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A Fully interactive model

In this appendix, we describe how to extend our results, presented in the sequentially interactive model,
to the more general interactive setting. We first formally define this setting and the corresponding
notion of protocols. Hereafter, we use * for the Kleene star operation, i.e., V* = (2, V™.
Definition 4 (Interactive Protocols). Let X5, ..., X, bei.i.d. samples from pg, 6 € ©, and W* be
a collection of sequences of pairs of channel families and players; that is, each element of W* is
a sequence (W, ji)teny Where j; € [n]. An interactive protocol 11 using YWW* comprises a random
variable U (independent of the input X7, ..., X,,) and, for each ¢ € N, mappings

o Y1,...,. Y1 1, U— N; € [n]U{J_}
gt Ylv"'7)/;5—1;U'_>Wt

with the constraint that (W1, Nq), ..., (W, N;)) must be consistent with some sequence from W*;
that is, there exists (W, 7s))sen € W* such that W, € W, and N, = j, forall 1 < s < ¢. These
two mappings respectively indicate (i) whether the protocol is to stop (symbol L), and, if not, which
player is to speak at round ¢ € N, and (ii)) which channel this player selects at this round.

In round ¢, if N; = L, the protocol ends. Otherwise, player V; (as selected by the protocol, based
on the previous messages) uses the channel W; to produce the message (output) Y; according to the
probability measure W3 (- | Xy, ). We further require that 7 := inf { t € N : Ny = L } is finite a.s.
The messages Y7 = (Y7,. .., Y7) received by the referee and the public randomness U constitute
the transcript of the protocol II.

13
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In other terms, the channel used by the player IV, speaking at time ¢ is a Markov kernel

Wi D x X x Y71 = [0,1],
with V; C Y; and, for player j € [n], the allowed subsequences (W;, ji)ien:j,=; capture the possible
sequences of channels allowed to the player. As an example, if we were to require that any single
player can speak at most once, then for every j € [n] and every (W, jit)teny € W", we would have

(o] . .
Zt:l 1{j:=j} <1
In the interactive model, we can then capture the constraint that each player must communicate at
most / bits in total by letting W™ be the set of sequences (W ™™ j,),cy such that

Vieml, > t-1{j=j}<t.
t=1

In the simpler sequentially interactive model, this condition simply becomes the choice of W" =
(Wcomm,f Wcomml)
e .

A.1 Lower Bounds under Full Interactive Model

Next we discuss how our technique extends to the full interactive model. For any full interactive
protocol II, let Y* € V* be the message sequence generated by the protocol. Then, for all y* € V*,
we have

Pr [Y"=y"|=Exnp HWt(yt | Xat(yt—l)ayt_:L) .

Xnn
P t=1

The following lemma states that if X are generated from a product distribution, the distribution of
the transcript satisfies a property similar to the “cut-and-paste” property from [6].

Lemma 2 ([20]). If X™ ~ p = ®}_, Py, the transcript of the protocol satisfies
Pr [V* =y*] = [[ Ex,mp [9:(y", X)), (16)

Xn~p —
where g (y*, x¢) = H;’il Wily; | 2,y D1{o;(y7 1) = t}.

Hence, when X™ ~ p®™ we have

n

p! = Pr_ [V =y"]=[]Exp. [0y X))

XanZ@"L 1

Here we can define a similar notion of “channel” for a communication protocol II for the ith player
when the underlying distribution is p. by setting

Wep. (v | @) = g:(y" @) | [[Ex;~p.lo5 (6" X5)] |- (17
J#t
Then we have, for all t € [n],
Exmp. Wip. (v | X0)| = Pr_ [v*=y].
Xn~pf”

We proceed to prove a bound similar to Theorem 1 in terms of the “channel” defined in Eq. (17), as
stated below.

Theorem 4 (Information contraction bound). Fix 7 € (0,1/2]. Let II be a fully interactive pro-
tocol using W™, and let Z be a random variable on Z with distribution Rad(7)®*. Let (Y*,U)
be the transcript of 11 when the input X4, ..., X, is i.i.d. with common distribution pyz. Then,
under Assumption 1,

2
<]1 ﬁ;dTV (PL ) Pﬁ))

~ 2
n k Ep. [ (X)W, 0. (y* | X
I | p- |60 | O]
j=1

<
- #€2 WedoreneWr (=7 Jy=ey= Ep [WJ p. (" | X)}

14



ses where pY; == E[p} | Z; =1], pY; =E[p} | Z; =1].

566 We can see the bound is in identical form to Theorem | except that we replace each player’s channel
se7 with the W; ,_(y* | X) we defined. Other similar bounds in Section 3 can also be derived under
s6s additional assumptions and specific constraints. We present the proof for Theorem 4 below and omit
se9 the detailed statements and proof for other bounds.

570 Proof. Analogously to Eq. (33), we can get
1 k 2 n
k(ZdTv(Pi;7PY;)> < 14ZEZ
i=1 t=1

571 Forall z € {—1, +1}k and ¢, ¢, by the definition of Hellinger distance and Eq. (16), we have

k
S (pg*,pzf;w)ﬂ as)

i=1

2
2dH<P§ apz;zeab / y [T Ex,mep.loi(v", X)) <\/EXt~pz@i[9t(y*’Xt)]—\/]Eprz[gt(y*aXt)]) dp
-

1<j<n
J#t

(Ex,~p. [9:(y", Xo)] = Exymp o, [9:(y, X0)])?
/ ey (Jl;[tEX ~e-19;(y ’X')]) ( Ex,~p. [9:(y*, X)) ) -

s72  Proceeding from above, we get under Assumption 1,

(Eprz (02,1 (X¢)ge(y™ Xt)]2> du

« « 2
20a(p! P! o) <a? [ Ex . [0 (5", X,)]
feet y*eY* H p= ’ ]EXf,sz [gt(y*vXt)]

A

2

9 ]EXtNPz {qszz Xt)gt(y Xt) Hj;ét EXijz [gj(y*an)]}

a/ dp
ey

(
Exmp. |96 X0) Tl 20 Bxy . 95 (0, X))
(

o B, 62 (X)W (7 | X))
yE Exop, [Wip.(u" | X)]

573 Plugging the above bound into Eq. (18), we can obtain the bound in Theorem 4 by taking the
574 maximum over all z € {—1,+1}* and all possible channel sequences. O

s75. B A measure change bound

s76 We here provide a variant of Talagrand’s transportation-cost inequality which is used in deriv-
577 ing Eq. (5) (under Assumption 3) in the second part of Theorem 2. We note that this type of result
578  is not novel, and can be derived from standard arguments in the literature (see, e.g., [9, Chapter §]
579 or [27, Chapter 4]). However, the lemma below is specifically tailored for our purposes, and we
ss0  provide the proof for completeness. A similar bound was derived in [2], where Gaussian mean testing
581 under communication constraints was considered.

ss2  Lemma 3 (A measure change bound). Consider a random variable X taking values in X and with
s83  distribution P. Let ®: X — R¥ be such that the random vector ®(X) is o>-subgaussian. Then, for
ss4  any function a: X — [0, 00) such that E[a(X)] < oo, we have

[ERCOaXIE _, oEBla(X)ma(X)] 5
Ea X))~ Eax)] 2 "Ep)

585 Proof. By an application of Gibb’s variational principle (cf. [9, Corollary 4.14]) the following holds:
sss For a random variable Z and distributions P and () on the underlying probability space satisfying
587 () < P (that is, such that () is absolutely continuous with respect to P), we have

AEg[Z] < InEp[e*] + D(Q|P).
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To apply this bound, set P to be the distribution of X and let () < P be defined using its density
(Radon-Nikodym derivative) with respect to P given by

dQ _ a(X)

dP ~ Epla(X)]’
Now, note that for any unit vector v, we have, setting Z = v7®(X) and using the o2-subgaussianity
of ®(X), that

21)2

T A
NEQ[uT®(X)] < InEp [ )] 4. D(Q||P) < T + D(QIIP).

