Appendix

A Additional Notation, Preliminaries and General Tools

In this section, we provide some notation that will be useful in the proofs. Moreover, we report a
collection of existing results that we will apply in our proofs.

A.1 Additional Notation

Standard Notation. We denote with N the set of natural numbers {1, 2,3, ... } and Ny = {0} UN.

We denote with Z the set of integer numbers {...,—2,—1,0,1,2,...} and with R the set of real
numbers. We denote vectors using bold letters e.g., a, T. We let || - ||, denote the L, norm with
p € {1,2,00}. In general, we let || - || = || - ||2 be the standard Euclidean norm. The inner product

between two vectors a, b is denoted by a - b. We use I' for the Gamma function and ¢ for the
Riemann zeta function. For any 7 > 0, k € N, a € R¥, we denote with B,.(a) (resp. B,[a]) the
open (resp. closed) ball centered at a with radius r.

Probability. For a random variable X, we may denote its distribution by £(X). We denote by
Pr,E, Var, Cov the probability, the expectation, the variance and the covariance operators. We
denote Be, Bin, NBin, Geo, 7G, Z, Poi, Uni; the Bernoulli, Binomial, Negative Binomial, Geo-
metric, Truncated Geometric, discretized Gaussian, Poisson and Uniform probability distribution
respectively.

Notions of Distance for Distributions. Let P, () be two probability measures in the discrete prob-
ability space (2, F). The total variation distance or statistical distance between P and (), denoted
dry (P, Q). is defined as drv (P,Q) = 33 ,cq|P(x) — Q)] = maxaer |P(A) — Q(A)].
The Kullback—Leibler divergence (or simply, KL divergence), denoted Dy (P || @), is defined

as Dicr(P || Q) = Evplog (53)] = L,eq P(e)10g (5.

Exponential Families For k¥ € No, A C R¥ and T : Z — R*, we denote with E(A) the
exponential family with sufficient statistics T and parameter space A. In particular, if W ~ Er(a)
for some a € A, then for any z € Z

Pr[W = z] < exp(—a - T'(x)).

We will use the notation Pr,[W = 2] (similarly E, [W] and Var, (W) for expectation and variance
correspondingly) to refer to the probability that W = x given that W ~ Er(a), whenever it is clear
by the context that the distribution of W belongs in £7(.A). Note that we will use the following
notation Eyy [|[W|°] = Eyw [L{W # 0}] = Pry/[W # 0], i.e., we interpret 0° as 0. Note that in the
general case, an exponential family £ supported on Z is defined in terms of some additional function
h:Z — (0,+00) so that if W ~ &, then Pr[W = z| « h(z) - exp(—a - T'(x)). In this case,
we use the notation W ~ Er j,(a). However, we can reduce this setting to » = 1 by considering
A= Ax {1} and T = (T, —1log,.(h(z))). We also define the logarithmic partition function

Aty :R¥ — Ry as Ar p(a) = log (Z;io h(z)exp(—a - T(m)))

Modes of Distributions. For any distribution D over the lattice of integers Z, we consider the set
of modes of D to be M = arg max,ez D(z) (where D(z) = Pryp[W = x]). We say that D is
unimodal if there exists some (mode) M in Z such that if W ~ D, then

Pr(W =z| > Pr[W =z + 1], forany x > M and
| <Pr[W=z+1], foranyz < M .

Note that it might be the case that Pr[W = z] = Pr[WW = x4 1], and therefore D could have many
neighboring modes (although we call it unimodal).

For a € A, consider the distribution Er(a) which lies in the exponential family E1(A). We denote
with M¢_.(q) or simply M, (whenever T is clear by the context) the set of modes of £ (a). We also
use the notation M, to refer to any specific mode of Er(a), like in Prq[W = M,] (the referenced
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point could equivalently be any mode of Er(a) since all modes are assigned the same probability
mass).

We say that the exponential family Er(.A) is unimodal if Er(a) is unimodal for each a € A.
We denote with M 4 the union of the sets of modes of the distributions in Er(A), ie., M4 =
UaE.AMa~

Sets and Set Operators. A polyhedron is the intersection of finitely many affine halfspaces. A
cone is a subset K C R¥ with0 € K anday € K forally € K and o € R . A polyhedral cone is
a polyhedron that is a cone. We say that Op is an extensive set operator on R” if for any set A C R¥,
Op.A is a subset of R¥ and A C Op.A. We will make use of some particular extensive set operators:
The closure operator closure: closureA = AU d.A. We also use the notation A := closureA.
The convex hull operator Conv:

ConvA = Ztiai:aieA,tie[O,l],Ztizl,neN , (1)

1€[n] i€[n]

for any A C R*. The conical hull operator Cone:

ConeA=1{ > tia;:a; € At; >0neNy, 2)

1€[n]
for any A C R* The p-conical hull operator p-Cone, where o > 0:
0-ConeA = AU (ConeA \ B,(0)).

In other words, g-Cone operator inserts in .4 all points of the conical hull of A with norm at least g.
The shade operator:
ShadeAd = {ta:a € A,t > 1}.

We will use these set operators to rule out the possibility that A is a very contrived set that makes
the proper covering problem unreasonably difficult or complicated, since we focus on providing the
first general approach for the proper covering problem. In particular, we will relax our demand that
the cover is proper, by enabling sums of random variables that belong in a slightly wider exponential
family by enlarging .4 appropriately.

A.1.1 What do Proper Covering and Learning mean for SIIERVs?

(Weakly) Proper Covers. Below, we give a slightly relaxed definition for the notion of proper
covers for our setting. We will use these set operators to rule out the possibility that A is a very
contrived set that makes the proper covering problem unreasonably difficult or complicated, since
we focus on providing the first general approach for the proper covering problem. In particular, we
will relax our demand that the cover is proper, by enabling sums of random variables that belong in
a slightly wider exponential family by enlarging .4 appropriately.

Definition 2 (Proper Covers of SIIERVs). Ler C be a cover of E1(A)-SIIRVs of order n, where

A C RF. Consider R > 1 and Op is an extensive set operator on R¥. If any element of C is the
distribution of an E(0p.A)-SIIRV of order R - n, then we say that C is (R, Op)-proper.

(Weakly) Proper Learning. For any n, k € N, any A C R¥ and any T : Z — R* (so that E7(A) is
well defined), we say that the the class of E1(A)-SIIRVs of order n can be (R, Op)-properly learned
if there exist some R > 1 and some extensive set operator Op such that for any ¢,6 € (0,1) there
exists some algorithm A and some polynomial 7 on 1/¢,1/§ (and other relevant parameters) such
that A, given m independent samples from some unknown E7(.A)-SIIRV X of order n, outputs
some E7(0pA)-SIIRV Y of order R - n such that dpy (X, Y') < ¢, with probability at least 1 — 4.

A.2 General Tools

We show that our novel notion of distance, the structural distance is actually a distance metric.

Lemma 10. The structural distance (Definition |l)) is a distance metric between discrete distribu-
tions.
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Proof. Note that dg is non-negative. It is sufficient to prove the three following properties:
Identity of indiscernibles. dst(D;,Ds2) = 0 if and only if D; and D, are equivalent. The
first direction of the property is satisfied, since when ¢ = 0, any point outside the support of D;
must be assigned zero mass by D (hence they have common support) and any point in the support
must have proportionally equivalent mass (which implies exactly equal mass, since the probabilities
must sum to 1). For the other direction, observe that if D; and D- are equivalent, then the structural
distance is zero.

Symmetry. Observe that Deﬁnitionis, in fact, symmetric and so dst (D1, D2) = dsr (D2, D).
Triangle Inequality. We have to show that dst(D1,D3) < dst(D1,Ds) + dst (D2, D3). Let
dst (D1, D) = €1 and dg1 (D2, D3) = €s.

Consider, first, any @ € X such that D;(z) > (€1 + €2) - p1. Then Dy (x) > € - p1 and hence, for
the point o and the pair (D1, Ds), it must hold Dy (z)/p2 = Di(x)/p1 > €1 + €. Similarly, we
have Da(x)/p2 > €1 + €2 and so D3(z)/ps = Da(x)/p2 > €1 + €2. This implies that Ds(z)/ps =
D1(z)/p1.

For the rest points € X with D;(z) < (e1 + €2) - p1, we have to take cases for D (z) (either
< €1p1 or > €1p1) and after applying what we know about dgt (D1, D), take cases for Dy (x) (and
apply knowledge about dg1 (D2, D3)). In any case, we get that D3(z) < (€1 + €2) - p3. Therefore

dst(D1,D3) < €1 + €. O

We continue with a collection of general tools that we are going to need for our proofs. The
Minkowski-Weyl Theorem shows that any polyhedron can be either represented in a constrained
or a finitely generated form.

Proposition 11 (Minkowski-Weyl Theorem [Minkowski| [[1896].Weyl| [1935]]]). Let C C RF for
k € 7Z. Then the following are equivalent:

1. There exists t € N and some matrix H € R¥** such that C = {u € R* : HTu > 0}.

2. There exists s € N and some matrix Z € R¥** such that C = {u € R* : u = Zx, = > 0}.
The next standard inequality shows that in order to control the statistical distance for two distribu-
tions, it suffices to control the KL divergence.

Proposition 12 (Pinsker’s Inequality). For any probability distributions P and @ on a common
measurable space, the following inequality holds.

drv(P,Q) < %DKL(P | Q)-

The following lemma is a useful tool in various parts of our proofs. It essentially controls ratios of
sums of positive quantities.

Lemma 13 (Ratio of Sums Inequality). Let ay,...,a, and by, ..., b, be positive numbers. Then, it
holds that
a; Zie[n] ai a;

min — < ————— < max —.
i€[n] by — Zze[n] b; ~ ien] b;

Proof. We have that
a; a;
E a; = E bl‘ (l> S bimax—].
i i€ln] ic €M Y

Hence, we get that

ZzE[n] a;

The other direction follows similarly. O

The next tool characterizes the expectation and the variance of the sufficient statistics vector in
terms of the log-partition function. Moreover, it provides a way to control the KL divergence of two
exponential family distributions.
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Lemma 14 (Moments and KL Divergence for Exponential Families). Let &, be an exponential
family with parameters a € R*, log-partition function A(-) = At ;,(-) and range of natural param-
eters A = Ar j,. The following hold for the distribution £(a) € Er .

