A Proof sketch of Proposition 1.1

In this appendix, we sketch the proof of Proposition 1.1.

Proposition 1.1. The Gaussian+sawtooth model, with “teeth” of width w and slope A, has Fisher
information A >> 1 but no location estimator can have error o(1/+/n) with constant probability
over n samples, unless n > 0.01/w?.

This holds for arbitrarily large A and small w. By contrast, the asymptotic theory predicts error
O(1/(Av/n)), which only holds for n > 1/w?.

Proof sketch. Let f denote the Gaussian with sawtooth model, and f(¢) denote the model but shifted
by a distance of [¢/w]w. That is, the largest number of sawteeth that fits into a distance of ¢.

Then, the KL divergence satisfies Dkr,(f || f*)) < O(£?). By Pinsker’s inequality, this implies that
we need Q(1/£2) samples to distinguish f and f(*) with constant probability. For € > w, the shift
between f and f(%) is at least £/2.

Concluding, if n < 0.01/w?, then we set e = 1/(10+/n) and there is no algorithm that can distinguish

f and f(1/(10v7)) ysing n samples with constant probability, meaning that no location estimator can
achieve error 1/(204/n) with constant probability. The reasoning generalizes to the high probability
regime as well. O

B Proofs from Section 3

We first prove a utility lemma, Lemma B.1, which we use throughout the rest of the paper.
Lemma B.1. Let f be an arbitrary distribution and let f, be the r-smoothed version of f. That

_ (z—y)?

272 } Let s, be the score function of f,.. Let (X,Y, Z,) be the joint

distribution such that Y ~ f, Z, ~ N(0,72) are independent, and X =Y + Z, ~ f,. We have, for
every e > 0,

2e 7**52 Z’l‘
frlzte) = E |52 and in particular  s,.(x) = E |—
fT(x) Zylx Zy|x r2

Proof. For simplicity of exposition, we only show the case where f has a density. The general case
can be proven by, for example, a limit argument. Let w,. be the pdf of A/(0,7?). First, we show that
for any x, ¢ we have

frlete) _ 4 [w<Z+€>] )
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Denote the density of (x, z, ¥) by p(-). Note that
p(z,2) _ flz—2)w(2)
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and hence
fr(:c—l—a):/_ wr(z)f(a:—&—s—z)dz:/_ wr(z+¢e)f(x —2)dz
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proving (2).
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Taking the derivative with respect to € and evaluating at € = 0,
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We now prove Lemmas 3.1 and 3.2, which upper and lower bound the r-smoothed Fisher information
. respectively.

Lemma 3.1. Let T, be the Fisher information of an r-smoothed distribution f,. Then, T, < 1/r2.

Proof. Using Lemma B.1 and Jensen’s inequality,

I, = Bls}(a) = B[ E_Z/r'f) SELE 22/r] =1/r® =

The lemma can alternatively be proven using Stam’s inequality for Fisher information, which states
that for independent real-valued random variables X and Y, we have 1/Z(X +Y) > 1/Z(X) +

1/Z(Y).

Lemma 3.2. Let I, be the Fisher information for f,, the r-smoothed version of distribution f. Let
IQR be the interquartile range of f. Then, T, > 1/(IQR + r)2. Here, the hidden constant is a

~

universal one independent of the distribution f and independent of r.

Proof. First, observe that f,. is a smooth distribution in the sense that it is differentiable, and
furthermore, its derivative is continuous. Thus, letting R be the 30""-70"™ percentile range of f,.. Then,
by a known result [ ] (Section 3.1), I, > 1/R2.

It then suffices to show that R < IQR + O(r). Let g, be the 25" percentile of f. Drawing a
sample from f, is equivalent to independently drawing = from f and z, from A/(0,r?) and returning
x + z,.. With probability at least 0.75, we have x > ¢,. Also, with probability at least 0.95, we have
2 > —O(r). Therefore, by a union bound, we have = + z,. > ¢, — ©(r) except with probability at
most 0.3, meaning that the 30" percentile of £, is at least ¢ — ©(r). Combined with the symmetric
argument for the 70" percentile of f,., this shows that R < IQR + O(r). O

Next, we prove another utility lemma, which states that the derivative of the score function cannot be
too small for an r-smoothed distribution. Phrased differently, the score function of an r-smoothed
distribution cannot decrease fast.

Lemma B.2. s/.(x) > —1/r? for all x, where s,. is the score function of f,, the r-smoothed version
of distribution f.

Proof. By taking the derivative of Lemma B.1 in €,
flete) g [ 22 —¢
fr(x) AL r2

Hence
2eZp—e?

’ ’ EZT\:c [6 2r? Z72_8:|
fla+e) _fila+e) h@) _ g
fr(z+¢) fr(x) fr(z+e) Esp [e 2522:2_52 }

sp(x+¢e) =

26Z7‘7£2 — . . . . .
Fore > 0, since e™ 22 and % are monotonically increasing in Z,., and the former is nonnega-
tive, they are positively correlated:

2:2p—¢2 /. — € 27, —e? A
E |e 22 - > E |e 22 E -
Zy|x 72 Zy|x Zy|x 72

; > E
s (x+5)_zr|x[

Hence

or (taking & — 0), s,.(z) > —%. O
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Lastly, we prove the concentration of empirical score function. The way we do so is to show
(Lemma B.6) that the £™ absolute moment of the score function is upper bounded according to the
standard moment bounds for sub-Gamma distributions. As a corollary (Corollary 3.3), we get that

the scores have sub-Gamma concentration.

