Supplemental Material for:
“Asymptotics of representation learning
in finite Bayesian neural networks”’

Jacob A. Zavatone-Veth':2, Abdulkadir Canatar'-2, Benjamin S. Ruben?,
Cengiz Pehlevan?*
'Department of Physics, 2Center for Brain Science, *Biophysics Graduate Program,

“John A. Paulson School of Engineering and Applied Sciences

Harvard University
Cambridge, MA 02138
{jzavatoneveth, canatara,benruben}@g.harvard.edu
cpehlevan@seas.harvard.edu

Contents

A Preliminary technical results
A.1 Isserlis’ theorem for Gaussian moments . . . . . . . . . .. . ... ... ... ..
A.2 Neumann series for matrix inverses near the identity . . . . . . . ... ... .. ..

A.3 Series expansion of the log-determinant near the identity . . . . .. ... ... ..

B Perturbation theory for wide Bayesian neural networks with linear readout
B.1 Integrating out the readoutlayer . . . . . . . ... ... ... ... ...

B.2 Perturbative expansion . . . . . . . ... e e e e e e e e e e

C Explicit covariance computations in deep linear networks
C.1 Fully-connected linear networks . . . . . . . . . . .. . ...

C.2 Convolutional linear networks . . . . . . . . . . . . . ... .. s

D Direct computation of the average hidden layer kernels of a deep linear MLP
D.1 The cumulant generating function of learned features foraMLP . . . . . ... ..
D.2 General form of the perturbative layer integrals for a deep linear network . . . . . .
D.3 Perturbative computation of the partition function of a deep linear network . . . . .

D.4 Computing the average hidden layer kernels of a deep linear network . . . . . . . .

E Average kernels in a deep feedforward linear network with skip connections
E.1 Perturbative computation of the partition function . . . . . . ... ... ... ...

E.2 Computing the average hidden layer kernels . . . . . . ... .. ... ... .. ..

F Comparison to the results of Aitchison (2020) and Li & Sompolinsky (2020)

35th Conference on Neural Information Processing Systems (NeurIPS 2021).

S2
S2
S2
S2

S3
S4
S5



F.1 Comparison to the results of Aitchison (2020) . . . . . . . ... ... ... .... S23

F.2 Comparison to the results of Li and Sompolinsky (2020) . . . ... ... ... .. S24
G Predictor statistics and generalization in deep linear networks S25
G.1 Predictor StatisStiCs . . . . . . . . o v e e e e e e e e e e S26
G.2 Bias-variance decompositions and the low-temperature limit . . . . ... .. ... S26
G.3 Effects of alternative regularization temperature-dependence . . . . ... ... .. S27
H Derivation of the average kernels for a depth-two network S28
I Numerical methods S29
Checklist S31

A Preliminary technical results
In this appendix, we review useful technical results upon which our calculations rely.

A.1 Isserlis’ theorem for Gaussian moments

Let (x1, %2, ..., 2y) be a zero-mean Gaussian random vector. Then, Isserlis’ theorem [1] states that
Elys -] = 4 2overi Lligpep c0v(@iz5)  neven (A1)

0 n odd,
where the sum is over all pairings p of {1,2,...,n} and the product is over all pairs contained in p.

In particular, for n = 4, we have

E[z1xowsxy] = cov(zy, x2) cov(xs, x4) + cov(z1, x3) cov(xa, 24) + cov(z1, z4) cov(za, x3).
(A2)

In physics, Isserlis’ theorem is often known as Wick’s probability theorem [2].

A.2 Neumann series for matrix inverses near the identity

The Neumann series is the generalization of the geometric series to bounded linear operators,
including square matrices. In particular, let A be a p X p square matrix. Then, we have

(I, —A) =) A (A3)
k=0

provided that the series converges in the operator norm [3]. We will use this result without concern
for rigorous convergence conditions, as we are interested only in asymptotic expansions.

A.3 Series expansion of the log-determinant near the identity

Let A be a p X p square matrix, and let ¢ be a small parameter. Then, we have

o~ (=D
log det(I, + tA) = - tr(AF)tk (A4)
k=1

assuming that the series converges. We will not concern ourselves with rigorous convergence
conditions, as we will use this expansion formally.

This result follows from the fact that

k

% logdet(I, +tA) = (—=1)* 1k — D!tr((I, +tA)* A" (k=1,2,...). (A.5)
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The base case k = 1 is given by Jacobi’s formula [3]:
% logdet(I, +tA) = tr((I, +tA) "' A). (A.6)

Then, using the identity

%(Ip +tA) T = (I, +tA) LA, +tA) ! (A7)

and the fact that A commutes with (I, + tA)~!, we find that the claim holds by induction. As
log det (I, + tA)|¢=o = 0, this implies the desired Maclaurin series.

B Perturbation theory for wide Bayesian neural networks with linear
readout

In this appendix, we derive Conjecture 1. As outlined in the main text, we consider a depth-d neural
network f : R™ — R"™ with linear readout, written as

Foa WA W) = — WDy W) (B.1)
Ng—1

in terms of the hidden layer feature map % (; W) : R™ — R™-1. The full set of trainable
parameters is then © = {W(d), W}, where W is the set of feature map parameters. We assume

isotropic Gaussian priors over these parameters, with, for instance,

Wi ~ N(0,09). (B.2)

1.1

We fix an arbitrary training dataset D = {(x,,,y,)}},—, of p examples, and use a Gaussian likelihood
p(D|©) x exp(—SE), where

P
B(©;D) = 5 3 1£6x) — vl (B.3)
=1
is a quadratic cost. We then introduce the Bayes posterior
p(©|D) = pw;gf(@; (B.4)
averages with respect to this distribution will be denoted by (-).
We define the postactivation feature map kernel
K4 (x,x') =nt p(x, W) -9(x, W), (B.5)

and write [K (¢=Y)],, = K(?=Y(x,,,x,) for the kernel evaluated on the training set. For brevity, we
will frequently abbreviate K = K (?=1 throughout this appendix.

We denote expectation by E, and prior expectation by E,y. We also introduce the joint cuamulant
operator K and its prior counterpart Kyy. We will only require the second and third joint cumulants,
which, for random variables A, B, and C, are given as

K(A,B) =E[(A—EA)(B —EB)] (B.6)
and
K(A,B,C) =E[(A—-EA)(B-EB)(C —EC)], B.7)
respectively.

Our starting point is the partition function Z of the Bayes posterior (B.4) for the network (B.1),
including a source term for the (generically matrix-valued) observable O:

Z(J) =Ew@Ew exp (—-BE +tr(J'0)), (B.8)
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where WV denotes all of the parameters except for the readout weight matrix (%) and expectation
is taken with respect to the Gaussian prior. The logarithm of the partition function is the posterior
cumulant generating function of the observable O, with

olog Z
= B.
©) =571 . (B9)
and covariance
0%log Z
cov(0py, Oy ) = ———— . (B.10)
" X 0Jpy0Jusx | 79

B.1 Integrating out the readout layer

We first show that the readout layer can be integrated out exactly. As the source term is independent
of W(4), Fubini’s theorem yields

Z =Eyw [exp(tr(JTO)) Eyw exp(—ﬁE)} . (B.11)

The expectation over W< is a Gaussian integral, hence it is easy to evaluate exactly:
Ey @ exp(—BE) (B.12)

1 & 1 2
_ 1 G
= Ey @ exp ( 25 3:1 Wi W, —y, ) (B.13)

= exp <—;ﬁtr(YTY)>

xﬁ $ex fle o2, + b U ) w; + b Y1), w,
(2mo2)na—1/2 PA\7a"Wi (%2 n T3 / 7

- d—1 Ng—1
Jj=1
(B.14)
2 7’ﬂd/2
= det (In + MWT\I’)
nd—1
1 8202 2 -1 1
X exp 7& tr YT\If In + &‘IIT\I} \I/TY - 7ﬂtr(YTY) ’ (B.15)
2ng-1 Ng—1 2

where we abbreviate 1), = 1(x,; V) and introduce the matrices ¥,,; = 1, j and Y,,; = y,, ;. Here,
we have used the fact that the matrix I, + (802 /n4—1)¥ T ¥ is invertible at any finite temperature.
By the Weinstein—Aronszajn identity [3],

Boi o7 _ Boi TY _ 2
det (I, + —2U' ¥ ) =det (I, + O ' | =det(l, + fo;K), (B.16)
Ng—1 nd—1
where we introduce the (non-constant) kernel matrix
1
K=K@D=__ gy, (B.17)
Ng—1

as mentioned above, we abbreviate K = K (@1 for brevity. By the push-through identity [3],

60.2 -1 50'2 -1 1
v (In + d\IJT\IJ> U= (Ip + dwT> —— UV = (I, + foiK) 'K,
n

Ng—1 Ng—1 nd—1 d—1
(B.18)
hence, using the cyclic property of the trace,
1 5252 2 -1 1
1500 lyTy (In + M\I’T\p> Y| - 2Bt (YY)
2ng-1 Nd—1 2
1 _
= 5 Bnate [(Boi(I, + BogK) 'K — I,,) Gy, (B.19)
1
= =5 Bnatr((l, + BaaK) " Gy, (B.20)
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where we have defined the normalized Gram matrix of the outputs

1
Gyy=—YYT (B.21)
ng
and noticed that
I, — Bo3(I, + Bo3K) 'K = (I, + Bo3K) . (B.22)

Therefore, we conclude that
Z = By exp [tr(JTO) - % (Btr[(I, + Bo2K) " Gyy) + log det (I, + ﬁaflK))} (B.23)
at any width.