In particular, for A = 1,/2D(Q]|P), we get

Eq[vT@(X)] < 0/2D(Q]|P).
Applying this to the unit vector v := % then yields

[Eq[@(X)]ll, < ov/2D(Q||P).
To conclude, it then suffices to observe that

Epla(X)Ina(X)] 1
D P) = +In .
@I == ) Epla(X)

The proof is completed by combining the bounds above, as Eq[®(X)] = %. O

C Upper bounds

We now describe and analyze the interactive algorithms for the estimation tasks we consider.

C.1 Product Bernoulli Distributions

Recall that By s, the family of d-dimensional s-sparse product Bernoulli distributions, is defined as
d 1
— . d
Basi= | @Rad(ty+1) s € (LUl <5 ¢ (19)
j=

We now provide the interactive protocols achieving the upper bounds of Theorem 3 for sparse product
Bernoulli mean estimation under LDP and communication constraints .

Our protocols has two ingredients described below:

+ Estimating non-zero mean coordinates.In this step we will start with Sy = [d], the set of
all possible coordinates. Then we will iteratively prune the set So — S1 — ... — Sp, such
that | S| = 3s (this step is skipped if s > d/3) is a good estimate for the set of coordinates
with non-zero mean.

* Estimating the non-zero means. We then estimate the means of the coordinates in St,
which is equivalent to solving a dense mean estimation problem in 3s dimensions.

In the next two sections, we provide the details of the algorithm that matches the lower bounds
obtained in Section 5 for interactive protocols under LDP and communication constraints respectively.

C.1.1 LDP constraints

In this subsection, we will focus on the case € € (0, 1] (high-privacy regime). For the case ¢ > 1,
we rely a privatization of the communication-limited algorithm, which will be discussed at the end
of Appendix C.1.2. Our protocol for Bernoulli mean estimation under LDP constraints is described
in Algorithm 1. As stated above, in eachround ¢t = 1,..., T, for each j € S;_; a new group of
players apply the well known binary Randomized Response (RR) mechanism [29, 24] to their jth

16
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coordinate. Using these messages we then guess a set of coordinates with highest possible means (in
absolute value) and prune the set to .S;. This is done in Lines 2-6 of Algorithm 1.

In Lines 7-12, the algorithm uses the same approach to estimate the means of coordinates within S
and sets remaining coordinates to zero.

The privacy guarantee follows immediately from that of the RR mechanism, and further, this only
requires one bit of communication per player.

Algorithm 1 LDP protocol for mean estimation for the product of Bernoulli family

Require: n players, dimension d, sparsity parameter s, privacy parameter €.

1: SetT' := log 3%, o= ﬁ%, So = [d], No := g5

2: fort=1,2,...,T do
3: for j € S;_1do
4: Get a group of new players G, ; of size N; = Ny - 2°.
5: Player i € Gy, upon observing X; € {—1,+1}% sends the message V; € {—1,+1}
such that
_(Xz)j w.p. 1—a.
6: Set M, ; = ZiEG,, ; Y;. Let S; C S;_; be the set of the |S;—1|/3 indices with the

largest | M, ;|.

7: for j € St do

Get a group of new players Gr ;, j € St of size Npyq = Np - 27

9: Player i € Gr;, sends the message Y; € {—1,+1} according to Eq. (20) and My ; :=
ZiGGTJ‘ )/Z

10: for j € [d] do

11:

(o]

1

M;. o
— (2(¥_1J)’1’1\;T+1 if j € Sr,
0 otherwise.

12: return /.

The performance guarantee of Algorithm 1 is stated below, which matches the lower bounds obtained
in Section 5.

Proposition 1. Fix p € [1,00]. Forn > land e € (0,1], Algorithm 1 is an (n,~)-estimator

using W, under 0,, loss for By s with vy = O(\/ ’m:i;/p) forp < 2logsand~y = O(y/drllog%s) for

p > 2log s.

Proof. The total number of players used by Algorithm 1 uses is

T+1 T+1 ot
Z |St_1"Nt = |So| 'NO' Z :))tifl S6|So| 'NO =nN.
t=1 t=1

To prove the utility guarantee, we bound the estimation error in the estimated set St and the error
outside the set St in the following lemma.

Lemma 4. Let St be the subset obtained from the first stage of Algorithm 1. Then,
pd p/2
max S E| > |y — P |LE| Y Iy —ml"| p =0 S(mg) :
JEST JEST
The proposition follows directly from the lemma. Indeed, for p > 2log s, by monotonicity of £,

norms we have || — fil,, < || — il for all p’ < p, and thus choosing p’ := 2log s is sufficient to
obtain the stated bound. O
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Proof of Lemma 4. We prove the bound on each term individually. The first term captures the
performance of our estimator within coordinates in St and the second term states that we do not
“prune” too many coordinates with high non-zero means.

Bounding the first term. For j ¢ Sr, we output z; = 0. Therefore,

Z |/’[’j MJ ZE |MJ 'u]‘p 1{j & Sr}l = Z ‘/Jj‘p -Pr[j ¢ Sr].

J¢ST
Since p is s-sparse, it will suffice to show that for all j with || > 0,

) pd P/2
gl Pl ¢ 7] =0((m2) ) e

d
n(2a —1)2°
Note that for € € (0, 1], we have 2o — 1 > 2_7_15. Therefore, if |p;| < H, then Eq. (21) holds since

1
Pr[j ¢ S] < 1. We hereafter assume |p;| > H, and let pn; = 5;H with 5; > 1. Let E; ; be the

event that coordinate j is removed in round ¢ given that j € S;_;. Then we have
T

Prj ¢ Sr] <) Pr[Ep;].

t=1

Let
H:=20

We proceed to bound each Pr[ E ; | separately. Note that fori € Gy ;,Y; € {—1,+1} and by Eq. (20)
ElY] = 2a— 1) p; = (2o — 1)3;H. (22)

Let a; ; be the number of coordinates j' with p;; = 0 and |M; /| > 1Nt(2oz 1)B8;H. Since we
select the |\S;_1|/3 coordinates with the largest magnitude of the sum, for j ¢ Stto happen at least
one of the following must occur: (i) a; ; > 5 L1S;_1| — s, or (ii) M, g < Nt(2a 1)8;H

By Hoeffding’s inequality, we have
Pr| M, ; < %Nt(2a — 1)@-[—[} < exp (—;Nt((Zoz — 1)BjH)2) < eXp(—S . 27‘5]2)
Let p; ; == e=5 28}, Similarly, for any j’ such that s, = 0,
Pr[Mt’j/ > %Nt(2a — 1)6]-H] < 2p ;.

Since all coordinates are independent, a,_ ; is binomially distributed with mean at most 2p; ;|S;_1|.
By Markov’s inequality, we get

Ela
Pr{atj |St 1] = } |Stl[|/t73j]—5_pf7j7

recalling that |S;_1| = d3'~! > 9s. By a union bound and summing over ¢ € [T, we get

T T
r[j ¢ St ZPr Ei;] < Z3pm = 3Zexp(—2t . SBJQ) < 6exp(—55]2).
t=1

Not that for z > 0, zPe’ < ( )p/ Hence

' —542 pd
P - Prj ¢ Sr] < 6HPBe™ < (CnEQ) ’

for some absolute constant C' > 0, completing the proof.
Bounding the second term. Note that St is a random variable itself. We show that the bound holds

for any realization of S7. We need the following result which follows from standard moment bounds
on binomial distributions.