As a utility lemma, we bound the moments of the score function when the score function is aligned

with the distribution, instead of being misaligned by some ¢ distance.

Lemma B.3. Let s, be the score function of an r-smoothed distribution f, with Fisher information

L. Then, for k > 3,
Ells, ()|] < (1.6/r)F~2kM>1,

Proof. For any z, e, by Lemma B.1 and Jensen’s inequality,

62
fr(x+e)> fr(m)essr(z)’ﬁ.

Setting ¢ = +r with sign matching s,.(z), we have that

fr(x + rsign(s, () > fo(x)e™s @)/ /e,
We also have, from Lemma B.2, that
sp(x — 1) < sp(x) +1/r

and
sp(x +7r) > s.(x) —1/r.
In other words,
|sr (2 + rsign(s, ()= |sr(2)[—1/r.
Therefore, for any k > 2, and |s,(z)|> a/r for o := 2 + 1.2V/k,

fr(a + rsign(s, (2))) s, ( + rsign(s, (2)))[* > %fr(x)er“”(x)‘ (Isr

= fr(ff)lsr(x)|k- (\}éers,,,(;p)(l B

_ k
e® 1472 )

> (@) (@) (1

/e
> f(@)]s ()] 4

Therefore

()] =1/r)"

Fr@lsn (@) < § (el = nlse(e =)+l +r)ls (e + 1Y)

whenever k > 2 and |s,(z)|> «/r. Integrating this,

= [ p@swrar=2 [~ p@ls@F-h -

r)lse (@ —1)["~

<2 / Lo @) () s, (o) <oy

<2/ fr(@)]50 (@) (a/r)* 15, (@) <a/r d

2(a/r)" 2 Els}(2)] = 2a/r)" 7T,

Finally, we observe for any k& > 2 that
2(1.2VEk +2)F72 < kM2 . 1.642

giving the lemma.

14

)

3)

fr(x +7)|sr(x + r)\kdx



The proof of Lemma B.6 has the same logical structure as the proof of Lemma B.3, but has further
subtleties. The following two lemmas generalize the first step in the proof of Lemma B.3.

Lemma B.4. Let s, be the score function of an r-smoothed distribution f. with Fisher information
T,. Forany z, k > 3and 0 < £ < 1/2, if s,(x + ) > max(2vk + 2,9.5) /7, then

Fr(@)lse(z +e)"< émax (fr(x = o)lsr(z =), frlx + e +1)lse(z + e +1)[)

Proof. Let a := ff(r(f_)s) By Lemma B.1, we have

7252,,.752
a= E {e 2r2 } 4)
Zy|x+e

‘We will consider two cases.

When log a < %rsT(a: +¢&) — 2. First, by Lemma B.1 and Jensen’s inequality, we have

fr(l‘+€+7") > ersr(z+s)71/2
frlx+e) —

We also have, by Lemma B.2,
sr(x+e+r)>s(r+e)—1/r

So,
1 k
fr(@tetr)lse(@+e )t 2 fola+e)lsp(x+e)ffers 712 (1 - rs<x+e>>

> fo(@ +€)|s(z + &) P OO - T /2

Since s,.(x +¢) > (2VE + 2)/r,

fole e tr)sp(@+e+r)P> fole +e)ls (a4 ) [Fedrsr@+e)
So, since
_ fr(l') < e%rsr(m+a)f2
frlx+e) —
we have

f@)lsr (@ + o) = afi(z+e)lse(x+e) "< fle+e+r)|s (@ +e+7)F

G| =

When loga > 3rs,(z + ) —2 Evaluating (4) at = — € gives

ooy [ e
RORAL

Taking derivative with respect to €, we have

Haos) _ g [ere) e

fr(x) A PR
and so by evaluating at x 4 ¢ (to “shift back")
frlx) B (Z,+¢) . —25222—52
frx+e)  Zlrte r?
—2eZ,—2¢2 e2
Definey =e~ 27 ,sothatEy |, .[y] = e, and

7. g) —2ez,-¢2 ezi%
( r+ ) oz

;€ 2 = — ylogy
r €
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is concave, so by Jensen’s inequality

f'(z) e/ 2 <2 aloga  ae
< - 2 )l 2 = _ -
flz+e) — € (e72a)log(e” =7 a) 5 + 2r2
So,
fl(x) log a €
= < — —_—
5r(2) frlz) — € 2r2
Finally, we move to consider the point z — €. By Lemma B.2, we have
logar 3¢
(zx—¢)<s, 2< - —
sp(x—e€) < sp(x) +e/r* < 5 + o2
By Lemma B.1,
flxz—¢) _aeZp—ac? 2 2 9 —<2
= E |e = 27 = E [¥]> E []*=a%€ 2
f(x + E) Zy|z+te Zy|z+e Zy|z+e

Since loga > 35, (z +¢) — 2,

3
rsp(r+e)—2 3 _ 3 4.75

f - 277’2 2 isr(m"‘f‘:) - T Z Sr(x)

where the second inequality comes from the fact that %rsr(x + &) — 2 > 0 and so the function is
decreasing in €, with minimum evaluated at e = r/2.

—sp(z—g) >

Thus, we have
2 2
frl@—e)|sp(x —&)["> ae™= /" fo(x)|s,(x + ) |F
Since our assumptions give ae =5 /7" > ¢5:125¢=1/4 > 5 we get the result. O

Lemma B.5. Let s, be the score function of an r-smoothed distribution f, with Fisher information
Z..

