures of maximum likelihood and score matching. One could also test Algorithm [I] using deeper
neural architectures: while the analysis is more complicated in this case, the scheme itself can be
straightforwardly generalized to deep networks.
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A PRELIMINARIES ON FENCHEL DUALITY AND MAXENT MODELS

The basic theoretical tool of the present paper is Fenchel duality, whose main applications in ma-
chine learning are maximum entropy or maxent models. We provide a brief description of such
models to put in context the results in[App. B} which are related.

Fenchel duality. If X is a Banach space and X * is its dual space, the convex or Fenchel conjugate
of f : X — Ris the function f* : X* — R defined as f*(z*) = sup,cx(z*,x) — f(x). The
Fenchel strong duality theorem (see states that under certain conditions, if X,Y are
Banach spaces, f : X - RU {+0oc0}, g: Y — RU {400} are convex functions, and A : X — Y
is a bounded linear map, then

inf {f(z) + g(Az)} = sup {—f"(A"y") —g"(=y")}- (12)
x€ y*eEY ™
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Entropy and log-partition as convex conjugates. For simplicity, let ) be a finite set and let
Ty € P(Y) C RIY! be a base distribution on ). Crucially, the KL divergence or relative entropy
Dxy(v||Ty) is a convex function of v and its convex conjugate is the log-partition function v €
RPI log(>_,cy ™v(y) exp(v(y))). The functional equivalent of this convex conjugate pair is
key both for maximum entropy models, introduced below, as well as for the results of

Maximum entropy (maxent) models. Let ® : ) — RY be a feature mapping, and v,, =
% i1 6y, € P(Y) an empirical measure. One is interested in a statistical model that is ‘max-
imally non committal’, i.e. as close as possible to the base measure in KL divergence, given that its
feature moments are not too far from those of v,,. This rationale leads to the [°° maxent problem
(Ch. 12, Mohri et al.|(2012)), which is

in D hthat |[E,[®(y)] — B, [®1)]]le < A.
,in kL(v[[7y) suchthat [[E,[®(y)] — K., [®(y)]]| (13)

Let v,, € P()) be the distribution with density v, /7y x exp(—(w, ®(y))). One can apply Fenchel
strong duality (equation (I2)) on the problem (T3], by taking the KL divergence as the function f
and the indicator function of the constraint set as g o A. Using that the log-partition is the convex
conjugate, the dual of is

1< dvy,
max —— 3 _(w, ®(y:)) —log [ Y exp(—(w, @(y))) | = Aljwl = Zl ( ) = Awls,
v i=1 yey
(14)

Strong duality holds and v,,« is a solution of (I3) when w* is a solution of (T4). That is, solving an
entropy maximization problem with an £°° constraint on some generalized moments is equivalent
to solving a maximum likelihood for the exponential family problem under ¢! regularization. If in
@;]) we replace the norm in the constraint by the 2 norm, the corresponding dual problem involves

norm of w instead. The £>°-¢* maxent problems (I3)-(T4) are to be compared with problems
. (T9) in the next section, while the ¢? maxent problems should be contrasted with problems

B GENERAL DUALITY RESULTS

In this section we state Fenchel duality results between KL regularized regression problems over
probability measures with problems that are formally equivalent maximum likelihood estimation.
On the one hand, inthe metric used for regression is the L? distance (not squared, unlike
in least squares regression) and the corresponding dual problem is over a properly defined L? space.
is the basis for the dual formulation of F>-EBMs (App. C) and also for a formulation of
neural network regression via sampling (App. D). These two topics are deferred to the appendices.
On the other hand, in the regression metric is the L> distance, and the corresponding
dual problem is over a space of Radon measures. is the theoretical foundation for the
dual formulation of F;-EBMs in The proofs are in

Let Y C R% and let 7y € P()) be a fixed base probability measure over ) with full support. Let
Z CR% andlet 7z € P(Z) be a fixed base probability measure over Z with full support. Denote
L2(2)={f:Z > R| [2 f(2)? drz(2) < +00}. Let g € L*(Z) be a fixed function.

Assumption 2. Let ¢ : Y x Z — R be a continuous function such that either Y is compact or

(i) for any fixed z € Z, o(y,z) = O(&1(y)) for some strictly positive & : Y — R, and (ii)
6(y) +log(1(v) = ( g (25200 ~ (@ + ) og lyla) a5l > +oc for some ¢ > 0
and (iii) the function &5 (y) := ([ o(y, )2 drz(2))'/? fulfills sup, ey [§2(y)[/§1(y) < oo

[Assumption 2]imposes that either ) is compact, or the map ¢ has a well-behaved growth in a certain
sense, not very stringently. Note that (ii) is merely to ensure that & (y) has finite expectation under
the base measure Ty.
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B.1 KL-REGULARIZED L? REGRESSION

Consider the two problems
1/2

uénpl(%z)ﬂ ! Dye (v]|my) + /Z (/y oy, z) dv(y) — g(z)) drz(z) , (15)
and
1
lf‘z}er‘Ilng%i —/Zg(z)h(z) drz(z) — 3 log (/ exp ( B/ o(y, 2)h(z) drz(z )) dTy(y)) (16)

Theorem 2. The problems (13) and (16) are convex. Suppose that holds. Then
problem (16)) is the Fenchel dual of problem (13)), and strong duality holds. Moreover, the solution
v* of is unique and its density satisﬁes

= e (8 [ ot W r=().

where h* is a solution of (16) and Z 3 is a normalization constant.

The proof of this result is in[App. E| Note that in the problem (T6) we are implicitly optimizing over
an RKHS ball, which makes close to the results from |Dai et al.| (2019a).

A relevant problem that is very similar to (T3] is:

Vg;;gly)ﬂ "Drr(v||ry) + A(/yw(y,Z)dV(y)—g(ZO drz(2). (17)

The following result links this problem with problem (T3).
Proposition 4. Problems (13) and (17) are equivalent in the following sense: if v} is a solution of

(13) for B, then it is also a solution of (17) for

2
B=5 4/Z</ys0(y72) dVI(y)g(Z)) drz(z)

provided that the left-most factor is non-zero. Conversely, if v is a solution of (1]) for B, then it is
also a solution of (13)) for

B=2 4/2 </y<p(y,Z) dVE(y)—g(Z)> drz(z)

And the next lemma provides additional insights into how the problems (T3) and (T7) differ in the
planted case.

Proposition 5. Suppose g : Z — R is of the form g(z) = fygo y,z) dvy(y) for some v, €
P(Z), and assume that the (negated) log-density E(y) = log(dTy (y)) belongs to the RKHS ball
sz (60)

(a) On the one hand, when 3 > By the solution v} of (13) is equal to v,. That is, there is recovery

—1/2

1/2

2
of the planted target measure and consequently | (fy o(y,2)? dvi(y) — g(z)) drz(z) = 0.

(b) On the other hand, for all choices of B finite if v} is the solution of (U]), the unregularized

2
regression loss at V3 is not zero: | (fy o(y, 2)% dvy (y) — g(z)) drz(z) > 0. Hence, v5 # v,
and there is no recovery.
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B.2 KL-REGULARIZED L° REGRESSION

Consider the two problems

oy, ) dv(y) —g()|| (18)

oo

’Yerrjfliggz)—/;g(z) dy(z) — %log </y exp (—ﬂéw(y&) dv(»’a‘)) dTy(l/))- (19)

Ivlirv<1

min Dy (v
Vep(y)ﬁ kL (v||Ty) +

and

Theorem 3. The problems (I8) and (19) are convex Suppose that holds and also that
(i) there exists K > 0 such that sup, ¢ z sup, 2)/&1(y) < K, and (ii) g(-) € Cp(Z). Then
problem (19) is the Fenchel dual of problem @ and strong dualtty holds. Moreover, the solution
v* of (I8) is unique and its density satisfies

Zi; (y) = Zlﬂ exp (—ﬁ/zw(y,Z) dv*@)) ;

where v* is a solution of (19) and Z is a normalization constant.

At this point, we remark the similarity between the maxent problems (I3)-(T4) and problems (T8)-
(I9). The former are stated in finite dimension and involve a constraint in the minimization problem
and a penalization term in the maximization problem; the latter hold in infinite-dimensional settings
and involve a a penalization term in the minimization problem and a constraint in the maximization
problem.

In[Theorem 2|and [I’heorem 3| the improvement over Domingo-Enrich et al.|(2021) is that ), Z may
be taken unbounded, which makes the results more general and closer to practice. This adds certain
technical difficulties in constructing the Banach spaces needed to apply Fenchel duality (proofs in

[App. E).

C DUAL F-EBM TRAINING AS KL-REGULARIZED MMD OPTIMIZATION

Let X C R% and let 7y € P(X) be a fixed base measure. Assume that we have access to i.i.d.
samples {x;}_, from an arbitrary target v, € P(X), and let v, = L 3" | §,. be the empirical
distribution. For any f : X — R, denote by v the Gibbs measure of energy f and base measure

Tx, i.e. 3:; (x) = exp(—f(x))/Z. Let F3 be a random feature RKHS over X" as defined in the

second paragraph of [Subsec. 2.1] let k be the corresponding kernel defined in (I), and analogously
denote L?(©) = {f : © — R | f@ 0)? dre () < +oo}. We consider the problem of training an
energy-based model with energies in the RKHS ball Bz, (3) of radius 5 via maximum likelihood,
ie.

d
f* = argmin H(vy,,vy) = argmm 7721 < Vf >

feBr,(B) feBr, (B 20)
1
= argmin — Zf x;) + log (/ e—f(z)dTX(x)) ,
feBr,(B) X
where H(v,V') = — [ 10g(%)du denotes the cross-entropy between two measures. Remark that
an arbitrary element f of the RKHS F> admits a representation as (Bachl 2017)
o) = / (2, 0)h(0) dro(60), where h € L2(O). @
e
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Thus, the problem (20) can be restated as

n

1 1
argmin 3 [ (o 4(0) o) + g ( [exw (=5 [ eta.000) ara(0)) dum)

Al 2<1
(22)
Problem (]7_2[) can be 1dent1ﬁed with problem (T6) up to a sign flip by setting Y = X, Z = O and
9(0) = =30 [oe(xi,0) = [o@(x,0) dvy(z). Hence, 1fwmlds by Theorem 2|the
problem @) is the Fenchel dual of
min [3 'Dir(v||tx) + MMDy (v, 1), (23)

veP(X

1/2
where MMDy, (v, vy,) = (fXXX k(xz,2") d(v — vy)(x) d(v — l/n)(l‘/)) is known as the maxi-

mum mean discrepancy (MMD) for the kernel k& (Gretton et al.| 2012). See|Lemma 13|in|App. H|
for the derivation. And the analog of problem (I7) is

€mpln B DKL(VHTX)‘FMMDQ(V Un) (24)

The following corollary of [Theorem 2| and [Proposition 4| describes precisely the link between the
solutions of problems (23) and and the solution of the maximum likelihood problem (22).

Corollary 1. Suppose that[Assumption 2| holds for Y = X and Z = ©. The solution v; of 23) is

unique and of the form
dvy
dT;l( (x) = exp( ,8/ x,0)h dT@(9)> ,

where h* is a solution of 22)) and Zg is a normalization constant. Additionally, the unique solution
vy of @4) is equal to the solution v} of 23) when 8 = 2MMDy, (v, vy,)B.

Undoing the change of variables 1), we see that f*(x) = 8 [ p(z,0) h*(0)dre(0) is the energy in
B3, (3) that maximizes the likelihood. Hence, although problems (]7_3[) (24) are implicit in the sense
that they do not involve energy functions, the solutions 7 and v coincide with the Gibbs measure
vy« that is obtained through maximum likelihood EBM training.

Consequently, solving (23)) or (24) provides an implicit way to train maximum likelihood F5-EBMs.
Maximum likelihood F>-EBMs are classically trained via gradient descent on a parametrized form
of the energy, via either a feature discretization of (22)) or a representer theorem applied on (20).
Their computational bottleneck is the gradient estimation procedure, which relies on sampling from
the trained model at every step; a task that is exponentially costly in 5 for non-convex energies.

