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A Policy-Induced Joint Measure

We introduce policy-induced joint measure as a useful tool to help prove Theorems|[Tjand[2] Specif-
ically, for any h, b/, we define p,(s1.n,a1.5/) as the joint distribution of (sy.5, a1./) induced by
policy 7. Based on the underlying Markov decision process, it can be easily verified that p, takes the
following forms.

pr(s1) = p(s1), (16)
Pr(S1:hy @1:n—1) = Pr(S1:h—1, @1:h—1)P(Sh|Sh—1, an—1), )
h
Pr(s1:n,a1:n) = p(s1)mi(arlst) ] Plswlsw -1, an—1)mn (an|sin, arn ). (18)
h=2

Eqs. (T7) and (T8) further imply that
Pr(S1:h, @1:0) = Pr(St:h, @1:—1)T(AR|S1:0, G1:h—1)- (19)

Conversely, given a proper joint probability measure p, we can infer its corresponding inducing policy
m as follows.

Lemma A.1. Consider any joint probability measure p that satisfies eqs. (16) and (T7) (replace all
px with p). Then, the following policy 7 induces p.
DP(S1:h,Q1:n .
(171)7 lfp(sl:ha al:h—l) >0
mh(an|sin, a1:n-1) = § P(S1:, @1:n-1)

arbitrary distribution, if p(s1.p,01.5—1) =0

(20)

Proof. 1t suffices to prove that p, (s1.5, a1.1) = P(81.h, @1.1) for any si1.p,, a1.p, i-e., p is exactly the
joint measure p, induced by 7. We consider the following two cases.

Case 1: p(s1.h,a1.5—1) > 0. In this case, we must have that p(s1.p/, a1.5,—1) > Oforany 1 < h’ < h.
Therefore, by eq. || we have 7,/ (ap|s1.47, a1 —1) = % forany 1 < A’ < h.

Substitute this policy 7 into eq. and note that p(s;) = p(s1), we obtain that

h
p(s1,a1) P(S1:n7, G1:17)
Pr(S1:h,Q1:h) =P\S1)—F—— P(sw|sn—1,0n —1) ————=
w(s1h, ara) =pls1) p(s1) hl,_:[2 (s )p(81;h/,a1;h/_1)
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h
(4) p(Sl:h’aal:h’)
=p(S1, a1 = P(S1:h,Q1:h),

( )hl;[2 p(S1:n/—1, Q1217 1) ( )

where (i) follows from eq. (replace all p,, with p).

Case 2: p(s1.h, a1.n—1) = 0. In this case, we have that p(s1.,, a1.,) = 0. Hence, it suffices to prove
that p,(s1.n, a1.,) = 0 as well. We further consider the following two subcases.

(Case 2.1) If p(s1) = p(s1) = 0, then pr (1.5, a1:n) = 0 by substituting p(s1) = 0 into eq. (L8).

(Case 2.2) If p(s1) = p(s1) > 0 and because Case 2 assumes that p(s1.5, a1.,—1) = 0, then there

must exist 1 < A’ < h — 1 such that p(s1.p/,a1.0-—1) > 0 and p(s1.p/ 41, @1.n/) = 0. On the other

hand, note that eq. implies that p,(s1., 1.5 ) contains the following multiplicative factor
The(an[S1:n5 @1 —1)P(Shr41|She, anr)

p(Sl:h/,aLh') (O] p(slzh’+17a1:h’)

:P(sh/+1|sh/,ah/) = =0 20
p(51:h/7 al:h/—l) p(Sl:h’;al:h’—l)
where (i) uses eq. . Thus we conclude that p,(s1.,a1.5) = 0. O

With the policy-induced joint measure p,, we can rewrite the value function Vj(m)(w) =

E. [0, réjz) |s1 ~ p] and the Lagrangian function eq. @) as follows.

H
Vi@ =V o) = > palsiana) Y i (snoan), (22)
S1:H,01: H h=1
L (7, X)) = L0 (pe, XY o= V™ () + 30 (V™ (0r) — ™). @3)
j=1