18



658
659

660
661

662

663

664
665
666
667
668
669
670
671
672
673

674

675

676

677
678
679
680
681

682
683
684
685
686

687

688
689

Factl. Letp > 1,m e N, 0< q < 1,and N ~ Bin(m, q). Then, E[|N — mgq|"] < 2=P/2mp/2pp/2

Applying this with m = Np > g, the transformation from Bernoulli to {—1, 41}, and the scaling
by 2« — 1, yields for j € St, and using Eq. (22)

p/2
~ P p
Ellp; —p;l") < (me_l)g> :

Upon summing over j € S, we obtain

~ 6(e + 1)%d p/2 pd »/2
P < o < 3.67. - .
E jEES s — 17| < 3s <(€_ T)2ne? <3-6"-s > O
T

C.1.2 Communication constraints

In Algorithm 2 we propose a protocol to estimate the mean of product Bernoulli distributions under
£-bit communication constraints. As mentioned in the previous subsection, the e-LDP algorithm with
€ > 1 will follow from a simple modification of the communication-constrained one; we discuss
how to privatize the latter to obtain the former at the end of the section. As in the LDP case when
¢ € (0, 1], in 2-10 the algorithm iteratively prunes an initial set Sy = [d] to obtain a set St of size
max{3s, ¢}, which denotes the set of potential non-zero coordinates. We then estimate the mean
of coordinates in Sp. If £ > 3s, then we can directly send the values of all coordinates in S and
use it for estimation; otherwise, when 3s > /¢, we again partition St into sets of size ¢ and each
player sends the bits of its sample in this set. This is done in Lines 11-18. We state the performance
of Algorithm 2 below.

Proposition 2. Fixp € [1,00]. Forn > 1 and ¢ < d, we have Algorithm 2 is an (n,~y)-estimator
using Wy under {,, loss for By s with v = O(\/pdf;z/p + (p+log(2£/s))s2/i”) forp < 2logs and

'y:O( Cllfl)fs+brffe>forp>21ogs.

When ¢ < 3s, the bound we getis v < 4/ %. The analysis is almost identical to the case under
LDP constraints, since in both cases, the information we get about coordinate j are samples from a
Rademacher distribution with mean (2 — 1)1;. There are only two differences. (i) o = 1 instead of
) (52). (ii) There is a factor of £ more players in the corresponding groups. Combing both factors,
we can obtain the desired bound by replacing 2 by ¢. We omit the detailed proof in this case.

When ¢ > 3s, after T' < log(d/{) rounds, we can find a subset St of size ¢ which contains most of
the coordinates with large biases. The protocol then asks new players to send all coordinates within
St using £ bits. In this case, it would be enough to prove Lemma 5 since for the coordinates outside
St, we can show the error is small following exactly the same steps as the proof for bouding the first
term in Lemma 4 as we explained in the case when ¢ < 3s.

Lemma 5. Let St be the subset obtained from the first stage of Algorithm 2, we have

P/2
E[> lw—ml| =0 s<p+1°g2&’e>
J J n

JjEST

Proof. Similar to Lemma 4, we will prove that the statement is true for any realization of S, which
is a stronger statement than the claim.

E Z ;= ;1" | =E Z i — i51°1{j € Srya}| +E Z 1s[PL{j & St}
jeST jeST jeST

SE| D = ml" | + D P Pri ¢ Sria .

LJEST+1 JEST
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Algorithm 2 ¢-bit protocol for estimating product of Bernoulli family

Require: n players, dimension d, sparsity parameter s, communication bound /.
1: Set T := logs(d/ max{3s,(}), So := [d], No := 12£.
2: fort=1,2,...,T do

3: Set P := y%‘lle, and partition S;_; into P subsets S;_11,...,5:—1,p, each of size /.

4 forj=1,2,...,Pdo

5: Get a group of new players G, ; of size N; = Ny - 2°.

6 Player i € G, , upon observing X; € {—1,+1}? sends the message Y; =

{(Xi)I}IGSt—l,j'
7: For x € Stflyj, let Mt,aj = Zith.j (Xz):r
8: Set Sy C S;_1 to be the set of indices with the largest | M, .| and |S;| = [Si—1]/3.

9: if / < 3s then
10 Partition St into 3s/¢ subsets of size ¢ each, St ;,j € [3s/4].
11: forj=1,...,3s/¢do

12: Get a new group G4 ; of players of size nl/(6s).
13: Player i € G741 j, sends the message Y; = {(Xi)s }aesy,-
14: For x € ST’j, let MTJer = ZiGGT+1 ; (XZ);E Set
- 6s
Mg 1= WMT-Q-L.’K?
15: For x ¢ Sr, set fi, = 0.

16: if ¢ > 3s then,

17: Get n/2 new players G4 and for i € Gry1, player i sends Y; = {(X,). }zcs,> This can
be done since |St| = £if £ > 3s.

18: Forx € Sy, let My 4 = Zz’eGT+1 , (Xi)z- Set Sp41 C St to be the set of indices with

the largest | M1 | and |Sp41| = 3s. Forall z € Sy q, set

- 2
Mg = *MTJrl,x;
n

and for all x ¢ Spy1, i, = 0.
19: return /i.

Fix Spy1. Foreach j € Spy1, My ; is binomially distributed with mean p; and n/2 trials. By
similar computations as Lemma 4, we have

~ p\P/?
E| D lu— Al :O(s(n) > 23)
JEST 41
Next we show for all j € St such that u; # 0,

2
pv6an2t\”
g s . (24)

ls|P Pr[j & Sria] < 2( -

20
If |pi| < H =84/ ln:S , Eq. (24) always holds since Pr[j ¢ S] < 1. Hence we hereafter assume
that |p;| > H’, and write p1; = 5, H' for some 3; > 1.

Let ar41,; be the number of coordinates 7' with pj = 0and [Mpiq 4] > % . ﬁJTH Then since

St41 contains the top 3s coordinates with the largest magnitude of the sum, we have j ¢ Spi
happens only if at least one of the following occurs (i) ary1,; > 2s, or (ii) Mry1; < 5 - Bj 2H .

By Hoeffding’s inequality, we have
n B:H 1 n [B:H\> 20\~
Pr MTW%'B] Sexp(z‘z'( 5 ) ) =\%)  Eeas
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Similarly, for any j’ such that s, = 0,

n B;H'
P S>> 2 BT
r [Mryyl 2 5 =5

Since all coordinates are independent, a741,; is binomially distributed with mean at most 2pp1 ;4,
and therefore, by Markov’s inequality,

Wra il (20N a0\
Pr[aT+1j>2$]SmS <> < <>
’ 2s s s

} < 2pry1.

the last step since 5; > 1. By a union bound, we have

1 H' 20\ %
Pl"[j¢ST]<PY[CLT+1’]'>2S]+PI’|:MT+1’J'<4Z'Bj2 :| <2(S> .

Using the inequality 2Pa=%" < ()" /% Which holds for all > 0, we get overall
2
20\ 4 p/2
l? il ¢ Sr] < 2H”’B§’(> <a( L)
s en

establishing Eq. (24). Combining Eq. (23) and Eq. (24) concludes the proof Lemma 5 since there are
at most s unbiased coordinates. O

Algorithm under LDP with e > 1 To get a e-LDP algorithm in the regime £ > 1 (low-privacy
regime), we perform the following changes to obtain a private algorithm from Algorithm 2:

* Each user independently flips each coordinate of their local sample to get Z; where, for all
z € [d], (Z;)z = (Xi), with probability -5 and (Z;), = 1 — (X;), with probability e_%l
(note that this corresponds to applying Randomized Response independently to each bit

with privacy parameter 1).

* Users then follow Algorithm 2 with the setting £ = | ] and local data { Z; };c[,], and obtain
estimate /1.

