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Theorem 2 The Riemannian gradient descent for Problem (1) in the main text with step-size
η = O(1) ≤ 1

λ1−λn
converges in T = O( 1ϵ log

n
ϵ ) iterations, i.e., λ1 − x⊤

TAxT < ϵ.

Proof We assume again that λ1 > λn, and η ≤ 1
λ1−λn

such that ht(λi) = 1+ η(λi −x⊤
t Axt) ≥ 0

for all i and t. In what follows, we show that no matter whether λ1 is significantly larger than λ2

in the sense that h0(λ1) ≥ (1 + δ
2 )h0(λ2) for 0 < δ ≤ 2, it always holds that λ1 − x⊤

TAxT < 2
η ϵ.

Throughout the proof, we take T = ⌈ 2
δ log

n(1+tan2 θ0)
ϵ ⌉+ 1, where θ0 = θ(x0,v1).

Case 1 that h0(λ1)≥(1 + δ
2 )h0(λ2). Consider the polynomial

pT (x) =

√
(1 +

δ

2
)h0(λ2)

T−1∏

t=0

ht(x)

(1 + δ
2 )ht(λ2)

and its matrix form pT (A) =
∑n

i=1 pT (λi)viv
⊤
i = VnpT (Σn)V

⊤
n , where pT (Σn) =

diag(pT (λ1), · · · , pT (λn)) . Since η ≤ 1
λ1−λn

, ht(x) for all t and thus pT (x) are nonnegative
for x ∈ [λn, λ1]. Particularly, on the one hand,

Fact 1. For x ∈ [λn, λ2], h0(λ1) ≥ (1 + δ
2 )h0(x) implies that ht(λ1) ≥ (1 + δ

2 )ht(x) for all t, by
the following lemma

Lemma 4 If η ≤ 2
λ1−λn

then x⊤
t+1Axt+1 ≥ x⊤

t Axt.

Thus, the first property of pT (x) is that

pT (λ1) =

√
(1+

δ

2
)h0(λ2)

h0(λ1)

(1 + δ
2 )h0(λ2)

T−1∏

t=1

ht(λ1)

(1 + δ
2 )ht(λ2)

≥
√

h0(λ1) . (6)

On the other hand, noting that ht(λ2) ≥ ht(λi) for all i ≥ 2, it’s easy to see pT (x)’s second property:

pT (λi) ≤
√

h0(λ2)(1 +
δ

2
)−T+ 1

2 , i = 2, · · · , n. (7)

We then can rewrite xT from Eq. (4) in the main text as

xT =

∏T−1
t=0 (I+ η(A− x⊤

t AxtI))x0

∥∏T−1
t=0 (I+ η(A− x⊤

t AxtI))x0∥2
=

∏T−1
t=0 ht(A)x0

∥∏T−1
t=0 ht(A)x0∥2

=
pT (A)x0

∥pT (A)x0∥2
.

Let [ · ]1 be the best rank-1 approximation of a matrix for the Frobenius norm. For example,
[pT (A)]1 = pT (λ1)v1v

⊤
1 , due to that pT (λ1) ≥

√
h0(λ1) ≥

√
h0(λi) ≥ pT (λi) ≥ 0 for all i ≥ 2,
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by Eq. (6)-(7). By Lemma 14 in Musco et al. [10], we have the following Frobenius-norm rank-1
approximation inequality:

∥pT (A)− xTx
⊤
T pT (A)∥2F ≤ (1 + tan2 θ0)∥pT (A)− [pT (A)]1∥2F . (8)

For the remainder on the right, by Eq. (7), we have that

∥pT (A)− [pT (A)]1∥2F = ∥
n∑

i=2

pT (λi)viv
⊤
i ∥2F =

n∑

i=2

p2T (λi)

≤ (n− 1)h0(λ2)(1 +
δ

2
)−2T+1, (9)

where

(1 + δ
2 )

−2T+1 < (1 + δ
2 )

−2(T−1) = exp{−2(T − 1) log(1 + δ
2 )}

≤ exp{− 4
δ log

n(1+tan2 θ0)
ϵ

δ/2
1+δ/2} ≤ ϵ

n(1+tan2 θ0)
. (10)

For the rank-1 approximation error on the left, it holds that

∥pT (A)− xTx
⊤
T pT (A)∥2F = ∥pT (A)∥2F − ∥xTx

⊤
T pT (A)∥2F

= ∥pT (Σn)∥2F − ∥x⊤
TVnpT (Σn)∥2F

=
n∑

i=1

(1− (x⊤
T vi)

2)p2T (λi) ≥ (1− (x⊤
T v1)