Thus, both the value function V") () and the Lagrangian function L("™ (7, \(™)) can be rewritten
as linear functions of p,. Such a linear form helps simplify the problem and prove the key Theorems

[Mand2l

B Properties of Modification

In this section, we present some useful properties of the modification operator. Recall that for any

policy 7 and any modification operator ¢("*), the modified policy ¢§Lm) o T, at time step h is defined

agm)aagl\nl)] ~ 7rh('|51:haa1:h—1)~ Then’ ngm)
~(m)

randomly modifies aglm) toa;" ~ ¢§lm) (-|s1:h,a1.n-1, azm)). To summarize, the modified policy
(m)
h

as follows: we first generate joint action a;, = |

o 7, takes the following form.
(¢§Lm) o) [52m>, aé\m)] 105 Q1:0—1)

=" o™ @ |svn, a1, al™ ) (anlsin, arn—1)- (24)
(m)
ap,

Next, let pym), and Pgm)on be the joint measures induced by the modified policies ¢(" o 7 and

5(’”) o 7, respectively, for any ("), $<m>. In the proof of Theorems |l{and [2| we introduce the
following linear combination of these two joint measures.

P ‘= )\pd)(”l)Oﬂ' + (1 - )\)p(‘g(m)oﬂd A eR. (25)

We note that st,al;h pa(81.1,a1.5) = 1 for any A € R, so p, is also a proper probability measure
if A is selected such that py(s1.x, a1.x) > 0 for any s1.p, a1.,. In this case, since the joint measures
Pg(m)or and Pgemon satisfy egs. (I6) and by definition, it is easy to verify that py also satisfies
egs. (T6) and and hence is a proper joint measure. Therefore, by Lemma[A.T| we can find its
inducing policy 7 using eq. (20). Next, we show that such an inducing policy 7y can actually be
viewed as the policy m modified by a certain stochastic modification.
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Lemma B.1. Regarding the py defined in eq. 23), if A € R is selected such that the following two

conditions hold for any s1.,, a1.n—1, aglm) , Zi}lm):
pA(81:h501:0-1) > 0 (26)
AP g(m) o (S1:h5 A1:h—1) (@™ s 1y arn_1,al™)
+ (1= A)pgom or (51:0, a1:0-1) (m)( \81 By Gl:h—1, aé )) >0, 27

then its inducing policy (defined by eq. 20)) can be written as 7y = E\m) o, where the stochastic
modification d)E\m) takes the following form.

g\n;’—b) (Eig—Lm ‘Sl:fu a1:h—1, agm)) =

m[)\il?¢<m)m($1:h,a1;h 1), o )(N(m)|81 thy Q1:h— 1,612 ))

+(1 = A)Pgom o (S1:0, Q1:0-1) Elm)( \81 By G1:h— 170&2 ))L if p(S1:hy @1:n—1) >0

Arbitrary distribution, i pa(s1:n,01:8-1) = 0
(28)

Proof. We first show that ¢E\W;L) (-|1:ny @1:h—1, agm))) is a proper stochastic modification. By eq. ,
we only need to consider the case py(S1.h,a1.,—1) > 0. In this case, based on the condition in
eq. (7). we conclude that ¢} (@™ [s1.1, 1,1, ay"’) > 0. In addition,

Z ¢(A”Z)(ah 18105 Q1:h— 1,a§L ))

™ e Atm
1 ( (m) (~(m) (m)

= —————(APypmion (510, 101 ¢y, (ay, 1810, 01:0—1, 0

PA(S1ns arn—1) V0 onl )~< )z: wo (@l n)

ahrn cA(m)
+ (1= N)p= (s ) Z (E(m)(~(m)| (m))
p¢(m)oﬂ. 1:hs A1:h—1 n  \Qp " [S1:h,Q1:h—1,Qp
am e Aem

1
= —————(APgmron (81:15 @1:h—1) + (1 = A)PZ(myor (S1:h, 01:0-1)) = 1.
oGy CPemen (8t 0uot) + (1= Pgmen(s10n,a1-1)

Therefore, ¢, is a proper stochastic modification.