Foranyx, k> 3and —r/2 <e <0, ifs,(x +¢) > a/rfora =2+ 1.2V'k, then we have

1
Fr@)lse(@ 4 )" < 4 (frlw = r)lse(@+ e =)+ folw + 1) [se(z + e +1)[f)
As an immediate corollary, the statement is true also when € € [0,7/2) and s,.(x) < —a/r.

Proof. For any z, k, by Lemma B.1 and Jensen’s inequality,

fr(x+ k) > fr(x)e'is*(”j)_%.
So, setting k = r, we have
fr(@+7) = fr(a)er™ @ /e
By Lemma B.2, we have that
sr(@+e+r)>s.(x+e)—1/r
Since our right hand side is positive by assumption, this is equivalently stated as
[sr(z +e+7))[= |sr(z +2)|=1/r

When € < 0, we have, by Lemma B.2, and since |¢|< 7, s,.(z) > s,(z +¢€) — 1/r. So,

L @err @[5, + )| -1/r)

frx+r)|sp(z+e+ r)\k > =

Y

S5

Fr(@)erCrETO=n (|5, (@ + )| =1/r)*

z)|s, (x k LBT‘ST("L’+€)‘71 *; k
S el (R R

> fo(@)|se(@ + )| (2L ak/e)

> fr(@lsi(@+ )[4 since k > 3
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We are now ready to prove Lemma B.6, which states that the distribution of the score function
sr(x + €) where x ~ f, is a sub-Gamma distribution. Corollary 3.3 then states that the average of
many score function samples is well-concentrated, following sub-Gamma concentration.

Lemma B.6. Let s, be the score function of an r-smoothed distribution f, with Fisher information
Z,. Then, for k > 3 and |¢|< r/2,
k!
Ells-(z + )] < 5 (15/r)* " max(E[s](z + £)), Z,)
T
Equivalently, s.(x + €) is a sub-Gamma random variable.

sr(x+e) € F(max(lgl;][sf(w +¢)],Z.),15/r).

Proof. Without loss of generality we only show the ¢ > 0 case.

Using Lemma B.4 and Lemma B.3, we have
> k
/ fr(z —e)]sr(2)] ]lsr(w)>max(2\/%+2,945)/r dz

! / ol — 22) 0 (2 — 26) [+ (1) 02+ ) [F d

2 Ells (@)

2
5(1.6/r)k_2kk/QIT

IN

We can start bounding the £ moment quantity in the lemma:

E[|sr(x +¢)|"]
= /_ fr(x—5)|sr(ac)|kda:

2 ﬂ(w—e)\sr(xnk—iﬂ(x—a—r>|s7-<x—r>|’“—§fr<x—s+r>|sr<m+r>|’“dx

<2/ fr ‘37’( )| ]]' r(z)>— max(2f+295)/rdx

where the last inequality follows from (a slight weakening of) Lemma B.5. Now, by the previous
claim, we get that

E[s.(z +¢)|*]
4 _
< 2/ fr r—e |ST )‘ |sr(z)|<max(2vk+2,9.5)/r dr + 3(1'6/r)k 2kk/217‘
< 2/ fT |ST( )‘ (max(2\/E—|— 2’9'5)/”‘)’672]]'\sr|§max(2\/g+2,9.5)/r dz +z (1 6/ )k Qkk/ZI
< 2(max(2vVEk 4 2,9.5)/7) 2 E|s, (z + )] + §(1.6/r)k*2kk/%
4

< 2kR2(2.5/r)F 2 E|s, (x + €) 2] + 5(1.6/7~)’f—2k’“/2L
< 3KM2(2.5/r)* "2 max(E[|s,(z + )], Z,.)

_H

5 5 (15/r)% * max(E[|s(z +¢)[*], Z,)

O

Corollary 3.3. Let f be an arbitrary distribution and let f, be the r-smoothed version of f. That is,
(z—y)?
frlz) =E, [ﬁe_ 22 |. Consider the parametric family of distributions f(x) = f,(z — ).
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Suppose we take n i.i.d. samples yl, ey Yn f;\ and consider the empirical score function §
mapping a candidate parameter Mol Z sr(yi — A), where s,. is the score function of f,.

Then, for any |e|< r/2,

2max(E,[s2(z — )], Z,)log 2 15log 2
vPr ‘§(A+€) — E [8(33—5)”2 \/ maX( [Sr(l' 5)} ) 0g5 n 0g6 S 5

Ji.d. «—
iR A x4 fr n nr

Proof. Since §(A +¢) = 237" s (y; — A —¢€) = L3 s.(%; — €), we know that by
Lemma B.6 and the standard algebra of sub-Gamma dlstrlbutlons that §(A+¢) € I'( max(E,[s?(z+

€)],Z,),15/r). The corollary then follows from the standard Bernstein mequahty for sub-Gamma
distributions [ ]. O

C Proofs omitted in Section 4
We first give the proof of Theorem 1.3, assuming Theorem 4.1.

Proof of Theorem 1.3. It suffices to show that conditions 2) and 3) in the corollary statement implies
that each of the following terms from Theorem 4.1 is 1 + O(1/7):

* 1+1/log %: Note that Z, < 5 L by Lemma 3.1 and so condition 3) implies that 1/log % <
(loglog 1) /log 5 < %

4log 1 1
2 log f‘sﬁ
e 1+ p: /14+0(1/y) =1+ O(1/7). It suffices to check that # =
O(1/,/7). The fact that log Og logd _ (log 5) together with condition 3) imply that the

NG

quantity is bounded by O (%) , which in turn is bounded by O(1/,/7) by
condition 2).