(¢) Forall a € A, it holds that

LB [T()] = VA(a).

(73) Forall a € A, it holds that
Cov [T(z)] = V*A(a) .
x~E(a)
(t4i) Foralla,a’ € Aand for some € € L(a, a’)E] it holds that
Dxr(&(a) | €(a’)) = (' — a)TVZA(E)(a’ — a). 3)
The upcoming lemma control the statistical distance for sums of independent random variables.
Lemma 15 (TV-Subadditivity for Sums of Random Variables). Let (X;);c[n) be a sequence of n

independent random variables and (Yi)ie[n] be also a sequence of n independent random variables.
Then, we have that

dry Z Xi, Z Y] < Z drv(X;,Y;).
1€[n] 1€[n] 1€[n]
This lemma controls the statistical distance between two Poisson distributions.
Lemma 16 (Statistical Distance of Poisson RVs). Let A1, Ao > 0. Then, it holds that:
e\>\1*>\2| _ 6*|>\1*>\2|

2

This lemma controls the statistical distance between two discretized Gaussian random variables.

Lemma 17 (Statistical Distance of Discretized Gaussian RVs). Let p1, 2 € Rand 0 < o1 < 0.
Then, it holds that:

dpy (Poi(A1), Poi(X2)) <

1 — 02 — g2
rv(2n, o), 2 o) < 3 (L1202l 222
g1 o1
The next lemma provides a bound on the shift distance for SIIRVs.
Lemma 18 (Statistical Distance of Shifted SIIRV). Let X = ) . X; be the sum of independent
integer-valued random variables. Then, it holds that

2/m

drv(X, X +1) < .
1+ 2 —dry (X, X 4+ 1))

The next lemma is a standard tool that essentially says that an SIIRV that has bounded third moment
and TV shift invariance is close to a discretized Gaussian in statistical distance. The TV shift invari-
ance bound is crucial; note that if we drop this property, standard CLT theorems imply bounds for
the weaker Kolmogorov distance.

Lemma 19 (Discretized Gaussian Approximation (Chen et al.| [2010]))). Let X, ..., X,, be a fi-
nite sequence of independent integer-valued random variables and let X = 3, €n] X;. If
Hi = E[XZ],O'? = Var(Xi)7Bi = EHXL - ,ui|3]hu = Zle[n] :uiao-z = Zze[n] U?aﬂ = Zze[n] /Bi
and

supdry (X — X;, X — X;+1) <9,

i€[n]
then, if Z is distributed according to the discretized Gaussian distribution Z(p, 0?), we have that
drv(X,Z) < O(1/0) +0(6) + O(8/a°) + 0(65/0?).
In particular, we have that
38 1/ 1 B
drv(X,Z2) <1+ == | —=+B+3V7/8)= ] .
rv(X,Z) < <+202>+0(2\/ﬂ+(+ 7T/)UQ)

*We denote L(z,y) = {z € R : z = dx + (1 — Ny, A € [0,1]}.
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B Learning SITURVs and SIIERVs

We now formally state our main learning results. To do this, we begin by formally setting up our
learning framework for SIIRVs.

Learning Framework. In the problem of learning an SIIRV X =} ", cn] X, the learner is given
the value n (of the number of summands) and has sample access to independent draws from an
unknown target X. The goal of the learning algorithm is to output a hypothesis distribution X that

is e-close to X in total variation distance, i.e., d7y (X, X) < ¢, with probability at least 1 — §. The
accuracy € and the confidence ¢ are both provided to the learner as input.

In Appendix [B.1] the target X will be an SITURV of order n for some given n € N (i.e., a sum with
n' < n random terms) that belongs to the family of distributions that contain all the sums of at most
n random variables that satisfy Assumption[I] We are going to provide a learning algorithm for this
class of distributions.

In Appendix the target X will be an &1 (.A)-SIIRV of order n, i.e., a sum of at most n random
variables each one belonging in the exponential family E1(A) satisfying Assumption 2| We will
give a (weakly) proper learning algorithm in the sense that the output will be an E-(.A’)-SIIERV of
order m where m and A’ will be slightly different that n and A respectively.

Common Technical Tool. Our learning algorithms (Figure [T] and Figure [2) use hypothesis test-
ing as a distinct tool for the learning procedures. Hypothesis testing will appear in various points
of the algorithms; in the sparse learning phase (Claim [23] and Claim [27)), in the proper dense one
(Claim28) and in the hypothesis selection of the second stage (Proposition[20). Intuitively, for some
desired accuracy € > 0, given a collection of M candidate hypothesis distributions, one of which
is e-close in total variation distance to the target distribution of X, a hypothesis testing algorithm
draws O(log(M)/e?) samples from X, runs in time polynomial in M and 1/¢ and outputs a hy-
pothesis (among the M candidates) that is O(e)-close to the true X, with high probability. Such
testing procedures have been studied by a range of authors (see e.g., [Yatracos| [[1985]], Daskalakis
and Kamath| [2014]], Acharya et al.| [2014], Daskalakis et al.|[2013}[2015al], De et al.|[2014, [2018])).
For concreteness we are going to recall some standard results later.

B.1 Learning SIITURVs

Assume that the target X is an SITURV satisfying Assumption [I] We first provide a discussion on
some previous results and the oracles we require.

B.1.1 Hypothesis Testing and Oracle Access

The following proposition about hypothesis selection can be found in|Daskalakis et al.[[2015a].

Proposition 20 (Hypothesis selection (Lemma 8 at |Daskalakis et al.| [2015a]))). There exists an
algorithm SELECTHYPOTHESISX(Hl7 Hs, €,0), which is given sample access to a distribution X,
two hypothesis distributions Hy, Hy for X, an accuracy parameter € and a confidence parameter

6 > 0, draws

O(log(1/5)/%)
samples from X and, in time polynomial in the number of samples, returns some H € {Hy, Hy}
with the following guarantee: If drv (H;, X) < € for some i € {1,2}, then the distribution H that
SELECTHYPOTHESIS™ returns satisfies dry (H, X) < 6e.

The routine SELECTHYPOTHESISX(H17 Hs, ¢,0) runs a competition between H; and Hy as fol-
lows (for more details and a proof, we refer to Daskalakis et al.| [2015a]): It first computes the set
Wi = {z|Hy(z) > Hy(x)} and the probabilities p; = H;(Wi),7 € {1,2}. The routine draws
O(log(1/4)/€*) independent samples from X and calculates the fraction 7 of these samples that fall
inside Wy. If 7 > p; — ¢, it selects H; as the winner and if 7 < py + €, it chooses Hy; otherwise, it
declares a draw and returns either H;.

Remark 1. We underline that the result in\Daskalakis et al.|[|2015a|] does not require sample access
to Hy, Hy. These distributions are given as input (and their description is short enough to be read
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by the learner) and the set W, can then be computed efficiently. The work of|De et al.|[2014] deals
with scenarios where this is not the case (e.g., the domain is exponentially large in n) and in this
case sample and evaluation oracle access to H1, Hs is needed too. We discuss this point later.

The SELECTHYPOTHESIS™ routine is the main tool of the following hypothesis testing mechanism
(Proposition , for which we refer the reader to [De et al., 2014, 2018]] and, more generally, to
e.g.,|Daskalakis et al|[[2015al 2013|):

Proposition 21 (Tournament Selection De et al.|[2018])). Let D be a distribution over W C Z and
let He = {H;} e be a collection of M hypothesis distributions over W with the property that

there exists i € [M] such that drv (D, H;) < €. There exists an algorithm SELECTTOURNAMENT?
which is given €, a confidence parameter § and is provided with access to (i) a source of i.i.d. draws
from D and from H; for all i € [M]; and (ii) an ’evaluation oracle’ EVALy, for each i € [M],
which, on input w € W, deterministically outputs the value H;(w) and that has the following
behavior: It makes m = O((1/€?) - (log(M)+log(1/6))) draws from D and from each H;,i € [M]
and O(m) calls to each oracle EVALy, i € [M]. It runs in time poly(m, M |and, with probability
1 — 6, it outputs an index i* € [M] that satisfies drv (D, H;+) < Ge.

The routine SELECTTOURNAMENT performs a tournament by running the procedure of Proposi-
tion 20| SELECTHYPOTHESIS™ (H;, H;, ¢, 0(6/M)) for every pair (H;, H;),i < j of distributions
in the collection of Proposition [21] of size M and either outputs the distribution that was never a
loser or it fails. The bound on the running time is a result of the corresponding time bound of the
SELECTHYPOTHESIS™ routine. The sample complexity is a result of the union bound over the
competitions.

Sampling & Evaluation Oracles. For this section, we only need sample access to the target X
in order to run the version of Proposition [20] During the learning phase of the sparse instances, we
will construct the sparse cover and we will perform the tournament procedure for the distributions
in the cover. Crucially, the sparse forms have bounded support and its size does not depend on n.
Hence, for each sparse form, we have access to an efficient evaluation oracle for the purposes of
Proposition For any two distributions in the cover H;, H; with domain W C Z, the algorithm
can efficiently compute the set W;; = {w € W|H;(w) > H;(w)} without additional assumptions.
In the dense case, the algorithm will estimate the best fitting discretized Gaussian distribution and
we do not need to contruct any cover or run any tournament procedure.

B.1.2 The Result and the Algorithm

Our main learning result for SITURVs follows.

Theorem 22 (Learning SIITURVs). Under Assumption |l} for any n € N, accuracy ¢ > 0 and
confidence § > 0, there exists an algorithm LEARNERSIIURV™ (see Figure with the following
properties: Given n, e, 6 and sample access to independent draws from an unknown SIIURV X of
order n, the algorithm uses

m=0 ( 108(1/3)) + 0 (poy(B.1/7.1/6)

samples from X and, in time
poly (m7 Lpo]yw,m,l/e)) ,

outputs a (succint description of a) distribution X which satisfies dpy (X, X ) < ¢, with probability
at least 1 — 6.

Our algorithm works as follows.

We continue with a short discussion on how the algorithm works: The learning algorithm (Figure
of Theorem [22)is separated in two distinct stages. In the first stage, it runs two different learning
procedures, corresponding to the sparse and dense case of our main structural covering result for
SITURVSs. At the end of this stage, two hypotheses are obtained and, hence, the second phase of
the learning algorithm performs hypothesis testing in order to select the correct one. In the first

SWe count each call to an evaluation oracle EVAL u,; and draw from a H; distribution as unit time.
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Algorithm for SIIURVs: (e, )-Learning SIHIURVS X =37, X;.
1. Run LEARNSPARSE™ (n, €,6/3) of Claim [23|and get the distribution Hg.
2. Run LEARNDENSE™ (n, ¢, 6/3) of Claim 24|and get the distribution Hp.