Next, we prove that the policy that induces p, takes the form 7y = ¢E\m) o 7. We consider two cases.

Case 1: p)(S1.h, a1.n—1) > 0. In this case, we obtain that

7T)\,h(ah|sl:h7al:h—l)

(i 1

:—Ap (m) o (S1:h; Q1:R) + 17)‘p~mo $1:h, A1:h
p,\(81:h,a1;h71)( ¢ (s, an) + JPgmon (S1:h; 01 )

(i4) 1

= —————— (Apmon(S1:h, A1:n— (m) O Th ){QK|S1:h, A1:h—
p,\(slzh,alth)( ¢ ( ! ! 1)(¢h )( | ! ! 1)
7(m)

+ (1 - A)pg(m)oﬂ.(fslzhv al:h—l)( h
@ 1
p/\(81:h,alzh—1)

a2

© 7-‘-h)(a’h|51:ha al:h—l))

>~ (Agmron(s1m avn—1)my ™ (@™, ™ s, arn—1)
~(m)
ay,

¢§Lm) (a(m) |51'h7 A1:h—1, aglm)) + (1 - )‘)pg(m)oﬂ. (Slzh; al:h—l)

ﬂflm)([aém) ah ]Isw,am D (aém)|81-h7ﬂbl-h—1aa£lm)))
w Z ap ™51, avn—1) 65 (ah™ |51, avn—1, @y ")

S(m)
h
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where (i) uses eqs. (20) and (23), (ii) uses eq. (19), (iii) uses eq. (24), and (iv) uses eq. (28). This

proves the claim due to eq. (24).

Case 2: py(s1:h,a1:5—1) = 0. In this case, both ¢E\7”Z) and 7y can be arbitrarily defined. Hence, we
can simply define 7 by eq. (24). O

C Proof of Theorem 1|

C.1 Proof of item 1 for unconstrained Markov game

Throughout the proof, for any policy 7, we denote $<m> as the optimal stochastic modification
associated with , i.e., Vo(m) (¢ o) achieves the maximum value over all stochastic modifications.
In order for 7 to be a CE, it must satisfy Vo(m) (m) > Vo(m) (6™ o).

If for any optimal stochastic modification a(m) associated with 7, we can construct a corresponding

deterministic modification ¢(™ such that V™ (¢(™ o 1) = V"™ ($(™ o 1), then the condition of
item 1 guarantees that 7 is a CE and then item 1 is proved.

Next, for any policy 7 and any associated optimal stochastic modification 5(7"), we construct
a deterministic modification ¢(m) as follows: for any slzh,alzh_l,aﬁlm), select an arbitrary
6§Lm) such that ¢(™ (Egbm)|31:h,alzh_l,aém)) > 0 (this always exists) and then simply define
(™) (Ei;lm) |81, Q1:n—1, agm)) = 1, and 0 otherwise. It suffices to prove that V"™ (¢(™ o ) =
V™) (™ o ) for any r satisfying the condition of item 1.

To proceed, we claim that one can find A < 0 such that the joint measure py := Apgm)or + (1 —
)\)p(g(m)mr satisfies egs. @) and (]ZI) We will prove the validity of this claim later. Suppose this
claim holds. Then based on Lemma the inducing policy of p) takes the form 7\ = E\m) o,

where qﬁf\m) is defined by eq. (28). Then, we obtain that

~ @ o i) ~
VI (G o m) > VI (6 o) @V (py)

= ‘70(7”) ()\p¢(m)oﬂ + (1 — )\)p(;(m)oﬂ)

(#43) | 5 (m ~(m

ZAE™ Dgomron) + (1= V3™ (0500 07)
WAV (6 0 1) + (1= WV (6 o),

where (i) uses the optimality of <Z<m>, (i1)-(iv) use the linear form of Vo(m) (pr) defined in eq. (]22[)
The above inequality along with A < 0 implies that Vo(m)(gb(m) om) > Vo(m)(gb(m) o). On the
other hand, Vo(m) (¢™ om) > V[)(m) (¢ o) based on the optimality of the stochastic modification
6™ Hence, V{™ (6™ o 1) = V™ (6™ o ) as desired. All left is to find A < 0 such that the
joint measure p) satisfies eqs. (26) and (Z7). We prove them as follows.