* The final estimate is then <5 7i.

The privacy guarantee of the algorithm comes from the fact that Algorithm 2 sends at most £ = |¢|
coordinates of each Z;, and for any S with |S| < |¢]|
Pri{(Zi)a}wes | Xi] Pr[(Zi)a
Pr[(Z;)

Pr[{(Zi)s}oes | X;] 1L Pr[(

The utility guarantee follows from observing that 1z =
be preserved up to a constant.

(

| (Xi)a] e
De | (X0, ] =€

:;i 1 and hence any ¢, error guarantee will

X
X]

C.2 Gaussian Mean Estimation

Recall that G4 s denotes the family of d-dimensional spherical Gaussian distributions with s-sparse
mean in [—1,1]9, i.e.,

Gas ={ G 1)+ lnlle < L llpllg < s} (25)
We will prove the following results for LDP and communication constraints, respectively.
Proposition 3. Fixp € [1,00]. Forn > 1 and e € (0,1], there exists an (n,~y)-estimator using

W under ), loss for Gg ¢ with v = O( pdnS;/p> forp < 2logs and v = O(y/drl;%s) for
p > 2logs.
Proposition 4. Fix p € [1,00]. Forn > 1 and { < d, there exists an (n,~y)-estimator using

W, under Zp lossfor gd,s with v = O(\/;Ddzz/P + (P+10g(2£/s))s2/1’) fO}’p < 210g8 and y =

O( dlszgs + 1Osz>forp > 2log s.
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729 We reduce the problem of Gaussian mean estimation to that of Bernoulli mean estimation and then
730 invoke Propositions | and 2 from the previous section. At the heart of the reduction is a simple idea
731 that was used in, e.g., [10, 2, 11]: the sign of a Gaussian random variable already preserves sufficient
732 information about the mean. Details follow.

733 Let p € Gy with mean p(p) = (u(p)1,...,u(pP)a). For X ~ p,letY = (sign(X;))icq €
73 {—1,+1}9 be a random variable indicating the signs of the d coordinates of X. By the independence
735 of the coordinates of X, note that Y is distributed as a product Bernoulli distribution (in B;) with
736 mean vector v(p) given by

_ , 1 — g PP ;
V<p>i_2XPNrp[Xl>O] 1_Ef<ﬁ>7 € [d], (26)

737 and, since |u(p);| < 1, we have v(p) € [—n, 7], where 1) := Erf(1/v/2) ~ 0.623. Moreover, it
73 is immediate to see that each player, given a sample from p, can convert it to a sample from the
739 corresponding product Bernoulli distribution. We now show that a good estimate for v(p) yields a
740 good estimate for u(p).

741 Lemma 6. Fix any p € [1,00), and p € Gq. For U € [—n,n|%, define i € [~1,1]¢ by 1i; :=
742 /2Erf~Y(D;), for all i € [d). Then

lutw) ~ il <[5+ o) - 7,

743 Proof. By computing the maximum of its derivative,” we observe that the function Erf Lis
744 Lipschitz on [—n, n]. By the definition of i and recalling Eq. (26), we then have

/
lu(p) - ill2 = Zm P =0l Z!Erf —Et @) < (T) Zm ol

745 where we used the fact that v, 7 € [—n,n]%. O

ver
2

746 As previously discussed, combining Lemma 6 with Propositions 1 and 2 (with v := %fy)

747 immediately implies Propositions 3 and 4 for p € [1, o0].

748 Remark 3. Note that for the Gaussian family, we also consider the linear measurement constraint.
749 Under linear measurement constraints, we can use the linear measurement matrix to obtain r out of d
750 coordinates and perform the above reduction to product of Bernoulli family. The obtained bound will
751 be same as that under communication constraints.

72 D Relation to other lower bound methods

753 We now discuss how our techniques compare with other existing approaches for proving lower bounds
754 under information constraints. Specifically, we clarify the relationship between our technique and
755 the approach using strong data processing inequalities (SDPI) as well as that based on van Trees
756 inequality (a generalization of the Cramér—Rao bound).

757 D.1  Strong data processing inequalities

758 We note first that the bound in Eq. (5) can be interpreted as a strong data processing inequality. Indeed,
759 the average discrepancy on the left-side of inequality can be viewed as the average information Y
760 reveals about each bit of Z. Here the information is measured in terms of total variation distance.
761 The information quantity on the right-side denotes the information between the input X™ and the
762 output Y™ of the channels. Since the Markov relation Z" — X" — Y™ holds, the inequality is
763 thus a strong data processing inequality with strong data processing constant roughly o2 /k. Such

"Specifically, we have that max,c[_,, Erf ' (z) = 1/v/2 by definition of 7 and monotonicity of Erf.
Recalling then that, for all z € [—n, 7], ( Erf Yi(z) = m = \F B @)? < \Fez we get the
Lipschitzness claim.
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strong data processing inequalities were used to derive lower bounds for statistical estimation under
communication constraints in [34, 10, 31]. We note that our approach recovers these bounds, and
further applies to arbitrary constraints captured by W.

D.2 Connection to the van Trees inequality
The average information bound in (3), in fact, allows us to recover bounds similar to the van Trees
inequality-based bounds developed in [7] and [8].

For © C R¥ and a parametric family® Pg = {py, 6 € O}, recall that the Fisher information matrix
J(0) is a k x k matrix given by, under some mild regularity conditions,

9% logp .
J(0)i; = ~Ep, [89, o <X>}, i.j €[]
1UVg

In particular, the diagonal entries equal

2
J@)is = B, er(lx) ) ] ie Wl

For our application, given a channel W € W, we consider the family PCY)V = {ng, 0 € ©} of
distributions induced on the output of the channel W when the input distributions are from Pg. We
denote the Fisher information matrix for this family by J"W (), which we compute next under a
refined version of our Assumption 1 described below.

Let 0 be a point in the interior of © and py be differentiable at §. We set 0, := 0+ %z z e {-1, +1}’“,
and make the following assumption about the structure of the parametric family of distribution: For
all z € {—1,+1}* and i € [K],

dpzﬂBI
dp.

where Ep_ [¢] ;(X)?] and Ep,_ [¢] ;(X)?] are assumed to be uniformly bounded for ~ sufficiently
small; for concreteness, we assume Epz [w;i(X )2] < ¢2 for a constant ¢, for all ~ sufficiently small.
Let &, i(x) := lim, 0 &] ;(), for all 2.

In applications, we expect the dependence of £ ; on y to be “mild,” and, in essence, the assumption
above provides a linear expansion of the term amqﬁzﬂ from Assumption | as a function of the
perturbation parameter . Assuming that the densities are differentiable as a function of 6, for the
distribution pgv of the output of a channel W with input X ~ pg, we get

Iy W) _ Py (v) — Py, (¥)
601 ¢ v—0 ¥

=z im Ep, [(€2,(X) + 9] (X)W (y | X)]
= ziEp, [fz,i (y | X,

where we used Eq. (27), the fact that lim, 0. = 6, the fact that E,_[¢] (X)W (y | X)] <
cevEp, [W(y | X)?] < ¢, and the dominated convergence theorem. Thus, we get

Peo Zl X
Z/ 5 y|(z;()] ) du. 28)

Our information contraction bound will be seen later (Section 5) to yield lower bounds for expected
estimation error. For concreteness, we give a preview of a version here. We assume for simplicity
that W, = W for all ¢ and consider the ¢5 loss function for the dense (7 = 1/2) case. By following

8We assume that each distribution py has a density with respect to a common measure v, and, with a slight
abuse of notation, denote the density of pg also by pg(X).
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the proof of Lemma 1 below, given an (n, y)-estimator § = (Y™, U) of Pg using W™ under /5 loss,
we can find an estimator Z = Z (Y™, U) such that

