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APPENDIX

Roadmap.

We order the appendix as follows: In Section A, we provide the preliminaries to be used in our proofs,
such facts for basic algebras and inequalities. In Section B, we compute the gradient for our loss
function step by step and reform it for prooving its lipschitz. In Section C we prove that the gradient
for our loss function is lipschitz. In Section D, we compute the gradient of our loss function with
respect to () and proved the lipschitz property for gradient. In Section E, we repeat the analysis for
@ and proved lipschitz property for gradient with respect to K. In Section F we provide systematic
analysis on logistic function and proved the lipschitz property for the gradient of the loss function
based on logistic function. In Section G, we prove our main results. In Section H, we provide a brief
analysis on the hessian of our loss function.

A PRELIMINARY

In this section, we provide the preliminaries to be used in our proofs. In Section A.1, we provide
some facts for exact computations. In Section A.2, we provide some inequalities with respect to
vector’s norms. In Section A.3, we provide some inequalities with respect to matrix’s norms. In
Section A.4, we provide some facts for computing gradient.

A.1 BASIC ALGEBRAS
Fact A.1. Forvectors u,v,w € R". We have

* (u,v) =(uow,1y,)

S
[}

(
(uov,wy = (uovow,1,)
o (u,v) = (v,u)
s (u,v)=u'v=0v"u
Fact A.2. For any vectors u,v,w € R", we have
s yov =vou=dag(u) v = diag(v) - u

s u' (vow)=u' diag(v)w

e u'(vow)=v (uow)=w'(uov)

o ' diag(v)w = v diag(u)w = v diag(w)v
* diag(u) - diag(v) - 1,, = diag(u)v

* diag(u o v) = diag(u) diag(v)

* diag(u) + diag(v) = diag(u + v)

A.2 BASIC VECTOR NORM BOUNDS
Fact A.3. For vectors u,v € R, we have

o (u,v) <|ullz - ||v|l2 (Cauchy-Schwarz inequality)

| diag(w)]| < [ufloo

luovlla < lulloc - [|vll2
[ulloo < flullz < V- [[ufloo

lullz < [lully < v/ flull2
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lexp(u)]|oo < exp(flulloc) < exp(flull2)

o Let a be a scalar, then ||a - ulls = |af - ||u||2

[[u +vll2 < Jlullz + [|vle-

s For any u,v € RY such that ||ul|2, |[v]l2 < R, we have || exp(u) — exp(v)|| < exp(R)|lu —
vll2

Proof. For all the other facts we omit the details. We will only prove the last fact.
We have

[l exp(u) — exp(v)[l2 = [| exp(u) o (1, — exp(v —u))]|2
< Jlexp(w)]lz - [I1n — exp(v — u)|oo
< [lexp(w)]l2 - 2[lu = v[|oo,

where the Ist step follows from definition of o operation and exp(), the 2nd step follows from
Fact A.3, the 3rd step follows from |exp(z) — 1] < 2z for all € (0,0.1). O

A.3 BASIC MATRIX NORM BOUNDS
Fact A.4. For matrices U, V, we have

< Ut = U]
Ul =Vl = IU=V]

U+ VI<U[I+VI
U -V < U -[IV
s IfU Xa- -V, then |U|| < a-||V]

o For scalar o € R, we have |- U|| < |a| - ||U]|
* For any vector v, we have |Uvl||2 < [|U]|| - ||v]|2-

s Let u,v € R™ denote two vectors, then we have ||uv " || < ||ull2]|v]|2
Fact A5, If ||Q||r < R, then ||Q€i2€z2||F = vec(ejer, Q) < R.

If|Kllp < R then ||es,ef, KT ||p = || vec(es,ef, K T)[2 < R

IfQ|lr < R, |K||r <R, then |QK||r < R?

A.4 BAsic CALCULUS

Fact A.6.
d?A(x)B(z) d?A(z) dA(z) dB(z) dA(z)dB(x) d?B(z)
= B A
dsdt Gat PO T T YT as asat @)
Proof.
d?A(z)B(z) d,d
—wa - nlgA@B@)
_d dA(x) dB(z)
d?A(x) dA(x) dB(z) dA(z)dB(z) d?B(z)
= B A
it PO T T YT as Bt @)
where the first step is an expansion of hessian, the second step follows from differential chain rule,
the last step follows from differential chain rule. [
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Fact A.7. Let A(z) € R

d?A(x)? d?A(x) dA(x) .,
qar -~ AT Ay
Proof.
d?A(z)? g(dA(x)g)
. dt dt
d dA(x)
=—(24
3 2A@) —~)
d?A(x) dA(x)
=24 2 2
where the first step is an expansion of hessian, the second step follows from basic derivative, the third
step follows from differential chain rule. O
Fact A.8. Let A(x) € R, then we have
d2A?(x) dA(z) dA(z) d?A(x)
=2 2A
dsdt as a0
Proof. We can show
d?A%(z) gdAQ(x)
dsdt  dt ds
d dA(z)
=—(24
3 2A@) =)

_ dA(z) dA(x) d dA(z)
= s THEGEE)

dA(z) dA(z) d?A(x)
=2 24
as a0 TR
where the first step is an expansion of hessian, the second step follows from basic derivative, the third
step follows from differential chain rule, the last step follows from simple algebra. O

B GRADIENT COMPUTATION

In this section, we compute the gradient for our loss function step by step. In Section B.1, we define
the definitions to be used in this section and the problem we would like to address in this section. In
Section B.2, we compute the gradient with respect to x step by step. In Section B.3, we compute the
gradient with respect to y step by step. In Section B.4, we reform the gradient with respect to = for
the convenience of proving its lipschitz property in Section C.

B.1 PROBLEM FORMULATION
Definition B.1. We define c(x,y)1,,jo,ic € R as follows

C({E, y)lo,joﬂ'o = <f(x)lo,jov h(y)lo,io> - blO7j07i0
—_

nx1 nx1

Definition B.2. If the following conditions hold
 Let ¢ be defined as Definition B.1
For each ly € [m], jo € [n), ig € [d]. We define Ly, j, i, as follows

L(l‘, y)l()7j07i0 = 0'50('7:’ y)%g,jo,io
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Definition B.3. The final loss is

m n d

L(x,y) = Z Z Z LloJoJo(x’y)'

lo=1jo=11ip=1

Not hard to see that L(x,y) is equivalent

ID(X) ™" exp(A1X A3 )AsY — Bl[% (1
Let X € R9<? denote the matrix view of z € R?". Here X can be viewed as QK" in attention
computation. Let y;, € R? denote the ig-th column of Y € R4*4,
By using well-known tensor-trick, we can rewrite Eq. (1) in the following vector version

|mat(D(x) ' exp(Az)) A3 Y —DBJ3
nxd dxd

Here the diagonal matrix D () € R™ X" can be written as D(z) := D(X) ® I,,
We give our formal definition of the optimization formulation

Definition B.4. Let A1, Ay € R"*9, Let X € R¥¥4 denote the matrix view of x € R%. We define
the optimization formulation as the following:

i L(X) = 1 D)(_1 AXATAY—32
XIGI]E‘?Xd ( ) Xg]:lngleH ( ) €Xp( 1 2) 3 ||2

Definition B.5. Let Ay, Ay € R"¥?% Let A= A1 ® Ay € R™ %4 Lot X € RI%4 denote the matrix
view of v € RY . Let D(x) € R"**"* denote the diagonal matrix D(z) := D(X) ® I,,. We define
the vector version of optimization formulation as the following:

min L(z) = min ||mat(D(z) 'exp(Ax))AsY — B|3
z€R? zeR?

B.2 GRADIENT COMPUTATION WITH RESPECT TO &
Lemma B.6. If the following conditions hold

* Let f be defined in Definition 3.3

e Let h be defined in Definition 3.4

* Let a be defined in Definition 3.2

* Let c be defined in Definition B.1

* Let L be defined in Definition B.3
Then, we can show

e Part 1. For each i € [d?]

dAlo,jox A
; = Nlo,josi

dx;

e Part 2. For each i € [d?]

d A
eXP( lo’Jom) = exp(AlOJO"I;) o Alo,jo’i
e Part4. Fori € [d?]

du(z)i, 4,

A (214,50 © Alo,jo,i
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e Part5. Fori € [d?]

da(z),
TU]O e <u(‘r)l()7j07AlU,jo,i>
e Part 6. Fori € [d?]
da(z); ! -
TOJO - _a(x)lo,ljo ’ <f(x)lo7jo’ Alo,jo,’i>

e Part7. For each i € [d?]

df( )lo GS)lo,50

dz; - f(x)lo,jo © Almjmi +f(x)l07jo ’ <f(x)loyjovAlo,j0ﬂ?>

s Part 8. Fori € [d?]
de()ig .o .
T;]OO = <f(z)lu,jo © Alg,joi» h(y)lo7io> - <f(x)lo,jov h<y)lo,io><f(x)loyjo’Alo,joyi>

(This is similar to Part 5 of Lemma 5.1 in page 16 of Gao et al. (2023a))
e Part 9. For each i € [d?],

dLig, jo.i0 (2, Y)
”3# = (T, Y)io,Go.i0 (S (@)1g,50 © At josis MY)io,i0) = (F (@100 MW 10,30 ) (F (@)i1g,50 Ao o))

(This is similar to Part 6 of Lemma 5.1 in page 16 of Gao et al. (2023a))
e Foreachi € [d?],
dL l‘ y m n d
Ao Z Z Z c(x,y) lo,jo,%0 <f($)lo,jo © Alo,jo,i’ h(y)lo,i0> - <f(x)lo,jo’ h(y)lo¢i0><f(x)lo,jo7Al07j07i>)

lo=1jo=11p=1

Proof. Proof of Part 1.

We have
e =
this follows from simple algebra.
Proof of Part 2.
We have
dexp(Ay,jo) d(Arg,jo )

= exp(Ay jo ) ©

dx; dx;

= exp(Auy,jo®) © Al jo.i

where the first step follows from differential chain rule, the second step follows from Part 1.
Proof of Part 4. We have
du(z)i,.j, _ dexp(Ay, j, )
dx; dx;
= uw()ig.5o © Alo,jo.i

where the first step follows from the definition of u(x)
calculus.

Proof of Part 5.
Let jo € [n]. Leti € [d?].

lo.j0» the second step follows from basic

17



Under review as a conference paper at ICLR 2024

We have
da(x)lmjo _ d(exp(Alongx), 1n>
_ (AP go?) 4
dxi s An

= <eXp(Alo7j0x) o (Alo,joﬁi)a 1n>

= <U(I)107j07 Alo,jovi>
where the first step follows from the definition of a(z);,_j,, the second step follows from simple
algebra, the third step follows from Part 2, the last step follows from Fact A.1.
Proof of Part 6. We have

-1
%: —1-a(z)? %
de’i 0,J0 dl’l

= a(l‘)l_oijo ) <f(z)lo~,jo’ Alo7jo,i>
where the first step follows from differential chain rule, the second step follows from Part 5.

Proof of Part 7.

We have
df (@)ig.50 _ (@) 55 4(®)10.40)
o du(@yg, | do(@)gy,
- a(m)lmjo ’ dz; + dx; u(x)lo’jo
da(m)l_o}jo

= a(x) 5 - w(®@)ig o © Atg o i @
1

=a(@); o w@)ig o © Alg o —(@) 10+ (F(@)ig.50s Al o) - ()10, 5o
= f(m)lmjo © Alo,joai _f(‘r)lo,jo : <f(x)lo7j0?Alo7jo,i>

where the first step follows from Definition 3.3, the second step follows from differential chain rule,
the third step follows from Part 4, the fourth step follows from Part 6, the last step follows from
definition of function f.

Proof of Part 8.
de(2) 1,50, d
%ﬁ“o = dz, ((f(@)19,50> P(Y)10,50) — Dig,jo,i0)
d
= dz; <f(x)loyjo> h(y)lo,i0>

= <f(‘r)lo7jo 0 Alo,jofi’ h(y)lo,i(J) - <f(x)l())j07h(y)101i0><f($)l07j0’Al07j07i>

where the first step follows from the definition of ¢(z), the second step follows from simple algebra
and the last step follows from Part 7.

Proof of Part 9.
dL(x,y)l ,J0yE d 2
7(1%0 0 = @0-50(%9)1040,1@

d
= c(z, y)lmjmio dzs c(, y)lodofio
3

= C(.Z‘, y)l07j07i0(<f(x)10>j0 o Alo,jo@? h(y)lo7io> - <f($)lo7j0’ h(y>l07io><f(x)lo«,jo’ Alonio,i))

where the first step follows from the definition of Ly, j, i,(x, ), the second step follows from simple
algebra, the third step follows from Part 8. [
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Proof of Part 10

This trivially follows from Part 9.

B.3 GRADIENT COMPUTATION WITH RESPECT TO y
Lemma B.7. If the following conditions hold

* Let f be defined in Definition 3.3

* Let h be defined in Definition 3.4

e Let a be defined in Definition 3.2

* Let c be defined in Definition B.1

* Let L be defined in Definition B.3
Foriy € [d],ig € [d], i2 € [d] we have

e Part l. ig = 11

dh(Y)ig.io _ s
dyil,iQ 0,9,%2
nx1
where y;, i, is the io-th entry in vector y;, € R¢
e Part 2. iy 7&21
dh(y)lo,io -0
—_ — UYUn
dyi17i2

e Part 3. ig = 11

A{f (@)19.505 PW)10 o)
dyil-,i’z

e Part4. iy 7& 21

d<f(x)lo,jo7 h(y)lo,io> -0
dyi, iy

e Part5. 19 =11

d o,
de(z, Y)iy o io = (F(@) 1050, Atg.3.5)

dyilﬂé
e Part 6. ig # i1

dC(fC, y)lo’jo,io

=0
dyil ,i2

e Part7. ig =11
dL(*T7 y)loﬁjo,io

dyi1 yi2

19

d
Z C((E, y)lo,jo,io«f(x)lmjo ° Alo,jmﬁ h(y)lo’i0> -

<f(x)lo,jo ) h(y)lo,in><f(x)lo7jm Alo’j0>i>)

= <f(x)lo.,j0’ Al073,i2>

= C(.’L‘, y)lo’jo,io <f(m)lo,j0 ’ Alo,3~,i2>
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e Part 8. ig # iy
dL(z,y)

lo,josi0 __ 0

dyi, i,

Proof. Proof of Part 1. For Vi; € [d],i2 € [d],

dh ) d
(y)lo,lo = Alo73yi0
dyi17i2 dyil’iz

= Alo»37i2
——

nx1

where the first step follows from simple calculus.

Proof of Part 2.
For il 7é io,
dh(y) 10,40 d
= = A, 3Yi
dyh,iz dyi17i2 ” 0
pr— On
~
nx1
Proof of Part 3

d<f(x)loyjo ’ h(y)lo,io>
dyiy is

h(Y)io,i
= (f(@)1g,50 dus O‘ °
11,02

= {(f(@)10,j0> Alo,3,i2)

where the first step follows from simple algebra, the second step follows from Part 1.

Proof of Part 4

)

d<f<x)l0,j0 ) h(y)lo,i0>
dyilﬂé

h io
= <f(x)l0,j07 ngyz)lo;>

=0

where the first step follows from simple algebra, the second step follows from Part 2.
Proof of Part 5
de(@, Yo go.io _ F(@)ig.5os PY)to.i0) = bio jo.do
dyil’i2 dyihiQ
_ d<f(33)l0,j0, h(y)lo.,io>
dyi, io
= <f('r)lo7jo’ Alo73,i2>

where the first step follows from the definition of ¢(x, y)
algebra, the third step follows from Part 3.

lo.jo.io» the second step follows from simple

Proof of Part 6
dc(a:, y)lo,jo,io _ <f(x)lo,joa h(y)loq,io> - blo,joﬂo
dyi, io dyi, is
_ d<f(x)l0,j07 h(y)lo,i0>
dyiy ia
= On

where the first step follows from simple algebra, the second step follows from simple algebra, the
third step follows from Part 4.
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Proof of Part 7
dL(iC, y)loyjo,io _ d0.5c(x, y)?o,jo,io
dyil,iQ dyil,iz

dC(CB, y)l07j0’i0
dyiy ia
- C(xv y)lo,joyio <f(x)loyjoa Alo,31i2>

where the first step follows from simple algebra, the second step follows from simple algebra, the
third step follows from Part 5.

= C(xv y)l07j07i0

Proof of Part 8
dL(x, y)lo,jmio _ d0'5c($’ yﬁodoio
dyi1,i2 dyi17i2

dc(xv y)lo,jmio

= C(x,y)lo,jo,io dy ]
11,22

=0,

where the first step follows from simple algebra, the second step follows from simple algebra, the
third step follows from Part 6.

B.4 REFORMULATING GRADIENT WITH RESPECT TO &

Lemma B.8. If the following conditions hold
dL Z,1 30,1
¢ % = C(Z‘, y)lo,jofio (<f('r)lo7jo © Alo,jo,% h(y)lo,io>
<f(:c)lo,jo’ h(y)lu7io><f(x)loyjo? Alo-,j07i>)

.. dLi, in.in(Tyy
Then we can rewrite 10#0() as follows:
T

dL(z,y)

10,J0,i T
0000 — (i, )1 500 Ay i o = S @i @, 1 Bt
Proof. Note that by Fact A.1 we have

(F (@100 © At gosis RW)10.i0) = AL o s g (@)10.50 )R (Y) 10,40
<f(x)lo-,jov h(y)loyioxf(x)lo,jo’Alu,joyi> = Al—E,jo,i f(m)lu,jof(x)l—g,joh(y)lo,io

. . dL 0,
By substitute the two terms above into %, we completes the proof. [

C GRADIENT LIPSCHITZ

In this section, we aim to prove the lipschitz property for the gradient of loss function defined in the
previous section. In Section C.1, we adopt a result from previous section to reform the gradient with
respect to z. In Section C.5, we reform the gradient with respect to y. In Section C.3, we prove the
lipschitz property for several basic terms. In Section C.4, we prove the lipschitz property of gradient
with respect to . In Section C.5, we prove the lipschitz property of gradient with respect to y.