Proof of eq. : Recall that py = Apgom on +(1=A)Dgm) o AN A < 0. I pyimyor (S1:0, @1:5—1) =
0, it is clear that eq. (26) holds. So we just need to consider the other case where
Pytmyon(81:h,a1:n—1) > 0. In this case and by eq. (I8), we must have that p(s1), ( §m) o
7T1)(G1|81)773(Sh\8h—1,ah—1)7(¢§lm) o mp)(ap|s1:h,a1.n—1) > 0 for any h = 2,..., H. Then,
eq. (29) implies that forany h = 2,..., H,

0 < (¢4 o ) (an|s1:n, a1:n-1)

= Z ¢§Z”)(a§[”) |51:0, al:h—laagm))ﬂ'h ( [5,(1m), aé\m)} |10y A1:0—1)-

agl'm)
~(m)

Hence, there must exist @, such that gbglm) (aém) 810, Q1.1 1, ?iglm) )ma( [Zi;bm), aé\m)] |$1:s @1ip—1) >

0. As ¢§Lm) is the deterministic modification constructed at the beginning of this proof, we must have
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Elm) (a,(lm) |81, @111, 62’”)) = 1 and therefore the corresponding stochastic modification satisfies
Elm)(al(lm)\slzh,al;h,l,ﬁgm)) > 0. Then, eq. (24) implies that

(G o ) (an|s1:n, a1:n—1)

= Z 527”)@5[") |51:h7 al;h_1,5§Z”))7rh([527”), aé\m)} \Slzh,7 al:h—l)

F(m)
ap,

> 52’”)(6157,’")|81:h7alzhfl,aﬁm))m([aﬁm)? ai\m)} \81:h,a1:h71) > 0.

Similarly, we can prove that (¢\™ o 7r1)(ay|s1) > 0 from (¢™ o 71)(ay|s1) > 0. Therefore, based
on eq. (I8), it is proved that whenever pym) oy (S1:; @1:n—1) > 0, we have

pq;(m)oﬂ.(sl:hv al:h)
h
~(m)

= p(s1) (3™ om1)(ass1) H P(snrlsn—1,an—1)(¢;,"” o mp)(an sty ar:pr—1) > 0. (29)
h/=2

Therefore, eq. (26)) holds for

p(;(m)oﬂ.(sl:hv a/l:h)

0>\ > — ) = w(sl:h7a1:h)7

pqﬁ(?ﬂ)ow(sl:hv al:h) - pg(m)oﬂ,(slzhv Q1:h
for any si.p,a1., Whenever pymor(Si:n,a1:n) > pa(m)oﬂ(slzh,al:h), which implies that
Pptmron (S1:h,a1:n) > 0 and therefore pgm)oﬂ(SLh,aLh) > ( based on eq. (29). Thus, we con-

clude that w(s1.p,a1.,) < 0. Consider the finite (and possibly empty) set A; := {w(s1.p,a1.1) :
L < h < H,pyomor(S1:0,a1:1) > pg(m)oﬂ(slzh,al:h)}. If it is non-empty, eq. 1} holds for all
0 > A > max A; for constant max A; < 0; Otherwise, eq. holds for all A < 0.

Proof of eq. 1l If pym) o (S1:h, G1:n—1) gm) (6;:71) |81y Q1:1—1, agm)) = 0 and A < 0, then
eq. holds. Consider the other case p¢(m>w(51:h, a1:h—1) gbm) (52”) [$1:1y @1:h—1, agm)) > 0 and
A < 0. In this case, we have pg(m)oﬂ(sl;h, a1.,—1) > 0 as proved in the proof of eq. , and we
also have qﬁgn)(ﬁém) |$1:hy @101, agm)) =1 > 0 and thus 55[") (E;Lm)|51:h, A1:h—1, agbm)) > (0 based
on the construction of gi)m). Following the same proof logic as that of eq. , we can find a constant
Ay < 0 such that eq. holds forall 0 > A > As.