* 1/(1 = 5/v) <1+ O(1/7) since § is a constant

4log 1 5 4log%
1+1g21$ Note th tlog L O(*BE3 ) _ O(1/4) as before. Al di
Tog I ote thal log% = log% = 7y) as berore. SO, condi-

tion 3) implies that (log T2I )/(log 1) < (log ﬁ)(log log )/(log 1) < 1/.
O

The rest of this appendix is on proving Lemma 4.2, which via reparameterization gives Theorem 4.1.

We first show a utility lemma (Lemma C.1), before using it to prove Lemmas C.2 and C.3, which
bound the expectation and variance of the empirical score function. After that, we prove Lemma 4.2.

Lemma C.1. Let w, be a Gaussian with standard deviation r, f be an arbitrary probability distribu-
tion, and f, be the r-smoothed version of f. Define

A(z) = IZEE) ff(;;v) — (@)

Then for any |e|< 1 /2,



Proof. By Lemma B.1, we have

LGt - @) —efile) o mme o7
Belw) = (@) = Al

Define

‘We want to bound

2
= zwzgz(oﬁ) (ae(Z))". (5)

Finally, we bound this term (5).

When |e2|< r2, we have by a Taylor expansion that
2e:_c2 ez €2 2z — 2\’
2 =1+——-——+0||——
€’ * r2 22 + (( 2r2 )

g? N (52)2
2 2

This implies that (a.(2))? < e/r* + 2% /r8, meaning that

1) Z,)? < E et et
r)” -1 r —+—-1 -
Z.~N(0,r2) (%( ) leZr< 2) ~ 2, ~N(0,r2) (<r4 T 8 ) leZ-|< 2)

and so

lac(2)] S

4 4.4
< et n B ez
rt " Z.~N(r2) \ 18
4
€
S 6)
On the other hand, in the case where |¢z|> 72, we have the following inequality:
lae(2)|< el 2!
SO
E (ae(Z,)? - 1 Z>2)<2/Oo . 62‘5'67%dz
Zo~oN(Or2) S earlzrt) = Ir2/e| V2mr?
2,2 [ 1 (z=2|eD?
=2¢%7/7 / e~ 2r2 z
r2 /e V2mr?
< 2/ePrlz > 12 /|e|2fe]]
_ (r?/el=2]e)?
e 272
4
< e_% < 6—
< g
Which combines with (5) and (6) to give the result. O]

We are now ready to prove Lemma C.2, which bounds the expectation of the empirical score function.
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Lemma C.2. Suppose f, is an r-smoothed distribution with Fisher information L. Then, for any
le|< r/2, the expected score By g, [, (x + €)] satisfies

E [s,(z+¢e)=-Tc+0O (f‘f)

T Jr

Proof. By definition of s,.,

wisr[sr(x+5)]:/ frfrxfs-a)

_ /xfr B )_fr<x) z

Since by definition of Z,.,
oo pf 2
Lo [T R
— fr(@)

B Gralved = [ EB (e - f) +efi@)da
=E[sr(2) - A_c(2)]

where A, (z) := frlcre) f{T(S;) =1:@) Thys

( E [sp(x+e)]+ €IT-> <E[s.(2)*] E [A_(2)’]

x~ fr

By Lemma C.1, we have that

2 et
and so
E [sr(z+¢e)]+eZ,| SVI.—
as desired. O

Lemma C.3. Suppose f, is an r-smoothed distribution with Fisher information Z,.. For any |e|< r/2,
ifr/e 2 \/loge/(r?I,), then the second moment of the score satisfies

€ e
E [s2(z+¢)] <T,+0 (TI,. log 7’21}>

x'\’fr

Proof. We have that
2
zlEfT (x + 6 / fr(z ( ;) dx
_ B fr(x>>2
= /_oo fr(x—¢) (fr(éﬂ) dx

—T, + /O:O(fr(x —e) = fr(2)) <

) w

By Lemma B.1, we have

‘We have that




so that we need to bound

E [si(z+¢)]-Z,=E

z~fr x

(7

2
E (estr/rzfs2/2r2 _ 1) E &
Zy|x Z,|x 72

We can bound this as follows. For any 2 and parameter « < r/z,

Z|z Z,|x 72 Z|z

(E@E&WEW”—U)(EZjQSQmwm+E1unmmfZ”—))( Z)

< O(ear/r)si(z) + (E 1z, 5ar(e”*%/" ) Z, x[ D

Thus

E [z +6)] I < O(ca/r)T, +E Kz]f:jm 12, 1sar(e%/" — 1)) (ZEEI {ZQ] )}

z~ fr réd

It remains to bound the second term on the right hand side. Observe that,

e m (oneier )]
|

=E
Zy Zy
1 Zy/r 2
sﬁghmmwa/ 17|

where the first inequality is by Cauchy-Schwarz, second inequality is by two applications of Jensen’s
inequality, and the last inequality is by properties of the Gaussian with standard deviation 7.

We will now bound E 7 []1|ZT|>M(6_EZT/T2 — 1)2} in two separate regimes, when 1) |Z,.|< r?/|¢]|
and when 2) | Z,.|> 1?/|e|.