C.1 REFORMULATING GRADIENT FOR &
Lemma C.1. [fthe following conditions hold
» Let L(x, y)1y.50,i, e computed in Lemma B.6

2
e Let A, j, € R4

* Let f be defined in Definition 3.3
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Let h be defined in Definition 3.4
* Let a be defined in Definition 3.2
* Let c be defined in Definition B.1
* Let L be defined in Definition 3.4

Then, we have

dL(z,y)

lo,jo,i .
ds I00 — C($7 y)lo,jo,io Al—g,jo (dlag(f(x)lo’jo) - f(x)lo,jo f(x)l—g,jo) h(y)loxio
_f_/ ~—~— ——— ——— ——
d2x1 scalar d2xn nxn nx1 1xn nx1
Proof. This trivially follows from Lemma B.8 O

C.2 REFORMULATING GRADIENT FOR ¥y

dL x, l in . .
Lemma C.2. Let W be computed as in Lemma B.7.
Yiy,ig
. . .. dL(x, 0.0
For the case 11 = 19, we can rewrite ( dy;f"’“” 2 as
1
dL(l’7 y)l 10,0
0,J0520 __ AT
d = Alo,3 f(x)l()7j0 C('ra y)lmjmio
Yiy —~— —— ——
dxn nx1l scalar
dx1

For the case i1 # ig, then it’s

dL(xay)lOJmiO = 04
dyil ~~
N————  axl1
dx1
Proof.
dL TyY)lg.90.
W = C(l‘, y)lo,jo,io <f($)lo7jo’ Alo73,i2>
Yii,is

= AI,S,Z’Q f(x)lo,jo C(CC, y)loﬁjo’io
where the first step follows from Part 7 of Lemma B.7, the second step follows from simple algebra.

Thus, we know

dL(l‘, y)lo,jo,io
dyi,

-
= Alg,Sf('x)lo,joc(xa y>l0,j07io
C.3 LiIpPSCHITZ FOR SOME BASIC TERMS
Lemma C.3. Ifthe following conditions hold

2
* Let A, j, € R4

* Let by, j, .5, € R” satisfy that ||b||; <1

Let B € (0,0.1)
e et R>4
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o Let z,y € RY satisfy || Aiy.jo zll2 < Rand || Ay jo yll2 < R

[ A jo | < R

* (exp(Aiy,jo ), 1,) > S

* {exp(A,jo ), 1n) = 5

e Let Ry := 3 ?nexp(3R?)

» Let a(x)y,, 5, be defined as Definition 3.2

o Let c(x,y) be defined as Definition B.1

lo,Jo,to
* Let f(x)1,,5, be defined as Definition 3.3
We have
e Part 0. || exp(Ay, j, 7)|]2 < v/nexp(R?)
o Part 1. || exp(Ayy j, ©) — exp(As, o ¥)|l2 < Rexp(R?) - ||z — y||2
* Part 2. [o(x)1g,jo — a(Y)ig.go| < V- [l exp(Az) — exp(Ay)l|
* Part 3. a(x); } —aly); L | < 872 a(z) —aly)]
* Part4. || f(@)i5.50 = F(Wiogoll2 < Ry - lz = yll2
* Part 5. ||c(@, 2)ig,jo,is — €(¥s 2)ig.josioll2 < R*B*nexp(3R?)||z — y|l2
* Part 6. || diag(f ()1,.50) — diag(f ()io.40) | < B~ *nexp(3R%)[|z — yl|2
o Part 7. || f(2)1., |12 < B 'nexp(2R?)
* Part 8. f()15,j0f (@), jo = FWto.dof Wioo < 287°n° exp(5R2) ||z — yll2

* Part 9. |[(diag(f()iq,50) = £ (@)10.50 f (@)1, 5,) = (diag(f W)1o,0) = F Wio.go f W)ig o)l <
387%n” exp(5R%)[|lx -yl
o Part 10. ||c(x,Y)iy,jo.i0 || < BB 'nexp(2R?)

* Part 11. ”C(Ir Z)lo,joaio(diag(f(x)loyjo) - f(x)lovjof(z)lz,jo)
C(yv Z)loyjo,io (diag(f(y)lo,jo) - f(y)loyjof(x)£7j0)|| < 6R673 exp(7R2)||:U - y”?

Proof. Proof of Part 0.

‘We can show that

| exp(Aiq.jo )|l2 < V1 - lexp(A jo ) [loo
< V- exp(|| Ay o o)
< V- exp(|| Ay o l2)
< Vn - exp(R?),

where the first step follows from Part 4 of Fact A.3, the second step follows from Part6 of Fact A.3,
the third step follows from Fact A.3, and the last step follows from || A, j, || < R and ||z||2 < R.

Proof of Part 1. We have

|| eXp(Alo,jo 'T) - eXp(Almjo y)||2 < exp(R2)|| Alo,jo T — Al(ujo y||2
< exp(R?)]| Asg o Il = yll2
< Rexp(R?) [z =yl
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where the first step follows from Part 10 of Fact A.3, the second step follows from Part 4 of Fact A 4,
the third step follows from || A, j, || < R.

Proof of Part 2.
|a<x)loxj0 - a<y)lo,j0| = |<eXp(Alo,jo 33) - eXp(AloJo y)7 1n>‘
< [l exp(Aq,jo ) — exp(Asg jo y)ll2 - vV

where the 1st step follows from the definition of (), ;,, the 2nd step follows from Cauchy-Schwarz
inequality (Part 1 of Fact A.3).

Proof of Part 3.
We can show that
(@) 510 = Wil = (@)W o - 1 (@050 — (W)io 0]
< B2 a(@)ig,jo — Y)io o
where the 1st step follows from simple algebra, the 2nd step follows from (), j, , (Y)14.50 = B-
Proof of Part 4.
We can show that
1 (@)10.50 = F(H)i0.0 12
= [la(x), L, exp(Ary g, 2) — a(y)i, L, exp(Ary g0 9|2
< lla(@)g, , exp(Auy.jo @) — )y o exp(Asg o Yl + (@), exp(Aug o y) — ()i, 1, exp(Ag.jo Y) 12
< afa)y, 1l exp(Arg gy @) — exp(Auy.jo y)ll2 + lad@); 5y — )iy |- ITexp(Asg o )12

where the Ist step follows from the definition of f(x);, j, and a(z);, j,. the 2nd step follows from
triangle inequality (Part 3 of Fact A.4), the 3rd step follows from ||aA| < |a|||Al|(Part 5 of
Fact A .4).

exp

For the first term in the above, we have
(@), I exp(Arg gy ) — exp(Ag jo )iz < 871 exp(Asg gy ) — exp(Arg o y) 2
<B7 Rexp(R?) - ||z — ylla ©)
where the 1st step follows from a(z);, j, > 3, the 2nd step follows from Part 1.
For the second term in the above, we have
(@) 0 = Wil I exp(Arg o W)z < B72 - |a(@)10.40 — AW)igo| - | exD(Arg 50 )2
< B2 [al(@)ig g0 — AYiogol - VI exp(R?)
< BT V- | exp(Ayg gy @) — exp(Ayg joy)ll2 - vnexp(R?)
< B V- Rexp(R?)|lz — yll2 - vnexp(R?)
= B2 -nRexp(2R?)|z — yl|2 3)

where the 1st step follows from the result of Part 3, the 2nd step follows from Part 0, the 3rd step
follows from the result of Part 2, the 4th step follows from Part 1, and the last step follows from
simple algebra.

Combining Eq. (2) and Eq. (3) together, we have
1 fi0.50 () = fi0.50W)ll2 < B™" - Rexp(R?) - [l — yll2 + 87 - nRexp(2R?) ||z — y/2
<267 ?nRexp(2R?)||z — y||2
< ﬁ*2nexp(3R2)||x —yll2

where the 1st step follows from the bound of the first term and the second term, the 2nd step follows
from =1 > 1 and n > 1 trivially, the 3rd step follows from simple algebra.

Proof of Part 5. We have
||C('T7 Z)ZO7j07i0 - C(y7 Z)lo,jo,i()”Q = H<f(x)lo,j07 h‘(z)lo,io> - <f(y)lo,jo7h(z)lo,io>”2
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= [{(f(@)10,50 — fW10,j0)s M(2)10,i0) |2
< (210,10 211 @)10,50 — F(W)io,0 2
<[ Asg3 Zip 2]l £ (@)10.50 — F(W)10.50 2
<N Ay 3 Zigll2 - B2 nexp(3R?) ||z — yll2
< At s [lllzio ll2872n exp(3R?) || -yl
< RB 2 nexp(3R?) ||z — yl|2

where the first step follows from the definition of ¢(x, y)i, ., iy the second step follows from simple
algebra, the third step follows from Fact A.3, the fourth step follows from the definition of h(y )i, io»
the fifth step follows from Part 4, the sixth step follows from Fact A.4, the last step follows from
[A1o,3] < Rand ||z, |2 < R.

Thus, we complete the proof.
Proof of Part 6
” diag(f(x)lo,jo) - diag(f(y)lo,jo)” = ” diag(f(x)loajo - f(y)lcnjo)H
< ”f(m)lmjo - f(y>l07j0||00

< ”f(m)lo,jo - f(y)lmjoHQ
< B ?nexp(3R?)||z — yl|

where the first step follows from simple algebra, the second step follows from Fact A.3, the third step
follows from Fact A.3, the last step follows from Part 4.

Proof of Part 7
1 (2)10,50 l2 = (@) - wl@)ig o2

<@y b lallu@)ig o2
< ﬂ”a( )lo,jo ” eXp(Alo,jO m)HQ

1 2
< B {exp(Auy jo ), Ln)ll2v/1 - exp(R?)
< B exp(Ary jo ©)ll2[l1nll2v/7 - exp(R?)
< B7'n - exp(R?)V/n - exp(R?)
= B_lnexp(QRQ)

where the first step follows from the definition of f(x);, j,. the second step follows from Fact A.3,
the third step follows from (exp(Ay, j, ), 1) > [, the fourth step follows from Part 0, the fifth step
follows from Fact A.3, the sixth step follows from Part 0, the last step follows from simple algebra.

Proof of Part 8 For the simplicity of the proof, we define

:f( )lo jof( )lo Jo 7f( )lo Jof(y)lo Jo
:f( )lo Jof( )l()]() f( )lojof(y)lo Jo

Then it’s obvious that

£ @)oo £ (@)1 50 = F@taio f @i ol = IO + Ca|
Since C and Cs are similar, we only needs to bound ||C' ||:

1 @)oo (@) 50 = F@)t6,30 F Wi o |l = 11F @i, (F(@)i0.50 = F (W)io50) T
< ||f($)lo,jo||2||f($)zo,yo = fWio.joll2
< B 'nexp(2R?) B *nexp(3R?)||z — yl|2
=B n* exp(5R%) |z — y|2

where the first step follows from simple algebra, the second step follows from Fact A.4, the third step
follows from Part 7 and Part 4, the last step follows from simple algebra.
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Thus, we know
1 @)10.50f @)1y jo = FWiodo F (W1, o | <2870 exp(5R?) ||z — y||2
Proof of Part 9

[(diag(f(2)15.50) = f(2)10.50f @)1 jo) = (Aag(f W)i0.50) — F Wioio f @)1 o)
= || (diag(f (2)15,50) — diag(f (¥)io,jo) + (f Wiojo f Wi jo — (@100 F (@)t 30
< || diag(f (€)10,50) — diag(f (Y)io,jol + 11 W)t0.50 f Wiy o = F(@)ig o ()15 jo
< B nexp(3R?)||lz — yll2 + 287 n? exp(5R?)[|z — y/l2
< 367%n% exp(5R?) |z — yl|2

where the first step follows from simple algebra, the second step follows from Fact A.4, the third step
follows from Part 6 and Part 7, the last step follows from simple algebra.

Proof of Part 10
||C(33, y)l()aj(.hiﬂ H = H<f(x)lo,jo7 h(y)lo,io>||

S F@)1g.o l2(Y) 1.0 2
< RB 'nexp(2R?)

where the first step follows from the definition of ¢(z, y)
the third step follows from Part 7.

Proof of Part 11
Let

lo,jo.io» the second step follows from Fact A.3,

d(l‘) = C(Jf, Z)lo,jmio
e(z) : = diag(f(2)15.50) — F(@)10,50 f (@)} o

Then it’s obvious that

[d(z)e(z) — d(y)e(y)|l
= ||C($7 Z)lo,jo,io(diag(f(x)lo’jo) - f(l‘)lo,jof(x)g,jO) - c(y’z)loﬁo,io (diag(f(y)lo,jo) - f(y)lo,jof(‘r);g}jo)ll

Define

Thus, it’s apparent that
ld(z)e(x) = d(y)e(y)]| = [|IC1 + C2|

Since C; and Cs are similar, we only need to bound ||C1 ||:
[d(z)e(x) — d(z)e(y)|| = lld(z)(e(z) - e(y))]
< lld(@)lllle(x) — e(y)ll
< RB™'nexp(2R?)387*n® exp(5R?) ||z — y2
=3RB exp(TR?)|z — yl|2

where the first step follows from simple algebra, the second step follows from Fact A .4, the third step
follows from Part 10 and Part 9.

Thus, we have

ld(z)e(z) = d(y)e(y)ll < 6RB™ exp(TR?)||lz — yl|2
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Lemma C.A4. Ifthe following conditions holds
¢ ” Alo,jo H <R
¢ Jlzle < R
* Let 3 be lower bound on (exp(Ay, j, ©), 1)
Then we have
B > exp(—R?)
Proof. We have

<eXp(Aloaj0 .73), 17L>

\%

max exp(—|(Aq.jo ©)il)

eXp(_H Alo,jo 93”00)
eXp(*H Almjo 35”2)
exp(—R?)

vV IV IV

the 1st step follows from simple algebra, the 2nd step follows from definition of /., norm, the 3rd
step follows from Fact A.3.

O
C.4 LIPSCHITZ FOR VL(z,:)
Lemma C.5. Ifthe following conditions hold

* Let Alo,jo € RnXd2

* Let blo;jo,io eR

Let 5 € (0,0.1)

e LetR>4

e Letz,y € R satisfy | Ay, jox|| < Rand ||Ay, oyl < R
* Al <R

o (exp(Ay o ), 1n) > B

* {exp(Aigjo y)s 1n) = B

o Let Ry := B ?nexp(3R?)

* Let a(x)y,,5, be defined as Definition 3.2

* Let c(x)i,. 5, i, e defined as Definition B.1

* Let f(x)y,,j, be defined as Definition 3.3

o Let VL, j,.i, be computed as in Lemma C.1
* Let L be defined as Definition B.3

Then we have

IVL(z,y) — VL(Z,9)| < 6mndR? exp(10R?)||x — Z||2

Proof.
||VLlo7j0»io (l‘, y) - leoJoJo (EC\, y) H
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= 1e(@, Y)to.0,i0 At o (A& (f(2)1,50) = F(@)i0,50 (@) )P (Y1016
- C(fv y)l07j07i0 AlTo,jg (diag(f(fc\)lo-,jo) - f(f)loyjo f(/f)l—r(,,jg)h(y)lo,io ”
< AL o 17160l

lo,jo

lle(2, Y)io.josio (AiAG(f (@)10.50) — F(@)10,jo f (@)1} 5o) — € Y)t0.Gosi0 (Aiag(f(@)1g,50) = f (@)io,jo f @)1l 40l
< R\, y)to.osio (diag(f (@)10.40) = F(@)10.40 F @iy o) = €F YDt ot (A (@tg o) = F(@tg.so f @iy i)
< 6R*B % exp(TR?)||z — 2|2
where the first step follows from the definition of VL, j, ;. (z,y), the second step follows from

simple algebra, the third step follows from || /—\;J0 I < R and [|h(Y)14.i0ll = Aly,3¥i, < R, the
fourth step follows from Part 10 of Lemma C.3.

Thus, we have

m n d

H Z Z Z(le07j07i0 (x,y) - leo,joﬂ'o (./f, y))”

lo=1 jo=1ip=1

m n d
Z Z Z ”leoyjo.,io (z,y) — VLi, joio (@, y)|l

lo=1jo=11i0=1

m n d
Z Z Z 6R?B3 exp(TR?)||z — Z]|2

lo=1 jo=1 ig=1
= 6mndR*3 3 exp(TR?)||lz — 2|2
< 6mndR? exp(10R?) ||z — 7|2

where the first step follows from the definition of L, the second step follows from Fact A.4, the third
step follows from the lipschitz of L, j, s, the fourth step follows from simple algebra, the last step
follows from plugging 3 from Lemma C.4. O

IVL(z,y) = VL(Z,y)||

IN

IN

C.5 LIPSCHITZ FOR VL(y)

Lemma C.6. Ifthe following conditions hold

» Let Ay, 4, € Rmxd*

* Let by, j,.i, € R" satisfy that ||b]|; <1
Let 8 € (0,0.1)

e Let R>4

o Let v,y € R satisfy | Ay, j, |2 < Rand || Ay s yll2 < R
* Al < R

* (exp(Aiy,jo ), 1,) > S

* (exp(Ayjo ¥), 1n) 2

e Let Ry := 3 *nexp(3R?)

* Let a(x)y, 4, be defined as Definition 3.2

o Let c(x,y) be defined as Definition B.1

lo;Jo%0

* Let f(x),,j, be defined as Definition 3.3

Then we have

IVL(:y) = V)| < R*n*mdexp(6R%)|ly — ll2
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Proof.

