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Appendix

A NEURAL PATH FRAMEWORK FOR CNN

Indexing: The weights of layers [ € [d.y] are denoted by © (icy, Gin, Gout, [) and for layers [ € [d.|+dey
are denoted by © (i, iou, ). The pre-activations, gating and hidden unit outputs are denoted by
Qz,@(ifoun Touts l), Gz,@(ifuu[a Touts l)’ and Zx,(—)(ifoutv Touts l) for layers [ = 1,...,dcy. %in and gy are
used to index the input and the output filters. s, is used to denote the index of hidden unit (in the
feature dimension) within the input and output filters.

Shapes: [Appendix A[shows the shapes of the tensors in the convolutional layers of a 1-dimensional
circular CNN considered in this paper. Here, the input is a 1-dimensional tensor given by 2 € R¢%.
The hidden nodes in a given convolutional layer have a 2-dimensional shape of d, x w, where w
is the number of filters in the layer. The weights of a given convolutional layer have 3-dimensional
shape of wey X w X w, where w X w is because of the number of input filters times the number of
output filters.
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Figure 6: Shows the shape of the tensor.

A.0.1 INFORMATION FLOW

[ IL :© ze(,1,0) = =z |
| Convolutional Layers, | € [d] |
PA : Qm,G(ifouta Z‘outa l) = Zicwiin G(icw Z.ina Z'outa l) * 22,0 (ifout S (icv - 1)7 iinvl - 1)

GV : Gac,@ (ifouta Louts Z) = l{q;t.e(ifom:iouhl)>0}
HUO Zm,(—)(ifouh Tout, l) = Qz,@(ifoun Tout, l) . Gz,@(ifouu Tout, l)
[ GAP Layers, | = doy + 1 ‘
’ HUO Zm,@(iouta dey + 1) = Ziﬂ,m Zz,@(ifoutu Tout dcv) . G[;O((ijl (ifouty Tout, dev + 1) ‘
| Fully Connected Layers, [ € [dr] + (dey + 1) ‘
PA : qg:,G)(ioul, l) = Zii“ @(iina Tout, l) : Za:,@(iina - 1)
GV 1 Ggelio) = L@ olmb)>0}
HUO zjm,@(lout; l) = qgc,(%(loup l) - Gm,@(louty l)
FO L Ye (37) = Zim @(Zim Lout, d) . Zw,@(lina d— 1)

Table 2: Here IL, PA, GV, HUO, GL and FO are abbreviations for input layer, pre-activation, gating
values, hidden unit output, GAP-layer and final output respectively.

B PROOFS OF TECHNICAL RESULTS
Proof of [Proposition 3.2

Proof. Note that the total number of paths is P = d;, + (wey - w)dcv . wgi f°_1), and in the definition of
NPV for CNNs in [Definition 3.3|the indices are over only the weights without specifying the input
node given by Z{ (p). O
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Proof of Proposition 33

Proof. For I = 0, we have 2,04(z,r),0 (ifout, 1,0) = rot(x,r)(itowr) = T(ifousx D7) = 2z,0 (ifout D
r,1,0). Now for [ = 1, we have

CIrot(m,r),@(ifouta 1) = Z O (licv, bins fout, 1) - Zrot(m,r),@(ifout @ (fev — 1), i, 0)
tin €[1]dev € [wev]

= Y Oicvsiinsfous 1) + 20,0 ((itow & 1) & (iey — 1), in, 0)

iin €[1],dev €[wey]
= Q$,@(if0ut 2 T, 1)

The proof follows by noting that G = 1,0}, and z = ¢ - GG, and repeating the above argument for

the layer | = 2,...,dy. O]
Proof of Lemma 4.2]
Proof.

<¢w5)®’¢fljs/7®> = Z xS(IO(p))xS/(Io(p))A@(xs,p)A@(xS/,p)
pE[P]

din
=3z (i)a (Ao li, s, 20
i=1

= <x57x5/>A(—)('7m5$Is') W

Owing to the symmetry in a fully connected network, we have A(i, x5, s ) to be the same for all
values of ¢ € [diy]. And since H llyé(s, ") measure the number of gates in layer ‘I’ that are active for

d—1) Hlyr

both inputs x4 and z, the total number of paths active for both inputs is Hz(:1 ro(s:s). O

Proof of Lemma 4.2]
Proof. Proof is complete by noting that the NPF of the ResNet is a concatenation of the NPFs of the
2% distinct sub-FC-DNNs within the ResNet architecture. O
Proof of Lemma 4.3]
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Proof. For the CNN architecture considered in this paper, each bundle has exactly d;, number of
paths, each one corresponding to a distinct input node. For a bundle b, let b;(i),% € [dis] denote the
path starting from input node .

Z( 37 a(i)a/ (i) Ae (2,b;(i)) Ae («, bs(i >>>

pelP] \ i’ €[du]

(i)' (i @ 1) Ae (x,b5(i)) Ae (2, by(i & T)))

i1€[din], i’ =iPr, TE{O Ldin—1}

iM It

z(i)rot(z’,r)(i)Ae (z,bs(i)) Ae (rot(z',r), bp(i))>

<7€[dm] re{0,...,din—1}

din
- i)rot(z’,r) Z Ao (z,b(i)) Ae (rot(x’,r)7bﬁ(i))>
r=0 ’e[dm] pE(P]
din—
- i)rot(z’ r)(')A@(Lm,mt(x’,r)))
r= Ze[dm]
din—
= <$,T0t(l‘ ar)>A@(~,x,r0t(w’,r))
r=0

O

Proof of follows in the same manner as the proof Theorem 5.1 of [Lakshminarayanan
and Singh (2020).
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