B.2 Perturbative expansion

We now consider how this expression behaves in the large-width limit. We assume that this limit is
well-defined in the sense that the readout kernel K tends in probability to the constant GP kernel K,
[4-7], and that the observable O similarly tends to a deterministic limit O,. Then, we formally write
K and O as their infinite-width limits plus corrections which are small at large hidden layer widths:
K=K+ MK, (B.24)
O =00 + 200, (B.25)

where the parameter ) is used to track powers of the small deviations.

We first expand the term resulting from integrating out the readout layer into its infinite-width limit
and a finite-width correction. We define the constant matrix

1

=Ko+ @Ip, (B.26)
which is invertible at any finite temperature. Then, by the Woodbury identity [3], we have,
Boi(I, + BoiK) ' = T+ MK) ' =T = AT KT + MK) ! (B.27)
and, similarly,
log det(I, + Bo3K) = log det(B03T) + log det(I, + AT !4 K). (B.28)

Noting that that both AT 716K (I' + AJK)~! and log det(I, + AT 1K) are O()), we expand the
logarithm of the partition function as

log Z =108 Zoo + tr(J T Ou) + log Eyy exp[A tr(J T60) + A\, (B.29)

where
Zoo = det(Bo2D)""4/2 exp <;nda;2 tr(rlcyy)> (B.30)
is the GP partition function and
0= %nd tr[o 2T K (T + MK) 1G] — %nd)\_l log det(I, + AT !4 K) (B.31)

is the remainder. log Eyy exp[Atr(J T §0) + A has the form of a cumulant generating function,
hence it has a formal series expansion in A given by

log Eyy exp[Atr(J T 00) + AQ] = AEyy[tr(J T60) + Q]
4 %v Ep{tr[JT (50 — EwdO)] + Q — By}
4 é/\?’EW{tr[JT((SO — Epd0)] + Q — Ew ]}
+O(\Y). (B.32)
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We can then see that the k-th cumulant is O(.J*), hence the k-th posterior cumulant of O will be
O(XF). Specifically, we can read off the posterior mean

1.
(0) = O + AEW 30 + N2 Ky (60, Q) + 5ASKW((SO, Q,Q) + O(\Y). (B.33)

and covariance
cov(Opy, Ouy) = MK (60, 600y ) + N2 Ky (00, 504y, ) + O(AY). (B.34)

To make further progress, we expand 2 in powers of A. Using the Neumann series for the matrix
inverse (see Appendix A), we have

T+ XNE) =T = XI7KT ™! + 0()\?), (B.35)
and, using the series expansion of the log-determinant near the identity (see Appendix A), we have
1
A logdet(I, + \T 1K) = tr(I 1K) — PR tr(T 1O KT 1K) + O(\?). (B.36)
This yields

Q= % tr[(o; 2T Gy, I — T 1)6K]
1
~ %Atr KadQF_leyF_l — 2r—1> 6KF_16K}

+ O(\?). (B.37)

The leading term is simple because it is linear in K. Then, keeping only the leading non-trivial
corrections and recognizing that

Ooo + AE0 = Ep O, (B.38)
NKw (60,6K,,) = Kw (0, K,u), (B.39)
MK (60, 604y ) = Ky (Opryy Ouy ),  and (B.40)
MKW (60, 600y, 6K ) = Kon (0 pryy Owoyes K ), (B.41)

we have

1 p
(0) = EwO + 5n4 > (0T Gy =T EKw(0, K ) + O(A?) (B.42)
p,r=1
and

cov(Opy, Ouy) = K (0,0, Ouy)

1 P _ _
+§nd Z (04 T 1nyF '-T 1)NVKW(OP’Y7OWX7KMV)

n,rv=1
+ 0\, (B.43)

Restoring the layer indices to K = K (41 the above result for (O) yields the expression given in
the main text. From the structure of these expressions, we can see that higher-order terms (in \) will
involve higher joint cumulants of the kernel deviations 6 K (“), which can in turn be converted into
joint cumulants of the kernels I (*), Therefore, to show that the perturbative expansion yields a valid
asymptotic series , one would need to show that these joint cumulants themselves have asymptotic
series expansions at large width, with leading terms that are successively suppressed by powers of

n

C Explicit covariance computations in deep linear networks

In this appendix, we detail how to compute the prior covariances appearing in (B.42) for the hidden
layer kernels of deep linear fully-connected and convolutional networks.
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C.1 Fully-connected linear networks

In this brief subsection, we provide a self-contained derivation of the behavior of the prior cumulants
of the kernels of a deep fully-connected linear network with no bias terms. This is a special case of
Yaida [8]’s results, and provides some intuition for his results on general MLPs. As in the main text,
we consider a network with activations h() € R™ recursively defined as

h® :ne_jlﬂw(f)h(l*l) (l=1,...,d) (C.1)

with base case h(®) = x. We take the prior distribution over weights to be [W(e)]ij ~iid. N(0, UéZ)),
and define the hidden layer kernels [K“)]W = n;lh,(f) . h,(,e) for/ =1,...,d — 1. Then, we have

1

EnKY = ———Ewx, (W(l)) (W(f))TV[/(@) oMy, (C.2)
IJ‘V n[ DY no

=52 g2 Xﬂn'ox" (C3)

= [Kéﬁ)]w (C4)

at any width, as Eyy ) (W) TWE /n, = 021, . We now consider the second moments of the
kernels. We first note that

EwKOKS™ =02, 02 BwKO K (C.5)
for any 7 > 1. By Isserlis’ theorem (see Appendix A), we have
Ey o W WO WSIW = 086, (8km0ur + 0krbim) + 04 6k0mr (C.6)
hence we have the exact recursion
Me—1
) 70 O 17O 17O yy76)
EWKg)KpA_( IEWZ S W wwiw
1,7=1k,l,m,r=1
x (Wb .. ~W(1)xﬂ]k[ Wb owhx,),

X [W(Zfl) @ xp]m[W (=1 ... W(I)X)\}T (C.7)
_ 1
= B KES D b ot Bkl RS+ EwK VKT €8
with base case

() _ )y Wy W ()
EwK)E') = nanQ Z Z EwW,y, W W W a wxpizpmany (C9)

1,7=1k,lm,r=1

X, - Xy X, - X 1 X, X, Xy Xy X, X)X, X
_ Al R Rp + gt ( - Xp Xv 4 o v Ap (C.10)
no no o o

= (KWKo + o (K KD + KDL KGL,) (€11
for the second moments of the kernels at each layer. This recurrence relation is in principle exactly

solvable for any finite width, but we are interested only in its leading-order behavior at large widths.
In particular, we can read off that

¢

4T 1

COVW(K;(fu)aK( u )) O—Z-&--r O—[%-&-l <Z né’) ([Kég)]#p[Kéﬁ)}u)\ + [K(E)];AA[K&)]V,O>
=1

+0(n™?). (C.12)

Moreover, one can see by Isserlis’ theorem that the third and higher cumulants will be O(n~=2).
Substituting this result into (B.42) with the hidden layer kernel as the observable of interest, we
obtain the expression (8) given in the main text.
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C.2 Convolutional linear networks

In this subsection, we derive the prior cumulants required to compute corrections to the average
feature kernels of deep convolutional linear networks. As described in the main text, following
the setup of Novak et al. [6] and Xiao et al. [9], we consider a network consisting of d — 1 linear
convolutional layers followed by a fully-connected linear readout layer. For simplicity, we assume
circular padding and no internal pooling. As discussed in Novak et al. [6], this setup could be easily
extended to other padding strategies, strided convolutions, and average pooling in intermediate layers.