IV Lig oo (5 9) = VLo oo D = 1145 55 (io,go G o osio — Aty 38 (i, do G Do oo |
= 1AL 5.f io,jo (G )i, orio = G Digsonio)

< A sl (oo 21 ¥to,0.i0 — € Wi ,osio |

< RB™'nexp(2R?)|c(:9)1o.50,i0 — €5 D)o josiol

= RA™'nexp2R?)|(f (Digjos PW)io.i0) — (F Diodos D)o io)]

= RB™ ' nexp(2R?)[£()1y jo (M(W)10.i0 = h(@)1o.i6)]
< RB™ ' nexp2R)(|£ )iy o ll21P(0)10.50 — P(D)ig.io|l2
< RBnexp(4R?)[|(Y)1g,i0 — P(@)1o.i6 |12
(4R%)
(4R%)
)

= RB *nexp(4R?)|| Ay 3y — Ay 372
= RA*nexp(4R?)||Aj, 5(y — 1) |2

< RB™*nexp(4R?)|| Ay, 3llly — 7l

< R*S*nexp(4R?)|ly — I

where the first step follows from Lemma C.2, the second step follows from simple algebra, the third
step follows from Fact A.3, the fourth step follows from Part 7 of Lemma C.3 and || 4, 3|| < R, the
fifth step follows from the definition of c(x, ¥)1, j,.i,- the sixth step follows from simple algebra, the
seventh step follows from Fact A.3, the eighth step follows from Part 7 of Lemma C.3, the ninth step
follows from the definition of h(y);, 4, the tenth step follows from simple algebra, the eleventh step
follows from Fact A .4, the last step follows from || 4;, 3] < R.

Thus, we have

s
M=

||VL(:’ y) - V(vg)” = (VLlo Jo, io(' ) - VLlo,joﬁio(:a g))”

14

1

N
[=]
I
—
)
o
I
o

0

d
Z Hleo,Joylo y) — leo,jo,io(:7 /y\)H

i0=1

NE
M:

N
(=}
Il
_
.
(=}
Il
_

d
< Z R*B™*nexp(4R?)|ly — 7]

\gE
HM3

~

0
= RQnmdﬂ nexp(4R2)Hy — 2
< R*n*mdexp(6R?)||y — 7|2

where the first step follows from the definition of L, the second step follows from Fact A.3, the third
step follows from the lipschitz of V Ly, j, i, (3, z), the fourth step follows from simple algebra, the
last step follows from Lemma C.4.

29



Under review as a conference paper at ICLR 2024

D GRADIENT FOR ()

In Section D.1, we define the basic definitions and problems to be used in this section. In Section D.2,
we compute the gradient with respect to @ step by step. In Section D.3, we reform the gradient in a
way that is easy for us to prove its lipschitz property. In Section D.4, we prove the lipschitz property
for several basic terms. In Section D.5, we state some intermediate steps for proving the lipschitz of
gradient. In Section D.6, we prove the lipschitz property of the gradient with respect to Q.

D.1 DEFINITIONS

Definition D.1. Let A; 1, A2 € R4, Let A, = A1 ® Ao € R xd®.

denote the jo-th block of A, € R xd*,
For each ly € [m], for each jo € [n].
We define u(Q);,,j, € R™ as follows
u(Q)lo,jo = exp(AlUJO VeC(QKT))
———— —— —— ——
nx1 nxd? d?x1

Definition D.2. For each ly € [m), for each jo € [n).
We define o(Q)y,,5, € R as follows
« i = (u iy, 1n ).
(Q)loﬁjo < (Q)lodo >

scalar nx1 nx1

Definition D.3. Let A;, 1, Aj 0 € R™ Let Ay = Ajy1 @ Ajy 0 € R xd?

denote the jo-th block of Ay, € R *xd”,
We define f(Q)i,.o R? — R™,
f(Q)lo,jo = O‘(Q)l_o,ljo 'U(Q)lo,jo
——— —_— ——
nxl1 scalar nx1
Definition D.4. We define c¢(Q,v);,,i, € R as follows
C(Qv y)l07j07i0 = <f(Q)lo-,jov h<y)lo,io> - blo,joyio
—_——— ———— —— —

scalar nx1 nx1 scalar

Let Alo,jo S RnXd2

2
Let Ay, j, € R4

Definition D.5. For each ly € [m], jo € [n], io € [d]. We define Ly, j, i, as follows

Llo;jo,io (Qa y) := 0.5 ¢14,50.i0 (Qa y)Q
—_—— —_——

scalar scalar

Definition D.6. The final loss is

m n d
Z Z Z l0,J0,%0 Q y

scalar scalar

Definition D.7. We define the diagonal matrix D € R X1 g
D(Q) = diag(exp( A K' A1,
(@) glexp( A1 @ 2)1n)

n2xn2 n2xd dxL Lxd

We give our formal definition of the optimization formulation

Definition D.8. Let A;, Ay € R"*%. We define the optimization formulation as the following:
min (@) = min [D(Q)" exp(4iQK " 47)AsY — Bl
c X

QcRdxd

Definition D.9. Let A1, Ay € R"¥4 Let A= A; ® Ay € R *4* Lot D'(Q) e R™* %" denote the
diagonal matrix D' (Q) := D(Q) ® I,,. We define the vector version of optimization formulation as

the following:

min L(Q)= min |mat(D'(Q) *exp(A-vec(QK")))AsY — B3

QeRdXd QeRdXd
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D.2 GRADIENT
Lemma D.10. If the following conditions hold

o Let Q;, 1, denote the is-the row and ko-th column of Q € R¥*L
Then, we have

* Part 1. For each iy € [d] and ko € [L], we have
dvec(QKT)

insz ~

dx1 1xL Lxd

=vec( e, ef, K')
—~

* Part 2. For each iy € [d] and ko € [L], we have

d Al(),jg VGC(QKT)
dQis k,

T T
= Alo’jo VeC(€i2 Chy K )
nxd? d2x1

* Part 3. For each iy € [d] and ko € [L], we have

du(Q)lo,jo

) = U(Q)loyjo o (Aloyjo Vec(eiz 6;2 KT))
dQlQ,kz H/_/

nx1 nx1

* Part4. For each iy € [d] and ko € [L], we have

dO‘(Q)loJ’o

‘ = <U(Q)lo,jov Aloyjo Vec(eiz e;KT»
dQ127k2 N—— R,_/\—,_/

nx1 nxd? d2x1

* Part 5. For each iy € [d] and ko € [L], we have

da (@), -
0o — Q) (@t s At veelesel, KT))
dng,kz W—’

scalar nx1 nxd? d2x1

* Part 6. For each iy € [d] and ko € [L], we have

df(Q)lo,jo

- = f(Q)loyjo O(A107j0 VEC(GQGILKT)) - f(Q)loyjo <f(Q)lo,jov Vec(eize;KT)»
szz,kQ ——— T — — —_——— —— — oo ———

nxl nxd? d2x1 nx1 nx1 d2x1

* Part 7. For each iy € [d] and ko € [L], we have

dC(Q, y)lo,jo,io
dQiy ks

= <f(Q)lo-,jo O(Almjo Vec(%e;KT)v h(y)loyio> - <f(Q)lo7joa h(y)lo,io><f(Q)lo7jo’ Alo,jo Vec(ei’zegzKT»
—_— ~— e e e

nx1 nxd? d2x1 nx1 nx1 nx1 nx1 nxd? d2x1

* Part 8. For each iy € [d] and ko € [L], we have

dLig joi0 (@ y)
dQi, ks
= Clo,jo,io (@ Y)
—_———

scalar
(<f(Q)lo7j0 O(Almjo Vec(eheZzKT)’ h(y)loﬂi0> - <f(Q)l0,.707h<y)lo,i0><f(Q>l0Jo’Alo:jo Vec(eize;crgKT»)
—_— ~ N —_— e Y N N—

nx1 nxd? d2x1 nx1 nx1 nx1 nx1 nxd? d2x1
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Proof. Proof of Part 1. For each iy € [d] and kg € [L],

-
dvec(QK ):vec( d@ KT
dQis i, dQis ks
= vec( e, ef, K')

dx1 1xr Lxd
where the first step simple algebra.
Proof of Part 2. For each i5 € [d] and k2 € [L],
dAy, . j, vec(QKT)
dQis ks

T 7T
= Alo,jo Vec(eiz ekgK )

nxd? d?x1
where the first step chain rule and the second step follows from Part 1.

Proof of Part 3. For each 5 € [d] and k2 € [L],

du(Q) iy, _ dexp(As.jo vec(QKT))

dQs, ks dQiy ks
U(Q)lo,jo O(Almjo Vec(eiz e;—z KT))
—_———— T —

nx1 nxd? d2x1

where the first step follows from the definition of u and the second step follows from chain rule and
Part 2.

Proof of Part 4 For each i3 € [d] and kg € [L]
da(Q)lo,jo _ d<U(Q)l0,j0, 1n>'

dQiy ks dQi, ks
_ <du(Q)lo,j0 , 1n>
dQiy ks
= (u(Q)1y.5o ©(Aryjo vec(esep, K 1)), 1)
nx1 nxd?2 d2x1

= <U(Q)l07jo ) Alo7.70 Vec(ei2 e/;rz KT>>
—_———— T —

nx1 nxd? d2x1

where the first step follows from the definition of &(Q);, j,, the second step follows from simple
algebra, the third step follows from Part 3.

Proof of Part 5 For each i3 € [d] and k3 € [L]
da(Q)lE}jo _ 706(@)—2. da(Q)lo,jo
dQi, ks foodo dQy, i,
= - a(Q)l_o?jo <u(Q)lo,j07 Alo,jo Vec(€i2622KT)>
nx1 nxd? d2x1
-1 T T

- a(Q)107j0 <f(Q)lo,j07 Alo,jo Vec(eizekQK )>
—_— T

scalar nx1 nxd? d2x1

where the first step follows from simple algebra, the second step follows from Part 4, the third step
follows from simple algebra and Fact A.1.

Proof of Part 6 For each i5 € [d] and k4 € [L],

df Qo _ (@i iy - U0 5o
thJw ing,kz
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da(Q)y, 4, du(Q)io 5o

_ S, , —1
- in%kz U(Q)lo»]o+ inz,kz a(Q)lo,]O

— F(@)16.3o ((Q)1g.50s Aty jo vec(en e, K T)) + u(Q)ig sy ©(Alg 5y vec(eiel, K 1)) (@)1,
—_—— —— T — —_—— ~T——— —
nx1 nx1 nxd2 d2x1 nx1 nxd? d2x1 scalar
= (@150 9Pty jo vec(eiel, K 1)) = F(Q)1g o (F(Q)tojos At jo vec(eiel, K 1))
—_——— P — , —— —— N —  ———

nx1 nxd? d2x1 nx1 nx1 nxd? d2x1

where the first step follows from the definition of f(Q),.j,, the second step follows from differential
chain rule, the third step follows from Part 3 and Part 5, the last step follows from simple algebra.

Proof of Part 7 For each i3 € [d] and ks € [L],

dC(Qv y)lOajO:iO
dQiy k,
_ d<f(Q)lo,j07 h(y)lo-,io> — bloyjo,io
dQis ks
_ d<f(Q)l07j07 h(y)lo-,io>
dQiy k,
d ,
= <.(];‘(QQ)lZJO7 h(y)lo,’i0>
= h(y)l—g,ig (f(Q)ZOJO O(AIOJO Vec(eizeg—zKT)) - f(Q>lo7j0 <f(Q)lo,jo’ Vec<eizezzKT))>)
—_—— T~ N—— —_— T —

1xn nx1 nxd? d2x1 nx1 nx1 d2x1

T T T T
= <f(Q)loyjo O(Aloﬁjﬂ Vec(ei2€k2K )a h(y)loﬂ'o» - <f(Q)loyjoﬂ h(y)loyio><f(Q)lo~,jov Aloyjo Vec(eizek’rzK )>
—_— —_——— —— — =
nx1 nxd? d2x1 nx1 nxl1 nxl1 nx1 nxd? d2x1

where the first step follows from the definition of ¢(Q, y)i,.5o.,i,- the second step follows from by, j, 4,
is a constant, the third step follows from only f(Q);, j, is dependent on @, the fourth step follows
from Part 6,the last step follows from simple algebra.

Proof of Part 8 For each i5 € [d] and k2 € [L],
dLiy jo.io (Q.y)
dQi, ks
_ d0'5clo,j07i0 (Q, y)2
dQi, ks

= Clg,jo,io (Qa y)

dclo,joﬂo (Q, y)
dQi, k,

= Cly,jo,io (Qa y)(<f(Q)l(),j0 O(Alo,jo Vec(eiz 6; KT))} h(y)lo,io> - <f(Q)loyjov h(y)lo,io><f(Q)lo,jov Alo,jo Vec(eiz 6;2 KT)>)
—_— Y TN Y —_— Y NV —

scalar nx1 nxd? d2x1 nx1 nx1 nx1 nx1 nxd2 d2x1

where the first step follows from the definition of L;, j, i, (Q, v), the second step follows from simple
algebra, the third step follows from Part 7. O

D.3 REFORMULATING GRADIENT
Lemma D.11. [fthe following conditions hold

» Let f(Q)1,,j, be defined as Definition D.3

dLlo,jovio (@)
Let FToT.

be compute as Part 8 of Lemma D.10
o Let vy := (A, 5, vec(e,el K)o h(y)i.q,

* Let vg = h(Y)iy.i0
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» Letvg := Ay, vec(es, e; KT)

dLig jg.i0(QY)

can be rewrite as
dQigy, ks

then
Clojorio (@s Y) ((F(@)1g,j0s V1) — (F(Q)1g,j0> v2) (F Q)10+ V3))

Proof. The proof trivially follows from Fact A.1.

D.4 LIPSCHITZ OF SEVERAL TERMS

Lemma D.12. If the following conditions hold

o Let A, j, € R

* Let by, j, i, € R™ satisfy that ||b]|; <1

e Let f € (0,0.1)

e LetR>4

o Let | vec(QK")|2 < R

* Al <R

o (exp(A,.jo vec(QK ")), 1,) > B

o (exp(As, sy vec(OKT)), 1,) > 6

o Let Ry := B ?nexp(3R?)

* Let o(Q)1,,5, be defined as Definition D.2

* Let ¢(Q)iy,o,i0 e defined as Definition D.4

» Let f(Q)1,,j, be defined as Definition D.3

o Letvy := (Ay, 5, vec(eiel, KT Vh(Y)i,i

* Let vy == h(y)1,.i

o Let vz := Ay 4, Vec(eiQBkTZKT)
Then we have

 Part 1. || exp(Ary iy vec(QKT)) s < v/ - exp(R)
Part 2. | F(Qyllz < B~ nexp(2R2)

Part 3. |¢(Q, )1g,50,i0] < RB~'nexp(2R?)

Part 4. ||va]|2 < R?

Part 5. H’Ug”g < R?

Part 6. ||v1]]2 < R*

Part 7. |(<f(Q)lo,jo7v1> - <f(Q)lo,jo"U2><f(Q)lo7j0’ ’U3>)| < B_ln2R4 eXp(6R2)
s Part 8. 3 > exp(—R?)

Proof. Proof of Part 1

[l exp(Asg g, vec(QK 1))l < v+ || exp(Ag, j, vec(QE )|

34



Under review as a conference paper at ICLR 2024

< Vi exp(|| Ay o vec(QK T)]lo)
< V- exp(|| Aty jo vec(QK T)||2)
< Vn - exp(R?)

Proof of Part 2
1£(@iojoll2 = (@)1, - (@)oo 12

< (@)oo 2 11u(@)10.70 12

< Bl exp(Ag, o vec(QK )2

< B7'Vn - exp(R?)
where the first step follows from the definition of f(x);, j,. the second step follows from Fact A.3,
the third step follows from (exp(A;, ;, vec(QK ")), 1,) > S,the fourth step follows from Part 1.
Proof of Part 3

||C(Q7y)lo,j0,i0 H = H(f(Q)lo,jm h(y)lo,io>||
< Hf(Q)lo,joHQHh(y)ln,ioH?
< RB 'nexp(2R?)

where the first step follows from the definition of ¢(Q,¥)i, jo.io- the second step follows from
Fact A.3, the third step follows from Part 2.

Proof of Part 4
”h(y)loyio ”2 = ||Alo,3yio ”2

< 1 Asy 3llllyio ll2
<R?

where the first step follows from the definition of h(y)y, .. the second step follows from Fact A 4,
the third step follows from || A;, 3|| and ||y, |l2 < R.

Proof of Part 5

| Ao veelersedy K Tll2 < Il Ao Il vee(esyey K )l
< R?
where the first step follows from Fact A .4, the second step follows from || A, j, || < R and Fact A.5.
Proof of Part 6
||(A107j0 Vec(ei2e,—€'—2KT)) © h(y)lo,io ||2 < H Alo,jo VeC(€i2€;2KT)||OO ”h(y)lo,io ||2
< | A o vee(eizer, K )l 1)1, 12
<R

where the first step follows from Fact A.3, the second step follows from Fact A.3, the third step
follows from Part 4 and Part 5.