In summary, we have proved that there exists A < 0 that guarantees both egs. (26) and (27).

C.2  Proof of item 2 for constrained Markov game

Here we construct a counter example to prove item 2. Consider a constrained Markov game with
only one state S = {s}, two agents with action spaces A; = Az = {0, 1} and horizon H = 1. For
simplicity, we drop the time step index ~ = 1 and state s in all notations throughout this example.
Specifically, we denote m(a(?), a(®)), 7(™) (a(™)), ¢(™) (@(™)|a("™), m = 1,2, as the joint policy,
marginal policy and stochastic modification, respectively.

For both agents m = 1, 2, we define rewards r(()m) = q(m), r§m) =q® 4 g, rém) =240 —
a®) and constraint thresholds ™ = ¢{™ = 0.6. Therefore, V"™ () = Er{™ = x(m)(1),
V™ (1) = Exri™ = 2O(1) + 2@ (1) and V™ (7) = Er{™ = 2 — 2W(1) — 7P (1) =
71 (0) + 7 (0). Therefore, for both agents m = 1,2, their value function constraints V"™ () >

0.6, VQ(m) (m) > 0.6 are equivalent to the following condition

0.6 <7M(1) + 7P (1) < 1.4. (30)
Now consider a uniform policy 7 where 7(a("), a(®) = 0.25 for all a"), a(® € {0,1}. This is a
product policy which generates independent uniformly distributed actions oV, a® with 71 (1) =

7(2)(1) = 0.5 that satisfy the constraints in eq. (30). Note that A(") only includes two actions. Hence,
the set of all possible deterministic modifications ¢(!) includes the following three cases.
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(i) ¢V o T = 7 either ¢V modifies any a(*) to o)) or modifies any a") to 1 — a(1);

(ii) ¢V o T = 7’ that always generates a(!) = 0 and generates a(? uniformly at random: ¢(!)
modifies any a(!) to 0;

(iii) ) o 7 = 7’ that always generates ') = 1 and generates a(?) uniformly at random: ¢(")
modifies any a(") to 1.

However, 7/ and 7' do not satisfy the constraint (30) since /(1) (1) + 7/ (1) = 0.5 and 7”1 (1) +
7”2 (1) = 1.5. Hence, the only feasible deterministic modifications ¢(!) are the two ones in (i) with
¢ o7 = 7, which implies that V") (¢ o 7) = V! (%) = #1(1) = 0.5. Therefore, such a 7
satisfies the assumption of item 2.

Now consider a stochastic modification ¢(*) defined by ¢")(1]a;) = 0.9 and ¢)(0|a;) = 0.1 for
ay € {0,1}. Then ¢(*) o 7 independently generates Bernoulli distributed actions a*) ~ Bern(0.9)
and a® ~ Bern(0.5). Hence, (¢ o)) (1) 4 (¢ o 7)) (1) = 1.4, which means (1) is feasible
based on eq. (30). In addition, V") (¢(V) o ) = (¢(1) o 7)) (1) = 0.9, which is strictly larger than
Vo(l) (%) = 0.5. Therefore, 7 is not a CE as defined in Deﬁnition

D Proof of Theorem

For any policy 7 and its associated joint measure p,, recall the following equivalent Lagrangian
functions defined in eq. (23).

7,(m) (m, /\(m)> — 1(m) (P )\("L))_
Then, the desired strong duality result shown in eq. is equivalent to the following equation.

max min L0 (p,A™) = min  max L™ (p, \("™),
pEX A('rn)eRim )\('NL)GRim peEX

where the set X' := {pym) oy #™ is a stochastic modification} is defined for the fixed . The nice
property of the Lagrangian function Lm (p, AU™)) is that it is a linear function in p, which has an
advantage toward establishing strong duality.