We write the activations at the /-th hidden layer as hl +» Where i indexes the n, channels of the layer
and a is a g-dimensional spatial multi-index. We take the filters to be of size (2k+1) x---x (2k+1)
in all convolutional layers; the extension to differently-sized filters would be straightforward but
notationally cumbersome. The ranges of all spatial summations will be implied.

The hidden layer activations are then defined through the recurrence

Ne—1

w! pt ) (2) (C.13)

(
hi zg b7, a+b

,a

with base case hgog () = xi,a. We fix the prior distribution of the filter elements to be
wlf ~ N0, 5Fv0), (C.14)

where v, > 0 is a weighting factor that sets the fraction of receptive field variance at location a (and
is thus subject to the constraint ) | v, = 1). For inputs [x,]; « and [z, ]; «, We introduce the hidden
layer kernels

;w ab =— Zhia xu h Z ) (C.IS)

We will first compute the prior mean and covariance of these four-indexed kernels, and then address
how to handle readout across space.

As shown by Xiao et al. [9], the prior mean obeys the recurrence

[
]EWK}(LV) ab
neg MNe—1
-1 Rt [
=Ewa . we- o Z Z Z hﬁ u+2 7 bﬁb(x,,)EWu)wz(J)cwz(]) > (C.16)
=1 i=1 j,j7/=1 ¢,0
Nyg—1
[ ¢
ZU?EW“»--WWUZWW D b )h ) €17
j=1
_ 2 (e—1)
=07 > v EWK,, ooro (C.18)
c
with base case
EWKP(LB,ab =0 ZUC zT ;w,(a+c)(b+c) (C.19)
for
R
[le‘]ul/,ab = Tli Z[xu]i,a[xu]i,h- (CZO)
0 =1
This recurrence yields
[
EWKLV)’ab = U% Z Veq * UCZ :mc],uu,(a+c1+--<+cg)(b+c1+---+c()- (CZ])

Moreover, as in the fully-connected case considered in the preceding section, we have

[Kéﬁ)]uwab = IEWK(Z)

pv,ab

(C.22)
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at any width.

We now consider the prior covariance of the kernels of two different hidden layers ¢ and ¢ + 7. As
the weight prior factors across layers, we have

(£) (e+7) 2
EWKMVC‘[’KPX:O —C’Z+1 0'€+7_ E Vey *** Ve

Cl,eeyCr
(0) (£)
x E K;W aprA (cte1+-er)(0+er+-er)” (C.23)
By Isserlis’ theorem (see Appendix A),
0 {4 0
EW(z)wl(])ewZ(]) fwl(/;// ng( j)/// h = levevgéjj/éjujmée,cégh
+ g veviir b5 81 Beg Oy
+ azlvavféiiféjjw63»/]'/:6@5;9, (C24)
hence we have the recurrence
Eyy KO O
pr,ab” > pX,cd
ne—1
=Eyow..we-n—55— 2 2 Z Z Z
~liir=14,j',5",5""=1¢f,8.b
-1 -1 0—1 0—1
x B @ D@ )Y ()R ()
X ]Ew(z) ng)ew,f‘f) fw,flej)// g ,E/ej)/// b (C25)
_ 4 (1) (-1)
=% Z”e“f [ WE L oo Eon e+
e, f
(€-1) (-1)
+ EWKW (@) (c+0) Ko, (041 (04+)
1 _
+ IEWK( ) KD (C.26)

B (ate)(0+¢) " vp, (atf) (c+F)

with base case

1 1
EwK) WK o =0t > 0 Uf[Gm]w(a+e)(b+e>[Gm]pA(c+f>(a+f>
o

+ —[Gaalup,(ate)(c+0) [Gaalun, o+ (0+)

1
i
1
+ — e [wa]u)\ (a+e)(0+e) [wa]yp,(a+f)(c+f) (C27)
= [Kéi)];w,ab[Kéi)]px\,w
1
o [ el + Koo K 28)

for the second prior moments of the kernels. As in the fully-connected case, these recurrence relations
could in principle be solved exactly, but we are only interested in their large-width behavior. Using
the forward recurrence for the GP kernels, we can easily read off that

¢

) 1

COVW(KI(W) ub’K/())\) @) = < E W/) ([Kéﬁ)]up,ac[Kéﬁ)]uA,ba + [Kéﬁ)]w,aa [Kéﬁ)}up,bc)
=1

+O(n?), (C.29)

which can then be substituted into the desired cross-layer covariance:

(0 (e+7)y _ 2 2
COVW(KW abr Ko co ) =001 Ol4r E Uey =+ Ve,
(£) )
x COVW(KWM!” Kp)\ (cte1+-er)(0+er+-- +ef))

(C.30)
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We now address the question of how to read out the convolutional layer activities across space. Fol-
lowing Novak et al. [6], we consider two strategies: vectorization and projection. With vectorization,
the output of the final convolutional layer is flattened into a n4_1 s-dimensional vector before readout,
i, Yipsa-1)(z) = hgda_l)(x) or Yy, (i—1)4al®) = hgdu_l)(x). The two-index feature map kernel
appearing in Conjecture 1 is then related to the four-index convolutional hidden layer kernel analyzed
above via

K = ZKﬂTa?. (C31)

With projection, the feature map is formed by contracting the final convolutional layer with a fixed
vector u, i.e.,

Z ugh (2). (C.32)
The feature map kernel is then given as
K@ Z uque k() ). (C.33)

Examples of common projection readout strategies include global average pooling (u, = 1/s) and
single-pixel subsampling (u4 = d4, for some desired location c). These readout approaches endow
the network with differing properties under spatial transformations; global average pooling has the
particular property of making the output translation-invariant.

We now seek to simplify the resulting expression for the leading-order correction to the posterior

mean of some four-index feature kernel ()

Lv,ab- Per Conjecture 1, the general form of this correction
is

1 p
“ng > ®pncovw(K) o KSTY), (C.34)

2
pA=1
where we have defined ®,) = [0, °T'"*G,,T'~* —T'""!] , for notational convenience. As elsewhere,

I'=K éﬁ - +p _10321 » for K gff Y the two-index kernel determined by the chosen readout strategy.
Depending on the chosen readout strategy, this general expression can be simplified dramatically.
In particular, for vectorization or global average pooling, the correction does not depend on the
particular form of v,.

To show this for vectorization (the strategy used in our experiments), we substitute the definition of

K éff b from (C.31) and the expression for the cross-layer kernel covariance from (C.30) into the
general expression for the correction to obtain

ng o 2
—0 O
25 {+1 d—1

(0) ()
X Z D)\ Z Vey =+ Veq_yy ZCOVW(K;W,CIW Kp/\,(c+e1+--~+ed_z_1)(c+e1+~~-+¢d—z—1))'

€1, ed—p—1 ¢
(C.35)
Thanks to the periodic boundary conditions, the summation over ¢ is independent of the index shift
¢; +---+ eq—¢—1. Then, the sums over ¢y, - - - , eq_¢_1 factor, yielding
ng o /4
320t T Z ) Z covw (K o K5 o) (C.36)
pA=1

thanks to the normalization constraint . Ve = 1. We now notice that @, is a symmetric matrix,
and that the kernel remains invariant under the simultaneous exchange of indices p <+ A and ¢ <+ 0.
Then, substituting in the expression for the same-layer kernel covariance (C.29), it is easy to show
that the correction reduces to

2 2
Opy1°" " 0d—1 (E

=1

> Z Z IJ«P ac P)\[K( )])\V cb- (C.37)
Nyr

¢ p,A=1
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This yields the expression given in the main text.