3. Return the distribution that is the output of SELECTHYPOTHESIS™ (Hg, Hp, €,5/3)
of Proposition [20}

Figure 1: Learning algorithm for SITURVs.

phase, the processes LEARNSPARSE™ and LEARNDENSE® are performed. The LEARNSPARSE™
procedure (see Claim [23) performs a tournament over the distributions of the cover of the sparse
regime D&S ) (e) with error € and outputs the hypothesis/distribution Hg that is closer to X. On the
other hand, the the LEARNDENSE™ process (see Claim estimates the parameters of a discretized
Gaussian, which approximates the input sum X and outputs this distribution. We denote by H p the
output hypothesis of the dense procedure. Now, in the second phase, the learning algorithm runs the
black-box procedure SELECTHYPOTHESISY (see Proposition that chooses the winner between
the two hypotheses Hg and Hp, i.e., the one that is closer to X with high probability.

The Proof of Theorem

Proof. The algorithm (Figure runs the routine LEARNSPARSEY of Claim with input
(n,€,6/3) and gets the distribution Hg. Then, it runs LEARNDENSE™ of Claim [24] with input
(n,€,0/3) and aims to learn the best fitting discretized Gaussian to the input sum X and output
the hypothesis distribution Hp. In order to conclude the SITURV learning part, via Proposition
[20] one can examine which hypothesis between Hg and Hp is closer to the target X, by running
SELECTHYPOTHESIS™ (Hs, Hp) with parameter ¢, 5/3. In conclusion, with probability at least
1 — ¢, the algorithm will satisfy the desiderata of Theorem [22] We divide the proof in a series of
claims.

In Claim 23] we analyze an algorithm which learns sparse instances and outputs a hypothesis distri-
bution Hg.

Claim 23 (Learning Sparse Instances). Under Assumption|l| for any n,e,d > 0, there is an algo-
rithm LEARNSPARSE™ (n, ¢, §) that given

m=0 (poly(B, 1/7v,1/€) -log(L) + ;log(1/5)>

samples from the target SIITURV X over Z, outputs a (succint description of a) hypothesis distri-
bution Hg with the following guarantee: If X is e-close to a sparse form (see Theorem[2)), then it
holds that drv (Hg, X) < c1€, for some universal constant ¢1 > 1, with probability at least 1 — 6.
Furthermore, the running time of the algorithm is poly (m, Lpoy(B.1/7,1/ 6)).

Proof. Let ¢ > 0 and assume that Assumption |l| holds. Since we are in the sparse form case,
the algorithm can construct a cover of small size as described in the proof of Theorem [2] (see the
final part of Appendix [C), i.e., by quantizing the probability mass on each point of each of a set of
intervals that provably include some interval that contains the support of X. The structural result
of Theorem [2| implies that there exists a cover Dg ) = Dgs )(e) of radius € (i.e., a collection of

probability distributions that contains an e-close — in total variation distance — representative for
each distribution in D) whose size is equal to

’Dg> < [P(B1/71/e)

By the hypothesis and from the structure of the cover, X is e-close to an element of the set Dg ),

Note that Proposition[21]is applicable since the learner can read the distributions of the cover as input
and so no specific oracle access is required. We can apply the SELECTTOURNAMENT™ algorithm
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with input the distributions’ collection which lie in D[(JS ) with accuracy € and confidence §. This

concludes the proof. The sample complexity of the algorithm is

m=0 (612 (108 ‘D{f) + log(l/é))) »

). O

As a next step, we analyze the learning phase concerning the dense instances: In Claim [24] we deal
with the SITURYV learning of the dense case, using the Gaussian approximation.

and the running time is poly (m, ’Dg )

Claim 24 (Learning Dense Instances). Under Assumption[l] for any n,e,§ > 0, there is an algo-
rithm LEARNDENSE™ (n, €, ) that given

O(log(1/5)/€?)
samples from the target SIIURV X over Z, runs in time O(log(1/5)/€?) and outputs a (succint
description of a) hypothesis distribution Hp with the following guarantee: If X is e-close to a
dense form (see Theorem, then it holds that dry (Hp, X) < O(e), with probability at least 1 — 6,
and Hp is a discretized Gaussian distribution.

Proof. Let € > 0 and assume that X is e-close to a dense form SITURV. Let X = Zie[n] X, be an

SITURYV and set u = E[X] and 02 = Var(X). There exists an algorithm that uses O(log(1/3)/€?)
samples from X and runs in time O(log(1/8)/e?) and, with probability at least 1 — §, computes
estimates i and 52 so that

| — fi| < eoand|o? — 5% < e - O(1).

Our proof follows the steps presented in |Daskalakis et al| [2015a]: We will provide a routine
achieving the desired estimation with probability at least 2/3. Afterwards, there exists a standard
proceduref_’-] that boosts the success probability to 1 — ¢ at the expense of a multiplicative O(log(1/4))
overhead in the number of samples.

Mean Estimation. In order to weakly estimate the mean s, let {Z;};c;n) be i.i.d. samples from
X andletpu = % Zie[ N] Z;. Chebyshev’s inequality implies that

Pr [m ol > t\/Var(X)} — Pr [m —pl > w/\/ﬁ] <1/82.
Choosing t = v/3 and N = O(3/€?), we get that |fi — u| < eo with probability at least 2/3.

Variance Estimation. Similarly, one can compute a weakly estimate for the variance o2. Let
{Z:}ien be ii.d. samples from X and, using the Bessel’s correction, let 5% = Yien(Zi —

~ > ie[N] Z;)?. We have that

~21 2 oy 4 2 ~
E [6°] =0 and Var (¢°) =0 (N1+N>’

where £ := E[(}i,izu)ﬂ — 3 is the excess kurtosis of the distribution of X. For the random variable
X =3 e Xi with X; ~ Er(a;), we have that

2 (E(X:—E[X:])%]
1 Zie[n] (Var(Xl)) ’ W 7 3
n:;E[(X—m“]—?): ( 2 )S
(Zie[n] Var(X¢)>

by using independence and conditions (I) and (3). The second equality follows from the next com-
putations: Define r4(X) := E[(X — E[X])*] — 3 Var(X)? be the fourth cumulant of X. Since

- B/y?,

S|

SThe boosting argument requires running the weak estimators O(log(1/4)) times in order to obtain two
sequences of estimates (%) ;e [0(1og(1/5))] and (37 )ic[0(1og(1/6))) - Finally, the boosting process will output the
median of these sequences of O(log(1/d)) weak estimates.
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cumulants for sums of independent random variables are additive, we have that the excess kurtosis
of X is
p = () = D _ Ve Fa(Xi)  Pigp(Var(Xi))? - 5(X)
Var(X)? (3 ;¢ Var(X;))? (Xie Var(X;))?

We expect « to vanish with n since for a Gaussian distribution W we have E[(W — E[W])*] =
30* (and X resembles a Gaussian as the number of terms increases). Note that the dense case
corresponds to large number of terms in X and, in particular n > Q(B/~?) (see Appendix |C).
Therefore, we might assume here that 1 - B/~? = O(1).

Hence, we have that

2 K ot
) <ot —— < —. )
Var(c®) <o (N—1+N)N 0(1)

Chebyshev’s inequality implies that
1
t72 .

IN

2
Pr |la* - 0% 2t 00|

62 %) 2 17 o)

Choosing t = v/3and N = O(3/€?), we get that |02 — 52| < O(e) -0 with probability at least 2/3.

Total Variation Gap. Finally, we have that, using Lemma(l7]
drv (X, Z(11,6%)) < drv(X, Z(u,0°)) + drv(Z(p, 0%), Z(1,5%)) .

Since X is in dense form and the cover has radius ¢, the first quantity of the right-hand side is at
most € and the second one, applying Lemma([I7} gives

@mamf»am#»g;(f+ofy’):ma,

with high probability (where the randomness is over the estimates fi and 52), if o2 is large enough.
Hence, the total variation distance between the two Gaussians is of order O(e).

Conclusion of Claim [24]. So, we get that there exists an algorithm that computes the param-
eters (11,02) of a discretized Gaussian distribution so that drv (X, Z(ji,52)) < O(e), with high
probability, using O(l /€?) samples. We set Hp = Z(ji,52). As a conclusion, there is an algorithm
that given O(log(1/5)/€?) samples from the target SIIURV X over Z, runs in time O(log(1/6)/€?)
and outputs a hypothesis discretized Gaussian distribution Hp with the following guarantee: If X
is e-close to a dense form SITURYV, then it holds that dpv (Hp, X) < O(e), with probability at least
1—9. O

Combining the above claims concludes the proof. O

B.2 Properly Learning SIIERVs

In the problem of learning E1(A)-SIIRVs, the learner is given the value n (of the number of sum-
mands), accuracy and confidence parameters ¢, € (0,1) and has sample access to independent
draws from an unknown Er(A)-SIIRV X. The goal of the learning algorithm is to output a hy-
pothesis distribution X that is e-close to X in total variation distance, i.e., drv (X, X) < ¢, with
probablhty at least 1 — §. Recall that a weakly proper learner is an algorlthm that outputs a distribu-
tion X that is itself a £ (A’)-SIIRV, i.e., X = > icim] X; with X; ~ Ep(a;) with @; € A’ C R¥

for any ¢ € [m], where m may be different than the input’s order n and A’ is a set containing .A.