2)p2T (λ1)

≥ (1− (x⊤
T v1)

2)h0(λ1), (11)

where the second equality is due to the orthogonal invariance for the Frobenius norm. By Eq. (8)-(11),
we then get that (1− (x⊤

T v1)
2)h0(λ1) < ϵh0(λ2). Hence, it holds that

h0(λ1)− x⊤
T h0(A)xT = h0(λ1)−

n∑

i=1

(x⊤
T vi)

2h0(λi) ≤ (1− (x⊤
T v1)

2)h0(λ1) < ϵh0(λ2),

which gives us λ1 − x⊤
TAxT < 2

η ϵ, by noting that h0(λ1)− x⊤
T h0(A)xT = η(λ1 − x⊤

TAxT ) and
h0(λi) = 1 + η(λi − x⊤

0 Ax0) ≤ 1 + η(λi − λn) ≤ 2 for all i.

Case 2 that h0(λ1) < (1 + δ
2 )h0(λ2). Consider the polynomial

qT (x) =
√
h0(λ1)

T−1∏

t=0

ht(x)

ht(λ1)
.

We can write that

xT =

∏T−1
t=0 ht(A)x0

∥∏T−1
t=0 ht(A)x0∥2

=
qT (A)x0

∥qT (A)x0∥2
.

Define the index set
α = {i : 1

1+ δ
2

h0(λ1) ≤ h0(λi) < h0(λ1)}.
Note that |α| ≥ 1 since 2 ∈ α. Let

Vα=
[
v2 · · · v|α|+1

]
, V−α =

[
v1 v|α|+2 · · · vn

]
,

Σα=diag(λ2, · · · , λ|α|+1), Σ−α = diag(λ1, λ|α|+2, · · · , λn).

We then can have qT (A) decomposed into

qT (A) =
∑

i∈α

qT (λi)viv
⊤
i +

∑
i/∈α qT (λi)viv

⊤
i

= VαqT (Σα)V
⊤
α +V−αqT (Σ−α)V

⊤
−α ≜ qT (Aα) + qT (A−α),
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and accordingly,

xT =
qT (Aα)x0

∥qT (A)x0∥2
+

qT (A−α)x0

∥qT (A)x0∥2
= Vα

qT (Σα)V⊤
α x0

∥qT (A)x0∥2
+V−α

qT (Σ−α)V⊤
−αx0

∥qT (A)x0∥2

≜ Vαỹ
(α)
T +V−αỹ

(−α)
T ≜ x̃

(α)
T + x̃

(−α)
T ≜ ∥x̃(α)

T ∥2 x
(α)
T + ∥x̃(−α)

T ∥2 x
(−α)
T .

In order to analyze x⊤
T h0(A)xT = ∥h

1
2
0 (A)xT ∥22, we first check ∥h

1
2
0 (A)x

(α)
T ∥22 as follows:

∥h
1
2
0 (A)x

(α)
T ∥22 =

(ỹ
(α)
T )⊤V⊤

αh0(A)Vαỹ
(α)
T

∥ỹ(α)
T ∥22

=
(ỹ

(α)
T )⊤h0(Σα)ỹ

(α)
T

∥ỹ(α)
T ∥22

≥ 1

1 + δ
2

h0(λ1) ≥ (1− δ

2
)h0(λ1), (12)

where the first inequality is by the definition of the index set. To check ∥h
1
2
0 (A)x

(−α)
T ∥22, similarly

to Case 1, we consider the rank-1 approximation by qT (A−α)x0. Note that x(−α)
T =

x̃
(−α)
T

∥x̃(−α)
T ∥2

=

qT (A−α)x0

∥qT (A−α)x0∥2
. We then have the approximation inequality:

∥qT (A−α)− x
(−α)
T (x

(−α)
T )⊤qT (A−α)∥2F ≤ (1 + tan2 θ0)∥qT (A−α)− [qT (A−α)]1∥2F . (13)

Here, noting qT (λ1) =
√

h0(λ1) ≥ qT (λi) for all i ≥ 2, it holds that

∥qT (A−α)− x
(−α)
T (x

(−α)
T )⊤qT (A−α)∥2F

= ∥qT (Σ−α)∥2F − ∥(x(−α)
T )⊤V−αqT (Σ−α)∥2F =

∑
i/∈α(1− ((x

(−α)
T )⊤vi)

2)q2T (λi)

≥ (1− ((x
(−α)
T )⊤v1)

2)q2T (λ1) ≥ (1− ((x
(−α)
T )⊤v1)

2)h0(λ1). (14)

At the same time, since it holds at t = 0 by the definition of α, then by Fact 1 we must have that
ht(λi) ≤ 1