For projection, an analogous simplification is possible in the case of global average pooling (u, =

1/s). Substituting the definition of Kégfl) from (C.33) and expression for the cross-layer kernel
covariance (C.30) into the correction, we have

P

ng ¢ ¢

ﬁo—i»l og g § Ppx § :COVW(K/(LV),UB’K[())\),CD)' (C.38)
pA=1 c,0

Substituting in the expression for the same-layer kernel covariance (C.29), it is again easy to show
that the correction reduces to

L p
ng 1
Ofir g (Z W) 22 2 K pac®pa KD an. (C.39)

=1 €0 pA=1

For projection strategies other than global average pooling (more precisely, for strategies for which
uq 18 not constant), the sum over indices in the cross-layer covariance is not independent of the
shift, hence we cannot simplify the correction in a similar fashion. This can be seen explicitly when
treating the case of single-pixel subsampling (u, = &4 for some desired location ¢). In this case, the
correction reduces to

Nd 2 2
?UZ+1"'0d—1

O 0
X Z CI)P)\ Z Vey " " Veg_pn COVW(Kpu,ab’ Kp)\,(t+¢1+~~-+¢d_14_1)(C+81+'“+°d—1{—1))'
PsA €1, ,8d—e—1
(C.40)

Unlike for vectorization or for projection using global average pooling, this expression is manifestly

dependent on the form of vy.

Naively, the computation of the corrections to the linear convolutional kernels requires the computa-
. 0) 0) . . .

tion of COVW(KW,_’ab, KPA;(C'FQI"F”'+ed—2—1)(D+91+"'+9d—2—1)) for each index, which takes imprac-

tical amounts of compute time and storage. We only found it practical to compute the theoretical
kernels in the special cases presented above.

D Direct computation of the average hidden layer kernels of a deep linear
MLP

In this appendix, we provide a self-contained derivation of the average hidden layer kernels of a deep
linear fully-connected network (MLP). This derivation relies upon neither the results of Appendices
B and C nor those of Yaida [8].

D.1 The cumulant generating function of learned features for a MLP

In this section, we briefly describe the full partition function of the Bayes posterior for a general fully
connected network, or multi-layer perceptron (MLP), with no bias terms. An MLP f : R" — R"™4
with d layers, no biases, and parameters © = {VV(Z)}Z{:1 can be defined recursively in terms of its
layer-wise preactivations h(*) € R™ as

h©® — X, (D.1)
1

h = —w®e,_ (WD) (1=1,...,d), D.2

N do—1( ) ( ) (D.2)

f = ¢q(h), (D.3)

where the activation functions ¢, act elementwise. As always, we focus on networks with linear
readout, i.e., ¢4(x) = x, and assume Gaussian priors over the weights:

W ~ N(0,02). (D.4)

Yid.
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We enforce the definition of the network architecture via Fourier representations of the Dirac distribu-
tion, with qff) being the Lagrange multiplier that enforces the definition of the preactivation hff]).
Then, after integrating out the weights using the fact that the relevant integrals are Gaussian, this

allows us to write the partition function as

0
7= [ TLTT 25595 ey [0y, ()] 0.5)

p=1/¢=1
where the “effective action” for the preactivations and Lagrange multipliers is

:_,5Z||h(d) yuHQ‘FZZZq h%)
=1 p=1
1
52

As described in Appendix B, source terms can be added to the effective action to allow computation

of various averages. For deep linear networks, it is convenient to scale the source terms by an overall
factor of —1/2, for which we must correct when computing the averages:

P
= **Z Z Doe(h() - ge(h(D). (D.7)

(=1 p,v=1

For an MLP, our task is therefore to integrate out the preactivations and corresponding Lagrange
multipliers. We will do so sequentially from the first layer to the last, keeping terms up to the desired
order at each step, akin to the approach of Yaida [8]. So long as ng and d are fixed and small relative
to the width of the hidden layers, this is a consistent perturbative approach, as noted by Yaida [8].

p
Z O . q® o1 (BED) - g1 (BED), (D.6)

n
-1 57

D.2 General form of the perturbative layer integrals for a deep linear network

In this section, we evaluate the general form of the integrals required to perturbatively marginalize
out a given layer of a deep linear network to O(n *1) These integrals are generically of the form

271‘"2 o 1, /w w’ l/ ,u L

p=1 Mﬂ/ 1

11 &
— 5 > Au(hy-hy)

lyg
+ an Z G,uu(qu ’ qP)GPA(q)‘ ’ ql‘)

,ul/pA:l

in Z Buu(ay - qy> (D.8)

pn,rv=1
where h,,,q, € R". Here, G is a positive semidefinite matrix, while A and B are symmetric
matrices that need not be positive semidefinite. Furthermore, j,, is some source, while g is a coupling
constant. We will first evaluate this integral up to terms of (’)(nl_l) for ny > 1, assuming that

G, A, B, j,, and g are O(1) functions of n, and then evaluate it up to terms of O(nfl, n;l) for
ni,ng > 1, assuming that G, A, B, j,,, and g are also O(1) functions of ns.

We will proceed by evaluating the integrals for G invertible, and then infer the general case by a
continuity argument. We treat the quartic term perturbatively, and all other terms directly. Writing

1
C=G-—B, (D.9)
1
the leading term in the integral over q,, is
- Ly C,(h,-h D.10
(2m)rap/2 det(Cyna/2 P\ T2 Zl G N (D.10)
n,y=

S12



Multiplying and dividing by this quantity, we can compute the perturbative correction from the quartic
term using the fact that q,, then behaves as a Gaussian random vector of mean q,, =iy ~_, C’;} h,
and covariance Cl n,- Denoting expectation with respect to this distribution as {(-)q and writing
du = qu — Qu. Isserlis’ theorem yields

{(av - ap)(ar - au))g = (@ +a] - [ap + Qo) ([ax +an] - [au + dul))g (D.11)
= <<(61u‘QP+QV‘QP+QU'QP+QV’QP)
X (Qx-Qu+ar-GQu+ax-Gu+ -Gy (D.12)

= (@ - ap)(@r - au)q + (@ - Qo)) q(ar - Qu)
+ (@ - ap)(@x - @) + (@ - ap)(@r - au)dg
+{(@v - a,)(@x - au))q + (@ - ap)(@r - au)dq

+ (@ - Qo) ((ax - Qu))g + (@v - Qo) (ar - Q) (D.13)
=n3C, ) C5 ) +n2Coy Oyl +nyCl OOl 4+ n0Cy (@ - @)

+C (@, - au) + Cy,l (A, - an)
+ Cp_)\l ((_11/ : qM) + Cp_ul (C],, : (_l/\)
+n2(Q - Gp)Cry + (@0 - @) (Ar - Ap)- (D.14)

Then, the quartic correction to the integral over q,, is proportional to

Y GuGnll(a - ap)(ar - qu))g = na(nz +1) tr(GCT'GC™) + np tr(GO™)?

v, p A=1
—2(ng + D tr(GC'GCTHC™)
—2tr(GC Y tr(GCTHC ™)
+tr(GCTrHCT\GeTtHC ™Y, (D.15)

where we write H,,, =h, - h,.

We now must integrate over h,,. The leading term is simply

. 1 &
det(C'D)™"2/% exp (2 > DWIJW> (D.16)
pmv=1
where we have defined
1
D=C14+ —A (D.17)
UP)

and J,, = j, - j,. Multiplying and dividing by this quantity, we can compute the perturbative
correction from the quartic term using the fact that h,, then behaves as a Gaussian random vector

of meanh, = >"_, D;,}j, and covariance D} I,,. We denote expectations with respect to this

distribution by ((-)), and define h,, = h,, — h,,. Then, we have
(Huw)n = (b, -1)p =hy-h, + 19D, (D.18)

and, by analogy to the corresponding four-point average for q,,

(b, -h,)(hy - hy))n = 5D, Dy ) +naD, Dyl +ny Dy iDL +ny Dyt (hy - hy,)
+ D, (h, - hy) + Dy (hy, - hy)
+ D, (h, -h,)+ D, (h, - hy)
+na(h, -hy)D,{ + (b, -h,)(hy - hy,). (D.19)
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Then, the correction to the integral over h,, is proportional to

Z GuGon{((av - ap)(axr - qu)) = na(ng +1) tr(GC'GC™Y) + no tr(GC™1)?

v, p, =1

—2(ng + D tr(GCT'GC' D' JDCTY)

—2ny(ng + 1) tr(GC'GC D0

—2tr(GC™ ) tr(GC'D'JD 0

— 2y tr(GC~ Y tr(GC'DTICY)

+no(ne + D tr(C G 'D7 e~ tqec~Dp™)

+natr(CT*GO D)2

+2(ny + Dtr(C'Ge D7 ec~ gD~ D)

+2tr(C*Ge ' D Hwr(c*Ge DD

+tr(C'Ge'Dlyp~tcTtGeT D UD ™Y,
(D.20)

where we have noted that

(tr(GCTTHCT GO HC ™)),
= Y (CTIGCTYW(CTIGCT) by - hy)(hy - ) (D.21)

v, pA=1
=ng(ny + 1) tr(C'GC'DICTIGC™' D7) 4 np tr(C7'GC~'D71)?
+2(ng + Dtr(C'Ge D c~tqe D~ Up™)
+2tr(Ctqe ' DY wr(CcTtce D D)
+tr(Cct*Ge~ D typ~tctGe~'D~tJp™) (D.22)
by analogy with the corresponding quartic expectation for q,,.