When |Z,.|<r

So,

_ 2 2Z2 € a2 Y
7 {llzr|>w1|zr|§r2/s(@ 1) } SE [12 |>ar =3~ } S et

On the other hand, when |Z,.|> 72 /|¢],

—E& . T2
z hlzrw>max(ar,r2/e)(€ o *1)2}

_(aT+T2/E) ]. z2 EZ 2 o0 1 22 EZ 2
= T2r2 (e 2 — T2 (e 2 —
_ /_OO e T e ) dz+/w+T2/E Tt e E 1)

< / D ed e
< e 2% (er? — z
ar+r2/e 2mr2

< e 22¢ 2 dz

/°° 1 22 2le|s
~J
ar+r?/e V 27T7‘2

&2 _ (== 2\Elz)
= 2€ / 2r2 dZ
ar+r2/e 2777’2

2 2 .
< emUatHr?/E) < —26_9(0‘ ) since |e|< 7/2
T
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Thus, we have shown that, whenever « 2 1, we have

ez, /n? Zy 1 Je?a? €2 e
(i) (3 2] < by e o

EQ _ 2
2 =)
.

A

since a 2 1

which implies that

1
E [s2(z+¢)] - T, < ? (Ir + 7369(“2)>

z~ fr

Set a = O(, /log %), which is (1) as 72Z, < 1 by Lemma 3.1. Therefore, we have

13 e
E [s2 -7, < 7. /log ——
B o]~ S S flos

With the above lemmas, we are now ready to prove Lemma 4.2, which we also restate here for the
reader’s convenience.

Lemma 4.2. Suppose we have a known model f, that is the result of r-smoothing with Fisher
information I, and a given parameter €x. Let B and 1) be the hidden multiplicative constants in
Lemmas C.2 and C.3. Further suppose that v satisfies 7 > 2€max and 72v/I > Yemax for some
parameter v > (. Also define the notation p (a “o(1)" term) by

3 = 15 [2logi\?
1+p= 1 VE ( g5>
T2 n

Then, for every & < 1, with probability at least 1 — § - Wzé)(l—é)’ for all € €

5 T
((1 + f)ll_ig\/ 271? g ,5max], §(X\ — €) is strictly negative and §(\ + €) is strictly positive.
Y

Proof. Without loss of generality, we only show the A — € case, and the A + € case follows by
doubling the failure probability.

First, we show that, under the lemma assumption that r2Z, > YEmax> Lemma C.3 implies that the
second moment of the score at A — &, namely E,. 7, [s2(z +¢)], is upper bounded by (1+O(1/7))Z,.

To check the precondition of Lemma C.3, note that 72v/Z,. > Yemax > 7€ is equivalent to 7 Je >
~/V/r?Z,, which implies that

T
€ r2Z,
I
e\ 2z,
vy e
> N
- \/g Og 2Ir

satisfying the precondition of Lemma C.3.
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Then, recalling the notation 7 for the explicit constant in Lemma C.3, the lemma implies that

E [s2(x+¢)] < (1+n log QI>

z~ fr
<7 (1+7] maxﬂlog 21)
( Emax )

-t 5‘“})

<z, (142

Next, we show that with high probability, (A — ¢) is upper bounded (by a quantity that we eventually
show is negative, as desired). To do so, we use the concentration bound in Corollary 3.3, combined
with the bound of Lemma C.2 on the expectation, as well the second moment bound for E,, [s2(z +¢)]
we just derived. Together, they imply that for all for all 0 < & < min(|r|, £max), With probablhty at
least 1 — §, we have

sA—¢e)— (—Irg + 5\/27 \/7\/@ 15log 3

We will show that the last term of O(log + 3 / nr)) is dominated by the first term, by our lemma
assumption. Note that since 2T > Yemax > YA/ 2 log i 1 , we can bound the above by

/ [21 21 T [21og L
G —¢) - (I€+5\ﬁ2 77\[ Oga og5> og‘SI,«
n
_ " n\f 15 /[2log 3 QIOg%I
2f n n "

For the rest of the proof, we denote the multiplicative term /1 + ” 215’v <2 log § ) ! simply by

1+ p, as defined in the theorem statement.

We note also that, since r2v/Z,. > e, we have —Z,.€ + vV/Z, 5 < ( 1+ 7) T,€. Therefore, for
any 0 < & < min(|r|, emax), we have that with probability at least 1-9,

2log L
s(A—¢) < ( 1+6>Ls+(1+ﬁ) Bsr,
ol n
By Lemma B.2, we also have that for any x
N 1
§(z) < o}

Let £ < 1 be a parameter that we choose at the end of the proof. We will show that with probability

atleast1 — ¢ - m, we have for all € € <(1 + 5) 1+p 2;0§ré75maxj| s <§()\ - 5) < 0.

1
Consider a net N of spacing £72(1 + p)4/ 21(:? 27 over the interval ((1 + f) & QLOIg 4 ,5max]

in the theorem statement. We can check that, if for all points € € IV, we have

log
s(A—e) < %(Hﬁ)y/“%zr 8)
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then, because &' < 1/r2, we have 5(z) < 0 forall z € )\ + ((1 +€)i§ 2205 2 emax |- This

is done by considering two consecutive net points 0 < €1 < €3, and observmg that $(A —¢) <
5(A —e1) — 25= for € € (g1, €2, which is in turn strictly negative. (For the essentially symmetric

case of A + £, we would instead use the inequality that 5(\ 4 &) > 8(A +€1) + =5= > 0.)