Based on the minimax theorem (Lemma 9.2 of [2)), it suffices to prove the following properties:

@M. L™ (p, ) is convex and lower semi-continuous, and Lm) (-, p) is concave. These properties
directly follow from the definition of L in eq. (23).

In. R‘i’" is a convex set, which holds obviously.
(II). X is a convex set, which follows from Lemma[B.T]since egs. (26) and always hold for
A€ 0,1].
(IV). X is a compact set.

Hence, it remains to prove (IV).

As the state space S, action apace A and the horizon H are finite, we can represent p,. as a vector
with entries pr (s1.77, a1.57) for every s1.,a1.5 € S* x AH. Hence, the set X C [0, 1](\5||ADH

. . . . . k
is bounded. Then, it suffices to prove that X" is a closed set, i.e., p € X if p¢f;T)°”(Sl:H7 a1.g) —

p(s1.4,01.8),Vs1.14, a1. g for some Pyim op € X (Note that the notation q&f,gl) indexed by k differs

(k]

from qbglm) where h denotes time step).

Similar to X', any stochastic modification ¢(™) can also be seen as a bounded finite-dimensional vector
with entries zj)(m)(ﬁglm) |$1:1, Q1:h—1, agbm)) € [0, 1]. Hence, {gbfz]%) : k € NT} has a convergent sub-
sequence {qbfg]) : i € Nt} such that ¢EZ:]) (Ziglm)|51;h, a1:h—1, aglm)) N (52m)|31;h, a1:h—1, aglm))
for any Si.5,0G1:h—1, agm),a/gm), which implies that ¢* (?iglm)|51;h, A1:h—1, aglm)) > 0 and

Za“’” o* (Ziém) [$1.05 G1:0—1, aglm)) = 1. Therefore, ¢* is a proper stochastic modification.
h
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Then based on eq. (24), it holds for any s1.p,, a1.p, that
(¢E;n])h °© Fh)(ah|$1:h, al:h—l)
3 O o s T [ o 1)

~(M)

Z (b (m) ‘Slzha a1ne1, fdém))ﬂh ( [fd;m)7 aé\m)] |51;h, al:h—l)

g(m)

ap,

= (¢}, omn)(an|s1:ns @1:0-1)- (31)
On one hand, the above inequality and eq. (I8) imply that for any s1.5,, a1.p, Pyimg (81:h, G1:1) BN
k] O7

Pg*or (S1:h, @1:5). On the other hand, p¢<m)0ﬂ(51:h7 ai.n) EN P(S1:1, @1:5). Therefore, p = pyror for
(k4]
¢* being a stochastic modification, and thus p € X.

E The Range of the Optimal Dual Variable

Before proving Theorem [3]and Corollary [5.1] on the non-asymptotic convergence of Algorithm [T}
we first consider the optimal dual variable )\,(km) of the minimax optimization problem in eq. (7)) and
derive its range below, which is important for the selection of the projection set A(™) in Algorithrn

(m)

Lemma E.1. The optimal dual variable )\’ satisfies the following range.

(m)
(m) Hr T0,max .
AN < R =1 d. (32)
*,7 (m)
§
Proof. Given m, denote qi(km) as the optimal solution to the constrained optimization problem in
eq. (4) and denote $("™) as the stochastic modification that satisfies Assumption ie., VM (M o
T — c(m) > ¢0m) Then we have
H’f'( ) > V(m (¢* O’]T)

0,max =

e L0 (47 07,307

> L0 (G0 o, A“"))

= V™ (g™ o) + ZA“” (V™ (@ o) — ™)
Jj=1

'LZl

> ZAH ),

where (i) and (iii) use V(m)( )e[0,H r{m ,¥j=0,1,...,d, which is directly implied by As-

0,max
sumption [2] (ii) uses Theorem [2] which 1mphes the equlvalence between the constrained optimization

problem in eq. lli and the minimax optimization problem in eq. (7 , and (iii) also uses )\i7 j) > 0and

Vi () = ¢;" > ™. Since ;" > 0, the above inequality implies eq. (32) O

F Proof of Theorem 3

Assumption [2] and the value functions defined in eq. (@) imply that for any m = 1,...,M, j =
0,1,...,dy, and joint policy 7, we have
H