C.1 HoOW TO TRAIN F5-EBMS IMPLICITLY

Suppose from now on that X is either a domain (connected open subset) of R% or a Riemannian
manifold embedded in R, case in which differential operators are understood in the Rieman-
nian sense. Since the objective functionals in (23) and (24) are convex in v (Theorem 2)), a natu-
ral approach to solve these problems is to approximate their Wasserstein gradient flows. Namely,
[Cemma 14]in[App. H|shows that for (23] the Wasserstein gradient flow takes the form of a McKean-
Vlasov equation (McKean, |1967):

dry S Vak(z,2") d(vy — vy)(2)
o @+ MMDy, (v, )

3,51/,5 =V- Vg < ﬂ IVI > +571A1/t, (25)

where ) is the Lebesgue or Hausdorff measure over X, and for (24) it is:

dx

atl/tZV'<l/t< ﬁ 1V1g d>\

+2/ Vaok(z,2') d(vy — vy (x ))) + B Awy, (26)
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Remark the striking similarity of this equation with the ones found in |[Rotskoff & Vanden-Eijnden
(2018)); Mei et al.| (2018)), which study McKean-Vlasov equations for overparametrized two-layer
neural network training. As is customary, we approximate McKean-Vlasov equations via coupled
particle systems: in the case of (23,

() s /
(%) 1 drx (z) fx Vo k(X7 2") d(ve,n — vp) (') =) ;
X, = log 2 Y
dx! B Vilog —= (X)) VDL ) dt + /281 dw{?7)

fori=1,...,N, where v, y = LN and in the case of (26),

=1 X(T)’

i o drx (i R, / 5 i
ax = <B IVlogK(Xt( ) —Q/XmG(Xt( V) d(vy — vn)(@ )) dt + /261 dw”
(28)

A classical argument known as propagation of chaos (Sznitman, 1991) shows that when the number
of particles V' goes to infinity, (¢, v):c[o,7] converges weakly to the solution (v¢);c0,7 of (25) for
any fixed T > 0. Although this is only a qualitative guarantee, [Rotskoff & Vanden-Eijnden|(2018));
Chen et al.|(2020) provide quantitative central limit theorems for McKean-Vlasov equations similar
to (26). Loosely speaking, they find that the variance is no larger than the Monte-Carlo variance one
would obtain by sampling i.i.d. from the solution measure The Euler-Maruyama discretizations of
the SDEs and yield two alternative implementable algorithms for implicit EBM training.

Algorithm 2 Implicit 7>-EBM training (discretization of equations ([27)/(28))

Input: n samples {z;}!" ; of the target distribution, N initialization samples {X )}l 1> inverse
temperature £3 (if (27)), reparametrized inverse temperature J3 (if (27)).
fort=0,...,7—1do _ '
If@]) Compute the MMD%(W,N, Vn) = 25 ﬁ\fj:l k(Xt(Z),Xt(J)) + 4 i1 k(i 25) —
Nn Zz 1 Z ( x])
for:=1,. N do

Sample Ct(i) from the d; -variate standard Gaussian.
Perform Euler-Maruyama update:

it @) x9, = x¥ - va k(Xt(i%x’)l d(vix = va)(a')/MMDy(vi,x, v) +
s871V log 4 (X (V) +1/28-Ts¢{V 1 @8), XV, = XV ~2s [, Vo k(X 2') d(ve n —

va) (') + $A71V log 4 (X“)+Mg§”.

end for
end for
Output: samples (XSNN L if @), energy Ep(z) := plx¥e kM‘;/[le)(ii"y; A,jn)yn )« if @8), en-
ergy ET = 25 fX d(VT N — )(LL‘/)

C.2 COMPARISON WITH ARBEL ET AL./(2019)

Crucially, Algorithm [2]when discretizing is exactly the algorithm studied by |Arbel et al.|(2019).
They start from pure MMD Wasserstein gradient flows, and they study convergence for those. They
introduce noise injection/entropy regularization as a way to obtain certain convergence guarantees,
and experimentally in their Figure 1 they observe a dramatic improvement in the training and test
error against the pure MMD flow. Our theory justifies this behavior; their algorithm is implicitly
training an F2-EBM and the noise level controls the RKHS radius over which the energy is opti-
mized.

They propose using a schedule in which the noise decreases to zero (in our notation, 5 — +00). This
corresponds to optimizing over growing RKHS balls. Leveraging statistical learning results from
Domingo-Enrich et al.| (2021), the generalization error can be written as a statistical (Rademacher
complexity) term which increases with the radius /3, plus an approximation term decreasing with 3.
Thus, there exists an optimal non-zero noise level which should be maintained.
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C.3 HOW TO RECOVER AN EXPLICIT FORM OF THE ENERGY

Let v* be the unique stationary solution of ([25), which is the unique minimizer of (23) (see

[Cemma T5). Also bym [Cemma 193] this solution must fulfill

dv* d(v* — vp) (2!

v exp f X )(@') (29)
dry Zﬁ MMDk(l/ l/n)

This equality leads us to believe that when we run Algorithm Et z) =0 [,k Py "dv,n —

vy)(2")/MMDy, (v, N, vy,) can be used as an rough estimate of the energy of the tramed implicit
EBM at time ¢, although of course this intuition is only accurate when 1, y is close enough to the
equilibrium measure v*. For consistency with 20), it is also interesting to note that the estimate F;
has constant RKHS norm || E; ||, = 8, since || [, k(z, ") d(ve,n —vn)(2')|[5 = MMDy (v, N, V).

Similar equations can be derived for the dynamics (26)), which lead to an energy estimate of the form

=24 Sy Bz, 2") d(ve,n — vn)(2).

D TRAINING OVERPARAMETRIZED TWO-LAYER NEURAL NETWORKS VIA
SAMPLING

In the previous section we described how the general duality result from can be leveraged
to train EBMs implicitly via the Wasserstein gradient flow of a functional formally similar to the
two-layer neural network regression loss. In this section we take the reverse approach: we use the
results from [App. B|to describe how overparametrized two-layer neural networks can be trained via
techniques developed for maximum likelihood EBMs.

Let X C R? and let 7x be a fixed base probability measure over X. Let F; be the feature-learning
space defined in the first paragraph of Overparametrized two-layer neural network
regression for some target g : X — R corresponds to solving

min /X (F(@) — g(x))* dra(2) (30)

for an arbitrary ball radius Sy. This problem has been tackled via Wasserstein gradient flows and
propagation of chaos by several works (Rotskoff & Vanden-Eijnden| 2018}; |(Chizat & Bach, [2018;
Mei et al.| 2018} |Sirignano & Spiliopoulos) [2019). We briefly summarize their construction up

to slight differences. Functions in Br, (o) can be written as f(z) = [q ¢(x,6) dvy(6) for some
signed Radon measure -y with bounded total variation norm ||’Y||Tv = Jo d(#) < Bo. Fur-
thermore if We set 2 = © x R and take a surjective xy : R — R, we obtain the parametrization
f(@) = [ox(r)e(z,0) du(d,r) for some p € P(S2) such that [ |x(r)| du(f,r) < 5. With this

characterization, and writing compactly w := (0, r) and ¢(z,w) = x(r)p(x, 0), we can rewrite (30)

as
2 . d
Ménpig))/ (/Q ¢(z,w) du(W)—g(I)> de(fv)+5/ IX| du+5’1/10g (d‘;) dp, (31)

where A denotes the Lebesgue measure over ©. To go from (30) to (31)), we have switched from
a constraint on the F; norm to a penalization term ¢ fQ |x| du, and we have also added a differen-

tial entropy regularizer i fQ log ( d“) dp, which |Rotskoff & Vanden-Eijnden| (2018); Mei et al.
(2018)) introduce to simplify their analysis.

At this point, remark that if we define the probability measure 7 to have density < drg 2(0,r) =
exp(—p9|x|)/Z w.r.t the Lebesgue measure, then we have

d d
5‘1/log (di) du+6/ x| dﬂ=5‘1/ log (di) du—ﬁ‘l/ log(exp(—B4[x|)) du

o .
— 5 /lo (dmp( ﬁw)) dp =~ /log< >du+K B Dscr (ullra) + K
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for some constant K arising from the normalization factor of 7. That is, up to a constant term
equation (31) can be rewritten as

min /X ( / B, 0) dp(w) — g<x>)2 dr(@) + A~ Dicr (ul70) (32)

The key observation is that is equation is formally equal to (I7) when we set Z = X, ) = Q and

¢ = ¢. Most importantly, as shown by [Corollary 2| we can apply [Proposition 4] and the Fenchel
duality result[Theorem 2]to obtain links with the following problem, which is the analog of (I6):

max /X g(2)h() dr(z) — %bg ( /Q exp (—ﬁ /X (. w)h(z) m@;)) dm(wléﬁ

Al L2 <1

Corollary 2. Let h* be a solution of (33). Then, u* € P(Q) with density
d
“()exp< ﬁ/ 2,w) W (w)dro(w )),

dTQ

—1/2

is a solution of B2) with § = j3 (4 Jx (fﬂ oz, w) du*(w) — g(alc))2 dTX(a:))

E PROOFS OF[APP._BI

The proofs of [Theorem 2|and [I’heorem 3|are based on the proofs found in Appendix E of Domingo-
Enrich et al| (2021). We make use of Fenchel strong duality, which is stated in

Theorem 4. [Fenchel strong duality; |Borwein & Zhu (2005)), pp. 135-137] Let X and 'Y be Banach
spaces, f : X = RU {400} and g : Y — R U {+o0} be convex functionsand A : X — Y be a
bounded linear map. Define the Fenchel problems:

Pt = wig;{f (z) +g(Ax)}

d* = sup {—f"(A"y") —g"(—=y")},
y*EY*

where f*(z*) = sup,cx{(z,2") — f(@)}, 9"(y") = sup,cy{(y,y") — g(y)} are the convex
conjugates of f,g respectively, and A* : Y* — X* is the adjoint operator. Then, p* > d*.
Moreover if f, g, and A satisfy either

1. f and g are lower semi-continuous and 0 € core(dom g — Adom f) where core is the
algebraic interior and dom h, where h is some function, is the set {z : h(z) < o0},

2. or Adom f Ncont g # () where cont are is the set of points where the function is continu-
ous.

Then strong duality holds, i.e. p* = d*. If d* € R then supremum is attained.

We also rely on a generalization of von Neumann’s minimax theorem (Neumann) [1928). For our
purposes, the theorem stated below by Kneser| (1952) suffices, but a further generalization by |Sion
(1958) to quasi-convex and quasi-concave functions is more widely known in the literature. Note
however that the compactness assumption on one of the sets cannot be relaxed.

Theorem 5. |[Kneser|(1952)) Let A be a non-empty compact convex subset of a locally convex topo-
logical vector space space E and B a non-empty convex subset of a locally convex topological
vector space space F. Let the function f : X XY — R be such that:

» Foreachy € B, the function x — f(x,y) is upper semicontinuous and concave,

» Foreach x € A, the functiony — f(x,y) is convex.
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Then we have

f = inf
22352 flz,y) = ;gBmng( y)-

We also make use of the Riesz-Markov-Kakutani theorem, which we reproduce in[Theorem 6]

Theorem 6. [Riesz-Markov-Kakutani representation theorem] Let X be a locally compact Haus-
dorff space and let Cy(X) be the space of continuous functions from X to R vanishing at infinity,
i.e. suchthat f(x) — 0 when ||z||2 — co. For any continuous linear functional 1 on Cy(X), there
is a unique (countably additive) finite signed regular Borel measure p on X such that

Vi eCX): ()= [ fa)duta

The norm of ¢ as a linear functional is the total variation of i, that is |¢]| = ||u|lrv = |p|(X) =
w+(X) + p—(X), where the decomposition . = puy — u— into positive measures is given by the
Hahn decomposition theorem. Finally, 1 is positive if and only if the measure |1 is non-negative.

By definition, the space of finite signed Radon measures M (X) is the same as the space of finite
signed regular Borel measures (Radon measures are Borel measures that are finite on compact sets,
which is holding directly because we restrict to finite measures). In other words, states
that we have an isometry between the topological dual C(X) and M (X). The following theorem
is an analogous result for the dual of the Banach space Cj,(X) of bounded continuous functions.