B.2.1 Hypothesis Testing and Oracle Access

Sampling & Evaluation Oracles. Apart from sample access to the target distribution X, we will
require the following: Both in the sparse and the dense case, as we will see in the proof, we must
be able to perform the hypothesis selection routine for the dense cover whose elements are E1(A,)-
SIIRVs. Hence, for any two distributions in the cover H;, H; with domain Z, the algorithm has to
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efficiently compute the mass assigned to the set W;; = {w € W|H;(w) > H;(w)} by H; and
H;. In fact, even an approximate computation of these two values (in the sense of De et al.| [2014])
is sufﬁcien Essentially the SELECTHYPOTHESIS™ routine requires estimates to the probabilities
H;(W;;) and H;(W;;) (see the routine ESTIMATE of Claim 24 inDe et al.|[2014]], that estimates the
probability p; = H;(W;;)). Such estimates can be obtained using sample access to H}, and access
to evaluation oracles EVALy, (even approximate evaluation oracles with multiplicative accuracy)
for k = 1, 2. In our case, this can be done using an evaluation oracle: We assume that, given the set
A, our algorithms have access to an ET(.AQ) evaluation oracle, that with a parameter @ € A, as an
input and query w € Z, it outputs a the probability mass assigned to z (even with some multiplicative
error as in|De et al.|[2014])) by the distribution £1(a), where A, = p-Cone.A. Moreover, we assume
sample access to the distributions in &1 (A,) and to a discretized Gaussian, in the sense that, given
(i, 0?), the learning algorithm can perform independent draws from the distribution Z (1, 0'2).

Specifically, we assume the following. The value of the approximation tolerance (5 of the oracle
will be related with the learning accuracy € and this relation is provided in |De et al.| [2014] (see
Assumption [3)).

Assumption 3. We assume that the learning algorithm can (i) query a sample oracle with input
(u,02) and draw a sample from Z(u,0?), (ii) query a sample oracle with input a € o-ConeA
and draw a sample from Er(a) and (iii) query a 3-approximate evaluation oracle EVALp(8) for
D = &Er(a) with a as in (ii) with input © € Z and obtain a value p, with D(z)/(1 + 8) < p, <
(1 4+ B)D(z) for some 5 > 0. Moreover, given learning accuracy ¢ € (0,1), we assume that
(1+8)*<1+¢/8

We will replace Proposition [20] with the following statement. In a similar fashion, we can obtain the
analogue of Proposition 2] (see Proposition 6 in|De et al.[ [2014]).

Proposition 25 (Lemma 22 in De et al.| [2014]). Assume that X, Hy, Hy are distributions over
W C Z. Let €,0 € (0,1). There exists an algorithm SELECTHYPOTHESISX(Hl, Hs,€,0), which
is given sample access to X and (i) to independent samples from H; and (ii) to a B-approximate
evaluation oracle EVALyy, (B) for i € {1,2}, an accuracy parameter € and a confidence parameter
0 > 0 and has the following behavior: It draws

m = O(log(1/5)/¢%)
samples from each of X, Hy and Hs, it performs O(m) calls to the oracles EVALy, () for i €
{1,2}, it performs O(m) arithmetic operations and if some H; has drv (X, H;) < ¢, then, with
probability 1 — 6, it outputs an index i* € {1,2} that satisfies drv (X, H;») < Ge.

Cover Construction. Additionally, our algorithm has to construct the cover for Er(.A)-sums. For
both the sparse and the dense case, given the parameters e, 0,0, B, we can consider the set A’
of the parameters’ space where A" = p-ConeA N {a : [la|| < ryi} for some sufficiently large
Terit < (04 5)-In(1/€)+ 55 -In(B)+O(0+ §). Using Proposition we can obtain a discretization
for this set in time T.. Let us define the total construction time of the cover of Theorem [3]as

TctOtal = TC(A7 n, G/T'Léri[, Ta 0, 9? B) + TC(Aa n, e/m, T7 0, 97 B) . (4)
The first term corresponds to the sparse cover construction (n’,; = poly(B, L,1/v)/€e?) and the
second for the dense one (m < n' - v/ B/7).

Remark 2 (On the runtime). Note that when A is not a very complicated set, then, for any r > 0,
the set A, N B,.[0] can be O(¢)-covered in Euclidean distance in time polynomial to the size of the
cover. Therefore, in such cases, T, can be omitted from the execution time of our learning algorithm,
since it is dominated by the remaining terms.

"In our setting, given an exponential family distribution D = Er(a), we should be able to compute (even
approximately) the value D(x) given a query x € Z. We will require access to approximate evaluation oracles;
this is natural since we may use some approximation method to estimate the partition function Z and then
output the value D(z) = exp(—a - T'(z))/Z, where Z is the estimation of the partition function.

8De et al|[2014] provide this result in the context of distributions with finite support. However, the sample
and time complexity bounds they derive do not depend on the size of the support. What is in fact dependent
on the size of the support is the bit complexity of the algorithms (since a sample could require, in principle, an
arbitrarily large representation). In our case, we do not account for bit complexity (in fact, we focus on sample
complexity). One could either think that the bit complexity is a random variable, which will, in practice take
only a small number of possible values, due to the concentration properties of the distributions we examine or
impose a “hard bound” on the number of bits the algorithm reads for each sample.
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B.2.2 The Result and the Algorithm

The main learning result is stated in Theorem [26]

Theorem 26 (Weakly Proper Learner for SIIERVSs). Let k € N and consider the exponential family
Er(A) with A C R¥. Let n € N, accuracy € € (0,1), confidence § € (0,1) and let X be an un-
known Ex(A)-sum over 7 of order n. Assume that Assumptionholds with parameters o, B, 7y, A, 0

and that Assumption holds. There exists an algorithm PROPERLEARNER™ (see Figure with the
following properties: Given n, €, ), the algorithm uses

m=0 (612 1og(1/5)> +k-O(1/€) - poly (B,L, i) -log (%7\)

samples from X and, in time

kpoly(B,2,5) k
pOIy m, g \/K ) nQ : pOly <B7 1) . O > \/K ’T(;EOtal )
0 y 0-e

where T°%! is given in @), outputs a (succint description of a) distribution X which satisfies
drv (X, X) < e with probability at least 1 — ¢ and, moreover, X is an Ex(A’)-sum of order
at most (vV/B/7v) -n and A’ = o-Cone A.

The algorithm follows. As in the SITURV case, there are two regimes resembling to the input sum
X having small (i.e., sparse) or large (i.e., dense) variance and a final hypothesis testing routine.
We now shortly depict the two learning sub-routines, corresponding to the small and large variance
cases. When X is close to a sparse form, the learning algorithm runs a tournament between all
possible distributions of the sparse case and chooses the hypothesis that won each pairwise com-
petition, i.e., the tournament’s winner . The dense proper case is more challenging: Our ultimate
goal is to learn the dense form hypothesis that is close to X with a sample complexity that does not
depend on n. Crucially, we have to make use of the structure of the cover. In the dense regime, the
input sum X is close to a discretized Gaussian random variable and its parameters can be estimated
using O(1/€?) samples. Having this approximation for X, we run the tournament hypothesis testing
procedure between the estimated Gaussian and the distributions of the dense form. Hence, we draw
no more samples from X, but instead we generate draws from the Gaussian. By a union bound on
the two events (i.e., the Gaussian is close to X and that the winner of the tournament is close to
the Gaussian), we get a dense form that is close to X. In the following, we may omit the “weakly
proper” phrasing and simply use the term “proper”.

Algorithm for SIIERVs: (e, §)-Learning SHERVS X = 37, ., X;.
1. Run PROPERLEARNSPARSE™ (1, ¢, /3) of Claim[27|and get the distribution H.
2. Run PROPERLEARNDENSE™ (1, €,6/3) of Claim [28|and get the distribution Hp,.

3. Return the distribution that is the output of SELECTHYPOTHESIS™ (Hg, Hp, €,5/3)
of Proposition 25]

Figure 2: Proper Learning algorithm for SIIERVs.

After describing these fundamental procedures, we are now ready to provide a complete proof of
our main learning result (see Theorem [26)).

The Proof of Theorem 26, The analysis of Theorem [26] works as follows: Under Assumption
we analyze our proper learner. As we have already mentioned, the algorithm (Figure [2) runs as
follows: First, it calls the PROPERLEARNSPARSE™ of Claimwith input (n,€,5/3) and gets the

distribution Hg. Then, it runs PROPERLEARNDENSE™ of Claimwith input (n,€,0/3) and gets
a distribution Hp, which lies inside the desired distribution class. In order to conclude the proper

learning part, via Proposition 25} it runs the procedure SELECTHYPOTHESIS™ (Hg, Hp) with pa-
rameter ¢, §/3. In conclusion, with probability at least 1 — §, the algorithm PROPERLEARNER™ will
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satisfy the desiderata of Theorem[26] We divide the proof in a series of claims. Before presenting
the proof, we remind the reader that the following hold for the (B'/2/~, o-Cone)-proper e-cover

D, = Di(e) = DY) UDY with:
k-O( 2% )-poly(B,L, L)

k
s ° A ¢ 1 . A
IDE)HD(E@I:(Q f) +<n2-poly<B,7)~O<Qef>> . )

Claim 27 (Proper Learning of Sparse Instances). Assume that Assumption2|and Assumption[3|hold.
For any n, e, 8 > 0, there is an algorithm PROPERLEARNSPARSE™ (n, €, §) that given

m=0(Flos(1/6)) +0 (k-5 () v (5:2:) s (Q"ﬁ»

samples from the target E7(A)-sum X over 7 of order n, outputs a (succint description of a) hy-

pothesis distribution Hg with the following guarantee: If X is e-close to some element of DI(;) (e)
(of Equation (), then it holds that drv (Hgs, X) < c1 - € for some universal constant ¢1 > 1,

with probability at least 1 — §. Moreover, if D](;) (€) is the sparse subset of the weakly proper cover
Dx(€), then Hg lies in D,(ES) (€) and the running time of the algorithm is

pOly <m7 2k~poly(B,1/e,l/’y)»log(g\/x/e)7 Tsparse) )
In particular,
1. Hg will be an Ex(o-Cone A)-sum of order Z - poly(B, L,1/~) and,
2. Tsparse = T (A, n, e3/poly(B,L,1/v),T, 0,0, B).