PyQiPr[ZAi # Zi} = E[Hez - 92”;} < 472’

i=1

whereby

1 k 2 k 8’72
Y™ YY" N
=3 dry(PYIPY ) 2 1= 2 Y Pr[ 2 £ 2] 21—y
i=1 i=1

Upon setting v := 4/ vk, we get that the left-side of Eq. (3) is bounded below by 1 /4. For the same
~ and under Eq. (27), the right-side evaluates to

4yPn p. [(€24( +w LW (y | X))
mzxv%li@z/ o W (y | X) o
8%n o, [E2.(XOW(y | X))” +72Ep. 01, (X)W (y | X)]*

= %aéév“eai‘vz / Ep. [W(y | X)] du
128+2n Wiy | )] 2,2

ST (mJ&WZ/ 10 dﬁC’Y)’

where we used (a + b)? < 2(a® + b?) and

/Epz[ LXOW(y | X))
y  Ep.[W(y|X)]
Therefore, Eq. (3) yields

2 k2

72 2 '
Ep, [, (W (y|X
256 - n (maxzeg maxyew Zle fy [Epﬁz EW)(yIP(?)l] J dp + 02)

du < /y Ep. [07,(X)2W(y | X)] du = Ep_[07,(X)?] < ¢

This bound is, in effect, the same as the van Trees inequality with Tr(.J" (9)) replaced by

SN Wiy | X))
Z/ W X))

In fact, in view of Eq. (28), Tr(J" (6)) = lim,—og(y) =: ¢g(0). Thus, our general lower
bound will recover van Trees inequality-based bounds when Eq. (27) holds and g(v) ~ ¢(0).
We note that Eq. (27) holds for all the families considered in this paper (see Eq. (37) for product
Bernoulli, Eq. (42) for Gaussian, and Eq. (50) for discrete distributions). We close this discussion by
noting that results in Section 3 are obtained by deriving bounds for g(+) which apply for all ~ and,
therefore, also for g(0) = Tr(J" (9)).

E Missing proofs in Section 3

E.1 Proof of Theorem 1

Consider Z = (Zy,...,Z) € {—1,1}* where Z1, ..., Z are i.i.d. with Pr[Z; = 1] = 7. For a
fixed ¢ € [k], let

n n 1tz; ] n
Pl 5:]EZ{P12/ |Zi:+1} > (HT 7 (1-1) 2J)pz

zizi=+1  j#i
1425

P’ =Bz [py | Zi=-1]= Y ([[ 1—77‘7)1)5”,

zizi=—1 j#i
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the partial mixtures of message distributions conditioned on Z;. We will rely on the following
lemma, which relates the desired average discrepancy between the pL— and p¥; ’s to the sum of n
“local” discrepancy measures (in the form of Hellinger distances between local messages). Each local

measure can then be easily bounded in terms of the density p, and the channel W to get the desired
bound.

Lemma 7. With the notation of Theorem 1, we have

2
k n
1 v yn 14
(k: ;:1 dpy <p+i Py )) < "’ tz:rzr}ea‘%( mr/ne%t ZdH pV apzéBz , (29)

where p¥V denotes the distribution of Y ~ W (- | X) when X ~ p..

The proof of the lemma is rather involved and constitutes the core of the argument. We defer it to the
end of the section and show first how it implies Theorem 1. For all z and W, we have

/y€y<\/ﬂ£pz (v [ X)) \/]Ep@l yIX)]>2dM

du(pY, p%.)*

2

.y Bp. Wy | X))~ By, WOy | X)) )
Vo VG 1] + 1 /Epo, Wy | X))
L[ (B, Wy | X)) — Ep_., [W(y | X)])2
=3 /y Ep (W (y | X) - (30

Moreover, under Assumption 1; forany W € W, and y € ),

dpz@" .
dp:

Ep_..[W(y | X)] = Ep. [ Wiy X)} B, (14 6..(X)) - W(y| X))

Plugging this back into (30), we get

2 1 [ Ep[o-:i(X)W(y | X))
L T S (b okl

Combining this with Lemma 7 concludes the proof of Theorem 1.

Proof of Lemma 7. Our first step is to use the Cauchy—Schwarz inequality, followed by an inequality
relating total variation and Hellinger distances:

2
i(i dry (P{:}p’_/:)) < Zk:dTV< )
= =1
< QidH(p :,p_7>
=1

k 2
§2ZEZ dg PZ vaEBt) |Zi+1:|
i—1

k
i=1

where the last inequality uses joint convexity of squared Hellinger distance, and the final
identity is due to independence of each coordinate of Z and symmetry of Hellinger whereby

Ez {dH(p}Z/nap)Z/;i)z | Z; = +1} =Ez [dH(p)Z/"’p)Z/;;i)2 | Zi = 71]

In order to bound the resulting terms of the sum, we will rely on the so-called cut-paste property of
Hellinger distance [6]. Before doing so, we will require an additional piece of notation: for fixed
z € Z,i € [k],t € [n], let p}fﬁz@i denote the message distribution where player ¢ gets a sample from
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830 P.e: and all other players get samples from p,. That is, for all y™ € V", the density of pg_nz@i with
831 respect to the underlying product measure ;®™ is given by

yn
dpt<—z€9i

e ") = B [ | X0 T B W7 0 1 X)) 3D)

At

gs2  The following lemma, due to [22], allows us to relate dy (pzm , pze;), the distance between mes-
833 sage distributions when all players get observations from p., or all from p,e:, to the distances

yn

s+ du(pl P}, ,e:) where only one of the n players gets a sample from p_e.

835 Lemma 8 ([22, Theorem 7]). There exists cy > 0 such that for all z € Z and i € [k],
dH (pz 7pz®i> S CHZdH (pz 7pt<—z®i) .
t=1

836 Moreover, one can take cy = 2 [[;2; 7= < 7.

837 Combining Eq. (31) and Lemma 8, we get
1 2 k n 2
T (Z dpy <P+7 P )) < 1422152 {dH (p)Zm}Pz/:Z@i) }

i=1 i=1 t=1
k 2
> du(py Pl o) ] (33)
=1

= 14iEz
t=1

sss In view of bounding the RHS of (33) term by term, fix j € [n] and z € Z. Recalling the expression
839 of pz_nze;i from (32), unrolling the definition of Hellinger distance, and recalling (32), we have

k
n n 2
2> dH(I)z ,pfﬂ@q)
=1

k
:Z/ \/ \/dpﬂ—z@l e
®n ®n
— Jyn dp i

:Z/ HE "y IX)} (\/]Epz (W' (y, | X)] \/IEp o WY (| X)]>2d,u®"

=fi,t (Yt ye)

k — ] B
:Z/ [IEe. (W (y; 1 X) /fi,t(yt*l,yt)/ I1E:. [Wy] (ys |X)} 4D 4 B
i—=1 t—1 j<t L B y n—t j>t
k
- . ] n— —
=3 [ TIE (w7 120] [t ([ H]Epz W (1 30] a0 ) 0D a
=17V i - Ay n—t
k
o ]
:Z/ HEPz w' (yj‘X) /fzt Uy) dpdp®tY
i=1 t—1 J<t L
:/t [T Ee. [ ;1 )] /f” 1) dpdp®D) |
y,—l

840 where the second-to-last identity uses the observation that, for any fixed 3¢ € )¢,

/ H]Epz W' yj | X)} Bt — 1,
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which in turn follows upon taking marginal integrals for each coordinate. We then get from the
pointwise inequality Zle fyt_l fieW' ™Y ye) dp < supycyes Zle fy fit(y', ye) du that

k
QZdH (pzn’pzf‘jz@l /yt L HEPZ W ya | X) } sup Z(/y fi,t(y/7yt)du> dﬂ®(t_1)
i=1

/eyf 1 i—1
(e du> [ Il
y'eyt-1
= s1)1;p Z/(\/]E (W' (y | X)] \/Ep®wy y|X)]> du
y€ t—1
2
< .
= wew, & / (VEPZ (w1 X1 = prz@z[W(mX)]) du
a 2
=92. su d AN I (34)
o1, 2 dn e pik)

i=1
the second identity follows upon taking marginal integrals, and by replacing f; ; by its definition;

and the second inequality using that { wy' y eyt } C W, so that we are taking a supremum
over a larger set.