We must now expand our results in n; *. The inverses of the matrices C' and D have Neumann series

1
Cl=G"1+ n—G*HBG*1 +0O(ny?) (D.23)
1
and
1 —1
D' = <01 + A> (D.24)
ng
1 1 -t
= (G‘l + —G'BGT'4+ —A+ (’)(n12)> (D.25)
ni1 no
_FlG— LpiBFT 4 O(ny?) (D.26)
ni
where we have defined
1
F=I,+—GA (D.27)
UP)

and we write F~ T = (F~1)T = (FT)~!. Then, using the series expansion of the log-determinant,
we find that the logarithm of the leading term expands as

1tr(D_lJ) . %nz logdet(CD) = %tr(F‘lGJ) . %ng log det(F)

2
11 T 11 .
S te(FIBF~TJ) + 5 - tr(F~'BA)
+0(ny?), (D.28)
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while the quartic correction simplifies to

1 g P
T Z GG v dp)(Ar - dp)))
v,p,A=1
— }i ( +p+ 1)
= 4n1n2 ng +p p
L nag -2 —1,2 -1
i <(n2 + D tr(F ) +tr(F ) —2(ne +p+ 1) tr(F )>
1

+ %n% ((m + D) tr(F3GT) + tr(F ) tr(F2GT) — (ng +p + 1) tr(F2GJ)>

L9 r207r-2
+ g W(F P GIET2GY)

+O(ny?). (D.29)

Combining these results, we find that the result of integrating out the layer to O(nfl) is

1 1
logl = itr(F_lGJ) —gne log det(F")
11 1

1
- —1 -T - —1
yp WFTIBET ) 4 oo (P BA)

4n
lngg

1
+ finz(nz +p+1)p
n1

1 ((ng + D) tr(F2) +tr(F Y2 =2y +p+ 1) tr(F_l))

+ 577 ((n2 + D) tr(F2GT) + tr(F~ Y tr(F2GJ) — (ng +p+1) tr(F‘QGJ)>

— 2 tr(F2GJF~?
—I- 1n tr( GJF~*GJ)
+0(ny?). (D.30)

As this result is a continuous function of G, as the set of full-rank positive definite matrices is dense
in the space of positive semidefinite matrices, this result holds for all positive-semidefinite G.

We now further expand this result in 7, *. This yields

1 1
F'=1,— —GA+ —SGAGA+ 0O(ny?) (D.31)
N9 n5
and
1 11 _3
logdet(F') = —tr(GA) — - = tr(GAGA) + O(ny°), (D.32)
N 2n5
hence we find that the logarithm of the leading term yields
% tr(D™1J) — %nQ logdet(CD) = - tr(GJ) - = tr(GA) + ii tr(GAGA)

11 11
+0(ny?% ny % nyny ). (D.33)

After some straightforward but tedious algebra, the quartic term reduces to

p

lyg lyg
T X CuGnl(arap)ar-au) = 5o (G4 - 1)G(A - D))
v, p A=1
+0(n; 2, ny % nytng ). (D.34)
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Combining these results, we find that the result of integrating out the layer is

log I = 1 tr(GJ) — 1tr(GA) + ii (1 + Zzg) tr(GAGA)
na 1
1 Nng 11 11
—5 <1 + nlg) tr(GAGJ) + T tr(B(A—J)) + Zn—lgtr(GJGJ)
+O0(n;? ny %, nyngh). (D.35)

Again, this result is continuous in G, hence it holds even if G is rank-deficient.

D.3 Perturbative computation of the partition function of a deep linear network

We now apply the results of Appendix D.2 to compute the partition function for a deep linear network
to the desired order. Our starting point is the effective action before any of the layers have been
integrated out, including a source term:

1. < 1 &
S = 755 Z ||h/(Ld) y#”2 + Z Z Zq/t t 5 Z (O—%fo)#V(ql(Ll) 5/1))
= (=1 p=1 p,v=1
1e—=1 &
-5 Z o >+ ozaaY g - h). (D.36)
(= p,r=1
Applying the results of Appendix D.2 with
G = 03Gyeu,
j/t = 07
A=JW 4 52Q®), (D.37)
B =0, and
9=0,
we find that the effective action after integrating out the first layer is
1 p 1 p
D [T 9 DRV pICt R
n=1 =2 p=1 w,rv=1
_12:1 3 JO +02,,q*D - g D) (O - h?)
2 e n,v= 1 # Y ! Y
1
1 (G QP GrQ®) + 5 mE (G 1 Gaa @)
4 1 2
1 lg
_ 1) 1) 1)
5 tr(m GMJ )+ 1 nlm tr(GmJ Gord')
+0(n™?), (D.38)
where we have defined
mi; =01,
Mg = 021Ny, D.39
g1 =1, and (D.39)
jl = m%.](l).

Assuming that the network has more than one hidden layer, if we now again apply the results of
Appendix D.2 with

G = m3Gypa,

in=0,

A=J% 15200, (D.40)
B = glmgijle, and

g9=4,
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we find that the effective action after integrating out the first two layers is

1 D d p . 1 p
SO =153 I <yl + S b - L 3 (m3Ca (e o)
n=1 =3 p=1 w,r=1
d—1 p
1 1
S L ST U o a0 w0
(=3 pr=1
192, ®)
1 go
+2n2 tr( 3G Q)
1 1
- §tr(m1GmJ Wy — 3 tr(m2GmJ(2))
1
+fg—1m t1(Gaa VGop J M) + = Zmd tr(Gaa S Gpp J )
4n 1 4 N2
1 -
+§f71 2 t1(Glap Sy Gan )
1
+0(n™?), (D.41)

where we have defined
m3 = 03Ma2,

— @
g =1+ gl, and (D.42)

n2 g1
n1 gz

Jo = m2 J<2) +—=21].

Then, by induction, we can see that we can iterate this procedure to integrate out all of the hidden
layers, yielding

p

1
Sl = ﬁz D =yl + qu h{? — 3 > (miGan)w (@ - o)

pn,r=1
1g4—
—gd]vn3m<aﬂ¢w@can“U
dng_q
1 g4—
14d 1m2
2ng_1

tr(szjd—lezQ(d))

— 2 tr(m?GaeJ?)
1S~ 9e 4 0) )
n - t T xTT

+ g Wm[ 1(GppJV Gy JY)

2
1 ge 7 )
+§g;ﬁ7ﬁ+mm0thmJ““U

+0(n™?), (D.43)
where mg, gq—1, and jd_l are defined by the closed recurrences
My = TpMy_1, (D.44)

n
g0=1+—"giy, and (D.45)

Jy=m2j®W 4 L 221G, . (D.46)



Applying the results of Appendix D.2 one final time with

G =mjGaa,
Ju = By,
A= Bnaly, (D.47)
B = gq-1m3GyyJa-1Gey, and
g =9d-1,

we conclude that

1 - 1 ~
log Z = fiﬁnd tr(T1Gy,y) — P log det(T")

1 — a - ~
1% ((nd +p4+Dp+ (ng+ D) tr(T) +tr(T 1% = 2(ng +p+ 1) tr(rl))
d—1
1 — ™ ~ ~
+ §Zd = *namg ((mz + 1) tr(D73G 0 Gyy) + (T tr(T2GruGyy)
d—1

- (nd +p + ]-) tr(f_2G:m:ny)>

1qg,_ ~ -
4o JAL B2 (P 2Gl Gy T 2 Glan Gy
dng_q

L gaa
2ng_1

nam3 tr [(ﬁQGmf‘lef‘le —~ ﬁGmf*Gm)jdl]
1 d—1
—5 Ztr(m?GmJ(@)
{=1
1 d—1 g
+ 23 mitr(Gae SOV G o JY
1 ; et )

d—2
1 ge o 7 0+1
+5 ;_1: o, i tr(G e JeGan J V)

+0(n™?), (D.48)
where we have defined the matrix
=1, + BmiGa, (D.49)

and absorbed the normalizing constant using the fact that I, — ﬁmﬁffle = I'~!. As was the case
for the individual layer integrals, a continuity argument implies that this expression can be applied
even if G, is rank-deficient.