Proof. Let e € (0,1). Under Assumption according to our structural result, there exists a sparse
form cover D](;) = DS) (¢) of radius € whose size is equal to

k-O(1/€*)-poly(B,L, L
(gw/K) poly )
= 0

b

M= Dy

and each Ep(A)-SIIRV of order n/; (the sparse SIIERVs) can be e-approximated by some distri-
bution Er(o-Cone.A)-SIIRV of order n/ ;. The algorithm has to construct the cover in time 7P#"%¢
(with accuracy e/n/.; since we are in the sparse regime; this is indicated by the proof of the sparse
case). Let us assume that X is e-close to a sparse form element in the cover Dg(€). Using Assump-
tion 3| we can apply the SELECTTOURNAMENT algorithm of De et al.| [2014] (see Proposition 6
which is a variant of Proposition with input the distributions’ collection D](ES) with accuracy €
and confidence . We observe that there exists a distribution from the collection that is e-close in

total variation distance and, so, the requirements are satisfied. Moreover, we assume that we have

sample oracle access and evaluation oracle access to any distribution in DS). We can apply the
variant of Proposition 21t The algorithm makes O (=% (log(M) + log(1/4))) draws from X and

from each Y that is in D(ES), runs in time polynomial in the number of samples and in the size of the

collection and, with probability at least 1 — §, outputs an index ¢* € [M] so that the sum Y™* with the
corresponding parameters satisfies dry (X, Y™*) < 6e. We set ¢; = 6. Moreover, in order to obtain
a detailed expression for the sample complexity, we have that

1
m=0 (62 (log(M) + 10g(1/5))) .
The running time is poly (m, M, T5P2™¢) . The result follows by replacing M. O

As a next step, we analyze the learning phase concerning the dense instances:
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Claim 28 (Proper Learning of Dense Instances). Under Assumption [2| and Assumption[3] for any
n,€,0 > 0, there is an algorithm PROPERLEARNDENSE™ (n, €, §) that given

m=0 (612 1og(1/5))

samples from the target E1(A)-sum X over Z of order n, outputs a (succint description of a) hy-
pothesis distribution Hp with the following guarantee: If X is e-close to a dense form Er(A)-sum
in the Dg(¢) of Equation () , then it holds that dry (Hp, X) < ¢1 - € for some absolute constant

c1 > 1, with probability at least 1 — §. Moreover, if D](Ed) (€) is the dense subset in the proper cover
Dx(€), then Hp lies in D,(Ed) (€) and the running time of the algorithm is

k
1 VA
Poly m, <n2 . pOly (B, > e (Q \/>>> 7iz—vcdense
v 0-¢

1. Hp will be an E7(o-ConeA)-sum of order (v/B/v) - n and,
2. Tdevse = T (A, n,e-v/(n-VB),T,0,0,B).

In particular,

Proof. Let us assume that X is e-close to a dense form E(.A)-sum in the Dg(e). We apply Claim
to the target sum with some accuracy €’ and confidence 6/2. Hence, with high probability, after
drawing O(log(1/3)/€®) samples from X, we get parameters fi and 52 so that the random variable
Z ~ Z(j1,0?) satisfies

dry (X, Z) <e.

The accuracy €’ is chosen so that the resulting total variation gap is . Our assumption about X
implies that there exists a distribution Y is a sum of i.i.d. random variables with common parameter

vector b and distribution Er(b), then X is close to Y. So, there exists a cover D](Ed) = D(Ed) (¢) of
radius € for dense instances of size

k
i« oo (1) o (522))

The algorithm constructs the cover in time 7.4"¢ (with accuracy ¢/(nv/B/7) as indicated by the
proof of the dense case). By the structure of the cover, there exists a distribution Y so that

1. Y lies in DY,
2. and dTv(X, Y) S €.

Hence, by the triangle inequality, we have that dry (Y, Z) < 2e. We then apply the algorithm

SELECTTOURNAMENT™ (we use the modification of Proposition (see De et al.| [2014] with
hypothesis selection algorithm as in Proposition [25]) with the following input:

1. Let the target D be the distribution of Z (i.e., the discretized Gaussian),

2. consider the collection of distributions corresponding to the set D,(Ed),

3. and accuracy 2¢ and confidence §/2.

Note that there exists a distribution in the provided collection that is 2e-close to the target distri-
bution and, using Assumption [3] we have the required sample and evaluation oracle access. The

SELECTTOURNAMENT® procedure makes O (E% (log ‘Dl(ad)‘ + log(1/ 5))) draws from the target

Z and from each distribution in the collection. This is possible and it only costs in runtime. Recall
that we have assumed samples access to a discretized Gaussian oracle and sample and evaluation
oracle access to the elements of the cover. Moreover, it runs in time polynomial in the number of
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samples and in the size of the collection (i.e., the runtime depends on n) and, with probability at
least 1 — §/2, outputs an index i* € HD(Ed) H so that the sum Y* with the corresponding parameters
satisfies

dry(Z,Y*) < 12¢.

Hence, it holds that dry (X, Y*) < 13e. Let ¢; = 13. Applying union bound, we have that, with
probability at least 1 — 4, the algorithm PROPERLEARNDENSE™ will use

m = O(log(1/4)/€?)

samples (from the target X) and, in time poly (m, 1/e,log(1/6), D](Ed)

), it will output a distribu-
tion Hp so that

1. Hyp lies inside D,
2. and dTv(X, HD) < 13e.

The result follows. O

By combining Claim [27]and Claim [28] with the guarantees of Proposition [25] Theorem 26| follows.

C The Proof of Theorem [2| (Structural Result for SITURVSs)

Proof of Theorem Let us consider the SITURV X = Zl €l

distribution of each X; satisfies Assumption (I} There exists a critical threshold value n/, to be
decided, that indicates whether X belongs to the sparse or to the dense form. Let us first consider
the case where n’ > n/ ;.

Dense Case. In this case, we will approximate X with a suitable discretized Gaussian random
variable. Let p = B[X] =}, (/) pti, where p1; = E[X;] and 0% = Var(X) = D ien] o2, where
0? = Var(X;) and consider some random variable Zx with Zxy ~ Z(u,0?). Moreover, we set
B = icim Bi where B; =3, 1 E [|X; — E[X;]|?] and consider § € [0,1] to be such that

. X, for some n’ < n where the

0= _IIl[aX]dTV(X—Xi,X—Xi—Fl).
ie[n’

If we apply the Gaussian approximation lemma (see Lemma/[I9)), we get that
drv (X, Zx) < O(1/0) + O(8) + O(B/a®) + O(58/0?).

Our goal is to control the right-hand side of this inequality. In fact, it is reasonable to upper bound
the ratio between the sum of third centered moments to the variance, to lower bound the variance of
X and to upper bound ¢. In what follows, we insist on these three desiderata.

Claim 29 (Variance Lower Bound). It holds that Var(X) > n’ - v /4.

Proof. Let us focus on a particular X; in the sum that satisfies Assumption[T} Let A/ be a mode of the
unimodal random variable X;. We have that Var(X;) > + >, Prz]|z—M|? > + min,zp |z —
M|? > wxnm Prlz] = O(y), since we can sum over x # M and this sum has mass at least , also
mingzy |z — M|? = 1. Since the random variables X; are independent, the SIIRV X has variance
atleast 02 = Q(n’ - 7). O

Claim 30 (Third Centered Moment - Variance Ratio). It holds that 3/o* = O (%) .

Proof. We have that
I3 _ Zie[n/] ﬂl

~2 2
o Zie[n’] g;
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Note that each term in the above ratio is non-negative and so we can apply Lemma [I3]in order to
obtain
% < max 6;
o i€[n’] O
Using the proof of the previous claim, we have that o2
moment is upper bounded by B and so
B
Solt)
o v

Claim 31 (TV Shift). It holds that § = O (1)

= Q(v). Moreover, the fourth centered

1+(n'=1)-(1-7)
Proof. For a single term X, it holds that

dry (X, Xi + 1) Z|Pr —Pr[X; =z —1]
TEL

Let M be a mode of X;. Since X, is unimodal, we get a telescopic sum and dry (X;, X; + 1) =
Pr[X,; = M]. Hence, we get that the TV shift is at most 1 — . We now apply Lemma and get

2
drv(X = X3, X = X; +1) =drvy ZXj»1+ZXj < - /m )
i i \/z + 2 drv (X, X5+ 1)

This implies that

1
dTv(X—XnX—Xi“):O<¢1+(nf—1)-(1—7>> '

Taking the supremum of ¢ € [n'], we get that

1
§=0 .
(\/1+(n’—1)-(1—7)>

Claim 32. Forn' > Q( > 2),wegetthathV(X Zx) <

Proof. We require that £ - /02 < ¢, which implies that < eandson’ = Q(B?/(v3€?)).

\/7 —
Also, we require that 63/7 < ¢, which implies that \/1+ (n/ — 1)(1 —~) > £ =~ This is satisfied
by the above choice of n’. Hence, we can choose n.,, = Q (,g—;) . O

Sparse Case. Let us now focus on the case n’ < 3 — . For the term X; with mode M (M could
be any mode of X, since X; might have many consequent modes and still be considered unimodal),
we have that

E|X; - M|*=0(B),
since | E[X;] — M|? < 3 Var(X;) whenever X is unimodal (see Johnson and Rogers| [[1951]]).

It holds that |z — M|* Pr[X; = x] < O(B) for any = € Z. Let us consider the points = € Z so that
Pr(X; =2] > —. It holds that

le—M[>

O(B) > |z — M|*Pr[X; = 2] > €

|z — M|

and so these points lie in
|l — M| < B?/é
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‘We have that
€
> PriX,=z]< ) woaps ~ 0

z:lx—M|>B?/e? z:lx—M|>B?/e?

since 3°, . arjsp2)e W < >%i>1 1/i% = 7 /6. This implies that there exists a distribution
supported on the bounded interval [M — B2 /€%, M + B2 /€] which is (1 — €) close in total variation
to X;. In order to get the desired result, we have to make ¢ = €/n’ and so the SIIRV X will be
€ close in statistical distance to a discrete random variable Y whose support is included within an
interval of size at most (n')3 - B2/é? = poly(B/~¢) (due to convolution). Moreover, for each
X;, the mode takes some out of L at most values (due to condition (2))) and therefore there are
L = [poly(B.1/7.1/8) possible choices for the interval that contains the support of Y (since fixing
the modes fixes the intervals corresponding to each term X;).

For every such interval Z, we know that it has size at most s = poly(B, 1/, 1/€). Each point in the
interval can be assigned by Y a value within [0, 1]. Therefore, if we quantize the possible values for
each point in the interval Z into s/¢ equidistant levels, then we get s5/¢ = 2PN (B:1/7:1/€) possible
distributions Y”, corresponding to Z. We know that for some Z there exists some distribution Y that
is O(€) close to Y (and hence to X) in total variation distance. The total number of possibilities is
Lpoly(B,1/7,1/€) O

D The Proof of Theorem [3| (Structural Result for SITERVs)

Proof. We consider some exponential family Er(.A), the class E1(.A)-SIIRVs of order n and any
random variable X with distribution within this class. That is

X = Z X;, where n’ <n, X; ~ Er(a;),a; € Aand (X;); independent.

i€[n’]

We will show that, under our assumptions (see Assumption [2)) we can approximate the distribution
of any such X by some distribution lying within a small subset of E1(A’)-SIIRVs of order m, where
m < p-nand A" = OpA, for some ¢ > 1 and some extensive set operator Op.