Plugging this back into (33) and upper bounding the inner expectation by a maximum concludes the
proof of the lemma. O

E.2 Proof of Theorem 2

Our starting point is Eq. (3) which holds under Assumption 1. We will bound the right-hand-
side of Eq. (3) under assumptions of orthogonality and subgaussianity to prove the two bounds
in Theorem 2.

First, under orthogonality (Assumption 2), we apply Bessel’s inequality to Eq. (3). For a fixed

z € Z,write ¢, ; = %, and complete (1,4, 1,...,%, ) to get an orthonormal basis B for
L?(X,p.). Fixany W € W and y € Y, and, for brevity, define a: X — Ras a(z) = W(y | z).
Then, we have

k k k
> E[p-i(X <a2ZE Yo (X)a(X))? =0 (a,0.0) = 0? > (a—E[a], v..;)?
< a? Z a— = o? Var[a(X)],
YeEB

where for the second identity we used the assumption that (E[a], v, ;) = 0 for all ¢ € [k] (since 1
and 1), ; are orthogonal). This establishes Eq. (4).

Turning to Eq. (5), suppose that Assumption 3 holds. Fix z € Z, and considerany W € Wandy € ).
Upon applying Lemma 4 of the Supplement (See Supplement (Appendix B) for the precise statement
and proof) to the o-2-subgaussian random vector ¢, (X) and with a(z) set to W (y | z) € [0,1], we
get that

k
D Ep b= (X)W (y | X)° = |Ep. o= (X)W(y | X))l
i=1

Wy | X)

< 20°Ep [W(y | X)]-Ep, [W(y | X)log By Wy | X)|
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Integrating over y € ), this gives

/ SF L Ep. (6. (X)W(y | X))
v Ep. W (y | X)]

du < 20 /y]Epz{W(MX)lngz[W(le)]
=20%1(p.; W),

which yields the claimed bound.

E.3 Proof of Corollary 1
For any W € WP'V:¢ the e-LDP condition from Eq. (2) can be seen to imply that, for every y € ),
Wyl z) =Wy |z2) < (5 =)Wy [x3),  Var, 29,73 € X.

By taking expectation over z3 then again either over x; or x5 (all distributed according to p.), this
yields
Wy |z) = Ep.[W(y | X)I| < (e = DEp. [W(y | X)],  Veed.

Squaring and taking the expectation on both sides, we obtain
Varp, [W(y | X)] < (¢ = 1)*Ep [W(y | X)),
Dividing by E,_[W (y | X)], summing over y € Y, and using fy Ep, [W(y | X)]dp = 1 gives

Varp [W(y | X)]
y Ep. W(y [ X)]

A= (e =17 [ Bp W(y | X))dp = (e - 12
y
thus establishing (6). For the bound of e®, observe that, for all y € ),
Varp, [W(y | X)] < Ep. [W(y | X)?] < e"minW(y | 2)Ep. [W(y | X)].

Hence

Varp_ [W(y | X)]
y Ep. [W(y| X))

dp < e [ minW dp < e -min [ W dp = €.
ue/ygggg (y|z)dp <e ggg@/y (ylz)dp=e

The bound (7) (under Assumption 3) will follow from (5), and the relation between differential privacy
and KL divergence. Indeed, the mutual information I(p_; W) can be rewritten as the expected (over
X ~ pyz) KL divergence between the distribution p"*X := W (. | X) over ) induced by the
channel W on input X, and the distribution p% := Ex/p. [W (- | X’)] over ) induced by the input
distribution p_ and the channel W:

I(pz; W) = Exnp. [D(p"¥[pY)] = Exnp. {EmpW»X {hl W] 4 ” ;

Exinp [W(Y [ X')]

but the e-LDP condition from Eq. (2) guarantees that the log-likelihood ratio in the inner expectation
is (almost surely) at most €, so that I(p.; W) < ¢ for every z and W € WP™:¢_ This yields (7).

E.4 Proof of Corollary 2

Varp, [W(y| X)]

In view of (4), to establish (8), it suffices to show that Ep Wy X)]

Wiy |z) € (0,1 forallz € X andy € Y, so that

< 1 for every y € ). Since

Varp [W(y | X)] < Ep, [W(y | X)?] <Ep [W(y|X)].

The second bound (under Assumption 3) will follow from (5). Indeed, recalling that the entropy of
the output of a channel is bounded below by the mutual information between input and the output,
we have I(p.; W) < H(pY), where p¥¥ := E,_[W(- | X)] is the distribution over ) induced by
the input distribution p, and the channel W. Using the fact that the entropy of a distribution over )
is at most log || in (5) gives (9).
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F Missing proofs in Section 4

F.1 Proof of Lemma 1

Given an (n, v)-estimator (II, §), define an estimate Z for Z as

Z := argmin (Y™, U)H .
zEZ p
By the triangle inequality,
I, - 041, < o, - b0, +H0 )| <2)éerv) -0
p p

Since (11, ) is an (n, v)-estimator under £, loss for Pe,
Bz [Ep. (|6, — 011}]| <297 Prlpz € Po) + max|6. — 0.1 Prlpz ¢ Po]

S 21),}/1) + 410710

N

(35)

=1

3
S Z4P’Yp> (36)

where Eq. (35) follows from Assumption 4 and Pr[pz € Po| > 1 — 7/4. Next, for p € [1,00),

— 0,12 > 3" Y5, 1{Z # Z:}. Combining with Eq. (36) this shows
k

v T ]z 2] <

Furthermore, since the Markov relation Z; — (Y™, U) — Zi holds for all 7, we can lower bound

Pr { Z; # Z; } using the standard relation between total variation distance and hypothesis testing as

follows, using that 7 < 1/2 in the second inequality:
>r(Pr[Zi= - Zizl]JrPr[Z ‘Z 1])
> 7'(1 —dpy (P+:7P)—/:)) .

Summing over 1 < ¢ < k and combining it with the previous bound, we obtain

1 g 1

7/4;2 {Zz'?ézi} %Z TV(piiapZi>

and reorganizing proves the result.

»Mw

G Missing statements and proofs in Section 5

G.1 Proof of Theorem 3

Fix p € [1,00). Letk = d, Z = {—1,+1}%, and 7 = 3; and suppose that, for some € (0,1/8],
there exists an (n, 7)-estimator for B, s under ¢,, loss. We fix a parameter v € (0, 1/2], which will be
chosen as a function of , d, p later. Consider the set of 2¢ product Bernoulli distributions {p. }.¢ z,
where p(p;) = p, = %fy(z + 14) (so the sparsity of the mean vector is equal to the number of
positive coordinates of z). We have, for z € Z,

d
1 1
pz(x):QdH<l+27(zi+l)xi), reX.
i=1
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It follows for z € Z and i € [d] that

1+ 39(1 — z)a; ( 2;%; )
i) = —————p.(v) =1 —y—— |P:(2) = (1 + ¢,.i(2))p.(x
o) = 1 (P = (1 e P = (0 0mae)p (@)
(37
() = YT : S
where ¢, ;(z) := I (e We can verify that, for ¢ # j,
2
g
Ep [¢.:(X)] =0, Ey [¢,:(X)?]=—" — andE, [¢,,(X)¢. (X)] =0,
p.[6:4(X)] p-[0:400°) = Ty 0 B 60(X)6. (X
so that Assumptions 1 and 2 are satisfied for a? := 2y2. Moreover, using, e.g., Hoeffding’s

lemma (cf. [9]), for v < 1, the random vector ¢.(X) = (¢.,:(X))ic[q is m subgaussian.
Thus, Assumption 3 holds as well, and we can invoke both parts of Theorem 2.