Thus, it suffices to bound the probability that the above inequality holds for all points in N. For a
2log %
nZl, °

where here we interpret addition and multiplication as scalar operations on every point in the interval.
For each € € N;, Equation 8 holds except for probability 6. Furthermore, each N; consists of

111’2 QIOg 5 divided by &r2(1 + p)y/ 21(;? i7, many points, which equals to W many
v r{1— ~
1
er2Z,(1-2)(1-9)”
An extra factor of 2 in the failure probability in the theorem statement accounts for the symmetric
case of (A +¢) > 0. O

natural number i > 1, consider the subset V; of V' that intersects with ([i, + 1] + &)+ 147

points. Therefore, the total failure probability is at most m . 2121 50 <6

D Proof of Theorem 1.5 in Section 6

The goal of this appendix is to prove Theorem 1.5, which we restate here for the reader’s convenience.

Theorem 1.5. Suppose f, is an r-smoothed distribution with Fisher information I,.. Given failure
probability § and sample size n, no algorithm can distinguish f, and f*¢ with probability 1 — 6,

where & = (1 — o(1))y/2log §/(nZ,). Here, the o(1) term tends to 0 as § — 0 and log 5 /n — 0,
for a fixed r*T,.

We use the standard proof technique of reducing distinguishing two “close" distributions to estimation.
In particular, we show that it is statistically impossible to distinguish between f, and f2¢ with
probability 1 — § using n samples. In order to show such an indistinguishability result, we need the
following standard fact (essentially the Neyman-Pearson lemma):

Fact D.1. Consider a game, where an adversary picks arbitrarily either distribution p or distribution
q, and we want an algorithm which, on input n independent samples from the chosen distribution,
decide whether the samples came from p or q, succeeding with probability at least 1 — §. Then, there
is no algorithm A such that:

P(A returns p | adversary picked p) — P(A returns p | adversary picked q) > drv(p®", ¢*™)
where p®" denotes the n-fold product distribution of p. In particular, this implies that there is no
algorithm A such that both of the following hold:

* P(A returns p | adversary picked p) > 1 + Ldry(p®", ¢®")
o P(A returns q | adversary picked q) > 3 + 3drv(p®", ¢®™)

So if drv (p®™, ¢®™) < 1 — 26, there is no algorithm that will succeed in distinguishing between two
distributions with probability > 1 — § using only n samples.

Thus, we need to upper bound the n-sample total variation distance between f,. and f2. Standard
inequalities for doing so involve calculating and plugging-in the single-sample KL-divergence
Dxw(fr || £2¢) or squared Hellinger distance d(f., f>°), however, they yield only constant factor
tightness in the exponent of 1 — drv (p®™, ¢®"), and hence only constant factor tightness in sample
complexity or estimation error lower bounds. As such, in this paper, we prove a new lemma
(Lemma D.2) that involves both the KL-divergence and squared Hellinger distance, as well as
assumptions on the concentration of the log-likelihood ratio between f, and f2¢ (which will be
satisfied by r-smoothed distributions), which allows us to bound the n-sample total variation distance
tightly. After that, we calculate the KL divergence and squared Hellinger distance of f,. and f2° as
well as show the concentration of their log likelihood ratio (Appendix D.1), which when applied to
the lemma yields the lower bound result (Appendix D.2).
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Lemma D.2. Consider two arbitrary distributions p, q. Let the log-likelihood ratio be defined as
= log %. Suppose there is a parameter £ > 0 such that we have the following conditions:

1 di(p,q) < 1+ £)Dku(p| q)

Dxw(pllq) -1
2. Dii(ql\p) el(1+k)H1+K]

3. Bp[ly[*] < (1+ k)5 2Dkw(p || ) k¥ 2 for integers k > 2
4. E lv*] < (1 + k) 22Dk (p || q)k* =2 for integers k > 2
Then, for k < 0.01, nDkr(p| q) > 1 and Dxr(p| ¢) < 1,
1 — dpy (p®", ¢®) > 2e~1F0W+TO1/V/nDw(p [ 9)+ODscw (v | 9)nDrcr. (| 0)/4

Proof. Define
BCs(p.q) = /S\/]TCIS Vp(S)a(S)

to be the restriction of the Bhattacharyya coefficient BC(p,q) = 1 — d%(p, ) to a subset S of the
domain. For any S, we have

f v/min(p, ¢) max(p, q))>  BCs(p,q)*
1 _ d , / , / S = ! .
v (p g min(p, ¢ min(p, q) Jgmax(p, ) p(S) +q(S)

We apply this to p®™ and ¢®", getting for any S:

BCs(p®", ¢*™)?
1 —drv(p®™, ¢®™) > .
TV(p »q ) = p®n(S)+q®n(S)

©))

Thus, the goal now is to find an event S such that BC's(p®™, ¢®™) is big relative to p®™(S) 4+ ¢®™(S).

For the rest of the proof we use the notation 7 to denote the n-sample empirical log-likelihood ratio,
q(zi)

namely 2 3.7, = 1% 1o p(ﬁ

We now define S, for k € Z, to be the event {5 € [k — &,k + 3] - oDk (p || q)} for some parameter
a = ©(max(k, 1//nDky(p || q)7 Dxr(p|lq))), and set S = Sy. We have that

BCs(p®",q®") = BC(p®",¢®") = > BCs, (p°",q°") = BC(p,q)" — > _ /P (Sk)a®"(Sk)
k#0 k#£0
(10)

Now, define
§ = e~ nmin(Dxr(p |l @) Dxra | p))/4

We note that § < (BC(p, q)")(1~0R)=0Pxrpll9) a5 follows:
BC(p,q) = 1 —dii(p,q)

>1-(1+ om))i min( D, (p | ¢), Dxr.(q | p))

> exp {1+ 06) + 0Dy ¢ ) win( s v 0. Drsa 1)

where the first inequality follows from conditions 1 and 2 in the lemma statement, and the second
inequality follows from the fact that 1 — 2 = exp(—(1 4+ O(z))x). The above claim follows from
raising both sides to the power of n.