Theorem 7. [Riesz representation theorem for C; (X)), Dunford & Schwartz) (1958)] Let X be a
normal topological space. Let rba(X) be the space of finitely additive finite signed regular Borel
measures pon X. It holds that

Cy(X) = rba(X).

Finally, we recall the Banach-Alaoglu theorem from functional analysis, which we will use to show
compactness and apply

Theorem 8. [Banach-Alaoglu theorem] For any topological vector space X with continuous dual
space X*, the closed unit ball of X* in the dual norm (i.e. Bx~ = {z* € X*|sup cx(z*, z) <
1)}) is compact in the weak-* topology, which the weakest topology on X* making all maps {x,-) :
X* — R continuous, as x ranges over X. In particular, for Hilbert spaces H we have that By is
compact in the weak-* topology, which coincides with the weak topology in this case.

Theorem 2. The problems (13) and (16) are convex. Suppose that holds. Then
problem (16)) is the Fenchel dual of problem (13)), and strong duality holds. Moreover, the solution
v* of (13) is unique and its density satisfies

= o (=8 [ el @in().

where h* is a solution of (16) and Z g is a normalization constant.

Proof. We use [Theorem 4

On the one hand, we set X = M, (), which we define to be the space of Radon measures over )
such that the weighted total variation

WTmﬁ:A&@MM@)

is finite, where &; : ) — R is the strictly positive function given by [Assumption 2(i). By|Lemma I}
Me, (V) is a Banach space with norm || - ||tv ¢, and its continuous dual contains the set Cy, ¢, () of
continuous functions f such that f/&; is bounded.

On the other hand, we set Y = L?(Z) = {f : £ = R | [, f(2)? drz(z) < +oc}, the Hilbert
space of square-integrable functions on Z under the base measure 7z, which is of course self-dual.
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Define F' : Mg, (V) = RU {400} as

Fv) = B~ Drr(vllry) ifv e P(Y), (34)
400 otherwise

states that F' is a convex functional and that its convex conjugate F'* : & ) —
R U {+o0} restricted to Cy ¢, (I) satisfies

F*(q) = 5" log (/ exp(Ba(y')) dTy(y’)> ~ (35)
Yy
Define G : L?(Z) — RU {+o0} as

GWOZ(&(W@—Q@DZmEQOUi (36)

states that G is a convex functional and that its convex conjugate G* : L*(Z) — R U
—+o00} is of the form

400 otherwise

(mw:{&ﬂdwdﬁﬂ@iWWmméL. -

Define A : M¢, (V) — L*(Z) as

mma—Aw%aww.

The linear operator A is well defined and continuous by [Lemma 4] [Lemma 4] also states that A* :
L*(Z) — M, () is of the form

(NMM:Lﬂ%WMMm@ (38)

Hence, we have that min, e v, (v) 8 Dz (v[Imy) + (5[5, (v, 2) dv(y) — g(2))? drz(2))"/?
can be written as

p"= inf {F(@)+G(Av)}.

VEMgl (y)
And problem (T6) can be written as
&= sup {—F*(—A*h) — G*(h)}. (39)
heL?(2),
HhHL2 Sl

To apply it only remains to show that condition 2 holds. That is, we have to check
that A dom F Ncont G # (. Consider » = Av for some v € P(Y) N Mg, (Y) absolutely
continuous w.r.t. 7y. Then ¢ € A dom F'. Moreover, since G is a continuous functional, we have
that cont G = L?(Z). Thus, 1 also belongs to cont G and we conclude that A dom F'Ncont G # (.

By[Theorem 4] p* = d*, and since p* is finite, we have that the supremum in (39) is attained; let ~*
be one maximizer. We show that p* = inf, e pq, () {F(v) +G(Av)} = inf e pn,, 0)np) {F (V) +
G(Av)} admits a minimizer by the direct method of the calculus of variations. First, notice that F’
and G o A are lower semicontinuous in the topology of weak convergence:

* F by the lower semicontinuity of the KL divergence (Posner, 1975),
* and G o A because can be written as a supremum of continuous functions as shown in (@4)),

and thus its sublevel sets are closed because they are the intersection of closed sublevel
sets. Closed sublevel sets is equivalent to lower semicontinuity.
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Second, P(Y) N Mg, (Y) is compact, because P(Y) is compact and Mg, (V) is closed as it is
a Banach space. Hence, the direct method of the calculus of variations applies. Let v* be one
minimizer of p*.

It remains to show that

W) =5 (=6 [ otvs wrirz()). (40)

dr R
We make use of the argument to prove Fenchel weak duality, which is:

sup {—F*(—A*h) — G*(h)} = —F*(—A*h*) — G*(h*)

heL?(2),

A2 <1

=— sup  {(=A"R"v) - F()} - sup {(h*,9) - G()}
vEMe, (V) YEL2(Z)

<— sup  {(—A*h*,v) — F(v) + (h*, Av) — G(Av)} D
VEM€1 (y)

= _ Ve/al&?(y) {—F(l/) — G(Al/)} = ue/\i/tni (y){F(l/) +G(Av)}

= F(") + G(Av)
Thus, for strong duality to hold we must have that

v* = argmin {(—A*h*,u) - F(V)} (42)
VEMgl ()J)

By [Cemma 3[i), this implies that equation (#0) holds, and by [Cemma 3[ii) we have that v* =
arg min, e py) { F(v) + G(Av)}. O

Lemma 1. Let M, ()) be the vector space of Radon measures over ) such that the weighted total
variation ||v|rv.e, = [y, &1(y) d|v|(y) is finite, where & : ¥ — R is the strictly positive function

given by[Assumption 2{i). M¢, () is a Banach space with norm || - ||7v.¢,

Let Cy¢, () be the set of continuous functions f such that f/& € Cy(Y), ie. is a bounded
continuous function. The continuous dual Mg (Y) contains the set Cy ¢, (J).

Proof. Tf we define the linear map &; : Mg, (V) — M(Y) as v > i, where i is absolutely
continuous w.r.t v and has density %2 (y) = & (y), we have that ||[v|rve, = [|&(v)]rv. Notice

that £, is surjective, because for all 7 € M(Y), the measure v with density % (y) = & (y) ' is a
Radon measure (possibly not signed, because we cannot guarantee that v, nor v_ is finite) such that
&v = D. & is a surjective isometry between Mg, () and M(Y), which shows that M (Y) is a
Banach space.

Let M*()) be the dual space of M()). By the Riesz-Markov-Kakutani representation theorem
[Theorem 6

eorem 6)) and the fact that the double dual space contains the primal space, M*()) immediately
contains the set of continuous functions C()) on ) vanishing at infinity. Furthermore, M™*(})
contains the larger set of bounded continuous functions C4(Y), because if f € Cy()), for any

ve M),
(f.9) = / F(y) dily) < sup £() |7y
y yey

In an analogous way, M; . (J) contains the set Cp ¢, (), because if f € Cp ¢, (V), for any v €
Mo, (D),

= M v(y) = M v Ul|Tv su M: v su M
= [ L8 am) = [ £ dot) < 17l sup 28 = v, sup L2

O
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Lemma 2. F : M¢, (V) — RU {400} defined in equation (34) is convex. The restriction of its
convex conjugate F* : M¢ (V) — R to the set Cy ¢, (V) := {f € C(V) | f(1)/&1(-) € Co(Y)} €

Mg, () is given by equation (33).

Proof. 1tis well known that the KL divergence is convex. We compute the (restriction of the) convex
conjugate via a classical argument (c.f. Lemma B.37 of Mohri et al. (2012)) forany ¢ : Z — R be-

longing to Cy, ¢, (), define ¢ € P () with density %(y) = exp(Ba(y))/ [y exp(Ba(y’))dry(y').
Then,

F@=  sup / a(y) dv(y) — B~ D (vl|ry)
veMe, MNPQ) Jy
-1 dv
— e tos(explaf)) dvly) — 5 [ 1o (d <y>) av(y)
uGMgl(y)ﬂP(y) Yy y TY

S

= su

_ dr
b o o (e o)
veMe, (V)NP(Y) y v
. dg
= sup gt / log (dq(y)> dv(y)
vEMe, (V)NP(Y) y v

= sup ~B7 Dk (v]1q) + B" log (/y exp(Bq(y)) dw(z/))

IJEMgl (y)ﬂp(y)

B~ log (/y exp(Bq(y')) dTy(Z/))

It remains to justify the last equality, which follows from checkmg that ¢ € M, (V) NP(Y). For
this, we need to see that |||ty ¢, is finite making use of [Assumption 2| 11)

dTy

€ () + log(&: () = <—log( Tw) —<d+e>1og||y||2> as gl = +20

d
i lo(610) + a(0) ~ 1o 2, + tou (52)) + (4 + 0wl = o0

= exp (log(fl(y)) q(y) —log Z, + log (ig( )> +(d+e) 10g||y|z> =o(1)
— lilve = [ 6@ daw) = [ e <1og<51<y>>+q<y>logzq+log (f};@)))dw)

— [ [ tweyew <1og<§1<r0>>+q<r0>—logzq+log(‘Z;’(ro))+<d+e>logr> Ky drd)(6)
R, Jsd-1

KgKlvol(Sdfl)

g/ KoK 1= drd\(0) =
§d—1 €

(43)
In this equation, A denotes the Lebesgue measure over ). In the last inequality, we use that

exp(log@l(y)) aly) — log Z, +log<‘“y< )) +<d+e>log||y||2> — o(1) to show the ex-

istence of some constant bound K, of this expression over all y € ). O

Lemma 3. G : L?(Z) — R U {+oc} given by equation (B8) is convex. Its convex conjugate
G* : L*(Z) — RU{+oc} is given by equation (37).

25



Under review as a conference paper at ICLR 2022

Proof. We can easily check that G is convex by writing

1/2
2
([ w900 i) = s [ (0 - g@)he) drate) @
z heL?(2),J 2

Al 2<1
(in more compact notation |[x — gl[r2(z) = SUPher2(2), ||n|,.<1(X — 9:h)), and recalling that a
supremum of convex functions is convex.
By definition, for any ¢ € L?(Z, 7z), we have that G*(¢) is equal to

sup {(X,¢>L2(z) - G(X)} = sup {<X>"/J>L2(Z) = lIx —9|\L2(z)}

XEL2(Z) X€EL?(2)
= sup {(Xﬂﬂ}m(z) — sup (x — 977&>L2(Z)}
XEL?(Z) beL?(2), (45)
Il L2 <1

= sup it {(v - + 9.0z}

XEL?(2) pEL?(Z),

]l L2 <1
At this point, we want to apply For that, we set A = Br2(z) C F = L?(Z) and B =
F = L?(Z). We can endow B with the strong (or norm) topology, but A requires a weaker topology

that makes it compact. We endow A with the weak-* topology, which by the Banach-Alaoglu
theorem (Theorem 8) for Hilbert spaces makes it compact. We have that (¢, x) — H(¢,x) =

—{x, ¥ — ¢>L2(Z) — (g, ’(/A)>L2(Z) is concave in ’(/AJ € A and convex in x € B, because it is affine in
both variables. [ is continuous in ) (via Cauchy-Schwarz) and it is continuous in 7,/} in the weak-*
(or weak) topology, because it is precisely the weakest one that makes maps of the form 1/1 — <¢, g-
X)r2(z) continuous. Thus, we obtain that SUDjc 4 inf,ep H(X, w) = infyep SUDjc 4 H(x, 1/)).
Alternatively, if we flip the signs, we get that the right-hand side of (43 is equal to:
inf sup {(Xﬂﬁ — )2z + <971/)>L2(Z)}

YEL?(Z), x€L2(Z)

9112 <1
{&g 2)drz(z) if e < 1.
+00 otherwise
The equality holds because unless 1[) = 1), the value of the supremum is +oc. O
Lemma 4. The linear operator A : M¢, (V) — L?(Z) defined as (Av)(z = [y ey, 2) dv(y) is

well defined and continuous. Its operator norm is upper bounded by supyey |€2(y)]/&1(y), where
&1 and &5 are defined in Moreover, the adjoint operator A* : L*(Z) — Mg (D) is
defined as (A*h)(y) = [5 o(y, 2)h(z) drz ().