Let ||z]| . := [{# € [d] | 2z; = 1}], so that ||, ]|, = Zj L1+ 2) = ||| The next clalm which
follows from standard bounds for binomial random variables, states that when Z ~ Rad(7)®%, 11 is
s-sparse with high probability.

Fact 2. Let Z ~ Rad(7)®?, where 7d > 4logd. Then Pr[||Z|| . < 2rd]| > 1 —7/4.

Hence the construction satisfies Prz[pyz € Ba,s ] <1 —7/4, as required in Lemma 1.

We now choose v = y(p) := € (0,1/2], which implies that Assumption 4 holds since

PR

dHam(Zv Z/) ) 1/p

ZZD(:U‘(pz)v N(pz’)) = ’YdHam(Z, Z/)l/p = 4’}/( —d

Therefore, we can apply Lemma 1 as well. For WP™V:¢ we prove the two parts of the lower bound
separately, depending on whether ¢ < 1. First, upon combining the bounds obtained by Corollary 1
and Lemma 1 (specifically, for the former, (6)), we get

d < 112na?(ef — 1),
whereby, upon recalling that o? = 2+2, and using the value of v = ~(p) above, it follows that

2
L i,
3584 n(es —1)2

Thus, &,(Bg,s, WPHVE n) = Q( ds? “’) for e € (0, 1]. For the second part of the bound, which

dominates for £ > 1, observe that Assumption 3 holds with o2 := (17% < 2+2; allowing us to

apply the second part of Corollary 1, (7), which as before combined with Lemma | yields
d < 224nc?e < 448717 £,

and again from the setting of v we get &,(By,s, WPTV:E, n) = Q (1 / d‘j:”)

Similarly, for We™™£ again since Assumption 3 holds with o2 < 242, upon combining the bounds
obtained by Corollary 2 and Lemma 1, we get

dsr% 9
= S
28672n/

which gives Sp(Bdﬁs,Wcomm’e,n) = Q( dsz/p A 1). Finally, note that for ¢ > d, the lower
bound follows from the minimax rate in the unconstrained setting, which can be seen to be
Q(+/s%/Plog(2d/s)/n) [28, 30]. This completes the proof.

This handles the case p € [1,00). For p = oo, the lower bounds immediately follow from plugging
= log s in the previous expressions, as discussed in Footnote 3.
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G.2 Detailed results for Gaussian family

Similar to the previous section, we denote the mean by  instead of #, denote the estimator by /i, and
consider the minimax error rate £,(Gq,s, W, n) of mean estimation for Pg = G, s using W under £,
loss.

We derive a lower bound for £,(Ga s, W, n) under local privacy (captured by W = WPHV:¢) and
communication (captured by W = Wemm:£y constraints.” Recall that for product Bernoulli mean
estimation we had optimal bounds for both privacy and communication constraints for all finite
p. For Gaussians, we will obtain tight bounds for privacy constraints for € € (0, 1]. However, for
communication constraints and privacy constraints when € > 1, our bounds for Gaussian distributions
are tight only in specific regimes of n up to logarithmic factors. We state our general result and
provide some remarks before providing the proofs.

We defer the estimation schemes and their analysis (i.e., upper bounds) to the Supplement (Ap-
pendix C.2); they follow from a simple reduction from the Gaussian estimation problem to the
product Bernoulli one, which enables us to invoke the protocols for the latter task in both the
communication-constrained and locally private settings.

Theorem 5. Fixp € [1,00). For4logd < s < d, under LDP constraints, when € € (0, 1],

ds2/p

ne

ds?/p
2

A1 S E(Gas, WVE m) S (38)

ne

and when e > 1,

ds?/p 2/plog 24 . ds2/p  s2/plog 24
I s A1 < E (G W ) S| VI8 (39
ne log (nd) n ’ ne n

Under communication constraints,

ds2/p 52/Plog 24 ds2/r  s2/Plog X
vV s A1 E . comm,{ < vV s 40
\/nﬁ log(dn) n S E(Gas W SRS nl n (40

For p = oo, we have the upper bounds

dlog s

goo (gd,sa Wpriv,s’ n) = O (

ne? nl n

while the lower bounds given in Egs. (38), (39), and (40) hold for p = oo, too.'”

We emphasize that, as discussed in Sections 1.1 and 1.2, to the best of our knowledge Theorem 5
provides the first lower bounds for interactive Gaussian mean estimation under communication and
privacy constraints.

Proof of Theorem 5. Let ¢ denote the probability density function of the standard Gaussian dis-
tribution G(0,I). Fix p € [1,00). Let k = d, Z = {—1,+1}%, and 7 = & and suppose that,
for some v € (0,1/8], there exists an (n, y)-estimator for G4 s under ¢, loss. We fix a param-
eter v := v(p) := (s/‘;ﬁ € (0,1/2], and consider the set of distributions {p,}.cz of all 2¢
spherical Gaussian distributions with mean u, := v(z + 14), where z € Z. Again, note that
=l = 2?21 1{z; = 1} = ||2|| ., and Fact 2 applies here too. Then by the definition of Gaussian
density, for z € Z,

p.(z) = e~V lu=ll3/2 | py(z.z+1a) o(x). (41)
Therefore, for z € Z and i € [d], we have
Pooi (1) = e 1F2 L p () = (14 ¢.4(2)) - p2(2), (42)

°As in the Bernoulli case, we here focus for simplicity on the case where the communication (resp., privacy)
parameters are the same for all players, but our lower bounds easily extend.
19That is, the upper and lower bounds only differ by a log s factor for p = co in the privacy case.
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2 . . . . . .
where ¢, ;(z) := 1 — e~ 27%i%i¢27"% By using the Gaussian moment-generating function, for i # j,

Ep.[6:i(X)] =0, Ep,[6:4(X)?] =€ — 1, and Ep, [6.,(X)¢-;(X)] =0,

so that Assumptions 1 and 2 are satisfied for o := e’ 1. By our choice of v and the assumption
on -, one can check that Assumption 4 holds:
1
dHam(Za Z/) ) /p

£y (1)) = 1 (2222

Moreover, similar to the product of Bernoulli case, using Fact 2, we can show that Prz[py € Ga,s 1<
1 — 7/4. This allows us to apply Lemma 1.

G.2.1 Privacy constraints for ¢ € (0,1)

For WWP™V:¢ ‘upon combining the bounds obtained by Corollary 1 and Lemma 1, we get
d < 112na?(ef — 1),

whereby, upon noting that a? = ¢4’ — 1 < 842 holds since v < 1 /2, and using the value of
~v = v(p) above, it follows that

2
oo dis)}
~ 14336 - n(es —1)%°

7y

Thus, &,(Ga s, WPV n) = Q( % A 1). This establishes the lower bounds for WPriV:€,
(Recall that the bound for p = oo then follows from setting p = logd.)

G.2.2 Communication constraints, and privacy constraints for ¢ > 1

For these cases, to prove a lower bound with the desired dependence on ¢ or ¢, we will need to use
the tighter bounds in Corollaries 1 and 2 which hold only under Assumption 3. This, however, leads
to an issue: the random vector ¢.(X) = (¢.,i(X))ie[q is not subgaussian, due to the one-sided
exponential growth, and therefore Assumption 3 does not hold.