0< V"™ (r) = Ew[ZTﬁ)(Shvah)‘Sl ~ P} < Hri7. (33)
h=1
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Hence, for any m = 1, ..., M and joint policy 7

dm

IV )| = Zv“" 2 H,| D n)? = HEG) (34)

j,max max
1

J

Furthermore, Assumptionimplies that there is a joint policy 7’ such that 0 < ¢(™ < V(™) (7, so

e < VO ()| < HRGR). (35)
Then,
0 < AT
L T-1
ST — 1A )
t=0
@) &= (m) (m) Y12 _ a2
< (N =0V () = )P = I 1%)
=0
(447) m
< anx T (el = v +n22 (Ve @ + fet1)°
t=0

iv) T—
< an)\(m)T V(6™ o 1) — VO (1)) + 4T (nHR(),)?,

where (i) uses the initialization )\ém) = 0, (ii) uses eq. and 0 € A(™), (iii) uses triangular
inequality, and (iv) uses eqs. (34) and (33) and the constraint that V(™) (¢\™ o 1) > ¢(™) satisfied

by the optimal modification qs,E;”) of the constrained optimization problem in eq. for m = .
Rearranging the above inequality yields that

T-1

ATV () = VO (6™ 0 7)) < 20T (HRI,)?. (36)
=0
Note that
T-1
0< 3 (max L0 (60 0 m A™) — L0V (61 o m,, (™))
¢ m
t=0
o I
O (max v (6 om) — Vi 04 o))
t=0
(i4) = m m m
Y (W ()~ V(027 0m)
t=0
o T-1
S (e V) = U o m) 4 AT (VO ) VO 0 m)) @D
t=0
(i) T=1
< > (e= DU (m)) + 29T (H R,
=0
where (i) uses the rewritten Lagrangian function L("™)(¢(™) o 7, A(™)) = V(m)(¢(m) om) —

AT em) i) uses eq. (TT), Gii) uses V™ (x) = V™ (x) + ATV (1), ¥ implies by
eqs. () and (), and (iv) uses eqs. (3) and 6316[) Rearranglng the above inequality yields that

T—1
1
]E;[D(m)(wt)] = T E D(m)(ﬂ-t)) < 277( Rgg;) +6
t=0
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which proves the duality gap in eq. (I4) by substituting 1 = \%
Next, we prove the constraint violation in eq. (T3).
For any \("™) € A("™) it holds that

||)‘t+1 - )‘(m)HZ

< A = (V) = )

(42) m m 9
< AT = A2 = 2p(A = AT (VO () — ™) £ ([ ()| + |
(44)

<P = A2 =2 — AN T (VO () — ™)) 1 4(n HRUR))?

where (i) uses eq. (T2) and A(™) € A(™)_(ii) uses triangular inequality, (iii) uses eqs. (34) and (33).
Telescoping the above inequality over ¢ = 0,1,...,7 — 1 and using )\Sm) = 0 yields that

o O e R L

max

Since V<m>(¢t;") om) > ™ and /\§m> € R%, eq. (87) implies that

T

|
A

Z AT =V ) <0y (e Vi m) =V (@ om)  (39)
t=0 =0
Summing up eqs. (38) and (39) yields that
T-1
n Z )\(m)T V(m)(ﬂt)) <n Z (e + Vo(m) () — Vo(m)( g;n) o 7r))
t=0
1
+ A 2T (rH R (40)
Denote ! = {¢™m : VM) (¢(™) o 71,) > min (¢™, V™) (7))}, which is a non-empty set that

includes 1dent1ty modification ¢(m) such that 1™ o 7, = ;. Hence,

Vo(m)( &T) om) = max min L(m)(¢(m) oy, )\(M))
$(m) A(m) eRm

9 min max L) (™) o 7y, A0
A(m)eRim p(m)