Proof of Part 7

[{F(@)1050> (Atg. 5o vee(eiyen, K W) 10.60) = (F(@ )10, MW 10,0 ) (F (@)1o.jos At jo vec(eiyep, K 1))
<P @ig os (At jo vee(eiyer, KT VR(Y)1g,i0) | + [ (@)1, h(W)io,i0) (F (Q)1g,50» Atg o Vec(eief, K 1))
< IIf( io.dollll Aty o vec(eiy e, K V()10 12 + [1F (@)1, 1212 (W00 1211 F (@)1, 56 12| At 5o vee(es e, K T2
< B nexp(2R?)|| Ay, j, vec(ei, e, K T(Y)ig.i0ll2 + 8770 exp(AR?)[B(y)1g.io l12]| Aty jo vee(eiyef, KTl
<B™ nexp(2R?)|| Ar, 5, vec(en e, K ) 12llh() 10,0 ll2 + 57217 exp(4R?) [|h(Y) 1,40 ll2 || Aty o vec(esef, K 1)|2
< B 'nexp(2R*)R* 4+ B7*n? exp(4R*)R*
< B 'n?R*exp(6R?)
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where the first step follows from triangle inequality, the second step follows from Fact A.3, the third
step follows from Part 2, the fourth step follows from Fact A.3, the fifth step follows from Part 5
and Part 4, the last step follows from simple algebra.

Proof of Part 8 We have

(exp (At jo vec(QK 1)), 1) > max exp(—|(Au,j, vec(QK ))i])

i€[n]

eXp(_H Alo,jo VeC(QKT)HOO)
xp(— | Aty vec( QKT |2)
exp(—R?)

AV VALY,

where the 1st step follows from simple algebra, the 2nd step follows from definition of ¢, norm, the
3rd step follows from Fact A.3. O

Lemma D.13. [f the following conditions hold

o Let Ay, j, € R4

* Let by, j, i, € R" satisfy that ||b||; <1

* Let § € (0,0.1)

e LetR>4

o Let | vec(QKN)|l2 < R

* A ll <R

> (exp(Ay, j, vec(QK ), 1n) > B

o (exp(Ay.j, vee(QKT)), 1,) > 8

e Let Ry := 3 *nexp(3R?)

* Let a(Q)1,.5, be defined as Definition D.2

» Let ¢(Q)iy,o,io be defined as Definition D.4

* Let f(Q),,5, be defined as Definition D.3
Then we have

« Part 1. || exp(Ay, j, vec(QKT)) — exp(Ay, j, vec(QK T))[|2 < R%exp(R?)|Q — Q||

o Part 2. |o(Q)1y. 50— (@)oo | < | exp(Ary i vec(QK T))—exp(Ay, o vec(QK T))||2-v/n
o Part 3. |a(Q); 0, — Q)i < B2 (@10 — (Q)1g o

Part 4. || f(Q)iy o — [( Qoo ll2 < B 2nexp(3R)(|IQ - Q||

Part 5. 1|e(Q, )ig josio — Qs i josio |2 < 2B 2n exp(3R2)(|Q — Q2

Note that ||Q||r = (32, 32; QF ;)% = || vec(Q) 2

Proof. Proof of Part 1.

| exp(Au,.j, vee(QK ) — exp(Ay, j, vec(QK )|z < exp(R2)|| Ay, j, vee(QK ") — Ay, j, vec(QK 1) 2
< exp(R?)]| Aty jo Illl vec(QK ™) — vec(QE )2
= exp(R?)|| Ar o QKT — QK ||
< exp(R?)[| Aty jo 11Q — Qll I K ||
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< R? exp(R2)HQ - @”F

Proof of Part 2.
|0l(517)l0,j0 - a(y)lo7jo| = ‘<exp(Alo,jo VeC(QKT)) - (Alodo Vec(@ ))a >|
< |l exp(A, jo vec(QK ")) — eXp(Alo jovec(QK M))|l2 - v/n
Proof of Part 3.

(@), — (@) | = (@), 5, (@)1, - 10(Q)is o — (@)1,
< B2 1@ .o — (@)1 o
Proof of Part 4. We can show that
1 @)to.so = F (@t l2 = 10(Q);, 5, exP(Asg o vee(QE ) — a(@Q);, , exp(Asg o vee( QK ))l2
< [ @)1, 5, exP(Au o vee(QK 1)) — @)y, exp(Aug o vec(QK 1))z
+ @),y exP(Atg o vee( QK T)) — a(@Q);, 1, exp(Arg 5, vec(QK ))|l2
< a(Q);, L, Il ex(Arg gy vec(QK ) — exp(Arg jo vec(QK )

+1(@);, 1, = (@), |- Ilexp(Arg jy vec(@K )2

where the 1st step follows from the definition of f(Q);,. j, and a(Q),,j,, the 2nd step follows
from triangle inequality (Part 3 of Fact A.3), the 3rd step follows from ||aA|| < ||| A||(Part 5 of
Fact A .4).

For the first term in the above, we have

a(Q )lo o Il exp(Asq 5o VGC(QKT)) —exp(Ayq jo VeC(QKT))”Q %)
< B! exp(Ay, jo vec(QK 1)) — exp(Ay, j, vec(QK 1))l
< RPexp(R?)-[1Q - Qllr )

where the 1st step follows from a(x);, ;, > 5, the 2nd step follows from Part 1.
For the second term in the above, we have
(@i, = AUQ) | - exp(Arg y vec(QK )]z
< B 1@t 5o — Qg ol - [l xD(Asg iy vec( @K 1))z
< B2 @)oo — Q)i io| - Vit exp(R?)
< BV | exp(Ar o vee(QK ) — exp(Ay, o vee(QK )|z - viexp(R?)
<72V R exp(R)||Q — Qlr - vVinexp(R?)
=87 nRexp(2R?)||Q — Qllr ©)

where the 1st step follows from the result of Part 3, the 2nd step follows from Part 1 of Lemma D.12,
the 3rd step follows from the result of Part 2, the 4th step follows from Part 1, and the last step
follows from simple algebra.

Combining Eq. (4) and Eq. (6) together, we have
1f100(Q) = fio o (@l < B~ B2 exp(R*) - |Q = Qllr + 877 - nR* exp(2R%)|Q — Q|
< 287*nR® exp(2R?)[1Q — Q||
< 8 *nexp(3R%)|Q - Qllr

where the 1st step follows from the bound of the first term and the second term, the 2nd step follows
from 3~ > 1 and n > 1 trivially, the 3rd step follows from simple algebra.

Proof of Part 5.
HC<Q’ :)107j01i0 - (@\ )lo Jo,LOHQ - H< ( )10,j07h(:)lo7i0> - <f(@\)lo»jo’h(:)lo,io>”2
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= H<(f(Q)lo,jo - f(@)lo’jo)ﬂ h(:)lo,i0>”2

~

<Rt 211 F (@)10,50 — F(Q)i16,5o |I2

< || A3 i 2L (@)1,o — F(@)io o 12

< A3 ¥iollz - B*nexp(3R%)|Q — Q| »
< As3 i, 28 2nexp(3R)|Q — QI
< RB *nexp(3R%)|Q — Ql|r

where the first step follows from the definition of ¢(x, y),jo.,i,» the second step follows from simple
algebra, the third step follows from Fact A.3, the fourth step follows from the definition of h(y)i, i,
the fifth step follows from Part 4, the sixth step follows from Fact A.4, the last step follows from
[ A 3] < Rand ||z, |2 < R O

D.5 SUMMARY OF 3 STEPS
Lemma D.14. [f the following conditions hold
* Let f(Q)1,,5, be defined as Definition D.3

e Let Cwl(‘;é"i;‘;cim be compute as Part 8 of Lemma D.10

* Let vy := (Ay,,jo vee(eief, K1) o h(y)ioio
* Let vg = h(Y)1y.i0

* Let vz := Ay, j, vec(e,, SEQKT)
Then we have

 [(F(@ig.jor 1) = (F( @)oo, v1)] < B3R exp(3R?)|Q — Qllr

* |<f(Q)lo,jo’02><f(Q)lo’jo’U3> - <f(@)lo,jov’U2><f(@)l07j0’v3>|
26~ nexp(2R?)Ron exp(3R%)(|Q — Qllr

IN

dLig jg.ig (@) dLig jg.ig (@ _ 3
o [Hagen(@)  dhigon@I) < 533 RT exp(19R2)(1Q — Q)

Proof. Proof of Part 1.
|<f(Q)lo7j07v1> - <f(é2\)lo7joa U1>| = |<f(Q)lU7j0 - f(@\)l07j07v1>|

<1 @)to,jo — F(@)io,joll2llv1 |2
< B nexp(3R?)(|Q — Q| rl|(As,jo vec(eiel, K 1)) 0 h(Y)ig,i0l2
< B R exp(3R?)|Q — Ql|r

where the first step follows from simple algebra, the second step follows from Fact A.3, the third step
follows from Part 4 of Lemma D.13, the fourth step follows from Part 6 of Lemma D.12.

Proof of Part 2. For convenience, we define

Cr:= <f(Q)l07j07’U2><f(Q)loyjovv3> - <f( )loﬁjo’v2><f( )l07j0’1}3>
Cor:= <f(©)lo’j07v2><f(Q)lo,j07US> - <f( )lo,j0702><f( )lo,jova>

Then it’s apparent that
|Cl + 02| = |<f(Q)lO)jU7,U2><f(Q)lO7j07/U3> - <f(@)lo7jo’ U2><f(@)lo7jo’ U3>|

Since C and Cj are similar, we only need to bound |C |:

|Cl| = |<f(Q)lo7jo7U2><f(Q)lo7jo7U3> - <f(@)lo7jo’ U2><f(Q)lo7jo’v3>|
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= [(F( Q105> v3) ({F( Q170 v2) = (F( @)1 o v2))

< [ @toor va) 1 F (@t o v2) = (F( @)1 o v2)]

= [(F(Q)10.50> ) F( @iojo — F( @)oo v2)]

< £ (@)1, 23l F (@)1g.50 — F( @)1, 1210212

< B nexp(2R?)|[vs]|282nexp(3R%)|1Q — Q| p[|va |2
< B7*n?ROexp(5R)[Q — Q|| r

where the first step follows from the definition of C', the second step follows from simple algebra,
the third step follows from triangular inequality, the fourth step follows from simple algebra, the fifth
step follows from Fact A.3, the sixth step follows from Part 4 of Lemma D.13, the last step follows
from Part 4 and Part 5 of Lemma D.12.

Thus, we obtained the bound for ‘<f(Q)lo7j0’ U2> <f(Q)lo7j0’ U3> - <f(Q)lOyj07 ’02> <f(Q)lo,j07 ’03> ‘:
[{F(@Qig.o v2) (F (@)oo v3) — (F (@1osor v2) (F (@)1ojo v3)] < 287°n*R® exp(5R?)|Q — Q||

Proof of Part 3 By Lemma D.11, we know that can be written as

dLlo,joﬁio(Qv :)
dQi, k,

dLig,50,i0(@50)
dQ

ig,ko

= Clg,j0,i0 (Q7 y)(<f(Q)loyjo’vl> - <f(Q)lo,jo’ U2><f(Q)loyjo’ U3>)

For convenience, we define

S(Q) P Clo’jo,io(va)
t(Q) = (<f(Q)lo,jo7 Ul) - <f(Q)lo,j0’U2><f(Q)lO>jo7U3>)

dLi in.i ) .
Thus $£0:40:0(@) can be rewrite as

dQiy, ks
dLlo,joyio(sz) _
ool @) i)

Then the lipschitz of Mgé"i‘;@) can be expressed as
12,R2

ALy jo,io (@, 2) _ dLig,jo,i0 (@)

in%kQ in27k2 | = ‘S(Q)t(Q) - S(Q)t(Q)|

Use the same techinque in the proof of Part 2, we define

C1: = s(QHQ) — s(QHQ)
~ s(Q)H(Q)
Then it’s apparent that

[5(Q)H(Q) — s(QHQ)| = |C1 + Co

First, we upper bound |C' | as follows:

C1] = [s(Q)H(Q) — s(Q)t(Q))|
=15(Q)(tH(Q) — t(Q))]
< [s(Q)I[t(Q) — Q)]
= [s(@N({F( @150 v1) = (F( @1 v2)(F (@170 v3)) = (F( @190 v1) = (F (@i v2) (F(@ )i, v3))]
= [s@({F( @150 v1) = (F( @1 v1)) + (F (@i or v2) (F (@00 v5) — (F(@)igor v2) (F(@ )i, v3))]
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< | ( )‘(|< (Q)lo»]‘muﬁ - <f(Q)lo J07v1>| + ‘< ( )lo ]0ﬂv2><f(@)lo j07v3> - <f(Q)lo»jo7U2><f(Q)lo,j07U3>D
< [s(Q)|(B7*nR* exp(3R?)|Q — Qllp|| + 287 *n* R exp(5R%)[Q — Q|| )
< |s(Q)]- B7*n* R exp(8R?)(|Q — Q|

< B3R exp(10R?)(|Q — Q| r

where the first step follows from the definition of C'y, the second step follows from simple algebra,
the third step follows from Fact A.3, the fourth step follows from the definition of ¢(Q), the fifth
step follows from simple algebra, the sixth step follows from triangular inequality, the seventh step
follows from Part 3 and Part 4 the last step follows from Part 3 of Lemma D.12.

Next, we upper bound |C]:

|Ca] = [s(Q)H(Q) — s(Q)H(Q))|
=(s(Q) — s(Q)HQ)]
< 1s(Q) — s(Q)I1(Q
< R?B *nexp(3R*)|Q — Q| r[t(Q)
< R9B™*n® exp(9R?)[Q — Q|

where the first step follows from the definition of C', the second step follows from simple algebra,
the third step follows from simple algebra, the fourth step follows from Part 5 of Lemma D.13, the
last step follows from Part 7 of Lemma D.12.

Thus, we can obtain the upper bound for |s(Q)t(Q) — s(Q)t(Q)|:

S(QHQ) — s(QHQ)| = |Cy + Co
< B33 RTexp(10R?)(|Q — Q|| + R°673n® exp(9R?)(|Q — Q| r
< B7*n° R exp(19R?)||Q — Q||

where the first step follows from simple algebra, the second step follows from the upper bound of
|Cy] and |Cy|, the last step follows from simple algebra.

D.6 LIPSCHITZ OF V Ly, j; .o (@, :)
Lemma D.15. [f the following conditions hold

» Let f(Q)1,,j, be defined as Definition D.3

o Let %fki@) be compute as Part 8 of Lemma D.10

o [et V] = (Alo,jo VEC(GQ@]—;KT)) o h(y)lm’io
o Let vy := h(y)loﬂ'o
o Let vz := Ay j, VeC(eizekTgKT)

Then we have

dL(Q,:)  dL(Q,:)
dvec(Q)  dvec(Q)

I |2 < dLn®R7 exp(22R?)||Q — Q||

Proof.

dL(Q,:)  dL(Q,) S dL(Q,) dL(Q,?)
”dvec(Q) B dvec(Q) 2= Z Z | dQi, k, 979 - m|Q:Q

B33 R exp(19R2)]|Q — Q|

-M&
M=
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= B73dLn® R exp(19R?)||Q — O||r
< dLn®R" exp(22R?)||Q — Cj”F

where the first step follows from Fact A.3, the second step follows from Part 3 of Lemma D.14, the
fourth step follows from simple algebra, the last step follows from Part 8 of Lemma D.12. O
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E GRADIENT FOR K

In Section E.1, we define the basic definitions and problems to be used in this section. In Section E.2,
we compute the gradient with respect to K step by step. In Section E.3, we reform the gradient in a
way that is easy for us to prove its lipschitz property. In Section E.5, we prove the lipschitz property
for several basic terms. In Section E.6, we state some intermediate steps for proving the lipschitz of
gradient. In Section E.7, we prove the lipschitz property of the gradient with respect to K.