Proof. Remark that fy ©(y,-) dv(y) does belong to L?(Z) because

L(wa@m@OQWd@L(A%Z?M@Ydm@
:/ </y g05(1y( y 17y dis ﬁw(y)> de(z)§||ﬂ||TV/ / (sz(ly(yz;)f A1) dra)
- HTV/E / Ply,2)° drz(2) dipl(y) = |17 HTV/ 2100 d| ()

&)
<teis (3 50 )
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In the first equality we have used the change of variable 7 = £;(v). In the first inequality we have
used the Cauchy-Schwarz inequality, and in the following equality we used Fubini’s theorem, which
holds because the integrand is positive. In the last equality we have used the definition of &, given
by iii). Also by [Assumption 2(iii), the right-most expression is finite, implying that
Av € L*(Z). Furthermore, since ||7|ltv = ||v|lTv,e,, we also conclude that A is a continuous
operator with norm bounded by sup, v, [£2(y)|/§1(y)-

We have that A* : L?(Z) — M, (Y) is defined as (A*h)(y) = [5 ¢(y, 2)h(2) drz(z), because
(Av, h) = / (Av)(2)h(z) dr=(z / / oy, z) dv(y) h(z) drz(2)

/ / oy, 2)h(z) drz(z) du(y).

In the last equality we have applied Fubini’s theorem, which holds because by the Cauchy-Schwarz
inequality,

// lo(y, 2)h(2)] drz(2) dvy) < IIﬂlTv/y : “2(( )>|h( )| drz(z )d”mv(y)

<// ("p Y2 >2drz(z)d|l7|(y)>1/2 (/y/z|h(z)|2de(z)d|z7|(y)>1/2 @7

&)\ i &a(v)
Y ~ ~ Yy
:</y( ) dlv(y)) 1Al 22 (2.72) ||u||1/2<||u||wuh||L2<zmsgp 22 < foo

(40)

1(y) vey &1(y)

As a safety check, notice that when h € L?(Z), we have that [ (-, 2)h(z) dz(z) indeed belongs
to /\/lz1 (), because

/ i<

is uniformly bounded over y € Y and thus [ ¢ (-, 2)h(2) drz(2) € Cpe, (V) € M (V). O

Lemma 5. (i) Let F' as defined in equation @ A as defined in (38) and h* as in @1). Then, the
unique v* = arg max, c aq, () {{=A*h*,v) — F(v)} satisfies

W=7 exp( 5 [ olw2) W Eirae ))

and we also have that v* = arg max, cpy) {{(-A*h*,v) — F(v)}.

[€2(y)|

¢(y Z) 2
: hl 12 Tz
gl(y) || ||L (Z,72)

§1(y)

oy, 2)h(z)
51(3/)

sup
ye

1/2
dTZ(Z)> P2z, rz) <8

(ii) We also have that v* = arg min, cpy) { F'(v) + G(Av)}.

Proof. First, notice that

argmax {(—A*h*,v) — F(v)} = argmax {(-A*h*,v) —F(v)}
VEMgl ) V€M§1 Y)NP(Y)

because F'(v) = +oo when v ¢ P(Y). Since the KL-divergence is strictly convex, this problem
(@2) has a unique solution v*.

Now, define 11 € P()) with density %(y) = S exp (,5 [z 0y, 2) h*(z)drg(z)) (the fol-
lowing arguments show that indeed this measure is n(l)rmalizable).

Consider the relaxation

argmax { (—A*h*,v) — F(v)} . (48)
veP(Y)
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This problem is strictly convex (because the KL divergence is) and it has at most one solution, which
is the unique solution of an Euler-Lagrange equation. This Euler-Lagrange equation is satisfied by
v}, hence v} = argmax, cp(y) {(—A*h*,v) — F(v)}.

We will see that v} belongs to M, (Y), which implies that y{ = v*. Remark that problem (@8) has

Euler-Lagrange condition - vy (y) = Zl* exp ( B [5eo(y,z) h*(z)dr= (z)) Next, notice that by
the Cauchy-Schwarz 1nequahty and the definition of & in[Assumption 2iii),

‘ 5 [ oto) i earz)] <5 ([ so(y,zfdm(z))l/z (/ h*(z)zchz(z))m:552<y>||h*||Lz.

(49)
Thus, — [ (-, 2) h*(2)dTz(z) € Cpe, (Y), and in analogy with @3),

It llrv.e = / €1(y) v ()

- /yexp <log &y ﬂ/ (y,2) h*(2)d7z(2) — log Z,; + log <C$)(y)>) dA(y)

< /yexp (log(él(y)) + B&(y)Ih* || 2 —log Z,; + log (ddTAy( ))) dA(y)

KQKlVOl(Sd 1)

< / Ko Kyr™ "¢ drd\(0) =
gd—1 €

In the second equality we used the Euler-Lagrange condition, in the first inequality we used equation
(@9) and in the second inequality we skipped a step which proceeds as in [@3)); the key point is that

B ()||h*|| L2 is O(&71) by|Assumption 2(iii) and thus exp (1og(§1 () +B&()[|h*] L2 —log Z,» +

oz (45200 + (d + ) o 2 ) = o(1).

(ii) Consider the problem
1/2

2
arg min 37 Der, (v||7y) + /Z</y%0(1/72) dV(ZJ)Q(Z)) drz(2)

veP(Y)

If it exists, the unique solution 5 € P()) of this problem is the unique solution of the following
Euler-Lagrange condition:

dv} _ _Blsew,2)(fy o(y2) dvi(y')—g(2)) drz(2)
dw W) =exp | ~FE e ad-a@r a7z ) Sy e ) ) # 9(h
= [y e dvi(y') otherwise.
Going back to (@T)), we observe that for strong duality hold we must have
Av* = argmax {0, 0) — GW)} = argmax {(1°.0) ~ [ —gllzm} 6D
YEL2(Z) YeL?(Z2)
The Euler-Lagrange condition for arg max,,¢c 2 z) {(h*, vy — || — gHL2(Z)} is:
h* — & =0
1Y = gllL2(2)
which in the case ||h*|| 2(z) # 1 implies that 1) = g. Thus, for (51)) to hold we must have either
h* = W or Av = g. In either of the two cases, using part (i) we see that v* satisfies
L=(Z
(30, which means that v* = v3. O
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Theorem 9. Let 1 : Z — R be a strictly positive function such that sup,,cy ¢(y,2)/&1(y) =
o(n1(2)) and g(z) = o(n1(2)) as z — oco. Let M, (Z) be the space of (countably additive) signed

Radon measures -y over Z such that ||Y||rv,y, = |5 n1(2) d|v|(2) is finite. Consider the problem
1
win 57 Diesvliry) + || s ([ o) dvtn) -0 )| 52
veP(Y) m() \Jy
LDC
and the problem
wox, = [ @) - Jiog ([ ew (< [ et ara)) arsio)
X - - = xp [ — , T
rlelf‘\/lm (<Z) z 7 B y zZ 4 Y (53)
Vv, <1

The two problems (52) and (53) are convex. The problem (53) is the dual problem of (52). Moreover,
the solution v* of (52)) is unique and its density satisfies

;l:; (y) = Zlﬁ exp (—ﬁ/tp(y,z) dv*@)) :

where v* is a solution of (53) and Z is a normalization constant.

Proof. We apply [Theorem 4]

As in the proof of [Theorem 2] we set X = M, (), which is the Banach space of Radon measures
over ) such that the weighted total variation ||v|rv e, := fy &1(y) dlv|(y) is finite, and whose

continuous dual M (J) contains the set C¢, (V) of continuous functions f such that f/§; €
Cp(Y).

Unlike in the proof of we set Y = Cop,, (2), Wthh we define to be the space of
continuous functions f : Z — R such that lim| . f(2)/m(2) = 0. By [Lemma 6 Co,, (

is a Banach space endowed with the norm || f||c, ,, = sup.cz f ( )/m1(2), and we have that the
continuous dual space (5, (2) is equal to the set M, (Z) of Radon measures y over Z such that

IVltv,m == [z m(2) d|y|(z) is finite.

F: Mg, (¥) = RU {+o0} and its convex conjugate F™* : Mg (V) — RU {+o0} are as specified

in equations (34)-(33) in the proof of [Theorem 2]

Define G : Cp p, (Z2) = RU {+00} as

G@W)= sup /w dy(2),
’YeMnl(Z)
[[VllTv,n, <1

which by can also be written as
¥(z) —g(z
G(w) = sup L 9G]
z€EZ Uit (Z)
Also by|[Lemma 7} the convex conjugate G* : M, (£) — R is of the form

G ) fzg Z ifH’YHTVJh <1
+00 otherwise
The linear operator A : M¢, (¥) — Co p, (2) is defined as (Av)(z fy o(y, z) dv(y). Tt is well

defined and continuous by [Lemma 8} [Lemma 8|also states that the adjomt operator A* : M, (Z) —
M (V) is (A*y)(y) = [ »(y, z) dy(2). Hence, we have that problem (52) can be written as

*—  inf {F G(Av)).
p ueAlAer{ (v) +G(Av)}
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And problem (53)) can be written as
&= s {—F(-A") - G ()} (54)

'YEMnl (Z)

lIvll7v,ny <1
To apply it only remains to show that condition 2 holds. That is, we have to check that
A dom Fncont G # (). Consider ¢ = Av for some v € P()) absolutely continuous w.r.t. 7. Then
1 € A dom F. Moreover, since G is a continuous functional, we have that cont G = Cj ,, (Z).
Thus, 7 also belongs to cont G and we conclude that A dom F N cont G # ().

By[Theorem 4] p* = d*, and since p* is finite, we have that the supremum in (54) is attained; let 4*
be one maximizer. As in the proof of we prove the existence of a minimizer v* of p* by

the direct method of the calculus of variations, and the link between ~v* and v* is analogous. O
Lemma 6. Let Cy, (Z) be the vector space of functions f : Z — R such that
lim. oo f(2)/m(z) = 0. Coy(2) is a Banach space with norm ||f|c,.,,

sup,cz f(2)/m(2). The continuous dual space Cj . (Z) is equal to the set M, (Z) of Radon
measures y over Z such that |||\ 7y, = [z m(z) d|¥|(2) is finite.

Proof. Define the linear map 11 : Coy,, (Z) — Co(Z) as f — m(f) = f/m, where Co(2) is
the Banach space of continuous functions on Z vanishing at infinity, endowed with the supremum
norm. Notice that for all f € Co,,, (£), we have that |71 (f)llc, = [/fllc,,,, - Remark also that

7, is surjective, because if f € Cy(Z), there exists f := 7, f such that 77, (f) = f. Thus, 7j; is a
surjective isometry between Cj ,,, (Z2) and Cy(Z), which shows that Cy ,,, (Z) is a Banach space.