Sparse Case. The proof we will give has two main ingredients. The first one is Theorem [5
which states that, under our assumptions, we may sparsify the parameter space into a small set
B C p-ConeA. The first ingredient directly implies that if n’ is small, then the distribution of X
must be close to the distribution of some random variable ¥ = Zie[n,] Y;, where Y; ~ Er(b;),

b; € B and (Y;); are independent. In particular, considering some n/; € N which will be specified

later, whenever n/ < n/;,, Theorem[5 applied for € < ¢/n/; gives some set B C o-Cone.A with

|B|M/F < 6(% -log(B)) so that each E7(A)-SIIRV of order n/
some E7(B)-SIIRV of order n’ .. Observe that there are only

crit*

knl.
. / ) . . crit
o < (O (n““ Qe VA .1og(B)>>
.

different E1-(B)-SIIRVs of order n/

crit*

can be e-approximated by

|B

/!
The value n/;,

will be obtained by the upcoming dense case.
Dense Case. The second ingredient is Lemma[T9] which indicates that when we have many terms
in the sum, then the distribution of X can be accurately represented by its mean and variance alone,
since X will be close to a Discretized Gaussian distribution. Therefore, when n’ > n/;, (where n/;,
sufficiently large for our purposes), we might try to find some SIIERV Y that also has sufficiently
many terms (and hence is accurately represented by its mean and variance alone) whose expectation
and variance are close to the expectation and variance of X respectively.

In particular, our proof consists of the following parts.
1. We prove that a random variable Zx that follows the discretized Gaussian distribution with

mean E[X] and variance Var(X) is O(e)-close in total variation distance to X, given that

n'(> nl; ) is large enough.

29



2. We then find some random variables Y’ where Y’ = 37, Y/ and Y{,... Y, are

i.i.d., each following the distribution Er(b’) for some b’ € A so that E[Y'] ~ E[X]
and Var(Y’) ~ Var(X).

3. Next, we show that Y’ is O(e)-close to a discretized Gaussian random variable Zy: with
mean E[Y”] and variance Var(Y”), when n’ is large enough.

4. Afterwards, we show that Zx and Zy- are O(¢)-close in total variation distance.

5. Finally, we use Theorem [5| for the distribution £7-(b’) in order to discretize the parameter
vector.

In fact, our goal here is to acquire a set of inequalities of the form n’ > n;, for n; > 0 so that if n’
satisfies all of them, then each one of the steps presented above corresponds to some O(¢e) deviation
in total variation distance.

Step 1: Gaussian Approximation. Let u = E[X] = 3",/
Var(X) = 3., 07, where 07 = Var(X;) and consider some random variable Zx with Zx ~
Z(p,0°). Let 8= 3, Bi where 8 = 37, E[|X; — E[X;]*] and let § € [0, 1] such that

| Wi, Where fi; = E[X;] and 02 =

o= ma,XdTv(Xin,Xin+1).

i€[n’]
From Lemma[I9] we get that
drv(X,Zx) < O(1/o) + O(8) + O(B/o®) + O(5 - B/o?).
First, we upper bound the quantity 3/c2. Using Lemma we have that
p Bi

— <max 5 < B
02 ~iem]o? — /s

due to assumptions (@) and (7). Next, we provide a lower bound for o2. In particular, we get that
o?>n' -7,

due to assumption (7). We now demand that n’ is large enough so that

1
(1—1—62) =< 0(e),
o o
thereby concluding to the following demand for the number of summands n':
32
n' >ny, wheren; = O (23> )
€ -y

Finally, we calculate ¢ and provide another demand of the form n’ > n; for some n; > 0. For any
a € Aand any W ~ Er(a), we have that

20y (WW +1) = 7= 37 lesp(—a - T(x)) - exp(—a - T(a + 1)
E€Z

By using the unimodatily assumption (2)), we get that the summation in the right hand side of the
above equation is telescopic on both sides around M, and therefore

dry (W, W + 1) = Pr[W = M,].

We now bound Pr[WW = M,] for any a € A by using Lemmawith n=1/2,s=2andk > 0to
be decided. Note that by picking smaller 7 we can shrink the order of £ but cannot make it smaller
than O(B®/*). We get some £ < e%* - O(B??) so that

E[|W — My |*] < 02 -Pr[W # My] +e - 0(1).
We pick k£ = In(O(1/7)) to get
EHW - Ma|2} < 82 : PI‘[W 7& Ma] + 7/2'
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We also know that E[|W — M, |?] > Var, (W) > ~. Hence, we have
1 —Pr[W = M,] > Q(B®/+°).
Moreover, by using Lemma[T8] we get that
2/m

dry (X, X — X, +1) < :
% + (TL/ - 1) infaEA(l - dTV(Wa» 1+ Wa))

where Wy, ~ Er(a).

We conlcude to the following demand for the number of summands n’ (so that we have (1+ 3/0?) -

d < O(e)):

B7
n' > nay, where no 20(27> )
€2y

Step 2: Matching Variances and Expectations. In this step, we will find some random variable
Y’ that is the sum of a number of i.i.d. random variables within £ (.A) such that the expectation
(resp. variance) of Y is close to the expectation (resp. variance) of X. We will split cases according
to the sign of the expectation E[X].

* If E[X] = 0, then we have }_,.(,,, E[X;] = 0, which implies that either E[X;] = 0 for
some j € [n'] (in which case we may consider b’ = a;), or that E[X;] - E[X;] < 0, for
some i,j € [n'], which, since E,[W] is a continuous function when a € A (see Lemma

[36), gives by intermediate value theorem (and the fact that A is connected by assumption
(6)) some b’ € A with Ey [W] = 0.

We now pick
Var(X)
m=|o——+1|.
Vary (W)
We have that Var(Y’) = m - Vary (W) € [Var(X), Var(X) + Vary (W)] and hence
we get that Var(Y”) € [Var(X), Var(X) + v/B], due to assumption () and the fact that
b’ € A. Moreover, we have that E[X] = E[Y’] = 0.
* IFE[X] > 0, then we split X =}, |, X; into three summations X = Xt+ X +X9,
according to the sign of E[X;] (for example X* = > _,. X;, where I is the set of
i € [n/] so that E[X;] > 0}). We then have that E[X ] > | E[X ]| (since E[X] > 0) and

Var(X) Var(X™")+ Var(X ™)+ Var(X°) - Var(X™)
EX] E[X*] - |E[X~]| ~ E[XY]

Moreover, we have that

Var(X ™) B > icr+ Var(X;) - wmin VL()Q)
E[X ] Zie[+ E[X;] “ieln E[X;] 7

since Var(X;), E[X;] > 0, for any i € I'"". Recall that the distribution of X; is Er(a;) for
some a; € A.

Suppose, first that there exists some j € [n'] so that E[X;] < 0 (i.e., I°U I~ # ().
Then, there exists some a; € A such that E4,[W] < 0. Since A is connected, there
exists some path connecting a; and a;. Let a’ be the first point in the path between a;
and a; (beginning from a;) so that E,/ [W] = 0. We know that there exists such a point
and that when a goes from a; to a’ through the path we described, E, [W] always remains
positive (since it is a continuous function by Lemma. Moreover, as a approaches a’, the
expectation E4[W] becomes arbitrarily small, while the variance Var, (W) remains lower
bounded by  (due to assumption (7)). Let P denote the path from a; to a’, excluding a’.
Then the quantity Var,(W)/ Eg[W] is a continuous function of @ when a € P, due to
Lemma [36| and the fact that E4[IW] > 0 for any @ € P. Also, we have that as a — a’
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(through the path P), Var,(W)/E4[W] — oo and therefore, due to the intermediate
value theorem, there exists some b’ € P C A so that
Vary (W)  Var(X) {Varai(W) OO)
Ey (W] E[X] Eq [W]

When E[X;] > 0 for any ¢ € [n/], we have that

Var(X) Var(X™) { . Var(X;) . Var(Xi)]
= 11 , Max )
E[X] E[X ] icn] E[X;] Tieqn] E[X;]
since all terms are positive. By a similar continuity argument we get once again that there

exists some b’ € A so that
Vary (W)  Var(X)

Ey (W] — E[X]
We may pick
_— { Var(X) -‘
Vary (W)

We have that Var(Y’) = m - Vary (W) € [Var(X), Var(X) + Vary (W)] and hence
we get that Var(Y”) € [Var(X), Var(X) + v/B], due to assumption (@) and the fact that
b’ € A. Moreover, due to the selection of b’ we have that

=il

m = .

Ey (W]

Hence, we get the following bound for the expectation of Y with respect to the expectation
of X

b’

E[Y'] = m-E[W] € [E[X], E[X] + E[W]}

» If E[X] < 0, then we may use an analogous reasoning as for the case that E[X] > 0 to
prove the existence of some b’ € A so that E[Y’] € [E[X], E[X] + Ey [W]] and also

Var(Y’) € [Var(X), Var(X) + vB].

Therefore, in any case, we have proven that for some b’ € A, the random variable Y/ =", cim] Y/
where Y] are i.i.d. random variables following the distribution E(b’) has

E[X] < E[Y'] < E[X] + E[W] and Var(X) < Var(Y") < Var(X) + VB.

One merit of the result presented above is that the difference between the variances (resp. expec-
tations) of X and Y’ does not depend on the number of terms n’ of X. This is crucial in order to
be able to apply Lemma [17|to show that whenever n’ is large enough, X is close to some Y’ as
described above.

Step 3: Y’ is similar to a Gaussian. In this step, we use the same arguments as in Step 1 to
find a sufficient condition for n’ so that Y’ is O(e)-close in total variation distance to some Zy+ ~
Z(E[Y'], Var(Y")). In particular, the quantities of interest are three. First, the ratio of the sum of
the third centralized moments of Y; to the variance of Y, for which the upper bound we provided
in Step 1 continues to hold. Second, the lower bound for the variance of Y, which is m - «y. Third,
the shift distance dy~ in which, m will appear in the denominator in the position of n’.