E.1 DEFINITIONS

Definition E.1. Ler Aj, 1, A, 0 € R™% Let Ay, = Ay 1 © Ajy 2 € RAZXd® [ of Ay € R d?
denote the jo-th block of A;, € R xd?,

For each ly € [m)], for each jo € [n].
We define u(K);, j, € R™ as follows
U(K)lo,jo = exp(Alo’jo VQC(QKT))
—— ————
nxd? d?x1
Definition E.2. For each ly € [m], for each jo € [n].
We define oK), j, € R as follows
a(K)loﬂ'o = <u(K)lo,jo? 1n>-

Definition E.3. Ler A, 1, Ajy0 € R Let Ay, = Ajy 1 @ Ay 0 € ROX [ A € Rrx
denote the jo-th block of A, € R7 xd?,

We define f(K)y, j, : R% — R™,
f(K)lo,jo = O‘(K)l;}jo ’ u(K)lOLjO
Definition E.4. We define c(K,y);, i, € R as follows
oK, y)lo,joyio = <f(K)loyjov h(Y)10,i0) — big jo.io

Definition E.5. For each ly € [m], jo € [n], ig € [d]. We define Ly, j, i, as follows

Lig,jo,i0 (K,y) = 0.5¢1,50,i0 (K, y)2
Definition E.6. The final loss is

m n d
L(K,y) = Z Z Z Lln,jo’io(Kﬂ Y).
lo=1jo=1io=1

Definition E.7. We define the diagonal matrix D € R X1 g

D(K) = diag(exp(A1QK T A5 )1,,)
We give our formal definition of the optimization formulation
Definition E.8. Let Ay, Ay € R"*?. We define the optimization formulation as the following:

. o —1 T AT _ B2
Qgﬂgﬁd L(Q) = Qgﬁlglxd ID(Q)” " exp(A1QK ' A, )A3Y — B||%

Definition E9. Let A1, Ay € R"™ % Let A=A ® Ay € R *4* Lot D'(Q) e R™* %" denote the
diagonal matrix D' (Q) := D(Q) ® I,,. We define the vector version of optimization formulation as
the following:

in L(Q)= mi t(D'(Q)! A- KT))AsY — BJ|?
oin  L(Q) = min | |[mat(D'(Q)7" exp(A-vec(QK 1)) A3 12
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E.2 GRADIENT
Lemma E.10. [fthe following conditions hold

s Let K;, , denote the iz-the row and k-th column of Q € R¥*E
Then, we have

* Part 1. For each iy € [d] and ko € [L], we have

dvec(QK")

.
=vec( Q ex, €. )
dK’ig,kz v\; 2

~—~
dxL Lx1 1xd

* Part 2. For each iy € [d] and ko € [L], we have

d Ao VGC(QKT)
dKG, ks,

= Alo ,Jo VeC(Qekz ezz )
M~ ——

nxd? d2x1

* Part 3. For each iy € [d] and ko € [L], we have
du(K)uy 5o

: = u(K)iy,5, © (A, 5, vec(es, eEQKT))
dKlz,kz N———

nx1 nx1

* Part4. For each iy € [d] and ko € [L], we have
da(K)

lo.j
o 020 = (u(K )iy, jo» Alg,jo Vec(Qeryerl))
in.k S—_— —~——

nx1 nxd? d2x1

* Part 5. For each iy € [d] and ko € [L], we have

—1
da(K)lo-,jo _ -1 T
aK. _a(K)lij <f(K)loyjo’Alo,jo VeC(Qek2€i2)>
i2,k2 —_—— T/ N
scalar nx1 nxd? d2x1

* Part 6. For each iy € [d] and ko € [L], we have

df(K)y,
I s — (1500, vee( @) — FU i s At iy Yol Qe )
is,ko —_—— T ———— —_———— — N ——

nx1 nxd? d2x1 nx1 nx1 nxd? d2x1
* Part 7. For each iy € [d] and ko € [L], we have
de(K, Y)ig,jo o

dKi, i,
= <f(K)l07j0 O(Alo,jo VeC(Qekz 6;2), h(y)loﬂ'o> - <f(K)lo,j07 h(y)lo,io><f(K)lo7jo’ Alo,jo VeC(Qekz eng)>
—_———— T ———— — — —_——— —— — o

nx1 nxd? d2x1 nx1 nxl1 nx1 nx1 nxd?2 d2x1

* Part 8. For each iy € [d] and ko € [L], we have

dLig jo io (5, y)
dKi, k,
= Clo,josio (K, y)
scalar

(1,50 ©(Aty g0 vee(Qerqesy ), h(Y)ioio) — (F (B )1 gos B(W)io.i0) (f (K100 s Ao o vee(Qeryey,)))
—_— ~N— —_— e Y T —

nx1 nxd? d2x1 nx1 nx1 nx1 nx1 nxd2 d2x1
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Proof. Proof of Part 1. For each iy € [d] and kg € [L],

dvec(QKT) dK  +
— "~ = vec(Q(—
dKi2,k2 (Q(Klé,’w) )
= vec( @ eg, eg )
M~ e~

dxL Lx1 1xd
where the first step simple algebra
Proof of Part 2. For each iy € [d] and ky € [L],

d Ay o vec(QKT)
dK, 1,

dQ
d i2,k2

= Alo,jo VeC(Qekz 6;2)

= Ay, j, vec( KT)

nxd? d2x1
where the first step chain rule and the second step follows from Part 1.

Proof of Part 3. For each iy € [d] and k5 € [L],

du(K)i, jo _ dexp(A, .o Vec(QKT))
dK;, k, dK;, k,

u(K)lo’jo O(Alo’jo VeC(Qek2 ei—l; ))

nx1 nxd2 d2x1

where the first step follows from the definition of u and the second step follows from chain rule and
Part 2.
Proof of Part 4 For each i3 € [d] and ky € [L]

da(K)iy jo _ du(E)ig jor In)-

dK;, k, dK, k,
_ )

lo,Jjo
1
dKi2,k2 ’ n>
= (u(EK)1,4o oAty jy vec(Qerze,)); 1n )
—_——
nx1 nxd2 d2x1 nx1
= <U(K)l0;j0 ) AlO7j0 VeC(Qekzez;»

nxl1 nxd? d2x1

where the first step follows from the definition of «(K)
algebra, the third step follows from Part 3.

Proof of Part 5 For each i3 € [d] and k3 € [L]
da(K)l;}jo _ 704( )—24 da(K)lo,jo
dKiz,kz fo-7o dKi27k2
= - a(K)l_O?jO <U(K)lo,ju d Alo,jo VeC(Qekz 62»
—_— T
scalar nx1 nxd? d2x1
- = O‘(K)l;}jo <f(K)l0,j07Aloyj0 VeC(erei—g»
—_— T/

scalar nx1 nxd? d2x1

lo.jo» the second step follows from simple

where the first step follows from simple algebra, the second step follows from Part 4, the third step
follows from simple algebra and Fact A.1.

Proof of Part 6 For each i5 € [d] and k2 € [L],

df(K)loyjo _ da(K)l_o,ljo 'u(K)lo-,jo
dK;, k, dK;, 1,
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da(K) ! du(K)uy,50

lo,jo -1
- Ky jo + —o2losdo }
dKi2’k2 U( )lOv]O dKiz’k;z OL( )lO;]O

T T -1
= - f(K)lmjo <f(K)lo~,j0’ Alo,jo VeC(Qekz ei2)> + U(K)lo,jo O(Aloajo VeC(Qekz eiz) a(K)lo,jo)
—_——— —— e — —_———— e — _
nx1 nx1 nxd2 d2x1 nx1 nxd? d2x1 scalar
T T
= f(K)loyjo O(Aloyjo VeC(Qek2ei2)) - f(K)lo,]'o <f(K)ln,jo’Al07jo VeC(Qek2€i2))>
nx1 nxd? d2x1 nx1 nx1 nxd? d2x1

where the first step follows from the definition of f(X),, j,, the second step follows from differential
chain rule, the third step follows from Part 3 and Part 5, the last step follows from simple algebra.

Proof of Part 7 For each i3 € [d] and k5 € [L],
de(K y)

lo,Jo,%0
dKZ'27k2
_ A EDg,50 s P(¥)10,i0) = i oo
dKi, ks,
_ A EDig.50, MW)1o.io )
dKi, k,
df(K)

lo,jo
< dKi27k2 ) (y)lo’ 0>

= h(y)lTo,ig (f(K)lo,jo O(Alo,jo VeC(Qekz 6;2)) - f(K)lo,jo <f(K)loﬁj0> Alo,jn VeC(Q€k2 e;l;»)
—_—— T/~ N— R e i

1xn nx1 nxd? d2x1 nx1 nx1 nxd? d2x1

= <f(K)lo7jo O(Alo-,jo VeC(Qekze;g)a h(y)lo7i0> - <f(K)lU7j07 h(y)lo7’i0><f(K)lo,juvAlmjo VeC(Qek‘zez—'g»
e R e i —_— —— —— T —
nx1 nxd? d2x1 nx1 nx1 nx1 nx1 nxd? d2x1

where the first step follows from the definition of ¢(K, y)i,. ;.40 the second step follows from by, j, 4,
is a constant, the third step follows from only f(K);, j, is dependent on (@, the fourth step follows
from Part 6, the last step follows from simple algebra.

Proof of Part 8 For each i3 € [d] and ks € [L],
dLig,jo,i0 (K, y)
dK;, k,
_ d0.5¢y,jo,i (K, y)2
dKi, k,

dclmjo,io (Kv y)
dKika

= Clgy,jo,i0 (Ka y>(<f(K)lo’jo O(Almjo VeC(Qekz 6;;), h(y>l07io> - <f(K)lo7jo7 h(y)loﬂ'o) <f(K)l0,j0 ) AZOJO VeC(Qekzez—'g»)
—_— T e —_———— ——— —

scalar nx1 nxd? d2x1 nx1 nx1 nx1 nx1 nxd2 d2x1

= Cly,j0,i0 (K7 y)

where the first step follows from the definition of L;, j, i, (K, y), the second step follows from simple
algebra, the third step follows from Part 7. O

E.3 REFORMULATING GRADIENT
Lemma E.11. [f the following conditions hold

o Let f(K) be defined as Definition E.3

lo.Jjo

Let Mgé"i”’:m be compute as Part 8 of Lemma E.10
12,k2

» Let vy := (Ay, 5, Vec(Qeer;)) o h(Y)1y,i0

* Let vg = h(Y)iy.i0
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* Letvg := Ay j, vec(Qep, ei—;)

dLiy jg,iq (%, K)

then AToP

can be rewrite as
Clo,jo,io (CU, K)(<f(K)lo,jo ’ U1> - <f(K)lo,jo ’ U2><f(K)loyjov 1)3>)

Proof. The proof trivially follows from Fact A.1.

E.4 LIPSCHITZ OF SEVERAL TERMS

Lemma E.12. [fthe following conditions hold

o Let Ay, 4, € R4

* Let by, j, i, € R" satisfy that ||b]l; <1

e Let § € (0,0.1)

e et R>4

o Let | vec(QK T)|2 < R

* Al <R

o (exp(Ay,.jo vec(QK 1)), 1,) > B

* (exp(Ay, o vec(QKT)),1,) >

o Let Ry := B *nexp(3R?)

* Let oK)y, j, be defined as Definition E.2
* Let ¢(K)y, jo.io be defined as Definition E.4

o Let f(K) be defined as Definition E.3

lo,jo
o Let vy := (Ay, 5, vee(Qer e )h(y)ig.i
* Let vy == h(y)1,.4

o Let v := Ay, j, vec(Qep, e, )

Then we have

o Part 1. || exp(Ay, j, vec(QK "))|l2 < /1 - exp(R?)

Part 2. || f (K)1q 5o ll2 < B~ n exp(2R?)

Part 3. |c(:, K)iy jo.io| < RBInexp(2R?)

lo,jo,

Part 4. H’U2||2 < R?

Part 5. ||lvs||2 < R?

Part 6. ||vi|2 < R*

Part 7. |({(f (E)1,jo- v1) = (F(E)1g.50, v2) (f (B )1 o, v3))| < B~ 2 R exp(6R?)
e Part8. 3 > exp(—R?)

Proof. Proof of Part 1

[l exp(Asg g, vec(QK 1))l < V- || exp(Ag, j, vec(QE )|
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< Vi exp(|| Ay o vec(QK T)]lo)
< V- exp(|| Aty jo vec(QK T)||2)
< Vn - exp(R?)

Proof of Part 2

Ilf(K)lOJO ||2 = ”a(K)l_Ule : u(K)lOJO ||2
< Na(E);, 5, 2w )i, joll2
< B exp (A j, vee(QK )2
< B7'Vn - exp(R?)
where the first step follows from the definition of f(x);, j,. the second step follows from Fact A.3,
the third step follows from (exp(A;, ;, vec(QK ")), 1,) > S,the fourth step follows from Part 1.
Proof of Part 3

||C(K> y)lo,jmioH = ||<f(K)lo~,j0’ h(y)lo,io>”
<N 0,0 212 (Y) 10,16 |12
< RB'nexp(2R?)

where the first step follows from the definition of ¢(Q,¥)i, jo.io- the second step follows from
Fact A.3, the third step follows from Part 2.

Proof of Part 4
”h(y)loyio ”2 = ||Alo,3yio ”2

< 1 Asy 3llllyio ll2
<R?

where the first step follows from the definition of h(y)y, .. the second step follows from Fact A 4,
the third step follows from || A;, 3|| and ||y, |l2 < R.

Proof of Part 5

1 Aty vee(@ersel )z < Il Al vee(Qeryel) 2
< R?
where the first step follows from Fact A .4, the second step follows from || A, j, || < R and Fact A.5.
Proof of Part 6

H(Alo,jo VeC(Qekze;)) © h(y)lo,io ||2 < H Alo,jo VeC(Qekzez—'Z)HOOHh(y)lo,io ||2
< || Ay o vee(Qen, el h(y)ig ioll2
<R'

where the first step follows from Fact A.3, the second step follows from Fact A.3, the third step
follows from Part 4 and Part 5.

Proof of Part 7

(S (B )1o,50> (At o Vec(Qery e )B(W)1,10) — (F (B )g gor (Y)16,i0) (F (K )10 Al jo VeC(Qerze)|
< B g o> (At jo vee(Qers e ) A1 i) | + [ (E g o s B(W)ig.io) (f (K 1o o vec(Qerse;,))|
LB t,go 121l At o vee(Qenye,)h(Y)igio ll2 + 1 (1o o 2P0 10,160 121 (B0 o 12l Aty o vee(Qens e, )2
< B nexp(2R?)|| Ay, j, vee(Qer, el ) h(Y)ig ioll2 + 8770 exp(4R?) |h(y)ig io ll2]| Aty o vec(Qer, e, )2
<B7 nexp(2R?)|| Ay, g, vec(Qeryel ) 2 |h(Y)io i |2 + B0 exp(4R?) (Y )ig io ll2]l Aty jo vec(Qer, ey, )l
< B 'nexp(2R*)R* + B ?n? exp(4R*)R*
< B 'n?R*exp(6R?)
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where the first step follows from triangle inequality, the second step follows from Fact A.3, the third
step follows from Part 2, the fourth step follows from Fact A.3, the fifth step follows from Part 5
and Part 4, the last step follows from simple algebra.

Proof of Part 8 We have
(exp(Auy.jo vec(QK 1)), 1,) > masx exp(—|(Au,jo vec(QK ))il)
> exp(— | Arg.jo vee(QK 1) )
> exp(—| Ao vec(QK T)||2)
> exp(—R?)
where the 1st step follows from simple algebra, the 2nd step follows from definition of /., norm, the
3rd step follows from Fact A.3. O

E.5 LIPSCHITZ FOR SEVERAL BASIC TERMS

Lemma E.13. [fthe following conditions hold

o Let A, j, € R

* Let by, j,.i, € R" satisfy that ||b]|; <1
Let B € (0,0.1)

e et R>4

Let || vec(QK T)||2 < R

Ao | < R

o (exp(A, j, vec(QK 1)), 1,) > B

o (exp(Ay, o vec(QKT)),1,) >

o Let Ry := 3 *nexp(3R?)

» Let a(Q)1,,5, be defined as Definition D.2
*» Let ¢(Q)iy,jo.i0 be defined as Definition D.4
* Let f(Q),,5, be defined as Definition D.3
Then we have
e Part 1. || exp(Ay, j, vec(QK ")) — exp(A, jo vec(QKT))|l2 < R2exp(R?)||K — K| »

. 1\’;@ 2. (K )1g g0 — (K )i,jo| < [lexp(Arg,jo vec(QET)) — exp(Ay, j, vec(QK T))||2 -
n

o Part 3. |a(K); )L — oK) L | < B2 Ky go — a(EK)ig o]
o Part 4. || f(K)iyjo — F(E )iy joll2 < B~ nexp(3R?)||K — K|
o Part 5. |c(K, 1o doin — €U, Vg joioll2 < R2B2nexp(3R2)|| K — K ||,
Note that | K ||r = (32, 30, KZ))'/? = || vec(K)|2

Proof. Proof of Part 1.
lexp(Au, jy vec(QKT)) — exp(Auy,jo vec(QK )2 < exp(R?) Asy,jo vec(QK ") = Aty j, vec(QK )|z

exp(R?)|| Aug. o ||l vec(@K ) = vec(QK )|z

VAN VAN
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= exp(R?)|| Ay o llQE T — QK[|
< exp(R?)[| Aijo QI FIIK — K|
< R?exp(R?)||K — K| »

Proof of Part 2.
‘Q(K)lo,jo - O‘(}?)lo,jo| = |<exp(Az(,7j0 VEC(QKT)) - exp(AloJo VeC(QKT))v 1n>|
< H exp(Alo,jo VQC(QKT)) - exp(Alo,jo VGC(QKT)) ||2 ) \/ﬁ

Proof of Part 3.
a(K), - a(R)

—1 > -
10,70 lo7jo| = O‘(K)lo,joa(K)lo jo |Oé( )l07j0 - a(K>507jo‘

< 6_ . |a(K)lo7jo - a(K)lo,j()'
Proof of Part 4. We can show that

1 U ta.do = F (Bt |2 = la(K);. Y, exp(Arg o vee(QK ) — al(E); L, exp(Arg o vee(QK )|z
< (B, 5, exp(Arg gy vee(QK 1)) — a(K), ljo exp(Arg g, vec(QK )|z
+ (), Y exp (A o vec(QK 1)) — al(K); L exp(Arg o vee(QK 1))z
< a(K), Y llexp(Au, j, vec(QKT)) — exp(Ay, o, vec(QK 1))z

+la(K) L, — alK) L |- llexp(Ar g, vee(QE )|z

where the 1st step follows from the definition of f(K),, j, and a(K),, j,, the 2nd step follows
from triangle inequality (Part 3 of Fact A.3), the 3rd step follows from ||aA|| < |a|||Al|(Part 5 of
Fact A .4).

For the first term in the above, we have

a(K), Ll exp(Ar o vec(QK 1)) — exp(Ay, o vec(QE )2 @)
< 6_1” eXp(Alo,jo VeC(QKT)) - eXp(AlOJO VeC(QI?T))HQ
<671 R¥exp(R?) - |K — K||r (8)

where the 1st step follows from a(K);, , > 5, the 2nd step follows from Part 1.

For the second term in the above, we have

la(K), Y, — oK)k | lexp(A, j, vee(@K )|l
< B2 alE) 1,50 — (K )iy o - | exp(As, iy vec(QK )2

< B2 (K )y jo — (K1 jo| - Vnexp(R?)

<B72 V- | exp(Ay, j, vec(QK 1)) — exp(A, j, vee(QE 1))|l2 - v/ exp(R?)

< B2 vn- Rrexp(R*)|K — K||r - Vnexp(R?)

=872 nR?>exp(2R?)|K — K||p ©)

where the 1st step follows from the result of Part 3, the 2nd step follows from Part 1 of Lemma D.12,
the 3rd step follows from the result of Part 2, the 4th step follows from Part 1, and the last step
follows from simple algebra.