And in analogy with[Lemma 1} the linear mapping 7, : My, (£) — M(Z) defined as  — 7 such
that d—”( ) = m1(2) is a surjective isometry. To show that Cj , (Z) is M,, (Z), we will show both
mclusmns Given v € M, (Z), forany f € Cy ,, (£) we have that

JECLC /f ) ) = [ ANE a6

< [l (f )HCOHm( My = [1fllco,n,

Thus, My, (Z) C C;,. (2). Conversely, let v € C, (Z). Since i ~' : Co(2) = Co, (Z)

is a surjective isometry, we have that v o ﬁl_l € C§(Z). By the Riesz-Markov-Kakutani the-
orem (Theorem 6) the continuous dual space C{(Z) is the Banach space M(Z) of finite signed
Radon measures with norm || ||TV Thus, there exists ¥ € M (Z) such that for any f € Cy(2),

|’VHTV,771~

fz f( y(z) = (fyonl L ). Since (yoii L f) = (v,7 *(f)) and [ f(z) dy(z) =
fz m(Z) dy(z fz M 1 f)(z) dii; 1 (7)(z), we have that

V€ Con(@), [ 1 dRTEE = 01,
proving that G5, (2) € My, (2). O

Lemma 7. G : Cy,, (Z) — R U {+oc} given by equation (36) is convex. Its convex conjugate
G* : M, (2) — RU {+o0} is given by equation (37)

Proof. G is convex because it is the supremum of linear functions. G* : M, (Z) — R is defined
as

G'(3) = Lo@rae - sw [ we)-g@) e
wECom(Z) "/EMm(Z) z
1Y llrv,ny <1 (55)
= st S @ an -6+ [ o 6]
$ECo,, (2) V' EMn, (2) z
17" lrv,ny <1
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At this point, we want to apply in a similar fashion to the proof of In this
case, we set A = By, (z) € £ = M,;,(£) and B = ' = M,,(Z). We can endow B with
the strong (or norm) topology, but A requires a weaker topology that makes it compact. Since
M, (Z) is the continuous dual of Cy,, (£), we endow A with the weak-* topology, which by
the Banach-Alaoglu theorem (Theorem 8) makes it compact. We have that (7', 1) — H(y',¢) =
— [z ¥(2) d(y —+')(2) — [ 9(z) d7/(z) is concave in o’ € A and convex in ¢) € B because it is

affine in both variables. H is continuous in 1) because [ 1 (2) d(y—~')(2) = [ ;ﬁ((z)) m(z) d(y—
V)2 < ¥l
precisely the weakest one that makes maps of the form v — [ (g(z) — v(z)) dv/(2) continuous.

Thus, sup.,/¢c 4 infyep H(Y', 1) = sup, ¢ 4 infyep H(V', ), and flipping the signs, the right-hand
side of @ is equal to:

|Y — '|ltv,n, - H is continuous in 7 in the weak-* topology, because it is

mf s { Lo -116+ [ o) e}
v EMy, (2) yeCo,y (2) z
1Y llrv,ny <1
Jz9(z) dv(z) if [[yllrvag, <1
+00 otherwise '
O
Lemma 8. The linear operator A : M¢, (V) — Cop, (Z) defined as (Av)(z fy oy, z) dv(y)

is well defined and continuous. Its operator norm is upper bounded by sup, ¢y, |§2( ) /&1 (y), where
&1 and & are defined in Moreover; the adjoint operator A* : My, (Z) — M (V)

is (AY)(y) = [5 ¢y, 2) dy(2).

Proof. Remark that fy ©(y, -) dv(y) does belong to Cy ,, (Z£) because

,2) dv

- Jy ey, z) (y)_/ i W )dy() 0
[REES m(2) v lzl=oo 1M (2)

The second equality follows from the assumption that ¢(y, z) = o(n;(2)) for all y € Y. The first

equality holds by the dominated convergence theorem, which can be applied because the integral of
the absolute value can be uniformly dominated for all z € Z:

P 2) | iy — oy, z) , , sup P W:2)
n | M) = | LEam | 60 e < e s o TR o
< ||V||Tv,£1K7

for some constant K. In the first inequality we used the definition of || - ||7v ¢, . In the last inequality
we used that sup, ¢y, ©(y, 2)/€1(y) = o(m(2)) as ||z]| — oo by the definition of 7,. Equation (56)

also proves that A is continuous, because [|Av||c,, =sup.cz| fy ey, z) dv(y)|/m(2).

We have that A* : M., (Z2) — M (V) is defined as (A*y)(y) = [ ¢(y, 2) d(2), because

/Z(AI/ // oy, z) dv(y) dvy(z // o(y, z) dv(z) dv(y).

In the last equality we applied Fubini’s theorem, which holds because

[ [ et anaviodnic) = [ [ Jesl PO 1) dvl() m () d )

ey, 2)
< |IV|ltv TV,n SUP —————~ = |[V|[Tv ™vm K,
[ltv.e 1] S ) [llrv.e Y lITv,m

for some constant K. O
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Theorem 3. The problems (I8) and (I9) are convex. Suppose that[Assumption 2| holds and also that
(i) there exists K > 0 such that sup,¢ z sup,cy 0(y, 2)/§1(y) < K, and (ii) g(-) € Cy(Z). Then
problem (19) is the Fenchel dual of problem , and strong duality holds. Moreover, the solution
v* of (T8)) is unique and its density satisfies

A ZIB exp (B/Zw(y,Z) d‘f*(z)) )

dTy

where v* is a solution of (19) and Zg is a normalization constant.

Proof. The proof makes use of We choose 7; to be in the family C = {5, : £ —
R, n,(z) = max{exp(||z|| — ), 1} | r € (0, +00)}. First, we prove that

ggﬁgﬁ@_émamw;miégw(ﬂém%aM@}m@Q

IyllTv,n, <1 (57)
1
— ﬁe?%%f —/Zg(z) dy(z) — Blog (/y exp (—ﬁ/zsa(y,Z) dv(Z)) dTy(y)> -
YiTVS

The right-hand side is larger or equal than the left-hand side because for all r € (0, +0c0), we have
that My, (2) € M(Z), as [[v]tv.n. = [[7llrv-

Lemma 9(i) states that {M,, (Z) | r € (0,400)} is dense in M(Z) in the TV norm topology.
Lemma 9(ii) states that the objective functional of is continuous in the TV norm topology.
These two facts imply the equality in (37). To show that the maximum is attained in the left-hand

side, we apply [CLemma 9(iii). Let v* be a maximizer.

Second, we prove that

. -1 L / ' A
S ey P Preutiim) + 106 ( yw(ya S )> L= (58)

. -1
= min D v|iTy) +
UGMgl(y)B xrL(v|lTy)

L/wwwdww—gw
Yy

L()O
Remark that for all v € Mg, (), || [5, ¢(y, ) dv(y) — g()HL is finite because g € Cp(Z) and

Jyely,-) dv(y) € Cyp(Z) because

= sup
z2EZ

. /yso(yvz)&(y) dv(y)| < K||[v|Tv,g,- (59)

2€Z /3;<P(y7 2) dv(y) &1(y)

Given 6 > 0, let¢ R > 0 such that ||fyga(y,~) dv(y) — g()|lp~ —
SUP.czns,,, (r) | Jy P(:) dv(y) — g(-)] < 4. Hence, for r > R. | [, ¢(y,-) dv(y) —

9Ol = I([y ¢(y,-) dv(y) = g(-))/n- ()L < 8. Thus, equality holds in (38). By the direct
method of the calculus of variations (see the proof of [Theorem 2)), we have that a minimizer v* for
the right-hand side of (38) exists.

Applying [Theorem 9] on the right-hand sides of equations (57) and (38), we see that they are equal.
Thus, the left-hand sides are equal. Let us set F' and F* as in the proof of Let us set

G:Cy(Y) > Ras
GW) =[lv() =90~ = sup /Z(w(Z) —9(2)) dv'(2), (60)

Y EM(Z), |l lv<1

and define G : M(Z) — R as

fz g(z) dy(z) if|v]v <1 6D
400 otherwise
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By |[Lemma 11 for any v € M(Z), we have G(y) = supyec, (z) { (1, ¢¥) — G(¢)}.

Then, the equality between the left-hand sides of (57) and (F8) can be rewritten as
SUPyem(2),yln<t i F " (—A™Y) = G(7)} = inf,em, ) {F () + G(Av)}. We reproduce the
argument of and we conclude that

sup {—F7"(=A") =G (1)} = —F(=4"") = G (v")

YEM(Z)

[Ivllv<1

=— sup {(-4"",v) W)} = sup {(v9) - G)}
vEMe, (V) YeCy(2)

<— sup  {(=A",v) - F(v) + (v, Av) — G(Av)}
I/EMgl(y)

=— su —F(v) —G(Av)} = inf Fv)+ G(Av
UGMEI:O)){( (v) — G(Av)} VeMgl(y){ (v) + G(Av)}

= F(v*) + G(AvY)

In the first equality we used that G*(v*) = sup,cc, (z) {(v*, %) — G(¢) }, which holds because
fory € M(Z2),

- /Z ¥(2) dy(z) - sup / ((2) - 9(2)) dv'(2)

YeCy(2) YeM(z)/ 2
17 llv<1
= su inf /1/) +/gzd’y’z}
wecb(mw(z){ N+ [ o) ')
I [lrv<1
=t sw { [ uedo -6+ o a6}
Y EM(Z) peC,(2) z
IV llv<1
_ ) z9(z)dv(z) ifflyllv <1
+00 otherwise

The link between v* and v* is analogous to the proof of [Theorem 2 (see|Lemma 5(i)). The fact that
v* = argmin, ¢ p(y){F(v) + G(Av)} holds by an analogous reasoning.

Lemma 9. (i) For any v > 0 let n, : Z — R, n.(z) = max{exp(||z|]| — r),1}. The set
{M,, (Z) | r € (0,+00)} is dense in M(Z) in the TV norm topology.

(ii) The functional v — — [ g(z) dy(z) — % log (fy exp (—ﬁ Iz ey, 2) d’y(z)) dTy(g)) is con-

tinuous in the TV norm topology, and a fortiori, its first variation has bounded supremum norm.

(iii) The functional v — — [ g(z) dy(z) — %log (fy exp (75 [z 0y, 2) d’y(z)) dTy(y)> has a
maximizer over Byq(zy = {v € M(Z) | |[¥|lrv < 1}.

Proof. To prove (i), let (r,, ), >0 be a real sequence converging to +oo. For any v € M(Z), we can
build a sequence of measures ,, € M,, (Z) defined with density A’fy" (z) = min{exp(—||z|| +
r),1}. For any 6 > 0, there exists R > 0 such that |||ty — fZﬁB]RdZ(R) d|y|(z) < 4. Notice that
forall r,, > R,

||’Y — Vra

— / dl|(z) < 6
Z\BRJZ (rn)
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To prove (ii), notice that the first variation of the log-partition at y is the function
| B ep (28 [ o) () ely: ) dry ()
Jyexp ( Bz, 2) dy(z )) dry(y)
which has supremum norm bounded by
BK [y &1(y)exp (=B [ oly, ') dr() ) dry(y)
I eXP( B [5ely,2') dy(z )) dryy)
And this bound is finite because we can apply the argument of @3) with q(y) = [, ¢(-, 2') dy(2'),

)

as
Jz ey, 2') dy(2) oy, 2)
T aw) g/Z at) | ¢ ><K”’Y”TV’:‘/ ) dy(2) € Crg, (2).

Moreover, the first variation of the map v — — [, g(z) dvy(z) is —g, which also has bounded
supremum norm by the assumption of [Theorem 3]

To prove the existence of a maximizer in (iii), we use the direct method of the calculus of variations.
The functional is concave; the first term is linear and the second term is the negated convex conjugate
of the KL-divergence composed with a linear map. We cannot use the TV norm topology for M (Z),
because it does not make By z) compact. We observe that the weak-* topology of rba(Z) is the
right choice. Here, rba(Z) is the space of finitely additive finite signed regular Borel measures,
which contains the space M(Z) of countably additive finite signed regular Borel measures, and it
is the dual of C}(Z); see[Theorem 7} On the one hand, Bz is compact in the weak-* topology

of rba(Z) by [Lemma 10}

On the other hand, we check that the functional is upper semicontinuous in this topology. The first
term of the functional is continuous (thus, upper semicontinuous) in the weak-* topology of rba(Z),
because —g € C},(Z) by assumption and rba(Z) = C} (Z). We write the second term as

- %log (/y exp (—B/Zw(yw) dv(2)> dTy(@/))
- _ yesgl(oy) {— /y /z oy, 2) dy(z) dv(y) — 51DKL(V||W)} (62)

Veigfy){é/y@(@/@) dv(y) d7(2)+51DKL(V||Ty)}a

where the first equality follows from the argument in and in the second equality we used
Fubini’s theorem. Remark that for a fixed v € M, (V), |5, ¢(y,) dv(y) € Cy(Z) because of
equation (39). Hence, the mapping v ~ [ [}, ¢(y, 2) dv(y) dv(z) + 8~ D r(v[|Ty) is contin-
uous (thus, upper semicontinuous) in the weak-* topology of rba(Z). The pointwise infimum of

upper semicontinuous functions is upper semicontinuous, and thus (62)) is upper semicontinuous as
well. O

Lemma 10. The unit TV norm ball of B, (z), seen as a subset of rba( Z), is compact in the weak-*
topology of rba(Z).