1+ δ
2

ht(λ1) for any i /∈ {1} ∪ α. Thus, similarly to Eq. (9)-(10), we get that

∥qT (A−α)− [qT (A−α)]1∥2F =
∑

i/∈{1}∪α

q2T (λi) ≤ (n− |α| − 1)(1 +
δ

2
)−2Th0(λ1) <

h0(λ1)

1 + tan2 θ0
ϵ. (15)

By Eq. (13)-(15), we can write that

h0(λ1)− (x
(−α)
T )⊤h0(A−α)x

(−α)
T = h0(λ1)−

∑
i/∈α((x

(−α)
T )⊤vi)

2)h0(λi)

≤ h0(λ1)− ((x
(−α)
T )⊤v1)

2)h0(λ1) < h0(λ1)ϵ.

Thus, it holds that

∥h
1
2
0 (A)x

(−α)
T ∥22 = ∥h

1
2
0 (A−α)x

(−α)
T ∥22 = (x

(−α)
T )⊤h0(A−α)x

(−α)
T > (1− ϵ)h0(λ1). (16)

By Eq. (12) with δ = 2ϵ (assuming ϵ ≤ 1) and Eq. (16), we get that

x⊤
T h0(A)xT = ∥h

1
2
0 (A)xT ∥22

= ∥h
1
2
0 (A)x̃

(α)
T ∥22 + ∥h

1
2
0 (A)x̃

(−α)
T ∥22

= ∥x̃(α)
T ∥22 ∥h

1
2
0 (A)x

(α)
T ∥22 + ∥x̃(−α)

T ∥22 ∥h
1
2
0 (A)x

(−α)
T ∥22

> ( ∥x̃(α)
T ∥22 + ∥x̃(−α)

T ∥22 )(1− ϵ)h0(λ1)

= (1− ϵ)h0(λ1),

and thus h0(λ1)− x⊤
T h0(A)xT < ϵh0(λ1), i.e., λ1 − x⊤

TAxT < 2
η ϵ.

Therefore, we have proved that λ1 − x⊤
TAxT < 2

η ϵ in both cases for T = ⌈ 1
ϵ log

n(1+tan2 θ0)
ϵ ⌉+ 1

(noting that we have taken δ = 2ϵ in Case 2). Finally, as long as η = O(1), we could write with ϵ
rescaling that λ1 − x⊤

TAxT < ϵ for T = O( 1ϵ log
n
ϵ ). □

We are left with proving Fact 1 and Lemma 4.
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Proof of Fact 1 For any t and x ∈ [λn, λ2],

ht(λ1)− (1 + δ
2 )ht(x)

= 1 + η(λ1 − x⊤
t Axt)− (1 + δ

2 )(1 + η(x− x⊤
t Axt))

= 1 + η(λ1 − x⊤
0 Ax0)− (1 + δ

2 )(1 + η(x− x⊤
0 Ax0))

+ η(x⊤
0 Ax0 − x⊤

t Axt)− (1 + δ
2 )η(x

⊤
0 Ax0 − x⊤

t Axt)

= h0(λ1)− (1 + δ
2 )h0(x)− δ

2η(x
⊤
0 Ax0 − x⊤

t Axt) ≥ 0,

where the last equality is by the hypothesis and Lemma 4. □

Proof of Lemma 4 Let g̃t = ∇̃f(xt). Then

∥xt − ηg̃t∥22 (x⊤
t+1Axt+1 − x⊤

t Axt)

= (xt − ηg̃t)
⊤A(xt − ηg̃t)− x⊤

t Axt∥xt − ηg̃t∥22
=x⊤

t Axt − 2ηx⊤
t Ag̃t + η2g̃⊤

t Ag̃t − ( 1 + η2∥g̃t∥22 )x⊤
t Axt

=2ηg̃⊤
t g̃t + η2g̃⊤

t Ag̃t − η2x⊤
t Axt∥g̃t∥22

= ηg̃⊤
t (2I+ ηA− ηx⊤

t AxtI)g̃t

≥ η(2 + η(λn − λ1))∥g̃t∥22 = η(2− η(λ1 − λn))∥g̃t∥22,

where we have used that x⊤
t g̃t = 0 and

−x⊤
t Ag̃t = −x⊤

t A(I− xtx
⊤
t )Axt

= −x⊤
t A(I− xtx

⊤
t )

2Axt = g̃⊤
t g̃t.

Thus, when 2− η(λ1 − λn) ≥ 0, i.e., η ≤ 2
λ1−λn

, it holds that x⊤
t+1Axt+1 ≥ x⊤

t Axt. □
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