Combining Eq. (7) and Eq. (9) together, we have
1 fio.30 (K) = frogo (K)ll2 < 87" R* exp(R?) - | K = K|l + 8% - nR® exp(2R*) | K — K|
<287 %nR%exp(2R?)||K — K|/
< B *nexp(3R?)||K — K ||r
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where the 1st step follows from the bound of the first term and the second term, the 2nd step follows
from 3~ > 1 and n > 1 trivially, the 3rd step follows from simple algebra.

Proof of Part 5.

~

e(E, iy govio — (K iguioviollz = 1 (K tg.or R (Disio) = (F Bt B igsia) 12
= (K)o = F B 130> h(:Digio) |12
<0 tsio 21 (B oo — £ )ig,50 2
< Aso3 Yioll2 Il F (K )i, jo — F (K)o 2
< || Aty tioll2 - B72nexp(3R?)| K — K|
< || Aty 5 llio I8 2nexp(3R?)| K — K|
< RB2nexp(3R?)| K — K||¢

where the first step follows from the definition of ¢(x, y);,jo.,i,- the second step follows from simple
algebra, the third step follows from Fact A.3, the fourth step follows from the definition of h(y)i, 4,
the fifth step follows from Part 4, the sixth step follows from Fact A.4, the last step follows from
[[Atp.3ll < Rand [[z[l2 < R O

E.6 SUMMARY OF 3 STEPS
Lemma E.14. [fthe following conditions hold

* Let f(K)i,.;, be defined as Definition E.3

dLl(),jo,

dKi"(K) be compute as Part 8 of Lemma E.10
i, ko

o Let

Let vy := (Ay,,j, vec(Qer, 6;2)) o h(Y) 10,40
Let vg := h(y)

lo,%0

i)

o Let vz := Ay, j, vec(Qep,e,,

Then we have

K — K||p

* |<f(K>lo7j0a'U1> - <f([?)l0,j077}1>| < B_QnR4 eXp(SRQ)
* |<f(K)lo,jo’v2><f(K)loﬁjo>U3> - <f(]:?)loyjovv2><f(‘[?)lo,jo’v3>|
287 3nexp(2R?)Rnexp(3R?)|K — K||r

dLlo»jo-,io(Kv:)
dK

IN

| _ dLlo,jo,io(Kaz)
o, ko K=K dK.

| |k_zl < B0 RTexp(19R?)||K — K||r

ig,ko

Proof. Proof of Part 1.

(B0 v1) = (F (B )t o 1) = [ (B )1 o — F B )15 01)]
< )10 = FE )t o 1210112
< B 2nexp(3R*)|| K — K| p[|(Ar, o, vee(Qenyey,)) o h(y)ig.ioll2
< B 2nRYexp(3R?)|K — K| r

where the first step follows from simple algebra, the second step follows from Fact A.3, the third step
follows from Part 4 of Lemma E.13, the fourth step follows from Part 6 of Lemma D.12.

Proof of Part 2. For convenience, we define

Cr + = (F(E )t jor v2) (F (K)o o v3) — (F (B )ig 0 v2) (f (K )1 o v3)
02 = <f([?)lo,j07’U2><f<K)lo,j0’U3> - <f<l?)lo7j07U2><f([?)l0,j07U3>
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Then it’s apparent that
|Cl + C2| = |<f(K)lo7jo7 U2> <f(K)l0,jo ) U3> - <f(K)l0,j07 ’U2><f(K)lo’jo’ U3>|
Since C and Cy are similar, we only need to bound |C |:

1| = K 1 o v2) (F K 150 03) = (F(K )t o 02)(F (K )1 o v3)]
= [{F (K )1g.50 v3) ((F (B tg 5o v2) — (F (K )igjo v2))]
< 1,0 v3) 1 (B )t o v2) = (F (K )10 v2)]
= 0 (B oo v3) 10 (Bt o = F (K)o v2)]

< FE g goll2l[vsll2lLf (K)o go — F(E )i goll2 10212

< B 'nexp(2R?)|lvs||l28nexp(3R?) | K — K| p|va |2

< Bn?R8exp(5R?)||K — K| ¢

where the first step follows from the definition of C1, the second step follows from simple algebra,
the third step follows from triangular inequality, the fourth step follows from simple algebra, the fifth
step follows from Fact A.3, the sixth step follows from Part 4 of Lemma E.13, the last step follows
from Part 4 and Part 5 of Lemma E.12.

Thus, we obtained the bound for ‘<f(K)l0,jov'U2><f(K)loyjov U3> - <f([?)lo7jo’ UQ><f(I?)l07jo’v3>|:
[ 10,50 02) (F (B )19, v3) = (F (B )10 v2) (F (K 1o 5o v3)| < 287n* RS exp(5R?)||K — K|

dL[0 RN (K,:)
dK

ig,ko

Proof of Part 3 By Lemma E.11, we know that can be written as

dLlo;jo,io (K> :>

dQ; = Clo,jo,io (K, y)(<f(K)lo,jo’U1> - <f(K)lo,jo7U2><f(K)l0,jovU3>)
i2,k2

For convenience, we define

S(K) L= Clo,jofio(K? y)
tK) : = ((f(K)ig,500 v1) — (F(E)g,500 v2) (f (K550 V3))

dLiy g ,iq (K2)

Thus dKry oy

can be rewrite as

dLlo Josto (Kv :)
dK;

Z27 2

= s(K)i(K)

Then the lipschitz of dngKOi’o() can be expressed as
i2,k2

dLigjo,io (K1) dLig,jo,i (K, 2) N

Y e ) = Js(K)HK) — s(R)UE)

Use the same techinque in the proof of Part 2, we define
Cy : = s(K)HK) — s(K)t(K)
Cy: = s(K)t(K) — s(K)t(K

Then it’s apparent that

First, we upper bound |C' | as follows:

|Gy
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= [s(K)t(K) — s(K)t(K)|
= [s(K)(t(K) — t(K))]
< [s(K)||t(K) — t(K)|
= [s(E) [ E1g. o v1) = (FE 1o 02D (F (B g o 03)) = (F B )i o v1) = (F (B )10 v2) (F (B )15 v3))]|
= [sCE)|((F (B 150 v1) = (B 1,0 01)) + ((F B )1 s 02D F (Bt o v3) = (F(E g o v2) (F (B )1 oy v3))|
< IR (CF B 1o o 1) = (F 1,50 00|+ 1R 1,50 02) (F (B g o v3) = (F U 1 o v2) (F (K )t o 03)])
< [s(K)|(87*nR* exp(3R?)| K — K| p|| + 287*n*R® exp(5R?)| K — K| )

< |s(K)| - B0 R® exp(8R?)| K — K|

< B3R exp(10R?)| K — K||r

where the first step follows from the definition of 'y, the second step follows from simple algebra,
the third step follows from Fact A.3, the fourth step follows from the definition of ¢(X), the fifth
step follows from simple algebra, the sixth step follows from triangular inequality, the seventh step
follows from Part 3 and Part 4 the last step follows from Part 3 of Lemma D.12.

Next, we upper bound |C]:
|Ca] = [s(K)t(K) = s(K)H(K)]
= |(s(K) — s(K))t(K)|
< [s(K) — s(K)|[t(K]|
< R*B*nexp(3R?)| K — K||p|t(K]|
< RSB83n? exp(9R?)||K — K| ¢

where the first step follows from the definition of C'5, the second step follows from simple algebra,
the third step follows from simple algebra, the fourth step follows from Part 5 of Lemma E.13, the
last step follows from Part 7 of Lemma E.12.

Thus, we can obtain the upper bound for |s(K)t(K) — s(K)t(K)|:
[ = s(R)HE)| = [C1 + Gl
< B73nPRTexp(10R?)| K — K||p + R®A7>n® exp(9R?)| K — K||
< B3n3R"exp(19R?)||K — IA(HF

where the first step follows from simple algebra, the second step follows from the upper bound of
|C4] and |Cs|, the last step follows from simple algebra. O

E.7 LIPSCHITZ OF VL, j, i, (K,:)
Lemma E.15. [fthe following conditions hold

» Let f(Q)y,,5, be defined as Definition E.3

dngjKoim(K) be compute as Part 8 of Lemma E.10
ig,ko

e Let vy := (AZOJO VEC(Q€k2 lz)) © h( )lo,io
e Let vy := h(y)lo,io

o Let

o Let vy := Ay, j, vec(Qer e )

io
Then we have

dL(K,:) dL(K,:)
dvec(K)  dvec(K)

[ |2 < dLn®R7 exp(22R?)|| K — K||r
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Proof.

dL(K,:) dL(K,:) & ALK,
”dvec(K) B dvec(K)H2 = Z Z | dK;,

d L
< Z > B3R exp(19R?)| K — K| r

dL(K,:)

K=K dKiy ks |-

= B73dLn*R" exp(19R?)|| K — K ||
< dLn®R" exp(22R?)|K — K| »

where the first step follows from Fact A.3, the second step follows from Part 3 of Lemma E.14, the
fourth step follows from simple algebra, the last step follows from Part 8 of Lemma E.12. [
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F ANALYSIS ON LOGISTIC FUNCTION

In this section, we provide systematic analysis on logistic function. In Section F.1, we compute the
gradient of the loss function based on logistic function. In Section F.2, we prove the lipschitz property
of gradient.

F.1 GRADIENT WITH RESPECT TO =
Fact E.1. If the following conditions hold

o Let g(x) : R — R be defined in Definition 3.5
Then we have

dg(x) exp(—)

dz (14 exp(—2x))?

Further more, we have

WD _ (@)1 - g(a)

Lemma F.2 (Formal version of Lemma 3.11). If the following conditions hold

o Let L(x,y) be defined as Definition 3.6
* Let f(x)y,,j, be defined in Definition 3.3

o Let h(y)

lo,jo,i0

be defined in Definition 3.4

lo,i0

Then we have
dL(:C’ y)loyjo,io
dl‘i
= g(<f('r)l07j07 h(y)lo,io>)(1 - g(<f($)lo,j07 h(y)loyio>))blo,j0,io

. <<f<x)10;j0 o Alo«,jo,i7 h<y)lo,i0> - <f(x)lo7j07 h(y)lo7i0><f(x)lo,jo7Alo;jmi))

Proof. For Vi € [d?],
dL($7 y)lo,jo,io d

dl’i = dixig((f(m)loyjm h(y>lo,io>blo7jo,i0>
_ dg(<f(x)lo,jo7 h(y)lo,io>blo,joyio) d<f(x)lo-,j07 h(y)lo,io>blo7joyio
d<f(x)lo7jo7 h(y)lo,io> dxi

- 9(<f(x)107107 h(y)lo,io>)(1 - g(<f($)l07j07 h(y)lo,io>))blo7jo,io
: (<f(x)lo7jo o Al07j07i’ h(y)l077?o> - <f(x)lo,jov h(y)lo,ioﬂf(x)lo,jovAlo7joyi>)

where the first step follows from the definition of L(z,y);, j,.i,. the second step follows from
differential chain rule, the last step follows from Lemma F.1 and the computations in Part 8 of
Lemma B.6. O

F.2 GRADIENT LIPSCHITZ WITH RESPECT TO %
Lemma F.3. If the following conditions hold

* Let g(x) be defined in Definiton 3.5
o Let|z| <R
e LetR>4

Then we have
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« Part 1. |g(z) — 9(3)| < exp(B)] — 7|

e Part2. |g*(x) — ¢*(Z)| < 2exp(2R)|x — 7

* Part3. |¢'(z) — ¢'(T)] < 3exp(2R)|z — 7|
Proof. Proof of Part 1

l9@) —a@I =117 exlp(f:v) e (3}{113(4)|

exp(—7) — exp(=x) |
1+ exp(—Z) + exp(—x) + exp(—z — )
< |exp(=%) — exp(—z)|

< lexp(—z)l[z — |
< exp(R)|z — 7|

where the first step follows from the definition of g(z), the second step follows from simple algebra,
the third step follows from simple algebra, the fourth step follows from Fact A.3, the fifth step follows
from |z| < R.

Proof of Part 2
9°(2) - *@)] = lg(x) — 9@)lg(z) + 9(@))
< exp(R)|z — Z[2exp(R)
=2exp(2R)|x — 7|

where the first step follows from simple algebra, the second step follows from Part 1 and |z| < R,
the last step follows from simple algebra.

Proof of Part 3
9'(z) = ¢'(@)] = |(9(=) — g°(x)) — (g
= [(g9(x) — 9(Z)) + (¢?

IN
S
~

|

2

8)
=~

+
Q.

N
—
8
|
Q
(&)
—~

8)

=

< 3exp(2R)|z — 7

where the first step follows from simple algebra, the second step follows from simple algebra, the
third step follows from triangular inequality, the last step follows from Part 1 and Part 2. O

Lemma F.4 (Formal version of Lemma 3.12). If the following conditions hold
o Let g(x) be defined in Definition 3.5

Then we have
' () — ¢'(Z)| < |z — 2T

Proof. We can easily bound g”(z) as follows:
g"(z) = (9(x) — g(2)*)’
=g'(x) — 2g9(x)g'(x)
= g(z) — g*(2) — 2g(2)(9(x) — g*(x))
= g(x) = g*(x) - (2¢9°(2) — 2¢°(2))
= g(x) — 3¢*(z) + 2¢°(x
<1
Then by Lagrange’s mean value theorem, we have
' (x) =g @) < 1|z -7
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Lemma E.S. [f the following conditions hold
* Let f(x);,,j, be defined in Definition 3.3
* Let h(y)1,,i, be defined in Definition 3.4

Let d(x) := (f(2)14.50, P(W)1g,i0)
e [etR>4

* Letx,y € RYsatisfy || Ay j, ||z < Rand || Ay jo yll2 < R
* ”Alo,jo H <R

Then we have
|d(z) — d(Z)| < nR?exp(5R?)||x — Z|2

Proof.
(F@)i.50> M(W)1o,10) = (F (@)oo 1 (Y)10.40) |
<f( )]UJO - (/1'\)]07]07 ( )107i0>|
S NAW)ioo 21l f (@)10.50 = f(Z)io.5o ll2
< (1At 350 28~ *nexp(3R?) ||z — Z2
< R*8*nexp(3R?) ||z — 2|2
< R*nexp(5R?)||z — Z|2
where the first step follows from the definition of d(x), the second step follows from simple algebra,
the third step follows from Fact A.3, the fourth step follows from the definition of h(y)lo,io and Part
4 of Lemma C.3, the fifth step follows from ||4;, 3]| < R and ||y||2 < R, the last step follows from
Lemma C.4. O

Lemma F.6. If the following conditions hold
* Let f(x)y,,j, be defined in Definition 3.3
* Let h(y)i,,i, be defined in Definition 3.4
» Let L(x,Y)1,,50,i0 be defined as Definition 3.6

e Let VL be computed as Lemma F.2

Then we can rewrite VL as

g/(<f(m)lo7jo’ h(y)lo7i0>)blo,jo,io ’ (<f($>l07j0;711> - (f(‘r)lo,jo’U2><f(x)loxj07v3>)

where
v1 5= h(Y)1g,i0 © Aty josi
V2 1= h(y)lo,io
V3 0 = Al joi

Proof.

I (@)1g,50 B (W) 10,30)) (1 — G({F (@)10,50» B (Y)i6,i0))) DL, o 10
“((F(@)10,50 © Alg,gosis BW)10,i0) — (F (@)1, M(Y)10,i0) (F (26,505 Alo jori))
({F(@)10,50> B (Y)16,i0)) 1,0 0
“((f(@)10,50 © Ao jo,is BF(W)i0,io) — (F(@)ig,50s B(Y)10,i0) (F (216,50 > Ato i)
({F (@)1, M(Y)19,i0) )bl jo o
((F(®@)ig,50> M(W)10,i0 © Alg.jo,i) — {F(®)1g,505 B(Y) 10,30 ) {f (¥)19,50 5 Alojoi)
= 9" ({(F(@)1g,4o> P(9)i0,i0)) 16,30 si0 * (F(@)16,505 v1) = {F(@)i1g,50> 2) (F ()10,jo» V3))

where the first step follows from simple derivative, the second step follows from simple algebra, the
third step follows from the definition of v1, v5 and vs. O
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Lemma FE.7. If the following conditions hold

* Let f(x);,,j, be defined in Definition 3.3

o Let h(y) be defined in Definition 3.4

lo,io

e [et R>4

o Let v,y € R satisfy || Ao xll2 < Rand || Ay jo yll2 < R

” Alo,jo H <R
o Letvy := h(y)lg,io o Al()»j()ai
o Let vy := h(y)lo,io

e Letvg := Alo,jo,i

Then we have

Part 1. ||z < R?

Part 2. H’Ug”g <R

Part 3. ||v1]|2 < R3

* Part 4. || exp(Ay 4o x)||2 < Vnexp(R?)

Part 5. || f(2)15.501l2 < B 'nexp(2R?)

Proof. Proof of Part 1

vl = [[h(Y)10,i ll2

= HAlo,?’yioH
< [ A3l %o l2
< R?

where the first step folllows from the definition of vs, the second step follows from the definition of
h(Y)1,,4,- the third step follows from Fact A .4, the last step follows from || 4;, 3| < R and ||y||2 < R.