Proof. 1f we endow M(Z ) with the weak-* topology given by its predual Co(Z) (Theorem 6), the
Banach-Alaoglu theorem (T states that By(z) is compact. Since the weak-* topology is
Hausdorff, and Hausdorff compact spaces are closed, we have that Bpy(z) is closed in the weak-*
topology of M(Z). To show that Bz is also closed in weak-* topology of rba(Z), suppose
that v € rba(Z) is such that (v,,), — - in weak-* topology of rba(Z) for some sequence (), C
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M(Z). Then, since Cy(Z) C Cp(Z), (Yn)n — v in weak-* topology of M(Z), and the closedness
of M(Z) implies that v € M(Z2).

We have that the TV norm closed unit ball By, (z) of rba(Z), which includes B M(2)» 18 compact in
the weak-* topology again by the Banach-Alaoglu theorem. Since B, (z) is a closed subset of the
compact space By, (z), it is itself compact in the weak-* topology of Byy,(z). O

Lemma 11. The function G defined in (B1) is such that G(v) = SUPyecy(z) (1, ¥) — G(¥)},
where G is defined in (60).

Proof. By definition G(7) is

sup /Z ¥(2) dy(z) - sup /Z ((2) - 9(=)) dv'(2)

YeCy(Z) Y eM(Z)
Iy [lrv<1 (63)
— swp inf { [ -vie+ [ g(Z)dv’(Z)}
YeCy(Z)VEM(Z) /2 z

IV lv<1

We want to apply to flip the supremum and the infimum. We set B as in the proof of
The set A requires a careful construction. M (Z), which is the space finite countably
additive regular Borel measures, is included in the Banach space of finite finitely additive regular
Borel measures rba(Z) endowed with the total variation norm, which by is the contin-
uous dual of Cy,(Z). rba(Z) can be endowed with the weak-* topology of rba(Z), which is the
weakest one that makes maps of the form v — [ f(z) dvy(z) continuous for any f € Cy(Z2).
We set A = By(z) to be the TV norm ball of M(Z), as a subset of rba(Z) endowed with its the
weak-* topology of rba(Z). Notice that 7' — [ (g(z) — 1(2)) dv/(z) is continuous in the weak-*
topology of rba(Z) because g — 1) € Cy(Z).

It only remains to show that B (z) is compact in the weak-* topology of rba(Z). Thus,
can be applied, which means that the right-hand side of (63) is equal to

inf  sup ){ [ -+ [ o dv’(z“)}

Y EM(Z) peC, (2

I llv<1
_ ) z9(z) dv(z) i fyllv <1
400 otherwise

O

Proposition 4. Problems (13) and (17) are equivalent in the following sense: if v} is a solution of

(T3) for B, then it is also a solution of (I7) for

2
B=5 4/Z</ys0(y72) dVI(y)g(Z)) drz(z)

provided that the left-most factor is non-zero. Conversely, if v is a solution of (1) for B, then it is
also a solution of (13)) for

B=2 4/2 </y<p(y,Z) dVE(y)—g(Z)> drz(z)
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Proof. The Euler-Lagrange condition for (T3) is

i (y)) N (Jy et 2) dvi(v) = 9(2)) (9, 2) dr=(2)

0=p""log —+ K, Yyey
( (fz (fy ey, 2) dvi(y') — 9(2))2 de(Z)) /

dTy

for some K. Thus,

w1 | S (e 2 avil) - 9(2) ely. ) dra(2)

y) = — exp —
(fz (fy ey, 2) dvi(y') — 9(2))2 de(Z)) /

Z
The Euler-Lagrange condition for is

, VYye). (64)
dTy

_ dv*
0= 5 "log ( i <y>) +2 /Z ( /y ol 2) dvi () — g<z>> oy, 2) dr=(2) + K,y @)
for some K. Hence,

*
dvy

dTy

)= g oo | 25 [ ( R dy;@/)g(z)) oly.2) drz(2)

Comparing (64) with (64), we see that v} is equal to 5 when f is set such that
7 B

26 = 5 172
(12 (o2 i) - 5(2)” drta))
Conversely, the solution 3 for a certain B is equal to v when /3 is set such that

28 = b

2
(42 (y otor22) a0 - 9(2)) dr=(e))

1/2°

O

Proposition 5. Suppose g : Z — R is of the form g(z) = fy oy, z) dvy(y) for some v, €
P(Z2), and assume that the (negated) log-density E(y) = — log(j:; (y)) belongs to the RKHS ball
Bz, (Bo)-

(a) On the one hand, when 3 > [3 the solution v} of (13)) is equal to v,,. That is, there is recovery

2
of the planted target measure and consequently | (fy o(y,2)? dvi(y) — g(z)) drz(z) = 0.

(b) On the other hand, for all choices of B finite if v} is the solution of (UT), the unregularized
2
regression loss at V3 is not zero: | (fy o(y,2)? dvy(y) — g(z)) drz(z) > 0. Hence, V5 # v,

and there is no recovery.

Proof. To prove (a), we use duality. Strong duality holds between (I3) and (T6) and moreover by
Theorem 2|the respective solutions v; and h* of the two problems are linked by:

dvy 1 N
o) = e (8 [ oo 1 ara). (66)
Ty Zl,l* =z
Remark that an arbitrary element f of the RKHS F> admits a representation as

fly) = /@ oy, 2)h(z) drz(z), whereh e L3(Z), and |||z, = |hlizz).  (67)
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For an arbitrary f, denote by vy the probability measure with density dﬁ(y) =

dry
exp(—f(y))/ [y, exp(=f(y")) dry(y'). Using (€7) and g(2) = [, ¢(y,2) dvy(y), we rewrite the
problem (T6) as
ingm/ / o(y, z) dvy(y) h(z) drz(z) + %log (/ exp( ﬁ/ o(y, 2)h(z) drz(z )) dTy(;l/))
Hh||L2<1

d
= argmin / f(y) dvp(y) + log /e_f(y)dTy(y) = argmin —/ log( Vf( )> dvy(y)
1€, (8) )y v seBry(p) Jy T \dry
= argmin H(vp,vy) = argmin H(v,,vp) — H(vp,vp) = argmin Dgp(vp||vy).
JE€BF, (B) f€BF,(8) fE€BF,(8)

In the first equality we have used Fubini’s theorem to exchange the integrals in the first term, using
the same reasoning as in @6)-(@7). In the second equality we use the definition of v. In the third
equality, H denotes the cross-entropy, and in the fourth one, we use that H (v, v,) is finite because
v, is absolutely continuous w.r.t. 7y. The fifth equality is by the definition of the KL divergence.

From this viewpoint, we have that the solution f* = argmin;cp, (5 Dx (vp||vy) is linked to the
solution 2* of (T6): f*(-) = B [, ¢ (-, z) h*(z)drz(z). Plugging this into (66), we obtain that

dvi o 1 .
ar W) =z, P (=) (68)

dv,

Since we have assumed that £ = —log( - ) € Bxr,(fp) with 8 > fy, the unique solution of

argmingeg, (3 Drr(pllvy)is f* = E, Wthh through (68) implies that v} = vg = .

To show (b), we use the Euler-Lagrange equation of (I7), which is stated in (63). Since
B 1log (d”2 (y )) # 0 for all y € ), we must have that

/Z ( /y o) dv5<y’>—g<z>> oy, 2) drz(2) £ K, (69)

does not hold uniformly over y € ) for any constant K.
2
If we had [, ( Sy oy, 2) dvi(y') — g(z)) drz(z) = 0, that would mean that for all z € Z,

Jy ey’ 2) dvi(y') — g(z) = 0. This would imply that (69) is equal to zero for all y € Y, yielding
a contradiction. O

F PROOFS OF[SEC. 3| AND ADDITIONAL RESULTS

Theorem 1. Under[Assumption 1| the problem (B)) is the Fenchel dual of

B 258, 5 D) + [ [ etw.0)dw - (@) ar0o). )
ylrv<1

Moreover, the solution v* of is precisely the Gibbs measure for the optimal v* in (3)), that is,
W (0) = A exp (=B fo pl2,0) d7* () ).

Proof. The proof follows from applying [Theorem 3| with Y = X and Z = ©. [Assumption 2| holds
because it is implied by |Assumption 1| when one sets &5 = £. [Assumption 1] also implies that ¢
satisfies the assumption (i) in [lheorem 3| Assumption (ii) in is also fulfilled because
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g(0) = L3 o(x,0) < 2307 &(x;), which means that g € Cy(O). By we see
that problem (@) is the Fenchel dual of

'D +
in 57 D () +|

/X () d(v — 1) () (70)

LOO
and we also obtain the characterization for the measure v*. Since H Sy e(z,) d(v —vn)(x) H

SUPy e p(0), <t Jo Jx ©(%,0) dv — vy)(2) dy(0) = supjep,. [y f(2) d(v — vy)(x) using
Fubini’s theorem, we can rewrite (70) as

'D 0)d(v — v, dv(0
ué%l(r}\f)we%}é)ﬁ kL(V||7x) // (z,0) d(v — vy)(x) dy(0).
[lyllrv<1

O

Proposition 2. Ler {6; G )}m be initial features sampled uniformly over ©, let {o;}7", be uniform
samples over {£1} and let {wo = 1}, be the initial weight values, which are set to 1. Let

{X; ‘)} Y, be the initial “generated” samples, which are chosen i.i.d. uniformly from the target
sample set {x;}7_,. Consider the system of ODEs/SDEs:

dQ(J) ~ . dw(j) B . ~
L — anVFt(HEJ)), L — aw,g])(ath(Gt(])) - K3)
dt dt (8)
dXt(i):( VAXY) + 87V log dA ) dt + /231 daw
where
. 1 X 1< - 1 & ; .
F(0) = 5 2 0(X(1.0) = =3 o(@in0),  file)= = oju e 6),
i=1 i=1 j=
9)

Ji=

- 1 & N .
K; = ]lzm ) ng)Zm E Z O‘j’ng)Ft(e,gJ)).
=1

are the empirical counterparts of the functions in (7). Then the system (B)) approximates the measure
dynamics. Namely, as m, N — co:

o the empirical measure 4y = ~ Z =105 wg ) ol converges weakly to the solution vy = ~,;7 —~;

of (€) with uniform mltlallzatlon for any finite time interval [0, T, and

* the empirical measure 0y = % Z’fil 0 ) converges weakly to the solution v; of (@) for any
t
finite time interval [0, T).

Proof. For 0 = =*1, define the empirical measures 4y = % Z;n:l ILUJ,(,w,g )60(J>, Given a test
function x on ©, we have that

d . d [1 & ; ;
g J XO d70) = | T3 Lo 16)
. 2

dt

_ 1 zm:]l dwy” 09 41 @4 69

Com&e= T dt X0 o=t g X\t
«

= =3 Lo (0,5 (07) = K)X(0F) + Loy Vx(0) - 0,V E(6;)
j=1

=a [ ((0Fi(0) = Kx(0) + oV E0)- Tx(9)) 37 (0)
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This is the weak formulation of the first equation in (6). We also observe that the forward Kol-
mogorov equation of the third equation in is the Fokker-Planck equation in the second line of
(6). The propagation of chaos argument that allows us to establish convergence 4; — ~; and oy — ¥
is classical (Sznitmanl [1991) and can be found for a very similar coupled setting in Domingo-Enrich
et al.](2020). O

F.1 LINK OF DUAL F;-EBMS TRAINING WITH LEARNED MMD TRAINING

We show that training dual F;-EBMs is equivalent to learning a certain form of MMD with feature
learning. This observation provides a clearer link between dual F;-EBMs and dual F>-EBMs, in
which the kernel is fixed (equation (I)). Feature-learning MMD has been the subject of several
works and has been shown to outperform fixed-kernel MMD (Li et al.,2017). In particular, we have
the following:

Proposition 6. The solutions or saddle points of B)) are the saddle points of

min  max B ' Dy (v|[tx) + MMDy, (v,vy,),
vEP(X) vEP(O)

where MM Dy (v,vn) = ([, by (2,2") d(v — vi)(2) d(v — ) (2'))"/? and the kernel k,, =
Jo (@, 0)p(a’,0) dy(0) is well defined for any v € P(©).