Var(X)
We have that m > Vary, (W) >

distance as in Step 1, we get the following sufficient demand for n’

n' - v/v/B. Therefore, applying the similar demands for the shift

B7.5
n’ > ng, where nz = O <28) )
€.y
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Step 4: The Gaussian approximations are close. In this step, we make use of Lemma|I7]in order
to find sufficient conditions for n’ so that X and Y’ are O(e) close in total variation distance. We

have that | E[X] —E[Y']| < | Ep [W]| < Ep [|[W — My |] + | M| < B4+ L (due to assumptions
and (@) and | Var(X) — Var(Y”)| < /B and also Var(X) < Var(Y”). Hence, by Lemma
which bounds the total variation distance between two discretized Gaussians using the differences
of their parameters, we get that it is sufficient that

Var(X) > (BY* + L)?/e* and Var(X) > VB/e.

We know that Var(X) > n’ - v (by assumption (7))). We arrive to the following sufficient condition

for n'.
L2
n' > ny, where ng = O < 2+ \/2>>
€

Gathering all of the conditions for n/, we get that n/; = % - poly(B, L,1/7).

Step 5: Discretization. Finally, we make use of Theorem [5]in order to discretize the space of
possible parameter vectors. In particular, we find a sparse set (subset of .A,) that contains (for any
input distribution of X) some b so that if ¥ = -, Y; with (Y;); i.i.d. with distribution 7(b),

then Y, Y’ are O(e/m) close in total variation dlstance We apply Theorem [5| with error margin
€/m, using the fact that m < n’ - v/B/~ to quantify our results.

We get that X is O(e) close to Y in total variation distance. O

E Bounding the Parameter Space (Theorem [6)

E.1 The Proof of Theorem [6] (Bounding the Parameter Space)

We restate the theorem we are going to prove for readers’ convenience.

Theorem. Under assumptions (1), (), B) and @), there exists some value § = 6
depending on the geometric propertles of A and T, such that for any ¢ € (0,1) and
there exists some b € o-ConeA with [|b]| < (o + ) -In(1/€) + 25 - In(B) + O(o + &

dTV(ST(a), ST(b)) S €.

(A,T) > 0
any a € A,
) such that

In order to show this result, we make use of Lemmal[7}

Proof. Let a € p-ConeA with ||a|2 > rei With req > o to be decided. Our goal is to provide a
parameter vector b so that ||b||2 = raic and dry (Ex(a), Er(b)) = O(e).

Let W ~ Er(a) and W’ ~ Er(b) (at first, a and b are unspecified). We have that

1 exp(—a - T(z)) exp(—b-T(x))

2|3 pexp(—a-T(y) Y ,cpexp(—b-T(y))

dpy (W, W') =
TEZL

Consider some mode M, of Er(a) and some mode My, of Er(b). Note that Zr(a), Zr(b) > 1.
Then, we have that

dTV<W w! ) Z Z e T(z)—b-T(y) _ —b~T(a:)—a-T(y)
2ZT( TEZ YEL

By moving the absolute value inside the sum over y € Z, the total variation distance is

1
d W W S V< ‘Q*G'T(I)*b'T(y) _ e*b-T(m)fa-T(y)
v ( )< 271 (a)Zr(b) (W;ZQ

We will apply Lemma[35|with ) = 1/2, s = 0 and k = 1 and get £ < O(B'/2). This motivates us
to partition Z into two sets

le{zeZ:|x—Ma|>E}andZ2:Z\Z1.
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Based on 71, Z2, we can decompose 72 into four sets: Ny = Z; x Z1,Ny = Zy X Zy, N3 =

ZQ X Zl,N4 = Z2 X ZQ.

7a-T(m)7b~T(y)_efb-T(z)fa-T(y)
Zr(a)ZT(b)

Set Aegp 1= ¢ and S = Z(z’y)ep |Aeg,b|. We have that

S=51+85+S53+ 85,
where S; = 3, cn, [Acap| and observe that an upper bound on S would control the total
variation distance.

Let us choose b. In what follows, we consider b to be the parameter vector given by Lemma([7] for
r = rgi and @ € p-ConeA with ||al| > rei. We also consider M, = M. We next upper bound
each term S; separately.

Term S : For the term S, we use the fact that if Q, = 1{|W — M,| < £}, we get
Pr(|W — Ma| > ) = E[W — Ma|*- (1 - Qg)] < e”lel/e- 0(1),

and similarly for Pry,[|[W —Mjp| > £, since a and b belong to g-Cone.A and ¢ is selected accordingly,
as Lemma [33] suggests.

—a-T(2)=b-T(y) 4 ,~b-T()—a T(y)
ZT(O,)ZT(b)

S1<2- PI'[W S Zl] . :F;I'[W S Zl]

and therefore

Moreover, we have that |Aegq p| < €

=2 Pr{|W — Ma| > {] - Px([|[W — My| > ]
<e /e O(1).

Terms Ss, S3: For Sy and S3, we have for similar reasons that
Sa, 83 < Pr[W € Z] ~I;r[W € Zs] + f;r[W € 71| - Pr[W € Z,]
a a
< Pr[|W — Mg| > 4 + Pbr[|W — M| > ¢

<e /e O(1).

Term S4: For the term Sy, we split Ny to Nf), Nf), Nf’), Nfl) and form the four sums Sil),

Sf), Sf’), S§4) (which sum to Sy), similarly to how we split Z? into Ny, No, N3, N,. In this case,
we consider Z] = {2 € Zy : Pro[W = 2] < e "t Pro[W = M|} and Z} = Z> \ Z;.

We know that |Z3| < 2/ and therefore Pro[W € Z;] < 2¢ - e~ 9"« and, due to the selection of
b (according to Lemma , we also have that Pry[IWW € Zj] < 2¢ - e~ %"=, Hence, with a similar
reasoning as the one used for S, .55, S3 and since ¢ = O(Bl/Q) we have

Sil) < 6726%‘“ . O(B),
54(12)7 54(13) < e Orait 0(31/2) )

It remains to bound S f). We have

SP= Y |Acay

(z,y)EZLx Z)

- ¥

4
(z,y)eN®

Prg [W=z] . Prp[W=y]  Prp[W=z] k Pro [W=y]
Pro[W=M,] Prp[W=My] Pry[W=Mp] Pro[W=M,y]

caT(Ma) . Zr(a) - eb T (Mp) . Z7(b)

:0’

due to the selection of b according to Lemma Therefore, in total, we pick
1 1
reit = 0 - In(1/€) + 20 -In(B) + ] ‘In(1/e) + O(0+1/0),
and get that dpy (W, W') <. O
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E.2 The Proof of Lemma (Structural Distance & Bounding Norms)

In order to show Lemma(7] we will rely on the geometry induced by the exponential family distri-
butions. Let us restate this result.

Lemma (Structural Distance & Bounding Norms). Under assumptions (1), 2) and (3), there exists
some constant 0 > 0 such that for any v > o and any a € A with ||a|| > r, there exists some
b € A, and ||b|| = 7 so that dsr(Ex(a),Er(b)) < =97, ie., for any x € 7Z, at least one of the
following should hold:

s Either x satisfies Prq(z) < e %7 - Pro(Myg) and Pry(z) < e 07 - Pry(Ms),
o or x satisfies Pro(x)/ Pro(Mg) = Pry(x)/ Pry(Mp).

Proof of Lemmal7} We decompose the proof into a number of steps.

Alternative form of Lemma[7, We can formulate a geometric framework through the observation
that Pro[W = 2] « exp(—a - T'(z)) for any @ € A,. In particular, we have that

Pr[W = x| > Pr[W = y] is equivalent with a - (T'(y) — T'(x)) > 0. (6)

Using relation (), we arrive to the following equivalent formulation for Lemma[J7} In particular,
the structural distance states that there exists some € > 0 such that for any r > ¢ (g is defined in
Assumption [2) and any a € A with |la|| > r there exists some b € A, (recall that for ¢ > 0,
A, = 0-ConeA, i.e., the superset of A that also contains every vector in the conical hull of A that
has norm at least ) with ||b|| = r such that Z = X} U X5 where X} and X are defined as follows

1. Xy C Z so that for any x € X} we have
a (T(x)—T(Mg))>0randb- (T(x) —T(Myp)) > 0r,

2. Xy C Z so that for any z € A5 we have
a-(T(z) -T(Ma)) =b- (T(z) — T(My)),

where M, (resp. Mp) is any mode of E(a) (resp. E7(b)).

Our goal is to select the parameter § > 0 appropriately so that for any given a € A, we can find
b € A, with ||b]| = r such that any = € Z either belongs in X} or X.

Step 1. First, note that any mode (global maximum point of the probability mass function) of the
distribution Er(a) cannot be in &; (since 6,7 > 0 and @ - T'(y) = a - T'(y’) whenever y,y’ are
modes). Therefore we get that Er(a) and Er(b) must have the same set of modes. We define
the regions R s of the parameter vectors that correspond to distributions with M as a mode. In
particular, such regions are defined by the property that for any u € R, it holds that Pr, [W =
M) > Pry[W = z], for any x € Z (if Er(u) is well defined), or using relation (6, more generally
as follows

Ry ={uecRF :u - (T(x) —T(M)) >0, forany z € Z} . (7
Note that the sets R are convex cones that could be polyhedral cones in the case that a finite
number of points z € Z correspond to a set of restrictions that implies the remaining ones. We also
define, for any M C Z, intersections of such sets as follows:

Rm= () Rur- (8)
MeM
For the demand that M, = M to be satisfied we must (at least) pick b so that
be RMa . &)

In order to develop some intuition about the regions of the form R ¢, one might consider M =
{M,M'} C Z. In this case

Rm =RmNRu
={u:u-(T(z)-T(M))>0andu- (T(x) —T(M")) >0, forany z € Z}
=Ry N{u:u- - (T(M)-T(M"))=0}.
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Therefore, if T(M) # T(M'), then the dimension of R is at most k¥ — 1 (and this can be
generalized for larger sets M by using the notion of affine independence). For any M € Z, the
set Ry is a countable intersection of halfspaces of the form H = {u € R¥ : w - h > 0}. If
M € M C Z, then R, is a subset of the boundary of R, since for any M’ € M, the vector
T(M') — T (M) corresponds to some of the halfspaces that define R p;.