Proof of Part 2 This trivially follows from || 4;, 3]| < R.
Proof of Part 3
Hvl||2 = Hh(y)lo,io © Alo,jo,i ”2

< N(W) 0,10 |21l Ao o, [I2

<R
where the first step follows from the definition of v1, the second step follows from Fact A.3, the third
step follows from Part 1 and || Ay, j, i || < R.
Proof of Part 4 We can show that

Il exp(Asgjo @)ll2 < V- [ exp(Asg jo )00
< V- exp([| Arg o #lloo)
< vn - exp(|| Al jo #l2)
< V/n - exp(R?),

where the first step follows from Part 4 of Fact A.3, the second step follows from Part6 of Fact A.3,
the third step follows from Fact A.3, and the last step follows from || A;, j, || < R and ||z||2 < R.
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Proof of Part 5
1F (@)0,oll2 = lle(@) 5 - ul@)ig,jol2
< le(@)y b,z lFu(@)io o 12
< Blle(@) 1,56 [l exp(Ary 5o 7)]]2
< B7HKexp(Arg jo ), Ln)|l2v/ - exp(R?)
< B exp(Arg,jo @) [l2]11nll2v/n - exp(R?)
< B7Hn - exp(R?)Vn - exp(R?)
= B 'nexp(2R?)

where the first step follows from the definition of f(x);, ., the second step follows from Fact A.3,
the third step follows from (exp(Ay, j, ©), 1,) > f, the fourth step follows from Part 4, the fifth
step follows from Fact A.3, the sixth step follows from Part 4, the last step follows from simple
algebra. O

Lemma F.8. If the following conditions hold
* Let f(x),,j, be defined in Definition 3.3
* Let h(y)i,,i, be defined in Definition 3.4
e et R>4
o Letz,y € Resatisfy || Ay jo xlla < Rand || Ay jo yll2 < R
* Al <R
* Let vy := h(Y)10,i0 © Alo,jo,i
o Let vy := h(Y)iy,i0
o Let vz := Ay jo.i
o Let s(x) := (f(2)1y,50,v1)
* Lett(x) := (£ (@)15.50, v2) (f(2)10.50 V3)
Then we have
o Part 1. |s(z) — 5(7)| < nR?exp(5R?)||z — yl|2
o Part 2. |t(z) — t(Z)] < 2n?R* exp(8R?)||x — y||2
o Part3. |(s(x) — t(x)) — (s(Z) — t(2))] < n?R*exp(13R?)||z — y||2

Proof. Proof of Part 1
|s(x) — s(z)]|

‘<f( lo,jos ¥V > <f(/x\)lo,j07v1>‘
‘<f( )lodo - f(ff)lo,joﬂ U1>|

1 (@)i0.50 = F(@)10,5ol2]lv1 ]2
< nR? exp(5R2) |z — o

where the first step follows from the definition of s(z), the second step follows from simple algebra,
the third step follows from Fact A.3, the last step follows from combining Part 4 of Lemma C.3,
Lemma C.4 and Part 1 of Lemma F.7.

Proof of Part 2 First, note that
[t(z) = t(Z)] = [(f(@)1g,50 v2) F (210,50, V3) — (F(@Dig,50> V2) (f (X105 v3)]

For convenience, we define

Cr:= <f('7;)lo7j0’ U2><f($)loyjo’v3> - <f(/x\)lo,j07U2><f(x)lo7jo7v3>

IN
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CQ = <f(/‘r\)lo,j07'U2><f(x)lo,j07v3> - <f(/m\)lo,j07U2><f(/x\)lo,jmv3>
Then, it’s easy to know
t(z) —t(z)| = |C1 + O

Since C and C5 are symmetry, we only need to upper bound |C1 |:

1C1] = [(f (@)10,50» v2) {F (210,05 v3) — {F(@D)ig,50> V2) (f (%) 10,505 v3)
= (£ (®)15,50 = F(@)i10,50, V2D [[{f (2)15,50 v3)]
<N F(@)io,50 = F @)oo ll2[[v2l21Lf (26,56 2103 ]2
<n?R'exp(8R?)||z — yll2

where the first step follows from the definition of C1, the second step follows from simple algebra,
the third step follows from Fact A.3, the fourth step follows from combining Part 4 of Lemma C.3,
Part 5, Part 1 and Part 3 of Lemma F.7.

Thus, we obtained the bound:

[t(z) —t(@)] = |C1 + C2f
< 2n%R* exp(8R?)||z — y|2

Proof of Part 3
(s(z) — t(x)) — (s(Z) — t(2))]

(s(x) — s(2) + (t(Z) — t(x)))]
(z) — s(Z)| + [t(Z) — t(x)]
nZR* exp(13R2)||ai —yll2

|
<Is
<

where the first step follows from simple algebra, the second step follows from triangular inequality,
the last step follows from Part 2 and Part 3. O

Lemma F.9 (Formal version of Lemma 3.13). If the following conditions hold
* Let f(x);,,j, be defined in Definition 3.3
* Let h(y)io,i0

Let d((E) = <f(x)loyjm h‘(y)loyio>
e Let R >4

be defined in Definition 3.4

s Let v,y € R satisfy || Ay o xll2 < Rand || Ay o yll2 < R
* ” Alo,jo H <R

Let L(z,9)1,,jo.io be defined in Definition 3.5
Let w(z) == (f(2)10,0,v1) = (f(Z)10,50, v2){f (@)i1g,50+ v3)

Then we have

|VL($7 :)l()!jf)si(] - VL(/f? :)lo,jo,io| < 3n3R7 exp(13R2)||x - /x\HQ

Proof.
|VL($, :)lo,jo,iu - VL('%’ :)10,j07i0|
= 19" ({(f (@100 MW 10.30))bto .o = (@) = ' ({F (@)oo (Y160 Bt jo o * W(Z)]
< blo,j07i0‘g/(<f(x)lo7jo’ h(y)lo,io»w(‘r) - g/(< ( )lo,]ov h(y)lo,lo>) (§)|

where the first step follows from Lemma F.6 and the definition of w(z), the second step follows from
simple algebra.
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For convenience, we define

Cy:= g/(<f(x)lo7j0’ h(y)lmio))w(‘r) - g/<<f(/x\)l0;j07 h(y)lo,i0>)w($
C2 1= g' ((f (@050 "W)oo )w (@) — 9" ((f (@050 R (Y)10,i0) )W (T)

~

First, we upper bound |C1| as follows:

1C1l = 19" ({f (@)16,50> B(W1o,i0))0(@) = §"({f (@)ig.50> B(Y)16,i0) )0 ()]
<19 ((F(@)tg.505 B (Yt0,i0)) = 9" @)oo (Y1000 || ()]
< @)i0,505 HW)1o,i0) — F()10.505 7(W)16,40) |[w()]
< nR? exp(5R?) ||z — T2 |(f (@)iq,o» v1) = (F(2)10,50, v2)(F (@)16,o V3)]
< nR? exp(5R%) ||z — Zl|2(|(f (2)1g.50s v1)] + [{f (@)1.0s v2) (F (@)1, v3)])
<nR?exp(5R%) ||z — Z|l2(If (@)10,5oll2[[012 + [ (@)1g,5o l2lv2ll2]1f (2)10.,56 1 2]|v3]]2)
< nR%?exp(5R?)|z — 2||22n* R* exp(6 R?)
=203 RO exp(11R?) ||z — 2|2
where the first step follows from the definition of C, the second step follows from Fact A.3, the
third step follows from Lemma F.4, the fourth step follows from the definition of w(x), the fifth step

follows from triangular inequality, the sixth step follows from Fact A.3, the seventh step follows from
Lemma F.7, the last step follows from simple algebra.

Then, we upper bound |Cs| as follows:
1Ca| = 19" ({F (@)1.50 M(W)10.10)) W () = ' ((F(Z)1g,50» P(W)i10.i0))0(F)]
<1 (F@)1g50> PWi1g,i0)) [Jw () — w(Z)]
< n?RYexp(13R?) ||z — yl|2

where the first step follows from the definition of C', the second step follows from simple algebra,
the third step follows from Part 3 of Lemma F.8 and ¢g(z)(1 — g(x)) < 1.

Thus, we obtained the bound:
|g/(<f($)107j07 h(y)loyio»w(l‘) - gl(<f(§"\)l07j0’ h(y)lo7io>)w(§)| = |Cl =+ 02‘
<|Ch| + |Cy]
< 3n®RCexp(13R?) |z — Z||2

Finally, we have

bia.jo.io 9" ({F (@)10.0- W)to.io )W () = ' ({F (@)1g.or h(W)10.30))w(T)] < R - 30 R® exp(13R?) ||z — T2

O
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G MAIN RESULTS

Lemma G.1 (Lemma 8 of Tarzanagh et al. (2023a)). By Lemma F.9, if n < 1/L,, then for any
initialization x(0), Algorithm W-GD (Definition 3.7) satisfies

Lia(k+1)) = L(a(k)) < =3 [VL((k) [}

Jor Yk > 0. Additionally, it holds that

D IVL((R)E < 0o
k=0
lim ||V L(x(k))|F =0

k—o0

Proof. The proof is similar to Lemma 5 of Tarzanagh et al. (2023b). O

Lemma G.2 (Lemma 9 of Tarzanagh et al. (2023a)). Let W™™ be the SVM solution of ATT-
SVM(Tarzanagh et al. (2023a)). Assumption 3.10 hold. Then, for YW € R¥¥9, the training loss
W-ERM(Tarzanagh et al. (2023a)) obyes (NL(W), W™™) < —¢ < 0, for some constant ¢ > 0 (see
Eq. (16)) depending on the data, the head v, and a loss derivative bound.

Proof. Let
Ei L= UiXmmZi
Yi:=Vi-Up
hi L= UlXZl

which implies that

1 m
(VI(X), X™™) = S VT S(h)) - (U7 (ho)a] , X
i=1
= Sl (X TUT SR
m
=1
1, +
= 3B S (o
m =1

1 & _ _
=—> 1 (h; diag(s:)v — h; sis] %) (10)
m
=1

Here, let I} := I'(v, S(h;)), s; = S(h;), the third step follows from tr[ba’] = a™b

In order to move forward, we will establish the following result, with a focus on the equal score
condition (the second assumption in Assumption 3.10): Let v = 7;>2 be a constant, and let 7, and

hy represent the largest indices of vectors vy and h respectively. For Vs that satisfies o e[r) €5t = 1

and s; > 0, we aim to prove that ET diag(s)y — ETSST’Y > (. To demonstrate this, we proceed by
writing the following:

T T n_ n__ n
h diag(s)y —h ss'vy= Z hevese — Z hist Z VeSt
t=1 t=1 t=1

= (hn(m —7)s1(1 = s1)) = (1 = V)s1 > huse

t>2
— Z?>2 EtSt
=M -7V =s)sim - =<
1 1)s1[h1 S
> (11 =) (1 —s1)s1(h1 — I?EZXE):) (1
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To proceed, we define

’Y_Z]ap L= ’Viopti - tgﬁlo%}t(. Vit
fgap + = Piope, — 10X hiy
With these, we obtain
—T .. =T T P
h’i dla‘g(si)’yi - h’i Sisi Vi 2 ’Y;(zphgap(l - Siopti)siopti (12)
Note that
A = min (Tiopt, — Tit) WMz > 1
gap iopt, topt; 1t 7
i . ) .
’y‘gap - z;rg)lprél ’yzopti Yit > 0
siopt,i(]- - Siopti) > O
Hence,

Co = mln{<m1n (:Ciopti - xit)TWanzi) ) (Hlln ’Yiopti - ’th) . Siopti<1 - Siopti)} >0 (]3)
i€[n]  iFopt; iF#opt,

It follows from Eq. (12) and Eq. (13) that

m[in]{EiT diag(si)vi — EiTSiSZ'T%‘} >¢o >0 (14)
i€[n

Since l; < 0, !’ is continuous and the domain is bounded, the maximum is attained and negative, and
thus

—c1 = max!'(x), for somec; >0 (15)

Hence, using Eq. (15) and Eq. (14) in Eq. (10), we obtain
(VL(X), X™™) < —¢ < 0 (16)
where
C=2<C1"C
In the scenario that the second assumption in Assumption 3.10 holds (all tokens are support),

hy = xjt W™ 2. is constant for V¢ > 2. Hence, following similar steps as in Eq. (11) completes the
proof. O

Lemma G.3 (Lemma 10 of Tarzanagh et al. (2023a)). Let ™™ be the SVM solution of the problem
Att-SVM (Tarzanagh et al. (2023a)). Suppose L(-) is strictly decreasing and differentiable. For any
choice of m > 0, there exists R := R, such that, for any x with ||z||r > R, we have

mm

(VL(@), =) = (1+ T VL), )
]| 7 =™ ||
Proof. We define
— . _ ™|
T:
=] 7
M:= sufp lluiez; |
1
6 = mm
[z
E: = Ui.’lﬁmmzi
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without loss of generality, assume
o; =opt; =1
for Vi € [n].
Repeating the proof for Lemma 9 of Tarzanagh et al. (2023a) yields

1y - Z;;g hitsit

(VL(z),2™") = = Li(vi1 —7)(1 — si1)si1 [hﬂ -
m ; Dz Sit

_ 1 « Sorsg hitsic

(VL(z),7) = — Lé(’)’il —¥)(1 — 541)541 [hu B —
m ; thg Sit

Focusing on a single example i € [n] with s, h, h vectors (dropping subscript 7), given T, for
suffciently large R, we wish to show that

n h - n E
{hl B E%z tst] < (14 [hl 3 z%z tSt:l an
ZtZQ St

‘We consider two scenarios.

Scenarios 1: ||Z — ™™ ||p < € := w/(2M). In this scenario, for any token, we find that

he = he| =[] (T = 2™™) 2|
< Mz —2™"||p
< Me

Consequently, we obtain

— Zt>2 htst Z:L>2 htSt
hi — > hy — YD)
Zt>2 St Zt>2 St
Zt>2 his

= h1 — T
Zf>2 St

—2Me

Also noticing
o Disg hist 1
Zt>2 St
This implies Eq.(17).
Scenario 2: |Z — 2™™||p > € := 7/(2M). In this scenario, for some § = d(€) and 7 > 2, we have
hi—h <1-26

Recall that s = S(Rh) where R = Has|| r/llz™™ Hrp To proceed, split the tokens into two groups:
Let NV be the group of tokens obeying (u; — u;) ' Tz > 1 — 6 fort € N and [n] — N be the rest.

Observe that
Doten St < D oten St
n =

thz St St

R

<n—-—

e20R

= nef‘m

Set M = M /O and note that

hell < lla™™ |l - [luez" || < M
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Using
(ug —ug) Tz <1 -6
over t € [n] — N and plugging in the bound above, we obtain

i2(h1 = he)se  Diep—n(h = he)se Zte,/\/(h’l ht)st
2?22 St 2?22 St Zt>2 St
< (1 - 8) + 2Mne°F

Using the fact that
"o his
7 Zt22 tot >1

1= n ftl
t>2 St

the above implies Eq.(17) with 7’ = 2MneR — 5. To proceed, choose
2M
R.,=0"'0""1 log(—n)
™
to ensure 7’ < 7 O

Theorem G.4 (A variation of Theorem 4 in page 8 in Tarzanagh et al. (2023a), formal version
of Theorem 3.14). Suppose Assumption 3.10 on the tokens’s score hold. Then, Algorithm W-GD
(Definition 3.7) with the step size n < 1/Lx and any starting point X (0) satisfies
X k X'I’n7n
lim (k) = —
koo [|X(R)[[F | X™™]p

Proof. Given Ve € (0, 1), we define

By Theorem 3 of Tarzanagh et al. (2023a), we have
lim | X(k)||F =00
k—oo

Hence, we can choose k. such that for any k > k., for some parameter R., it holds that

1
IX()lr > Rev 5

Now, for any k > k., by Lemma 10 of Tarzanagh et al. (2023a), we have

Xmm X (k)
|

(VLD ) = (= OV

Multiplying both sides by the stepsize 1 and using the gradient descent update, we have

xmm Xk,

(X(k+1) - X(k) )2 (L—e)(X(k+1) - X(k)

1—¢€
= s (XG4 DI = IX G = 1X (6 + 1) = X (b))
(X DR - X R i
> (- (IR DO e ) - i )
(1= (X (k+ DI — [XE)Z — Xk +1) — X(k)[2)

= (1=
> (=X (k+Dllr - [IX &) r = 2n(L(X(F)) = L(X(k +1))))
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where the first step follows from simple algebra, the second step follows from ||z(k)||F > 1/2, the
third step follows from (a? — b?)/2b — (a — b) > 0 holds for Va, b > 0, the last step follows from
Lemma 8 of Tarzanagh et al. (2023a).

By summing the inequality over k > k., we have

xmmo X (k)
[ Xmm||p” | X (k)]

Clen)
| X (k) r

( ) > 1 — et e

where the finite constant C'(e, n) is defined as

Xmm

C(e,n) = (X(ke), X,

) — (=X (E)lr —2n(1 — e)(L(X (ke)) — Lu)

where L, < L(z(k.)) for Vk > 0.

Since ||z(k)||F — oo, we have

xmm X (k)
lim inf( , y>1—c¢€
koo XM " || X (K)| p
Since € is arbitary, we can consider the limit as e — 0. Thus, we have

X(k) Xmm
IXHE)lF [ X™™]p

O

Theorem G.5 (A variation of Theorem 5 in page 8 in Tarzanagh et al. (2023a), formal version
of Theorem 3.15). For any initialization X (0), there exists a dataset dependent sufficiently small
0 > 0 such that the following holds: Suppose non-optimal scores obey |vit — vir| < 0 for all
t, T # opt;, i € [m]. Then, Algorithm x-GD, withn < 1/(2L,) obeys limy_, || X (k)||F = 00 and

. (k) o xmm
iy 0o xrmyE = TR

Proof. We provide the proof in three steps.

Step 1: Defining the original and equally-scored problems. Given the original dataset (U;, z;, V;)

with scores ~;t, define an approximate dataset ((72, Zis 172) as follows. Let P;- denote the projection
onto the subspace orthogonal to the linear head v. For a given input i, we define an index s, opt, as
follows:

« If the setting is cross-attention, then, s, opt, is arbitrary.