To overcome this and still obtain a linear dependence on / (or ¢) (instead of the suboptimal 2¢ (or
e®)), we will consider instead the class of “truncated” Gaussian distributions, whose corresponding ¢
functions are subgaussian; and argue that these truncated distributions are close enough to the original
Gaussian distributions such a lower bound in the truncated case implies one in the original Gaussian
case.

In particular, we consider the following collection of truncated Gaussian distributions. For z € Z, let
P be the density function of a spherical Gaussian distribution with mean i, as defined in Eq. (41).
For a truncation bound B, let p, p be the distribution of X ~ p, conditioned on the event that
| X||, < B. Thatis, we have, for z € R,

pz,B(x) - Czpz(‘r)]l{HX”oo S B}7

where C, = 1/ Prx~p_[||X||,, < B]. Then the following bound follows from standard Gaussian
concentration bound on each dimension and a union bound over all dimensions.

Fact 3. Setting B := 4+/In(dn), we have, for every z € Z, dpvy (P28, P2) < d7n8

Let ng be the distribution of the messages obtained by executing the protocol when each user gets a
sample from p g and let the corresponding mixtures be denoted by pL 5 and pfl 5. Then we have

dpy (pif, P}_/:) <dgpy (p}i-/:Ba px—/:B) +dpy (Pi;yvpi:;fz) +dpy (P}_/z B> Pyn)

y
<dgpy p+zB’ —1B>+max{dTV(pz 7sz>+dTV<sz7pz )}

<p+sz Y:B) +2maXdTV(pz B P n)
v(p_H B P B) + 2nmaXdTv(Pz B,Pz)

yn Yn
p+z B7 ) + ==
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994 The third inequality follows from data processing inequality and the fourth inequality follows from
995 subadditivity of TV distance.

996 Combining this with Lemma 1, for any protocol that correctly learns the Gaussian family, we must
997 have

d
DACEHE -

998 Next we show that the ¢ functions corresponding to p, g’s are subgaussian and establish the
999 corresponding upper bounds on the average information bound above. Note that

B
P (T) Cooi _onmizi 2422
¢Z(z) = == —1= e iz = ||z < B} — 1 (44)
() 5 () . {ll=l }
1000 By the inequality |ab — 1| < |a| - |b — 1] + |a — 1|, we have have, for all z € Z,
C.oi 1 1 1
—= 1 —|CLei — 1 — —1| < —1 P X <B|]-1
%t 1] < gt -1+ | 1| < [y — B L0 < )
10
—d™n7
1001 Moreover, for all z € Z, for v < :%B,
’6_27x'iz'i627221‘]1{Hx”oo < B} - 1’ < ‘6272“73 - 1‘ <|eMB_1|<6yB.  (45)

1002 Hence, applying the inequality |ab — 1| < |a| - |b — 1| 4 |a — 1| again on Eq. (44), we have for
1003 v < 3%,
B 10
¢2:(x)| < 129B + T
1004 Thus, we get that for all z € Z,i € [d], ¢, is subgaussian with proxy op = 129B + 2.

2z,

1005 Under communication constraints, applying Corollary 2, we get
2

¢ 14
<d ZdTV (pii,vaZi7B)> < Ea?gnﬁ.
i=1

1006 To conclude, we observe that by plugging our setting of v = (p) in the above inequality, we must

1007 have )
oo dls/2)?
14336 - n - B¢
1008 in order to satisfy Eq. (43), hence proving the desired lower bound. The lower bound for LDP with
1009 ¢ > 1 follows similarly by applying Corollary 1. O

1010 G.3 Detailed results for discrete family

1011 We derive a lower bound for EP(Ad, W, n), the minimax rate for discrete density estimation, under
1012 local privacy and communication constraints.

1013 Theorem 6. Fix p € [1,00). Fore > 0, and { > 1, we have

—1

) (Ag, WPVE ) > @/ A L T (46)
A ANV R —1)2ae) " \nlle — 12 A ed)

1014 and

2/p 1 B
Ep(Ad,WCOIHIII’€7n)Z\/ d /\( ) Al. 47)

n2¢ n2t

1015 In particular, for n((ef — 1)% A e®) > d* and n(2° A d) > d?, the first term of the corresponding
1016 lower bounds dominates. Before turning to the proof of this theorem, we note that Corollary 3 and
1017 Corollary 4 are direct corollaries of the theorem.

1018 We now establish Theorem 6.
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Proof of Theorem 6. Fix p € [1,00), and suppose that, for some v € (0,1/16], there exists an
(n, v)-estimator for Ay under £, loss. Set

ool ()

and assume, without loss of generality, that D is even. By definition, we then have v €
(0,1/(16D*~/P)] and D < d; we can therefore restrict ourselves to the first D elements of the
domain, embedding A p into Ay, to prove our lower bound.

Letk = £, 2 = {-1,+1}"/2, and 7 = ; and suppose that, for some v € (0,1/(16D'~1/P)],

there exists an (n,y)-estimator for Ap under £, loss. (We will use the fact that v < 1/(16D'~1/P)

for Eq. (49) to be a valid distribution with positive mass, as we will need |y| < %; and to bound o
later on, as we will require |y| < 5%5.) Define v = y(p) as
4.2y

v(p) == Dip (48)

which implies v € [0,1/(2D)]. Consider the set of D-ary distributions Pp.... ... = {P:}.cz defined
as follows. For z € Z,and x € X = [D)]

1 . .
=+ vz, ifrx=2i
Hx) =3P ’ ’ 49
For z € Z and i € [D/2], we have

9D~z . 2Dnz _
p.ei(x) = <1 — 1—1—7;;211{33 =2i}+ Tgizzﬂ{x =2 — 1}) p:(z)
= (1 + ¢z,i(z))pz(x)v (50)
where
(@) = 2 —22Y (4 Dz = 2 — 1} — (1 — Dyzi) e = 2i
(bz,z(x) =R 1_71)272(( + '721) {LC =2l = } - ( - 722) {(E - Z})

Once again, we can verify that for ¢ # j
8y2D

Ep.[¢:,i(X)] =0, Ep_ [¢:4(X)?] = T 2p2’ and Ep_[¢2,i(X)¢-,;(X)] =0,

so that Assumptions 1 and 2 are satisfied for o := 16v2D (using that Dy < 1/2 to simplify the
bound).!" Thus, we can invoke the first part of Theorem 2. Note that Assumption 4 holds, since

A\ 1/p
lp(P2yP2r) = 7 dam (2, Z/)l/p = 4y (dH“”:SDZ’Z)> . Therefore, we can apply Lemma 1 as well.

For WP'V:¢ by combining the bounds obtained by Corollary 1 and Lemma 1, we get
D < 56na*((ef —1)% Aef),
whereby, upon recalling the value of o and using the setting of v = v(p) from Eq. (48), it follows
that
D7 d2/P =2/ (=)
'yg > = .

T 7168-22/P - n((ef —1)2 Aef) T n((ef —1)2 Aef)

Thus we obtain the bound Eq. (46) as claimed.

Similarly, for YW™™-¢ upon combining the bounds obtained by Corollary 2 and Lemma 1 and
recalling that || = 2¢, we get

2> D—%
7= 7168 - 92/p - 2l
2/p p=1 .
which gives &,(Ap, Weemmt p) = Q( LU (L) ),12 concluding the proof. 0O

Tt is worth noting that Assumption 3 will not hold for any useful choice of the subgaussianity parameter.

1ZEinally, note that we could replace the quantity 2¢ above by 2° A d, or even 2° A D, as for 2° > D there is
no additional information any player can send beyond the first log, D bits, which encode their full observation.
However, this small improvement would lead to more cumbersome expressions, and not make any difference for
the main case of interest, p = 1.
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