We shall now bound p®”(Sy) and ¢®"(S) in terms of §. By standard sub-Gamma concentration
bounds, conditions 3 and 4 imply that

K —nt
Pr[7 > ~Diw(plla) + /20 + ODie(p ) + 512] < e/ an
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and

K 42
Pr |7 < Dicwla|p) - tv/20+ 0D (plla) - 5t2] < e/ (12)

We now bound p®"(S)) b

pors <Pr[72 (k- 3 ) aDiaoll0)

Solving the equation

1
S+ VI D D 6~ Drslollo) = (k- 3 ) aDra (ol 0

b = mmw = <1+<k;>a>1>

By Equation 11, p®™(Sy) < e~"%/2 whenever (k—3)a>-1.

yields

Also observe that, when £ < 0.01, the function X(,/1+ 14z (1+x) — 1) within the range

€ [-1,1.01] can be lower bounded by simply +(1 — 2x)(1 + ). For the range z > 1, we
can lower bound the function by (1 — 2k)y/z. This implies that p®™(Sy) can be upper bounded
by e~ 10-0() DLl (L (E-Do)* < §0-00)+(=H)® when (k — L)a € [~1,1.01], and
similarly, upper bounded by ¢~} =O() Dxr(p [l a)(k—3)a < §4(1-O(w)(k=3) when (k — Da>1.

Finally, observe that for (k — 1)a < —1, we can trivially bound p®"(S},) by 1.
We now bound ¢®"(Sy) by

(50 < B[ < (k4 3) abatolo)]

Solving the equation

1
56~ VAT T D0t + Dradall) = (k4 3 ) aDialo o)

yields (by condition 2)

t§€>\/1:7ﬁ\/m<\/1+(l—n—<k+;>a)—l>

1+

By Equation 12, ¢®"(S},) < e~™1)*/2 whenever (k + %)a <1-—k.

We now bound ¢®"(S) similar to how we bounded p®"(S;). When x < 0.01, the function
(\/1 + 2 (1 — K + ) — 1) within the range = € [—1.01, 1 — ] can be lower bounded by simply

1+k

1(1 = 2k)(1 — k — ). For the range z < —1, we can lower bound the function by (1 — 2x)/z.
This implies that q®"(Sk) can be upper bounded by e~ #(1=O)Dxr(plla)(1=r—(k+3)a)* <
510N A=r=(-+3)2)" when (k + 3)a € [~1.01,1 — x|, and similarly, upper bounded by
en(1=0(m) Dxr(plla)(k+3)a < §=4(1=0(r)(k+3)a whep (k + E)O‘ < —1. Finally, observe that
for (k + 3)a > 1 — k, we can trivially bound ¢®"(Sy) by 1.
We are now ready to upper bound >, 5 /p®"(Sk)q®"(Sk). We decompose this sum into three
regions of non-zero k.
The main region K; is where (k — 2)a > -1 and (k + 3)o < 1 — k. In this re-

gion, /p®"(S;)q®"(Sk) can be upper bounded by 51 Om) [(1+(k— )a)2+(1—n—(k+%)a)2]
§A=0(r)(1+(Ikl-$)*2*)  Now observe that ZkeK §A=O0(R)N(1+(k[-3)%a?)) < §1-O(r)+2(e)
1 S

VANVAN
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5142 a5 Jong as 590 <« 1and a = Q(k). These two conditions are satisfied by the choice of
a = Q(max(r, 1/y/nDkr(p | 9)))-

The second region K is where (k — 1)a < —1, which also means that (k + 1)a < —(1 +
Q()). In this case, we use the bound p®(Sy) < 1 and ¢®"(S;) < & 4(1-O)(k+3)a,
Thus, in this region, 1/p®"(Sx)q®"(S)) is upper bounded §—2(1=C(®)(k+3)a  This means that
Sk, VP (Sk)qE(S)) < 621 70RN1=0(@) « §1HU) a5 Jong as 6% < 1 and as long as
K < 1and a < 1. This is again satisfied by our choice of a.

The last region K3 is where (k + 1)a > 1 — k, which also means that (k — 3)a > (1 —
O(k) — O(a)). In this case, we use the bound p®™(S,) < §41-CrD(k=3)a apg ¢®@n(5,) < 1.
Thus, in this region, \/p®"(S))q®"(Sy) is upper bounded §2(1=C(")(k=3)e  This means that
S ek VPO (Sk)q®™ (Sk) S 621 70mIA=0(0) « 5179 a5 long as 6* < 1 and as long as
k < 1and a < 1. This is again satisfied by our choice of a.