D.4 Computing the average hidden layer kernels of a deep linear network

With the relevant partition function in hand, we can finally compute the average hidden layer kernels.
In particular, we can immediately read off that

<K(Z)> = m? Gara

gd—1 2 2 m—1 m—1 p—1 041
+ g, matr (5 vy B ) 570 N)_O}
+0O(n?), (D.50)

hence our only task is to determine how the effective source Ji1 depends on the source for a given
layer. Fortunately, the recurrence relation for the effective source is extremely easy to solve, yielding

d—1
Ji1 = Zm?M&J(@. (D.51)
—1 e gd—1
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Thus, defining the matrix
— 1, D.52
m2lp (D.52)
we find that
(KO = m2Gy + 2 ndme (md 2Grel 7 G, TG — Gmfle> +0(n~?). (D.53)
To obtain the expression listed in the main text, we note that
9e 1 9e—1

= — 4+ s
T e Myp—1

(D.54)

hence we have
¢

-3 L (D.55)

e o e

mirroring the width dependence found by Yaida [8] in his study of the prior of deep linear networks.

E Average kernels in a deep feedforward linear network with skip
connections

In this appendix, we show that Conjecture 1 holds perturbatively for a linear feedforward network
with arbitrary skip connections, following the method of Appendix D. Concretely, we consider a
network defined as

h©® — x (E.1)
-1 o
O = 30 TEL O g1 (E2)
ir=o V"
f— h(d)7 (E.3)

where oy ¢ is positive if layer £ receives input from an earlier layer ¢ < ¢, and zero otherwise.

E.1 Perturbative computation of the partition function

Upon integrating out the weights, we obtain an effective action for the preactivations and the
corresponding Lagrange multipliers of

p
=8 eh.y, +Zqu

pn=1 p=1¢=1
151 v [0 @) | (n® . p®
5 WZ[J +ZU’€ qQ )(h/,l,hl/)
=1 pn,v=1 0 =0+1
1 P
—52_ 00 > (G O qi). (E4)
(=1 p,r=1

Applying the result of Appendix D.2 with

G= aiOGw,
i =0,
d
A=JD 4 Z o3 ,Q"), (E.5)
=2
B =0, and
g=0,
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we find that the effective action after integrating out the first layer is

p d

1 & d N
3[04 Y oaal o) i wio)

d

m? 1 (G Q®) + in, > 9o t1(GraQWGQ"))
=2 0,0'=2

— imio tr(GmJ(l))

11
+ anlaio tr(Gaad M Gaa J V)

+0(n™?),
where we have defined

2 _ 2
ml,o = UZ,OV
2 2 2 2
My =Myo+0p1M7
2 2 4
Ger1 = 05103101, and

Foo_ 2 4 701
Joq = 02,101,()«]( )7

(E.6)

(E.7)
(E.8)
(E.9)

(E.10)

where £, ¢/ > 1 for all cases but m? ,. Assuming the network has more than one hidden layer, if we

now again apply the results of Appéndix D.2 with

G =m3,Gas,
ju =0,

d
A=J® 43 0} ,Q,

=3
d
B = G:L’ij,lex + Z gZ’,Q,lexQ(W)Gzzy and
=3

_ 4
9= 92,21/my;,
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we find that the effective action after integrating out the first two layers of the network is

D p d
52 = —ﬁZ& h(d),yu )+ Z zqu h(é)
p=1 p=1 (=1
R 0 2 ¢ ¢ ¢ ¢
Ayl [J< Z q >.q5>)}(hg>.h<y,>)
=3 " =1 —t+1
Ll
- 527”?2“( G2eQY) + Z 90,00 2 t1(G e Q9 Gy Q)
=3 2 00=

d
11 =
- E ©
+ 515 tr(GrpJe2Gra Q')

=3

1 2

- 52 2571 tr(Gaud )
(=1

11 W g 1 @ @

+ Z; 0 tr(GIwJ G J ) 4 ; m2 1 + 92 2,1 tr(Ga;IJ GIEJ )
1 2

11 ~
+ 571 tr(Gxa:JQ,lG;ch )
L o), (E.12)

where we now define

2 _ .2 2 2

My o =My 1+ M3 107, (E.13)

_ 4 na 2 2 2 2 d E.14

geo2 =My + —\geea + 922100200 0+ 90,2100 o + 04292071 |, an (E.14)
1

Jo2

Nng = n n = n
2 Jp1 + <m3.1 + 292,2,1> 079 J® + —2022(]271 +—2gg21J? (E.15)
ni ’ n nq ni

for £,¢' > 2. We can now see that we can repeat this procedure to integrate out all of the hidden
layers of the network, yielding an effective action of

gld— 1)__/32 +quu h(d

1

— Zm? (d) -
5Mdd—1 tr(G. Q') + Tna

tr(Gradaa—1Ge Q)

9d,d,d—1 tr(GIrQ(d) szQ(d) )

L1
2n4q-1

1 d—1
D) Z m?—,‘r—l tr(GMJ(T))
T=1

d—1
1 oy,
1 <nm

T=2
d 1 1
t szJTT Gasz(T
i) an 1 r( ! )

_ ) tr(Goe T Gan ™)

+O(n?), (E.16)
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where the coupling constants and effective source obey the recurrences

2 2 2 2
My r =My 1 + mMr 100, (E.17)

— 4 2 2
geor s = m'r,‘r—lo—f,‘ro—é/,'r

2 2 2 2
+ n (gf,f’,rl + g’T‘,T,Tfla—é’To-f’,T + gZ,T,Tfla—f”-r + UZ’TgT,Z’,Tl) ) and (Elg)
T—1
~ . ony oz N, 9 =
J@,‘r = JZ,’T*l + JZ’TJT,Tfl
T—1 Nr—1
4 2 nr 2 Ny
+ (mT,Tlaz,T + g rr108 + ge,ml) ) (E.19)
Nr—1 Nr—1

for £,¢' > 7. Applying the results of Appendix D.2 once more with
G= mﬁ,d_le
Ju = Byu
A = fnaly, (E.20)
B = ijd,d_le, and
9= 9add—1/M14 1,

we find the source-dependent terms in the logarithm of the partition function are

11 . 11 .
logZ - _§7ﬂ2nd tr(F_lwaJd’d_lewF_ley) +5 Bnd tr(r_lGa:de,d—lGJ;w)
i 2ng1
14t
T2 > om2 .y tx(Gaed )
T=1
d—1
1 1 1
+ - (mﬁ . ngTl> t1(Gap S T Grp J )
4 =2 nr ’ Nr—1
d—1
1 1 -
5 N1 tr(GacacJ‘r,T—lGarmJ( ))
=2 T
+0(n7?), (E21)
where
L =1, + BmG 4_1Gas- (E.22)

E.2 Computing the average hidden layer kernels

With the source-dependent terms of the relevant partition function in hand, we can compute the
average hidden layer kernels for a feedforward linear network with arbitrary skip connections. We
can immediately read off that

<K(£)> = m%,E—le

N4 2 -1 -1 -1 5jd d—1
t xzr F xxr rzr xT —
+ . r l(ﬁ G Gyl G B8G G ) 57O N)_o]
+ O(n*Q), (E.23)

hence our only task is to compute the derivative of the effective source jd,dfl with respect to the

source for the ¢-th hidden layer. Singling out the /-th layer, we can set all sources except J () to zero.
Then, the ‘earliest’ effective source to be non-zero is

H e T
Jog = (mzelafw + n—gu,plal%j + ngz,’£’£1> J(é)’ (E.24)
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for ¢/ > /¢, and the recurrence relation for 7 > £ is

Joo = ( o o?,JJT’Tl). (E.25)

Nr—1

From the form of these recurrences, we can see that
<K(Z)> = m%,Z—le

n - _ _ _
+ d gZGwm(ﬁ2F 1nyF 1_BF 1)Gwz

Ng—1
+ O(n*Q), (E.26)

where gy is a layer-dependent scalar. Even without explicitly solving the recurrences to obtain gy, this
shows that Conjecture 1 holds perturbatively for linear networks with arbitrary skip connections. We
leave detailed study of these recurrences—and therefore of the precise dependence of the corrections
on width, depth, and skip connection structure—as an interesting objective for future work.