« If the setting is self-attention, then s = 1 whenever opt; # 1 and s # opt, is arbitrary
otherwise.

Note this construction does not touch u;, and guarantees for equal scores v;; = ;5 for all ¢, opt,.
Observe that by construction ||i;; — u;|| < §/||v|| since non-optimal score differences are at most ¢.
Additionally, we always set z; = z;. This is clear for Cross-Attention. For Self-Attention, we use
the fact that xil is unchanged thanks to our choice of s and we set z; = u;;; = z;. Following this
setting, we define L(W) andL(7) as the ERM objectives of the original and equally-scored problems,
respectively, as follows:

ZL VioTUS(U; X ;) (18)
L(X) = % > LV U S(U; X %)) (19)
1=1
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Let X™™ and X™™ denote the solution of ATT-SVM(Tarzanagh et al. (2023a)) for the original and
equally-scored SVM problems, respectively:

X™" = argmin ||z|| g subj.to  (Uiept, — ui) 'wz; > 1 for Vt+#opt,i€[n] (20)

X™" = argmin || X|| subj.to  (Uiept, — U)Xz >1 for Vt#opt,ic[n] Q1)
E: ,

Recall that we assume a solution to the original problem Wmm exists. Additionally, z™™ is
guaranteed to exist by making § smaller than a dataset-dependent constant. Also note that there exists
Ap(8) > 0 that depends solely on the original problem and d, and can be made arbitrarily small by
decreasing 4, such that

Fmm _ gmm
F

< Ap(0) (22)

[l

To proceed, letv; = V; - Ujv,v; = V; - ﬁiv and iNLZ- = ﬁifc\izi. Following Lemma F.9, we have

~ 1 & e .
IVL(X) = VL(X)|lr < oo S (T S(ha)) - 29T S (ha)Us = U (3T S(ha)) - 277 S (ha)Us | o
=1
1 <& T T Tl
< ZMosz‘%TSl(hi)UiHF||%T5(hi) — 7 S(ha)||

+— Z M|z, S (hi)U; — 2%, S (i) Uil (23)

where by Lemma F.4 we have M; = 3n3 R exp(13R?) and My = 2n? R? exp(6R?)

Step 2: Monitoring the fluctuations during iterations until (k) enters the local cone around
2™™ Fix X (0) = X(0). Algorithm W-GD(Definition 3.7) applied to L(X) and L(X) defined in
Eq. 20 and Eq. (19) implies that

X(k+1)=X(k) —nVL(X (k) (24)

X(k+1) =X (k) — nVL(X (k) (25)

For the original problem with Objective Eq.(20), it follows from Theorem 7 of Tarzanagh et al. (2023a)
that there exist parameters 4 = p(opt) € (0,1) and R = Ry > 0 and a conic set C, g(X™™) such
that gradient descent converges to the max-margin direction X™™ when initialized anywhere within
C\, r(X™™), where

X X77L’Vﬂ
X[ 1 X7

C (Xan) — {X c RdXd < > Z 1- 122 HX”F Z R}

We will prove the following claim.

 Claim 1 For a sufficiently large data-dependent d (see (22),(26),(28),(34), there exists k > 1
such that X (k) € C,, r(X™™), where X (k) is defined in Eq. (25))

Let Lx and L g denote the lipschitz constants of gradients of objectives L(X) and L(X ) defined in
Eq. (18) and Eq. (19) respectively. From Lemma F.9, we obtain
2l llz: P11 (Mol |1l + 3M1) = Ifvllll2 121X (Mollvl[|| Xz |l + 3M1) = 2Lx — Lg

Hence, there exists A1 (d) > 0 that depends solely on the original problem and §, and can be made
arbitarily small by decreasing ¢, such that

2Lx — L;( > A1(5)L)~( (26)
which implies that

1 1 1
< < —

2Lx — (1+A1(0))Lg ~ Ly
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Hence, any stepsize n < 1/(2L x) satisfies the requirements of Lemma 8 for the original and auxiliary

objectives L(X) and L(X), respectively. As a result, the gradient descent updates (24) and (25)
with any stepsize n < 1/(2Lx ) guarantees the descent of Objectives (18) and (19), respectively. To
proceed, let ;1 = p/2. For the equally-scored problem with Objective (19), Theorem 4 in Tarzanagh
et al. (2023b) assures the existence of k = kj such that when we run gradient descent in (24) with

the step size n for k iterations,then ||)~( ||F > Ry for some Ry > 2R,,,and

X (k Xmm

= ) y = >1—-pn 27
X (R)|F [ X™™]

(

Using Eq. (23), let Ay, := |[VL(X (7)) — VL(X(7))||p. Since X(0) = X(0), it follows from
Eq. (23) that there exists Az (¢) that depends on the original problem (due to Eq. (23) and p = 211)
and ¢, and Ag -(6) and Ay(d) can be made arbitrarily small by decreasing ¢ such that

kup—1
<L N IVL(X (7)) = VE(X(7)1r < % 37 A0, (0) < As(8) (28)
P r=0

H =0

X (k) = X (R)I|r
| X(R)lle

Let

A(S) == Ag(d) + Ap(0) + A2(d)Ap(0) (29)
where A (9) is given in Eq. (22) and A5 (9) is given in Eq. (28)
It follows from Eq. (22), Eq. (28), Eq. (27) and Eq. (29) that

X (k) Xm0 X (k) +X(k)_)?(k) Xmm +Xmm_)?mm
IX R E " ([ X | [ X (k)| 7 IX(E)|m 1 Xmm [ X g

=

(

X (k) Xmm +<X(k;) ~X(k) Xxmm
IX Rl X IX®)F " IX
X(k) XX X (k) - X (k) X — X

k) X ) = X(k) X7 )
[XE)F X F X (k)| [ X g
> 1=+ (—A2(8) — Ag(d) — Az(6)Ag(d))
>1—2p+p— A(9)
>1—p+p—A0) (30)
IXW)r _y  XO) = X(h) _ + Ay(5) (31)
[XEN [X(E)r
||Xmm||F < Xmm _ )Z'mm
- <1 — <1+ Ap(0) (32)
| X | X ’
Now, it follows from Eq. (30) - Eq. (32) for k = kz,
X(k)  Xxm™m 1 1 _
. 1-— — A((6
X Tl = 15 Aa0) T4 8e) # A0
1 -~
= m(l—M+M—A(5))
1 -
2 1—M+m(ﬂ— (2= 1)A9))
>1—p (33)

Here, the last inequality is obtained by choosing § > 0 to ensure that (26) holds, and both A5 (J) and
Ap(9) are sufficiently small such that (22), (28), and the following condition are satisfied:

i (2 )AE) 20 (34)
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We can similarly guarantee || X (k)| > R, by using R; > 2R,,. Hence, we have shown that,
for sufficiently small data-dependent ¢ (see Conditions (22),(26),(28),(34)), Claim 1 holds, and for
k =k, X(k)e Cur(X™™), where X (k) is defined in (24), (25).

Step 3: The proof now follows by applying Theorem 7 on the original problem. This is because
gradient descent iterations starting at X (k) for & = kj which lies within the cone provably converges
to the max-margin direction. O
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H HESSIAN

In this section, we provide a brief analysis on the hessian of our loss function. In Section H.1, we
compute the hessian with respect to x. In Section H.2, we reform the hessian for the ease of the
analysis afterwards. In Section H.3, we are able to show that the hessian can be decomposed into
several diagnal matrices and low rank matrices.

H.1 HESSIAN COMPUTATION WITH RESPECT TO x
Lemma H.1. If the following conditions hold

o Let v(2)19,jo,i0 = ([ (@)10,j05 M(Y)io,i0)

e Let ngiajq"(w’y) be computed as Lemma B.6

Then we have

e Part 1.

dleio,jo (mv y)
d.’L‘idLI}i
= (<f(x)l07jo © Alo,jo,ia h(y)l07’i0> - ry(x)lo,jofio <f(x)lo,joa Alo,j07i>)2

+ C(JZ, y)h),joﬁo
(
+ (f(x)lo,jo o Al07j07i o Alo,jo,i’ h(y)lo,i0>(1 - 7<x)lo,j07io)
- 2<f('r>lo,jo o Alo’jo,lﬁ h(y)lo,i0><f(x>lo,jovAlo’jo,i>
+ 2<f($)lo,j07 Aloajoyi>27(x)loyj0,io
)

e Part 2.

dLloﬂ'oJo (937 y)
d.’)?idl‘j

= (<f(x)loyjo ° AloJko h(y)lo7io> - ’Y(x)loyjoﬂ'o <f(x)lo,jovAloyjo7i>)'
(<f(z)lo7jo 0 Alo,jmjv h(y)107i0> - V(z)loﬂ'oJO <f(x)lo7jo7Alo7joyj>)
+ C<x’y)lo7jo,i0

+/—\

<f(x)lo,j0 o AloJo,i oAlo,jo,j’ h(y)lo,io><1 - ,V(m)lmjo,io)
- f(x)lo;jo o Alo’jo,lﬁ h(y)lo,io><f($)lo,j0>Alo,jo,i> - <f(m)lo7jo © AloJoJ’ h(y)lo,io><f(x)loﬁjo7A107j0’j>
2(f (@) 10,j0» Ao jo,i) (F (216,50 At 0,3V (T)ig, o o

I

Proof. Proof of Part 1 First, we compute

d
dz; (<f(m)lo7jo 0 Alo,jmi’ h(y)lu,’io> - <f<x)lo,j07 h(y)lo,io><f(x)lo7jo7Alo,joyi>)
= U@ © At B )ii)
d
- (dZEZ <f(x)lo,jo7 h(y)lo’i0>)<f(w)lo’jo7 Alo,j07i>
d
- (dimi<f(x)loyjovAlo,jo,i>)<f(x)loyjm h(y)loyio>

= <f(1')l0,j0 ° Aloyjo,i OAlmjmiv h(y>lo,io> - <f(x)l07j0 ° Alo,jom h(y)lo,i0><f(z)lo7jov Aloyjo,i>
- (<f(x)lo7j0 ° Alo,jo,“ h(y)lo,io> - <f(‘r)l07jov h(y)lo,io><f(x)lo,jo7Alu7j07i>)<f(x)lo,jo7Al07jo7i>
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- (<f(x)lo,j0 o Alo’jo,ivAlo,jo,i> - <f(‘r)lo’jm Alo»jo,i><f( )lo’Jov Alo,]o, >)<f( )lo ,J0) (y)lo i0>
= <f(1')lo,jo o Aloyjo,i OAloJoJ? h(y)loyio> - 2<f(x)loyjo o Aloﬁjo,“ ( )lo 1o><f( )lo Jo Alo Jos Z>
+ 2<f(x)loyjo’ Alo,j07i>2<f(x)107107 h(y)lo,io> - <f(‘r)loyjo ° Al07j077; o Aloyjoﬂ'? h(y)lo,io><f( )ZOJO’ h(y)lo7io>

where the first step follows from simple derivative, the second step follows from simple algebra, the
third step follows from simple algebra.

Then, we have

d d
dl’ de lo,io;j0($7y)

d
=1 (@, Y)10.Govio Aty jo.i (F (@100 = F@)10.50 F@) 30 ) (W)i10.40)

- (<f(x)l07j0 o Aloyjo,% h(y)lo-,i0> - V(x)loyjo,io <f(m)lo,jo’Aloyj0»i>)2
d
+ C(‘T7 y)l07j07’i0 @((f(x)lo,ju © Alo,jo,% h(y)lo,io> - <f(1:)lo,joa h(y)lo7io> <f(x)lo,jov Alo,j07’i>)

where the first step follows from differential chain rule, the second step follows from Part 8 of
Lemma B.6 and differential chain rule.

By combining the two equations, we completes the proof.

Proof of Part 2 First, we compute

d
Clixj(<f($)lo,jo © Alu,jo,ia h(y)l07i0> - <f(x)lo,jo7h(y)loyi0><f(z)lo,joa Alo,jo,i>)
d
= T%<f(x)lo,jo o Almjo,iv h(y)lo,io>
d
- (Ewt(x)lo,jo’ h(y)loﬁio>)<f($)loyjo’Aloyjoyi>
d

- (aj@c(x)lo,jo’Alo,j07i>)<f(x)lo-,jm h(y)lo,io>

= <f( )lo,Jo 0 Alg.jo,i © Alg,jo,js P (y )lo 10> (f(z )lo’Jo ° Alg,jo.i» h(y)lo,io><f(m>lo,j07Aloyjmi>
- (<f( )lo jo © Al JosJ» h( )lo Zo> <f( )lo Joo ( )lo lo><f( )lo,jo’Aloyjo,j>)<f(x)loyj07 Alo,jo,i>
- (<f( )lodo o Al Jjo, i A, Jo, J> < (x)lo JO’AIOJO 1><f(x)lo,jovAlo7jo,j>)<f(x)loyjo’h(y)lo,io>
= <f( )lo .Jo © Aly, Jo,t OAloJoJ? ( )lo,zo>
= (210,50 © Ao joi> B(Y)t0.i0) (F ()00 Ato.od) — (F(@)ia,go © Ao go.ds ()00 ) (T (216,50 At o)
+ 20/ (@)10.505 Atojo,i) (F (®)ia o » Ao go.i ) (F (£)10,50> BY)1o,i0)
= {F(®@)i16,50 © Alo,jo,i © Alojoriis (W) 10,i0) (F (10,50 s M (Y1610

where the first step follows from simple derivative, the second step follows from simple algebra, the
third step follows from simple algebra.

Then, we have

d d
d.’L‘ dz; Llo Zodo(x y)
i i
d

= E(C(x, y)lo,joyio Alz,jo,i(f(x)lo,jo - f( )lo Jof( )lo go) (y)lo,io)

= ((F(@)1,50 © Ato.go,is MY)10i0) = V(@)io,50,i0 {F (200> Ao o))"
(<f(m)lo,j0 o Aloyjoij h(y)lo,io> - ’Y(x)lo,jo,io <f(x)loyjoa Alo,jo,j»

d
+ C(Iv y)lo,j07i0 a“f(l’)lodo o Alo,jom h(y)l07i0> - <f(x)lo,jov h(y)lo,io><f(x)lo,jov Alo7joyi>)
J

where the first step follows from differential chain rule, the second step follows from Part 8 of
Lemma B.6 and differential chain rule.

By combining the two equations, we completes the proof. [
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H.2 REFORMULATING SEVERAL TERMS
Lemma H.2. We have
e Part 1.
(F(@)10,50 © Aty oni © At oris RW)ioio) = ALl o i a8 ()16.5o © h(Y)10.i0) Al o
* Part 2.

<f(x)lo,jo o Alo,joﬂ" h(y)lmio)(f(x)lo,jo?Alo,j07i> + <f($)l0,j0 ° Alo,jo,j7 h(y)lo7i0><f(x)lo,jo’Alo,j07j>
= Ag,jo,i((f(w)lo,jo © h<y)lo,i0)f(x)l—l;,jo + f(‘T)la,jo (f(x)lo,jo © h<y)lo,i0)—r) AZOJOJ

e Part 3.

<f(x)lo,jo o AloJoyiv h(y)loyi())(f(l’)lo,jo o Aloyjo,j’ h(y)lo,io>
= Al—(r),jo,i(f(x)loyjo o h(y)loﬂ'o)(f(x)loyjo o h(y)lo,io)—r AZOJOJ

e Part4.
<f(x)lo7jo’ Alo,jo,i><f(x)lo~,jo’ Alo,jo,j> = Al—g,jo,i f(x)loajof(x)l—g,jo A107j07j

Proof. Proof of Part 1. This trivially follows from Fact A.1
Proof of Part 2.

(F(@)10,50 © Aio,josis B(Y)io,io) (F (X100 Ao josi) + (F (@)igg0 © Ao ,jo.is R 10,0 ) (F (@)i6,505 At o)
= (F(@)1.50 © 7 (W)t i Atorgoi) ()it o Ao, +(F (@)i0,0 © BY)iosi0s At o) Aty osi ] (%160
= Ay o i ((F@)i0o © MW toio ) F @) o + F@tago (F(@)1050 © BWiosia) T) Aty o
where the first step follows from Fact A.1, the second step follows from Fact A.1.
Proof of Part 3
(F(@)10.50 © Aty joris M(Y)10,i0) (F (%150 © Alg.jo.gs P(V)io.i0)

= (f(2)19.0 © P(W) 10,105 Ato.jo.i) (S (T) 10,50 © M(Y)10.i05 Alo Go.s)

= AL o i (F@)i0o © hW)10.i0) (F(@)i0,g0 © B(W10,i0) T Ao .
where the first step follows from Fact A.1, the second step follows from Fact A.1.

Proof of Part 4 This trivially follows from Fact A.1. O

H.3 DECOMPOSING V2L, ;o (@, y)

Definition H.3. Let v(x)
follows:

lovjosio “= (f(@)15.50> P(Y)10,i0) for convenience, then we define B(x) as

B(x) := Baiag + Biani + B2 + B2

rank rank rank

where
° Bdiag - (1 - V(x)loyjo,io)c(xvy)lo,j07i0 diag(f(x)loﬁjo o h(y)lo,io)

¢ Bl}ank = _(27(1")107.7'0,1’0 + C('%y)lodmio)((f(x)lo,jo o h(y)lo,io)f(x)l—g,jo +
f(x)lmjo (f(x)lo,jo ° h(y)lo,io)T)

* Brzank = (27(x)lo,jo,ioc(x7y)lo,jo,io + V(x)%o,jo,io)f(x)lo’jof(x)l—ro,jo

* Bfank = (f(x)lo,jo o h(y)lo,io)(f(x)lo’jo o h(y)lo»io)—r
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