Summarizing, we have shown that 3, o \/p®"(Sk)q®"(Sk) < St for o =

~

Q(max(k, 1/v/nDkL(p| q))). Furthermore, as « > Q(Dkr(p|| ¢)) by construction, the above
bound is much less than (BC(p, q))", since (BC(p, q))" > §1+OR)+0DxLpll9) from earlier in

this proof. This yields that BCs(p®™, ¢®*™) > BC(p,q)™ — Zk;éo P (Sk)g®" (Sk) = grHow@
since a = Q(Dkr(pl q))-

The last quantities we have to bound are p®™(Sp) and ¢®™(Sp). These were already bounded in the
respective paragraphs bounding p®™(Sy) and ¢®"(Sy) for general k. When k = 0, the bounds are at
most §1t(®) (again, when o = Q()). Finally, we get that

| = dy (07, ) > (BCs(p®", ¢®™))? S §2+0(a) _ 140
’ = p®n(S) + ¢®n(S) ~ §14+9Q(a)

Expanding the definition of J as well as the choice of «
O©(max(k,1//nDxr(p|lq), Dxr(p | q))) gives the lemma statement. O

D.1 Showing the conditions for Lemma D.2

In this subsection, we calculate the KL-divergence, squared Hellinger distance, as well as moment
bounds for the log-likelihood ratio for f, and f2¢ for a generic r-smoothed distribution f;..

Lemma D.3. Consider the parametric famlly f Xz) = fr(x — ) for some r-smoothed distribution
fr with Fisher information Z,. Then for e <

Diw(f, || 12°) = 22T, (1 ‘e (ﬁ) )

Proof. Let {(x) = log f,(x)

2e
Diw (f, 11 129 = — / Jo( 1ogf(())d

[ [ My

== [ B s ay

"

2e 2
:/ Ly+@(\/fri’2> d
0

3
_ 5.2 € _ 5.2 €
=2 Ir+@<\/ITT2) =21, <1+®<T2\/IT>)

where the O result is from Lemma C.2.
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Lemma D.4. Consider the parametric family f)(x) = f.(z — \) for some r-smoothed distribution
fr with Fisher information L. Then for e <r,

@ (o £5) < S Dgu(f [ £2) + 0 ()
sJr =4 T r 7"3

Proof. Observe that the squared Hellinger distance is

B =5 | VI - VIE@)

) o)
- / Jrl )

2¢e
Since for y > 0 we have (1 — \/9)? < —1(logy) + L5+ + 55 (y — 1)%, substituting y = ]} ((;)), the
previous expression is at most

V[l fE@) L@ 1L (1) "\ L
/fr ( 8w T2 2+24<fr(x) 1)+>d

The first term inside the big parentheses equals $ Dk, (f; || f2); the next two terms cancel out (since
they each integrate all the probability mass of f); the final, cubic, term we bound now.

We start by bounding the cubic term for a Gaussian g of standard deviation r:

[ (4557 1) a0 (5)

where the bound is easily computed from the closed form evaluation of the integral, valid while ¢ is
bounded by some fixed multiple of r.

Now the r-smoothed distribution f is just a convex combination of Gaussians of width r, and the

desired inequality follows from the observation that the expression f,.(x) ( 7 ((;)) — 1) is convex

in the sense that, in terms of y, z > 0, the function y (f — 1) is a convex 2-variable function. Thus

the total contribution of the cubic term is bounded by its value for the Gaussian, namely O(f,—z)
O

Lemma D.5. Let k > 3. For an r-smoothed distribution f, let v = log . Fore <r, we have

E[ly/] < %!(305/@’6*24521 (1 L0 (i\/@))
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Proof. Let {(x) = log f(x). We have
k

%) x+2e
[fr<x>\logfr() log f, (a + 2¢)* / Jo(a / V) dy| de

x+2¢e
< (26)F / fil@) / 10(y)* dy dz

= [l + )l ay

2¢e
< Qo5 [ Elsila 4 o)y

< (25)’“*1%!(15/7")'“72 /02€I+ 0 <zz\/@> dy
k! 2 1

= (2e)" 5 (15/r)* 1 <1 +0 <i\/1ogz>>

e ra (1 co 2y ))

where the first three inequalities are by convexity, by Lemma B.6, and by Lemma C.3. O

Lemma D.6. For an r-smoothed distribution f,, let v =

1
2] 4.2 g/
%[|’y| | <4e I<1+O (r log 27

Proof. Let l(x) = log f,(x). We have

2
dx

x+2¢

/_ﬁ(w)\logﬁ() log f, (« + 2¢) 2 / fila () dy
x+2¢e
<2 / fol(@) / 10 ()[? dy dz

:25/0 6Ig[i;][sr(ery)Q] dy
§25/261+O <y11/10g1> dy
0 r r2T
= 4e°T <1+O<6\/10g21>>

T 2T

where the first two inequalities are by convexity, and by Lemma C.3. O

D.2 Proving Theorem 1.5

We are ready to prove Theorem 1.5.

Proof of Theorem 1.5. We will be applymg Lemma D.2 on the distributions fr and f2¢ for an
appropriately chosen ¢, with kK = O(£ ) (note that by Lemma 3.1, Z,. < 1/72 so 7?Z, < 1).

T 72I

Lemma D.4 combined with Lemma D.3 show condition 1 on Lemma D.2. Lemma D.3 shows
condition 2. Lemma D.6 shows condition 3 for £ = 2, and an essentially identical calculation shows
condition 4 for k = 2. Lemma D.5 shows condition 3 for k£ > 3, and again an essentially identical
calculation shows condition 4 for k& > 3.
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Thus, applying Lemma D.2 and Fact D.1, the failure probability of distinguishing p = f,. and ¢ = f2¢
is at least

e*(lJrO( £ L V40(1/vne?Z,)+0(e?Z,))ne? T, /2

T2,
Picking
logs 1 1 log § 2log 1
e=(1-0[{ 22— |_o(—)-0o>22 983
n r3ZL5 log & n nZ,
yields a failure probability lower bound of 4, thus showing the theorem statement. O
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