—

i)
>  max LM (gb(m) o Ty, )\Eln))
(I ep(™

= max (Vo(m) (¢ o) + (AT (V) (6™ o my) — cl™)])
¢(m) eq>im)

(i)

> max Vo(m) ((;S(m) o) + (A§T))T min (0, V™ (7)) — c(m))
) ed(™

(iv) m m m m

> V™ () = )T () = VO ()

where (i) uses Theorem (i1) uses the fact that fI)gm) is only a subset of stochastic modifications and

denotes that )\ET) = arg min, ;) cpdm MaxXg(m) L(m)(¢(m) o My, )\(m)), (iii) uses )\ET) € Rff_m and

+
the definition of <I>,(5m), and (iv) uses the fact that the identity modification ¢(™) € <I>§’”). Substituting
the above inequality into eq. (@0) and rearranging it, we obtain that

1Y (AT (e v () — )T (o) — V() )
t=0
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< < ||A||? + 2T (nH RG))? + nTe. (41)

N |

2HTE"
&

Using eq. (32) and selecting /\§.m) —
obtain that

1{V"™ () < cl™} (this satisfies (™) € A(™), we

AT () — ) (7)) — ()\g”))T(C(m) _y(m) (m),
o Hr, Onzax m) (m)
- Z (m) J o VJ (Wt))+’

where the last inequahty uses eq. (32). Substituting the above inequality into eq. (#1) yields that

T—-1 dm

nHTO max Z Z f(m) ‘/;(m) (ﬂ-t))+

t=0 j=1

< SN+ 2T HRGD) + T

(i) m .
< 2(Hr{™ 0?3 (€M) 4 2T (HRG)? + nTe,
j=1
)
where (i) uses [ AC™)| < 2H7{L) (/75 (¢5") for our choice A" = 2t
J

IL{V(m)( 1) < c(m)} Dividing both sides of the above inequality by nT'H réﬁfax and substituting
n= \F we prove the constraint violation in eq. (T3).

G Proof of Corollary[5.1]

The surrogate rewards defined in eq. (8)) has the following bound

OSR(;:;L(smah)—r(()h)(sh,ah +)\( m)T ( )(sh,ah)

)
(

<5 (snyan) + N1 (51 an) |

(0
< r{m 2mr (™ R

max 0,max " “max

(42)

(m)
where (i) uses Assumptionand AE?) € [o, 2H£ omax] (since /\(m) € A™ based on eq. (T2))). Note

that the V-learning in [31] assumes the rewards to range in [0, 1]. To adjust to this assumption, we
apply V-learning to the scaled rewards %R(m) (Sh,ap) € [0,1] with corresponding value function

V)\( ™) Then based on Theorem 7 of [31], it takes O(H?SA2(¢/R{I)~2) = O(H5SA%e2)

RE,:ZL
samples to reach the ¢/ Rmax-CE of this scaled Markov game with probability at least 1 — /T for
any § € (0,1) (we replace § with § /T which only changes the hidden logarithm factor in O), that is,

1 (m) ) €
m < -
H}i))( R( V (¢ Oﬂ-t) anaz( ( ) = ésnrzz(v
which is equivalent to eq. (TT). Applying union bound over the T iterations yields that eq. (TT) holds
for all iterations ¢ = 0, 1,...,7 — 1 with probability at least 1 — §. In that case, the convergence rates
in egs. (T4) and (T3) hold. Substituting T = max,, 4¢~>(HRix)*( S0, (€)% + HRGR)?
and réﬁﬁax > % into these convergence rates yields that
2(HRm\)?
]E;(D(m) (71-;)) < (\/T) + €< 2,
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(m) dm

2HRmax m
Er (W™ (7)) Z g™

\ /\

dm

\ /\

7l

=1

.

2H(Rr(m3<) €

2HR S (& (m

/T (m)
0 de HTO max

R(m)) )+6§26.

max

The above two inequalities prove that max (EzD(™ (77), E;W (™) (7)) < 2e.

Since each of the T' = O(H*¢~2) iterations takes O(H5SA%e~2) samples, the required sample

complexity is TO(H5SA2%e~2)
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