Proof. The second term in the objective of () is [ [ ¢(z,0) d(v — v,)(x) dy(#). For any v €
M(O), ||7]lrv < 1, we apply the Cauchy-Schwarz inequality and then Fubini’s theorem:

[ ety dv=v)@ o) < ( /. ( | eto) d(uun><x>)2 d|fy|<o>>l/2 1)

1/2
- ( / / (@, 0) (e, 0) dn|(8) d(v — 1) (x) d(v — unxx’))
XxX JO

1/2
= (/ ky(z,2") d(v — vp)(z) d(v — Vn)(x')> = MMDy, (v — vy).
XxX
For any v € P(0), notice that for all measures

v e arg max / / x,0) d(v —vy)(x) dy(0) (72)

YEM(O),]l7[Irv<1

and all measures

v € rgmas ( /@ ( | o0y dr - un><x>)2 dlvl(9)> "

supp(v*) € {9’ €06 '

we must have

= max
0cO

/X o(@,0') d(v — vn)(2)

/X o(2,0) d(v — 1) ()

Hence, for any measure ~* fulfilling (72),

L[ ety dw =v)@ v 0) = x| [ ole.0) dw = v)(@)

. ( / ( [ o0 d(u—m(x))g dﬂ(@)uz,

which shows that at maximizers, all the terms of are equal, concluding the proof. [
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G LINKS WITH SCORE MATCHING

Proposition 1. Suppose that X C R¥ is a manifold without boundaries. Assume that
S IVao(2,0) - Vdﬂ(acﬂ drx () is upper-bounded by some constant K for all € ©. Assume

dTX
also that supycg || Vo (x,0)|| < n(z) and that [ |n(x)|* dvy(x) < oc. The optimization problem
to train EBMs under the score matching loss over the ball Br, (1) gives fsn = [, (-, 0)dysm ()
where

ot = angin [ | ( Vae(w0)- V. [ o) dn(0) - /3_1Az%0($’9)>an(x)d“Y(eI-“)
e
Ylrvs

Proof. The score matching metric between two absolutely continuous measures v and v, is

SM(up,I/)/XHVlogddV( )~ Vio gjyp (z) i dv, ()

TX TxX

If constrain the density of v to belong to the F; ball of radius 3, we can write log d‘%(ax) =
— Jo @(x,0) dvy(8) for some v € M(O) such that ||y||y < 3. Thus, the minimization problem of
SM(v, v,) over this class of energies can be written as

2

min dv,(x
veM(©) Jx (@)
Ivllrv<p

- / Vap(z,0) dy(6) — Viog 2 ()
o dTX

Following |Hyvérinen| (2005), the objective functional can be expressed as

Al

The middle term is constant w.r.t. 7y, hence it is irrelevant. We use Fubini’s theorem in the third term

2
o, 6) d(6) ng Wy ()
d’TX

+2/ Vol 0) Vlog;l (2 )d%&)) dvy ().

[ ] eto.0)- Viog F@) d1(0) () = [ [ Vootw.6)- Vlow G2 ) duy(z) dr(6)
— [ [ Vaetz0): VL (2 drelz) do(6) = - L/ Bepla,0) 12 (2) dre(a) iy 0)

_/@/XA@(JS,Q) dvy(x) dy(0).
(73)

In the fourth equality of we applied integration by parts. Fubini’s theorem can be applied in the
first equality because

[ 1vaete.0)- Viow @)l @) dp)0) = [ [ 1Vapla0) VI @) dre(w)d o)

< K|ly[lrv < 400

We also use similar arguments for the first term:

/X " e / / / Vao(,0) - Voo, 0) dy(0) dy () dvy(a)
_ /@ /X V.o(,6) - /@ V(2 8) dy(0') duy () d (0)

zp(,0) dy(0)
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In this equation we can apply Fubini’s theorem because

29(@,0) - Vaip(@,0') dvy(0)| dvp(x) dly[(0)
S///IIVM(%9)HHVW(%9’)H d|y|(0) dvy () dlv|(6")
<l [ [ 0w dvyfe) dnl(@) < +oc.

by the assumption that | () 2 dv,(z) < +o0. The proof is concluded by exchanging v, by its
empirical version v/,. O

Proposition 3. In the limit o — oo, the equations for v¢ in (10) reduce to
0ryf =V - (vaoV(%)(f))) 77 (@V(0)0) = V(w), o==£1 7 =7 (D

where v = v — 7y, = Jo V(7)dy, and V()(0) is the Frechet derivative of the score
matching loss L : M(© ) —> ]R defined in (EI)

Proof. Let us start from the dynamics (10). For a domain X" without boundary, Duhamel’s principle
states that the solution u(x, t) of

{@u(x,t) ~ Lu(z,t) = f(a,t)
u(z,0) =0

is equal to u(zx, t) = fot P, f(z,t) ds, where P; f is the solution of

Opu(x,t) — Lu(x,t) =0
u(zx, s) = f(x,s)

While it is typically stated for classical PDEs, in our case we consider Duhamel’s principle in the
weak sense, i.e. the equalities hold when integrated with respect to test functions.

We can apply Duhamel’s principle for the second equation of (I0), with u(-,t) = v;—vy, Lu = —au
and f(x,t) =V, - (ytvw Jo @z, w) dut(w)> + B~ A1 + a(v, — ). Notice that the solution
P f of

Owu(x,t) + au(x,t) =0
u(xa 5) = f(xa 5)

is P, f(x,t) = f(x,s)e”*(=*). By Duhamel’s principle we obtain that

t
v — 1 :/ P, f(x,t)ds
0

t
= / (vx ’ <stx/ 90(1:70) d78(9)) + /BileVs + a(Vn - V0)> eia(tis) ds.
0 S)

Since a fo a(t=s) ds = 1 — e~ this is equivalent to

¢
v = 1vpe M + (1 —e ) —|—/ e a(t=s) (Vm . (stx/ o(z,w) d’ys(w)) + ,8_1A1/3> ds
Q

0
(74
From (74)), we see that as o — +00,
a(vy —vn) = V- (utvz/ o(z,w) d%(w)> + 87 Ay, (75)
Q
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or alternatively, for any test function f,

a/ F@)d(vs — va)(@) — —/ Vi) vw/ o(x,0) dv,(0) dvy () + ﬁ‘l/ Af(x) din(a).
X X o X

(76)
Moreover, implies that &« — 400, v; — 1,,. Applying this into (76), we obtain that

a/X f@)d(ve — vp)(2) — 7/2( V() V. /@ o(z,0) dut(0) dvp(z) + 8~ /X Af(x) dv,(z).

Plugging this into the definition of F} in (7), we get that
aFi(0) — —/ Vao(z,0) -Vx/ p(x,0) du(0) dvy(x) + 5_1/ Af(z) dvy(z).
x e x

Using this in the first equation of (T0), we get that in the limit @ — +o0,
2l

o (ﬁ (Ve /X V(e 0) - /@ Vaip(w,0') dps (6 dvn () + 6V /X App(z,6) dvt(x)>>

e (—a /X Vop(z,0) /@ Voio(z,0) dvyy(6) dvm(z) + 0~ /X Aup(z,6) dun(:r)—f{t>

2/32 (oVo - (7 9aV (1)) = 77 (aV(1)(0) = V()

which is (TT) up to a time reparametrization. O

G.1 DIRECT OPTIMIZATION OF THE SCORE MATCHING LOSS

Let L be defined in The first variation gﬁ (u)(w) of L at p is

oL , ,
o= [ (252%90(%9)-% / s@(w79)dv(9)—25Azw(%9)) ().

We optimize (@) via the Wasserstein-Fisher-Rao (WFR) gradient flow (TT). This measure PDE can
be approximated via a particle system ODE (equation (12)), and the corresponding particle system
may be discretized into Algorithm 3]

Lemma 12. Let {z;}], be samples from a target distribution v,,. Let {G(J )} " | be features sampled

uniformly over ©, let {0}, be uniform samples over {1} and let {w(()J) = 1}7%, be the initial
weight values, which are set to 1. Equation (L1)) can be simulated by evolving the features {6 (@) }]T-"':1
and the weights {w'/ )} " , via the following ODE:

det(J) =—0o;V lzn:V (z; Q(j))lia j)V (25,0 ZA x; j)
at jVve n zP\Ti, Uy m (3’ zP\Li, :v@ za
i=1 Jj'=1
dlogwt(j) gj j) J)
@ Zw 73,0 ,Zl" i V(w0 =p(@i,0,7) — K(?)
=

where
K() = Lt et w21

X % Zajwj Z Vaep(x;, 0 Z 0wV gp(2s,05) — — Z App(x;, 0
j=1

J'l
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Namely, up to a time reparametrization with factor 232, the time-dependent measure ¥ =

L Z;":l ajw,gj)%(j) converges weakly to the solution vy, = ~;7 — ~; of (1) with uniform ini-
t

tialization, for any finite time interval [0,T], as m — oo.

Proof. We check that 4; is a weak solution of as in and use propagation of
chaos. O

Algorithm 3 7;-EBM training via score matching

Input: n samples {z;}?_; of the target distribution, stepsize s.

Initialize features (9((, )) ", unif. over ©, weights (w 0) = 1)7,, signs (o)7L, unif. over {£1}.

Initialize generated samples { X (¢ )} v, uniformly i.i.d. from {x;} ;.
fort=0,...,7—1do
for j = 1,...,md0

>t et(i)l - et(j) — 593V (% Xt Vl‘p(xi’at(j)) o EW/L 1 Ua'wt(j )Vx@($i79j’)) +
Sﬂ*lo']VQ (1 Z:l 1 Azp(xi,ej)),

Update wt(i)l = wt(i)l exp(— ng ZZ‘L:I V(s ‘91‘@) : %n Z?Zl Uj/Wij/)Vmcp(Ii, Gt(j/)) +
B~ _ loj Zi:l Axﬁp(xz, 9(])))

Normalize if needed wgi)l = wt(i)l / max (L Z;" Nt(ii, 1).
end for
end for

Energy Er(x) == 1 327 wiojp(x, 0;).

Proposition 7. The Algorithm [3 is equivalent to Algorithm [I| with (i) base probability measure

proportional to Lebesgue, i.e. Vlog % dTX = 0, (ii) replacement probability p, = 1 and (iii) noisy
updates.