F Comparison to the results of Aitchison [10] and Li and Sompolinsky [11]

In this appendix, we compare our results for the average kernels of deep linear networks to those of
Aitchison [10] and Li and Sompolinsky [11].

F.1 Comparison to the results of Aitchison [10]

We first show that our result (9) for the low-temperature limit of the average kernels of a deep linear
network can be recovered from the results of Aitchison [10]. Working in what corresponds to the
zero-temperature limit of our setup, Aitchison derives the following implicit recurrence

0= —(nes1 — o) (KO) ™ 4 ngyy (KO)H(EED)(KO) ™ — ()7L (E1)

for ¢ = 1,...,d — 1, where the boundary conditions of the recurrence are K 0) — G and
K@ = Gyy. We will self-consistently solve this recurrence relation in the limit nq,...,ng—1 — 00,
ng, ng, p = O(1). Concretely, we make the ansatz that the zero-temperature kernels are of the form
O _ @ . Lo -2
KY =Ky -l—n—Kl +O(n, ), (F2)
¢
and solve the recurrence relations order-by-order using the resulting Neumann series
1
(KO)~ = (KO) ™ = —(KO) K (KD) + Oy ?). (F3)
Ny .
The leading-order recurrence is simply
n _ n _ _ 1)y —
0= (1= ) (KLY 4 PEL (RO HE)ED) T - (KED)T @

with boundary conditions Kég) = (g and Kég) = Gyy. For the last hidden layer, we have

ng+1/ne = ng/nqg—1 — 0, hence the recurrence reduces to
K@= = g(d=2), (E5)

If we iterate this procedure backwards through the network, it is easy to see that the ngy1/ng-
dependent terms at each layer will cancel, leaving

K@D = g2 — ... = k1) = G,,. (F.6)
We now consider the leading finite-width correction. For the last hidden layer, we obtain
- N -
0 =na(Gyy — Gug) — K71 4 #K{d 2 (E7)
d—2
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after dropping all terms that are of O(n~2) and multiplying on the left and right by G .. For the first
hidden layer, we have

0=k (1 n “2> KW, (E8)
ni
Finally, for intermediate hidden layers (i.e., £ = 2,3,...,d — 2), we have
0=k - (1 + W“) KO 4 1 gD, (F.9)
Ty Ng—1

Based on the form of these recurrences, we make the ansatz that the solution is of the form
[
K'Y = ngay(Gyy — Gas) (F.10)

for some sequence a;, where we assume that G, # G .. Then, the recurrence for the last hidden
layer is satisfied provided that

Nd—1
Ng—2

ag—1 =1+

aq—2, (E11)

those for the intermediate layers if

n n
0=ar — (1 + “1> ag + ——ay_1, (E.12)
T Ty—1
and that for the first hidden layer if
ag = <1 T "2> ay. (E.13)
n

Substituting the expression for a4_1 into the condition resulting from the recurrence relation centered
on a4_o, we find that we must have

Nd—2
Na—3

ag—2 =1+ aq—3, (F.14)

hence we can iterate this process backwards to the second hidden layer, yielding

g
Tp—1

ap =1+

-1 (F.15)

for ¢ =2,3,...,d — 1. Then, the condition relating a5 and a; resulting from the recurrence relation
for the first layer implies that we must have a; = 1. Thus, we recover our zero-temperature result
from solving Aitchison’s recurrence relations order-by-order.

F.2 Comparison to the results of Li and Sompolinsky [11]

We now show that our result (9) for the low-temperature limit of the average kernels of a deep
linear network can be recovered as a limiting case of the result of Li and Sompolinsky [11]. Their

result for the zero-temperature kernel in the limit ng,n,p — co withn; =ng =--- =ng_1 = n,
ng/n € (0,00), « = p/n € (0,00),and 01 = - - = g4 = 0o is, in our notation,
¢ 1
o 2D (O (1 _ @) Gow + 0 2YVMVTYT, (F.16)
n n

where Y € RP*™4 jg the matrix of targets and M, € R™**"4 is a diagonal matrix with non-zero
elements

¢
(d— —1
_ 1) %k

Mylgr = . F17
(Mol = 2 1 (F.17)
Here, the orthogonal matrix V is the matrix of eigenvectors of
1
R=—Y'GLY=VQVT, (F.18)
a?p
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for G, the pseudoinverse of G, and the scalars 2, are in turn defined in terms of the eigenvalues
Qkk = Wg as

1—a=z —ac 20D 4y, . (F.19)
we note that Li and Sompolinsky [11] use variables uy = o2z.

As we are interested in the limit « | 0, it is useful to write the implicit equation for 2, as

2 =14 a(c 2z V0, — 1), (F.20)
hence we expect z — 1 as « | 0. Thus, we have
(M) — ¢, (F.21)
which gives
VMV =, (E22)

Using the expansion (1 — ng/n)¢ =1 —ngl/n + O(n~?), we therefore find that

ngl
o 2D KOy G, + Td(g*?dgyy — Gaa) (F.23)

in the limit in which ng/n | 0 and p/n | 0. Therefore, combining this result with that of the previous
subsection, our result (9) agrees with those of Aitchison [10] and of Li and Sompolinsky [11] in the
appropriate limit. Whether the full result of Li and Sompolinsky [11] agrees with that of Aitchison
[10] is an interesting question, but is well beyond the scope of the present work.

G Predictor statistics and generalization in deep linear networks

Though the main focus of our work is on the asymptotics of representation learning, we have also
computed the leading finite-width corrections to the predictor statistics. Though one can derive the
analogy of Conjecture 1 for the predictor statistics of a general BNN with linear readout, the resulting
formula is not particularly illuminating. We will therefore present results only for linear networks. As
was true of the hidden layer kernels of deep linear networks, this calculation can be performed either
using methods similar to those described in Appendix B or Appendix D. As the steps are largely
identical to those calculations, we only briefly summarize the results.

In short, we fix a test dataset D = { (X, y#)}ﬁzl of p examples, and define the Gram matrices

(Gaz)po = ng ' %p - Xp, (G.1)
(Ggg)ao =17V o, (G.2)
(Gus)pp = mp "%, - %5, and (G.3)
(Gyi)po =07 Y0 Fo (G.4)

Introducing appropriate source terms to allow us to compute predictor statistics, we then proceed
perturbatively as before, assuming that the combined input Gram matrix

Gpi Gas

is invertible. Again, the final result can be extended to the case in which this matrix is not invertible
by a continuity argument.

(G.5)

Our notation in this appendix will follow that of Appendix B rather than Appendix D in that we will
introduce matrices

Keo=07-05_1Gps, (G.6)
Roo=0%---02 Gus, and (G.7)
Koo EO’%“-O'gflij (GS)

to denote the blocks of the infinite-width kernel of the last hidden layer, rather than introducing scalar
parameters to represent the products of variances. This will make our expressions somewhat more
compact than they would be under the conventions of Appendix D.
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G.1 Predictor statistics

Defining the matrix Fj,; = f;(%X;), we find that the mean predictor can be written compactly as

d—1
. ~ 1 T\ oy _
(Fy =R rl_w<zn>rerl Y +0(n~?) (G.9)
d \y=1 't
for
M=T""Ko +tr(T ' Koo) Iy — na(0, T Gy, T =T H K. (G.10)
The predictor covariance is given as
o5 2 cov(Fuj, For)
= (Koo — RLT 7' Roo) o6k
d—1 1
+ - A4LU5
() s
—|—od 2V T Ko T 1Y) 5 (Koo — RLT ' Roo) s
—BTCZ(YTF VKoo DY) (RET 2 Roc) s
+ 5203 (YTF72ROO)]41~,(YTF72ROO)W
+0(n™?) (G.11)
for
. . 1 3 R .
M=—tr(0'Koo)(Kso — RLT Roo)+675tr(r 'KW)RIT?R,, — o 4RT 3Reo
1 - R
+ng—m— RLT o’ T71Gy, I =T IR (G.12)

2 -4
B 04

The mean and covariance of the training set predictor F},; = f;(x,,) can be obtained by setting Roo
and K, to K, in the above expressions.