Proof. For any iteration ¢ and particle 7, let k., ; be a uniform independent integer random variable
over{1,...,n},ie. xy, , , is auniform random sample from {x; }},_,. We may rewrite the updates

on {Gt(i)l}, {wgi)l} for Algorithmwith pr=18"1=0as
Xif—',-)l Lhyy1,: = — Zw(]) w‘p Lhyiq.:s j)) + V 2ﬂ_13<t(i)a

) 1 i 1 j
at(i)lzet( —|—saojwt(3) NZVG@( t+)110(])) ﬁZVGSO(xi»Qt(J)) )

=1
N . ()
. sa s ;
wgi)l = wgi)l exp | Z (Xt(jl’ 9(3)) - Zw(wi,&(])) ’
i=1 i=1
A
wgk)l = wgfl/max m wﬁii,
=1
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Notice that in the regime of small stepsize s < 1, we can use a second order Taylor approximation:

v94p(Xt(j-)1’ 915])) ~ ve(p(xktJer 0157)) + <v$,9(p(ajkt+l,i)’ Xif-zi-)l - ‘rkt+1,i>
+ 87156 Va0 @@k, 0, 07)C7) + o(s)

v

= va(fo(xkt+l,i’6£j)) - stwﬂ(p(xktﬂ,w (J) Z wt U]'Vﬁp Theyiq, wot(j ))

V2TV 0k, ), G+ 67 ,vm,m,esoml,i, 07)G") + ols).
Notice that that E[(Ct(i), Vw00 (Thyiy Ht(j))gt(i))wt(j)} =13 VoVaae(ai, 0,@). Moreover,

i Z Voo (Tr,,, ;s 9( )) —25Va00(Thii 4o 9(3) Z w") i Vaep(Tp,, . 1,9(”) 0,

=1 j'=1
RS () 0y L X~ ")
== i0;) =25V, #07) =" we V(a0
ni=1 VG@('T’ t ) sV ,990('%" t ) mjl:1w UJV <P(33; t )

Making use of these observations and the expression of the update on 08_)1 in (77), we get that

E 0151)1 9§])|9t} 8 Qo ng) va’ 999 Lhtq, 7’0 ]) Zw U]vmcp(lkf+1 170( ))
i=1 ] 1

. ﬁ_l n
+ sQanwt(J)—
n

Z Vevz,;ﬂ@(xia et(J))
i=1

And this is equal to the update in Algorithm after renaming the stepsize s?ac — s. The analogous
argument holds for the update on log ng ) O

G.2 COMPARISON WITH SCORE-BASED GENERATIVE MODELS (SGMS)

A recent series of works|Song & Ermon| (2019;2020); |Song et al.| (2021); |Song & Kingma) (2021}));
Kadkhodaie & Simoncelli (2020); Jolicoeur-Martineau et al.| (2020); [Dhariwal & Nichol| (2021)
have leveraged the link between score matching and reversing a diffusion process (ie, denoising) to
propose flexible and powerful generative models (SGMs). While our work shows connections with
score matching, our approach is somewhat far from SGMs. Indeed, SGMs proceed by estimating
various score functions of noisy versions of the data distribution, rather than the original data dis-
tribution, and later use these estimates for obtaining new samples using a Langevin diffusion. In
contrast, the score matching loss that we consider is directly given by the score matching metric
through the classical trick introduced by |[Hyvirinen| (2005)), and our Langevin sampling process is
built into the training dynamics. Also, while our work makes use of SDEs to evolve the generated
samples, we do not use a forward-backward framework in the style of certain SGMs [Song et al.
(2021).

H PRrOOFS OF[AppP. C|

Lemma 13. holds the Fenchel dual of the problem min, ep(xy 3~ Dk (v||7x) +
MMDy (v, v,,) is the problem maxsesy, (6) 75 S fzg) —log (fX e f(x)dTX( ))
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Proof. We apply [Theorem 2]to show that the problem

Vempl(n )B "Dir(vl|ta) + (/@ (/X o(z,0) dv — un)(x)>2 dT@(9)> - (78)

has dual problem (22)). It remains only to show that the second term of (78) is equal to MMDy, (v, v,).
To obtain this, observe that

/(/ w2, 0)d (”—Vn)(w)>2d79(9)

/ / o(z,0)p(z’,0)dre(0) d(v — v,)(x) d(v — v,)(2)
XxX JO
. / Kz, 2') d(v — v)(2) d(v — va) (@),

XXX

The first equality holds by Fubini’s theorem following an argument similar to equations @6)-@7).
The second equality follows from the characterization (I)) of the kernel k.

Lemma 14. The Wasserstein gradient flow for the objective functional of (23)) is given by 23).

Proof. The proof is standard. If we denote L(v) = ﬂilDKL(l/HT)() + MMDy (v, vy,), the first
variation ofL at any vePX ) is 2L () : X — R such that for all v € P(X), lime_,o (L(v +

e(V' —v)) = L(v))/e = [, d(v' — v)(z). In this case, for any absolutely continuous v € P(X),
5L 1, dv . dry S K( d(vy — vn)(2')
E(V)(CL‘) = (5" log a(a?) +5 B log H(m) MMDk(V{», o (79)

and its gradient is

5L v (r) dr Kz, 2') d(vi — 1) (@)
VL) (@) = 51 TED g1 T o) 4 L t
v d)\ (iE) dA MMDk(Vt7 Vn)

It is well known (Santambrogiol 2017) that the Wasserstein gradient flow of a functional L is a
solution of the measure PDE

Oy =V - <ytv‘;f(yt)(x)> .

O

Lemma 15. [f X is arc-connected, the unique stationary solution v* of (23)) is the unique minimizer
of 23). The stationary solution must satisfy (29).

Proof. We follow the same reasoning as [Rotskoff & Vanden-Eijnden| (2018); Me1 et al. (2018)),
skipping some techical details. Denoting L(v) = ™' D (v||Tx) + MMDy (v, v,), all stationary
solutions v* of the Wasserstein gradient flow of L must satisfy

V() w) =0, Ve € supp(v') (80)

Because of the KL term, supp(v*) = X. Since L is strictly convex because MMD is convex and

D, is strictly convex, L has at most one minimizer, which is uniquely specified by the Euler-
Lagrange condition

gi( Nz) =K, Vze€X, forsome K. 81

When X is arc-connected, (80) implies (8T).

To show that the solution must satisfy (29), we just develop (81)) as in and isolate. O
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I ADDITIONAL EXPERIMENTS

In this section we provide further insight into the training of teacher-student models with two planted
student neurons of negative weights.

Experiments on teacher-student models in d = 2. We analyze the case of a teacher with two
neurons, both with the same negative weight wj = —10, in d = 2 (i.e. on the sphere) and we train
the student setting 8 = 20 such that the approximation errors. This low-dimensional example allows
for a visual representation of the training dynamics (see videos KLdual_le3_points.mp4|and
KLdual_le4_points.mp4 in the supplementary material). shows that the densities
of the Gibbs distribution associated to the teacher and the student at the end of training are very
concentrated in two separated regions on the sphere. This means that sampling this distribution by
Langevin dynamics, which is required in the late stages of training in the primal formulation, would
be challenging due to strong metastability. Our aim is to illustrate that our dual formulation avoids
this metastability issue in the sampling.

For different values of pr, and forn = 103 , 10* training data points, shows the evolution of
the KL-divergence and the score matching between the teacher and student models, and the TV-norm
of the student measure, i.e. the F; norm of the student energy. We use N = 2-102,2 - 10* particles
(resp.), m = 64 student neurons, and a testing set of n* = 10* to compute the KL-divergence and
score matching metric. In this setting we observe that pr = 0 and pr = 1/60 perform similarly,
while score matching (pr = 1) has a slower convergence and has larger terminal values for both
the KL divergence and the score matching metric. As expected, the test metrics improve with more
training data n, and we observe that the relative gap between the methods becomes smaller; score
matching becomes more competitive.

Teacher density Student density

0.9
08

07

06

05

0.4

03

/ 02

Bimodality vs. monomodality in d = 14. shows the histograms for the cosines of the
angles between the samples and each teacher neuron. We see that when the two teacher neurons are
at an angle of 2.87 rad (almost opposite), the distribution is bimodal. When they are at an angle of
1.37 rad, the distribution is monomodal.

Figure 2: Comparison between the teacher
and student density in d = 2, after training
n=10% N =2-10",m = 62,a =
10, pr = 0). The location of the 2 teachers
neurons are shown in black, and that of the
64 students neurons in blue.

Comparing different values of pp for d = 14. In (top, middle), which correspond to the
bimodal case with angle 2.87 rad, we observe that the three variants have similar performance but
pr = 1/40 achieves the best metrics, followed very closely by pr = 0 and pr = 1 (score matching)
a bit behind. Remark that early stopping might be beneficial in terms of the test error; the best test
metrics are achieved roughly at the iteration at which the F; norm of the trained energy reaches the
F1 norm of the teacher energy. Interestingly, in the monomodal case with angle 1.37 rad (bottom of
[Figure 6), the best value for the KL divergence is achieved by pr = 1 with early stopping, which
beats the other two alternatives by a narrow margin. Unlike in the bimodal case, in the monomodal
setting the training curves for the three methods display a change of behavior (a bump) slightly
after initialization, and before the metrics reach values close to the final ones. This observation
seems at odds with the common intuition that monomodal distributions are “easier” to deal with. To
assess that the planted model defines a challenging high-dimensional density estimation problem,
we consider a kernel density estimator baseline using an RBF kernel projected in the unit sphere.
We report the KL divergences obtained in[f] and they are much higher than the EBM ones.
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Figure 3: Experiments in d = 2: Selected frames of the video KLdual_led4_datapoints_
monomodal .mp4 at iterations O (top left), 80 (top right), 400 (bottom left) and 40000 (bottom
right). The parameters are d = 2, m = 64, pr = 0, n = 10*, N = 2-10%, wj = wj = —10. The
teacher neurons, shown as black sticks, are almost perpendicular, and hence the teacher distribution
is monomodal. The 64 student neurons are shown in blue. The two stages of training mentioned in
text are clearly visible.
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Figure 4: Experiments in d=2: The evolution of the KL divergence, the score matching metric and
the TV norm of the trained measure (i.e., the /7 norm) during training for Algorithmwith X =S?
m = 64, pr € {0,1,1/60}, s = 0.02, a« = 2 + 10pg, and (left) n = 10%, N = 2 - 103, (right)
n = 10%, N = 2-10* In comparison, the non-parametric kernel density estimator reaches a KL
error of 2 - 1072 for n = 103 and 6 - 1072 for n = 10

In the bottom row of we observe that when the teacher distribution is monomodal, which
happens when the teacher neurons are close to perpendicular, the training curves present a “bumpy”
shape unlike in the bimodal case. [Figure 7| shows plots in the same setting, but with 10 times more
training data points. As already observed in [Figure 4] and [Figure 6] taking larger n improves the
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Figure 5: Experiments in d=14:
Histograms for the cosines of the
angles between each teacher neu-
ron and samples from the target dis-
tribution, when the angle between
teacher neurons is 2.87 and 1.37
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Figure 6: Experiments in d=14: (Top) The evolution of the KL divergence, the score matching
metric and the TV norm of the trained measure (i.e., the 71 norm) during training for Algorithm ]
with X = S™, m = 64, pr = 0,1,1/40, s = 0.02, « = 10 + 50pr, n = 103, N = 2.
103. The plots show the average, maxima and minima over six runs with different training and test
samples, initializations and noise realizations, but with the same teacher network with an angle of
2.87 rad between neurons. In comparison, the non-parametric kernel density estimator reaches a KL
divergence of 0.18. (Middle) Same experiments with n = 10* and N = 2-10%. The non-parametric
kernel density estimator reaches a KL divergence of 0.11. (Bottom) Same experiments with n = 10*
and N = 2-10%, and angle of 1.37 rad between teacher neurons. In comparison, the non-parametric
kernel density estimator reaches a KL divergence of 0.15.
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Figure 7: Experiments in d = 14: Same setting as bottom row of (i.e., angle 1.37 rad), but
withn = 10°, N = 2 - 10°.
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Figure 8: Experiments in d = 2: Evolution of the KL divergence, score matching and TV norm for
the training dynamics of KLdual_le4_points_monomodal.mp4 and

relative performance of score matching (prp = 1) against the other two choices. It is also remarkable
that the value of the KL divergence at the end of training in|Figure 7]is about 2 - 102, which is very
similar to the value obtained in the bottom row of [Figure 6|despite the increase in n. This is at odds
with the statistical analysis of |Domingo-Enrich et al.| (2021), which predicts a decrease of the KL
test error as O(1/+/n) in the case where the approximation error is null. Hence, even though the KL
values achieved are low, there is some effect at play which hinders optimization in the monomodal
case.

To further understand the “bumpy” curves observed in the monomodal case, we return to exper-
iments in d = 2, this time with almost perpendicular teacher neurons. The results are shown in
We observe similar trends in the curves of [Figure 8] In[Figure 3] we see that the training
occurs in two stages: first the student neurons first concentrate rather quickly near the mode of the
teacher distribution: second, they slowly converge toward the teacher neurons. The bump in the KL
and SM curves occurs when the first training stage ends and the second one sets in.

These findings seem to suggest an interesting dichotomy: when the two teacher neurons are far away
and the distribution is bimodal, sampling is hard but training is easier; when the teacher neurons are
closer and the distribution is monomodal, the opposite is true. In a generic situation, both issues
may be present. More experiments are required to formulate concrete statements.
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