G.2 Bias-variance decompositions and the low-temperature limit

These results allow us to define thermal bias-variance decompositions of the form

p P nd
% Z y/’L”Q Z Z COV[fk?(XM)7 fk‘(xu)] = Eb + EU (G13)

u:lk:l

for the mean training and test errors. However, the resulting expressions are not particularly illumi-
nating except in the low-temperature limit S — oo. We will focus on the regime in which G, (and
thus K ) is invertible, in which the underlying linear system XW =Y is underdetermined and
the training set can be interpolated. In this regime, =1 = K ! + O(37!), and the mean predictor
reduces to the least-norm pseudoinverse solution to the linear system, with mean training and test
predictions of

(F)y=Y +0(B7") (G.14)
and
(F)=RLEY+0(B™")=GLGY +0(37) =XXT(XXT)"'Y + O(B7'), (G.15)
respectively. The training and test set covariances have low-temperature limits of

cov(F,, F) = OB (G.16)

wi
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and

cov(Fpj, For) = 03(Koo — RLKZ Roo) s

d—1
1 _ _
djk + (é_zl W) (0 Y "KLY — ploy )ik

+0(B " ,n7?), (G.17)
respectively. Then, it is easy to see that both E; and E,, are O(( *1), while
1 - N
= SIRLELY = Y[E + 087" (G.18)

and

By, =ngotr(Ks — RLK'Ro)

d—1
1 _
+ (Z > (og ? tr( ooley) - p)}
="
+0(B71,n7?). (G.19)

Thus, at least to leading order, width affects the low-temperature test error only through the variance

term. Substituting in the definition of K., we find that to leading order the test error decreases with
increasing width if

1
, tr(GoiGyy) > 05 - 03 (G.20)

and increases with increasing width otherwise. This small-initialization condition is the generalization
of that found by Li and Sompolinsky [11] to our asymptotic regime.

G.3 Effects of alternative regularization temperature-dependence

In this appendix, we comment on the possibility of alternative temperature-dependent posteriors. This
possibility arises from the interpretation of the Bayes posterior (B.4) as the equilibrium distribution
of the Langevin dynamics

A0 (t) = —(\(B)ZO + Ve E)dt + /23— 1dB" (1) (G21)

at inverse temperature 3, where B()(t) is a standard Wiener process, ¥ is the diagonal matrix of
prior variances, and A(8) = 1/8. As elsewhere, we focus on the regime in which the training dataset
can be linearly interpolated, in which the thermal variance of the test set predictions need not vanish.
Moreover, it suffices to consider only the GP contributions; the finite-width corrections computed
above do not change the qualitative results. In these statistics, the case of general A(/3) is related to
A(B) = 1/ by the replacement

2 2
2 0104

NG
Then, if we assume a low-temperature power-law dependence A(3) ~ 3¢ for simplicity, we find that
the zero-temperature limits of the training set predictor mean and covariance are

(G.22)

2
0'1..

0 w>1/d—1
lim (F) = Koo(07°, + Koo)7'Y w=1/d—1 (G.23)
prree Y w<1/d—1
and
hm cov(FM,F k) =0, (G.29)
respectively, while those of the test set mean and covariance are
0 w>1/d—-1
lim (F) = { RL(07%L, + Koo) ™'Y w=1/d—1 (G.25)
prree RLKZ'Y w<1/d—1
and
0 w> -1
lim cov(Epj, For) = { 03(Koo — RTKL ' Roo)pobjr w = —1 (G.26)
pree 00 w < —1,

respectively. Therefore, taking A(8) = 1/0 yields sensible zero-temperature infinite-width behavior
for a linear network of any depth in the underdetermined regime.
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H Derivation of the average kernels for a depth-two network

In this appendix, we derive the average feature kernel for a network with a single (possibly nonlinear)
hidden layer and a linear readout. This derivation is a simple extension of the perturbative derivation
of Conjecture 1 in Appendix B, using the fact that the size of the terms in the expansion for two-layer
networks can be directly controlled in terms of the inverse hidden layer width.

Concretely, we consider a network defined as

D — 7L H.1
= wHx (H.1)

g
h® — ;1 W@ p(hM) (H.2)
f=h®, (H.3)

Our task is to control the prior cumulants of the hidden layer feature kernel
1

We can use the fact that the rows [wgll)]T of (1) are independent and identically distributed under

the prior to obtain

[Koo];u/ = EWK[U/ (H.5)

J o1 (1) o1 (1)
= — E a —Ww; - —Ww, X, H.6
m; wit P(wnfowf X“>¢(WTOWJ X (1o
=E[¢(h())s(hS") : hY) ~ N(0,01G,)] (H.7)

at any hidden layer width [12, 13]. Similarly, we can easily see that
1

COVW(KHIMKP)\) = nil (EW(}LS))(ﬁ(hS}))¢(h§)1))¢(hg\l))] - [Koo]uu[Koo]p)\> ) (HS)

where h(Y) ~ N(0,07G,.), and that higher cumulants are O(nl_Q). Then, we can directly apply the
result of Appendix B to conclude that

1 &, o _ _ _
(Kyuw) = Kool + ind E (04 T leyF '-T 1)p>\ covy (K, Kpn) + O(nyg 2) (H.9)
p,A=1

forI' = 02 K, + I,/ Bo3. Depending on the nonlinearity, this result may be continuous in G, and
therefore extensible to the non-invertible case via a continuity argument. In particular, as noted in
Appendix D, this holds for a linear network.

To gain some intuition for how different choices of nonlinear activation function affect the learned
representations, we consider the case in which G, is diagonal. In this special case, the four-point
term simplifies dramatically. In particular, we have

(Koo)uw = var[¢(h())]6,, + E[p(hD)E[(A))] (H.10)

and

1
covy (K, Kpx) = 771 (Vaf[QS(hLl))Q]‘Suu‘sup‘sM

+ var[p(h{)] var[op(AS))] (1 — 6,) (8000 + 5,m6up)> ., (HID
which yields

1
7@(0521"_16'%1"_1 - F_l)/w

<KW> = (KOO)W + 21,

x| var[p(h{))?16,, + 2 var[p(h(D)] var[¢(h{))] (1 — &w)} +0(n7?).
(H.12)
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Moreover, applying the Sherman-Morrison formula [3], we have

R L EMONEGR)] gy

Bo ™ 1+ P B2y, e Y

where we have defined the vector v, = 1 + 03 var[gb(h,(}))] for brevity. Thus, in this simple
setting, activation functions with E¢(h) # 0 yield qualitatively different behavior from those with
E¢(h) = 0: non-vanishing E¢(h) introduces a rank-1 component in the GP kernel, which in turn
couples elements of G, in the leading finite-width correction.

I Numerical methods

In this appendix, we describe the numerical methods used in our experiments. We perform our
simulations by sampling network parameters at each time step of the Langevin update G.21 after
some large burn-in period when the loss function stabilizes around a fixed number. We used Euler-
Maruyama method [14] to obtain the discretized Langevin equation:

O(t+1)—0(t) = —B7'O(t)dt — Ve E(t)dt + £+/28-1dL, (L1)

where £ ~ N(0, 1) is a standard Gaussian random variable sampled i.i.d. at each time step and dt
is the time step. The first, second and last terms represent the weight decay, the gradient descent
update and the stochastic Wiener process, respectively. We also used stochastic gradient methods for
posterior sampling such as Stochastic Gradient Langevin Dynamics [15, 16], although obtained the
best results via full-batch gradient updates.

We used the Neural Tangents framework [17] and PyTorch deep learning library [18] to generate
the neural networks and trained them according to the discretized full-batch Langevin update rule.
A typical burn-in time was ~ 2 x 100 iterations and after that the parameters were sampled over
~ 2 x 109 iterations where we chose a learning rate of dt ~ 10~*. Simulations have been performed
on a cluster with NVIDIA Tesla V100 GPU’s with 32 GB RAM and a typical simulation run took
~ 2 — 6 hr depending on the architecture and the network width. All code used throughout this work
can be reached at https://github.com/Pehlevan-Group/finite-width-bayesian/.

All figures shown here are results of a single instance of a trained neural network on a fixed dataset.
Since we performed all our experiments with 3 = 1, we observed that the different initializations of a
network did not influence the final posterior mean due to the weight decay and long burn-in periods.

Throughout all experiments, the MNIST digits were downsized from 28 x 28 pixels to 10 x 10 pixels
without distorting the original digits. This was done to accelerate the training process since large
input dimensions would take an order of magnitude more time to obtain well estimated posterior
means. We considered 10-dimensional outputs corresponding to one-hot encoded digits. Both inputs
and labels were ordered according to their class. Figure 2 shows an example of MNIST digits and the
input G, and output G, Gram matrices.
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