Step 2. Our goal is to pick b so that any z € Z lies in either A} or A». En route, we will use
Assumption 2] In this step we will get rid of 2 € Z for which we get for free that z € X}, due to the
fact that a, b € A, anyway. We will use the following assumption.

Let M, be any mode of Er(a). Then, we may define the sequence of vectors (v;).cz by v, =
T(x)—T(M,) and reformulate Xy = {z € Z: a v, > 0r,b-v, > Or} aswellas Ao = {x € Z :
a-v, =b-v,}. We are allowed to use v, for both a and b in the definitions of X and X5, since,
according to Step 1, vector b has to be selected within R x4, anyway.

We will first classify (to X;) the points x € Z for which the hyperplane defined by v, does not
correspond to any boundary of R 4, . That is to say, v, -w > 0 forany u € R, NA, withu # 0.
In particular, we define for any M C M 4, the following set of points

Ym={z€Z:u - (T(x)—T(M))>0, forany u € Ryg N A, withu # 0and M € M}.

Our goal here will be to show that there exists some constant §; > 0 such that for any © € 4, and
any y € Y, wehave that u - (T'(y) — T (My)) > 01|l

To this end, observe, first, that due to assumption (E]), the number of different possible M C M 4
must be finite. Therefore, if we show that for every fixed M C M 4 there exists some constant that
satisfies the desired property for any u € R ¢ N A,, then by taking the minimum over the selection
of M, we can find the target 6, (swap of logical quantifiers).

For a fixed M C M 4, we consider any vector w € R N A,. Note that the only guarantee we
have is that M C M, C M 4. Let x1,25 € M, be the smallest and largest elements of M,,,
respectively (i.e., z1 < x < x5 for any z € M,,). Note that Y N M., = 0 by construction since
u € RypmNA, , u # 0 and therefore 21, x2 & Yaq. Consider y1,y2 € Yaq withy; < ;1 and largest
possible and y, > x5 and smallest possible. Then, due to unimodality (assumption (2))), we have
that w-T'(y) > min{w-T(y1),u - T(y2)} for any y € V4. Since M,, C M 4, the possible values
for (z1,2) are finite and therefore the possible values for (y1, y2) are also finite (since given M,
there is a 1-1 correspondence between (x1, z2) and (y1, y2)). We may, therefore split R o4 N.A, into
a finite number of equivalence classes with respect to the minimum and maximum point (1, z2) of
the set of modes corresponding to the vector w. It is sufficient to find for any equivalence class a
(possibly different) constant that satisfies the desired property for any u in the class. Then we could
minimize over the equivalence classes to find #; > 0 as desired.

Consider now the equivalence class € corresponding to some fixed pair (z1,z2) (which gives
(y1,v2)). Then, for any u € €, we have u- T'(y) > min{u - T(y1),w - T(y2)} or equivalently, that
w, - (T(y) — T(M,)) > minfu, - (T(y1) — T(My)),u, - (T(y2) — T(M,,))} forany y € Yar,
where u, = ¢ - u/||u||. Also, € C RN A, and R o N ConeA is a cone and therefore Ry N A,
contains all vectors u, where u € €. Moreover, R’ := Ry N A, N {w : ||u/| = g} is closed
(since A is closed by assumption (T))). Therefore, for any u € € and any y € Yq:

u

o (20) = () 2 i { uf ' (Tlon) = TOL). ok, o'+ (T) - T(OL) |
/E ’ u/e ’

We know that u’ - (T'(y1) — T'(My)), v’ - (T(y2) — T'(M,,)) > 0 for any u’ € R N A,, since

y1,y2 € Yaq. Since, additionally R’ is closed, the infima in the above inequality are attained for

some vectors u}, w5 € R’ and correspond to positive values 67,6075 > 0.

We have proven that there exists some ; > 0 so that for any u € A, and any y € Y, we have
that u - (T'(y) — T(M,)) > 61||u||. As a consequence, returning to our vectors a (given vector)
and the desired b, since a, b € A,, we have that if we pick § < 61, then Yy, C Aj.

Step 3. It remains to account for the points x € Z \ Yy, (i.e., find conditions for the selection
of b so that any such z is classified either in A} or A5). The first crucial observation is that the set
Z \ Ym,, must be finite. In particular, Z \ Yy, consists of points = such that the boundary of the
halfspace defined by v, intersects the set R rq, N .A,, due to the definition of Yz, . Consider some
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vector u € R, N A, with u - v, = 0. The vector u corresponds to some distribution in E7(A,)
and x is a mode of u since u - (T'(x) — T'(M,)) = 0 and u € Ry, . Hence Z \ Yrq, € My,
Due to assumption (3), | M 4, | is finite and so does |Z \ Va4, |-

The next observation we will use is that R o¢, N ConeA is a polyhedral cone, due to assumption
(I, and for any z € Z \ Ypm,, vy - u > 0 for any u € Rpaq, N A,, while Z \ Yy, is finite.
In particular, we consider the matrix H € R¥*t where t € N and H contains as columns all the
vectors of the form v,, for z € Z \ Yy, . However, H could have some additional columns so that
Rm, N A, ={u € R* : HTu > 0}. We may apply Theoremaccordingly to get a bound for 6
and a way to pick b that imply the desired result (with appropriate rescaling). Note that the bound
we get for f can be considered independent from a, since there is only a finite number of possible
selections of M, and we may minimize over them to get a global bound. O

We now briefly discuss the intuition behind Theorem [8] In particular, since for any x € X; we must
have that a - v, is large enough, there should be some threshold for a - v, below which we know
that x has to be classified in X5. One idea would be to decide the set in which x should be classified
by considering € X, exactly when a - v, is below some threshold (of the form € - ). Then, if we
want to classify x to X, we could pick any b so that ||b|| = r and cos(b, v,,) is large enough. To
this end, we may only perturb the direction of b, since its norm is restricted a priori. Consequently,
(recall that b - v, = ||b]| - cos(b, v,) - ||v.||) b - v, is also at least equal to the threshold. If = should
be classified to &5, then we should pick b = a + u, where u - v,, = 0. The main complication here
is that we are not interested in classifying only a single point z, but, rather, any point z € Z \ Y4, .
For different points in Z \ Y, we would then have different restrictions for b, which could be
mutually exclusive. Theorem [§]states that, due to the structure of polyhedral cones, there is a way
to satisfy all such restrictions simultaneously.

E.3 The Proof of Theorem [§| (Geometric Result for Polyhedral Cones)

Let us restate the theorem for reader’s convinience.

Theorem. Consider any polyhedral cone C C R, k € N, where C = {u:H Ty > 0} for some
matrix H € RF*t, t € N is a description of C as an intersection of halfspaces. Then there exists
some 0 > 0 such that for any u € C with ||u|| > 1, there exists u’ € C with ||u/|| = 1 so that for
any column h of H at least one of the following is true:

1. Eitherh-u>0andh-u' >0,
2.orh-u=h-u

Proof. Due to Minkowski-Weyl theorem (Proposition [T ), there exists some s € Z and some matrix
Z € RF**sothatC = {u € R¥ : uw = Zz,x > 0}. Let (h;);cp be the columns of H and (2;);¢(s]
the columns of Z. Suppose without loss of generality that ||z;|| = 1 for any j € [s].

Step 1. In this step, we will find some bound for  which implies the existence of a vector w which
has some useful properties for the next step. We will use w as a point of reference for moving u to
get u’. We consider the quantity

01 :mln{hlzj|z€ [ﬂ,je [5]:hi~zj >O}
i

Note that since s,t < oo, the quantity 1 (when it is well defined) is positive (and only depends on
the columns of H and the geometry of C).

In case h; - z; = 0 for any ¢, j, we have that for any u € C, h; - uw = 0 for any ¢ € [¢] (since C is
generated by the columns of Z) and therefore we may consider ' = u/||ul|, which satisfies all the
required properties.

Next, we observe that there must exist some vector x € R® with > 1 (component-wise) and
Zx = 3. jels) TiZi # 0. Otherwise, Z would have zero rank (its null space would be of full

dimension) and C = {0} (our statement would then be trivially satisfied). Hence, we have Zx # 0.

Consider the value N = 2 - max 7¢ [y

‘Zjej Tjz; H (> 0) and the vector w with

w=Zx/N.

37



We have that for any ¢ € [t] and j € [s] with ¢, j such that h; - z; > 0 it holds
xj xj
Nj'hi'zj > Nj'eh
and therefore, for any ¢ € [t] such that there exists j € [s] with h; - z; > 0, h; - w > 61 /N (since
x; > 1). Consider the following quantity
6‘2 = 6‘1 /N

Note that again, 62 > 0 and only depends on the geometry of C. We demand that § < 6. Then,
w € C, [|w| < 1/2 (and the norm bound also holds for any part of w of the form >, ; w;z;, for

J C [s]) and h; - w > 0 for any interesting h; (i.e., for any h; that is not orthogonal to every point
in C).

Step 2. Consider, now, any u € C. We will find w’ € C with the desired properties. We have that
u = Z u;z;, where u; > 0.
j€ls]
Consider the set Z C [t] as follows
IC[t]:h;-u<fforicT&
hi-u>0forigT.

The set Z includes the columns on H that correspond to halfspaces with boundaries to which w is
close. Moreover, we define for any Z C [¢] the set J7 as follows

Jr={j€ls]:h;i-z;=0forallieZ}.

The set Jz corresponds to the generating vectors that lie within the nullspace of the set of columns
of ‘H corresponding to Z. The vectors corresponding to Jz control the part of w that is parallel to
the boundaries to which u is close.

We use the notation uz (resp. wz) to refer to the vector uz = > jegs WiZjs i.e., the part of u that
corresponds to nearby boundaries. We let

u =u—clur —wz),

for some ¢ € [0, 1] to be disclosed. We show that ' (for appropriate ¢ and possibly some additional
bounds on 6) has all the desired properties.

1. Consider any ¢ € Z. We have that h; - uz = 0 = h; - wz, due to the definition of J7.
Therefore h; - u = h; - u’.

2. Fori € [t] \ Z, we have that: h; - u' = h; - u — ch; - uz + ch; - wz , where if h; - z; =0
for every j € Jz, we have h; - ' = h; - u > 0, since i ¢ Z. Otherwise, h; - wz > 0 (due
to Step 1) and we get

hi-vw>1—-ch; - ut+ch;-wr>1-c)f+cd=0.

3. We have that u’ = jels] u;zj, where u; > (O since ¢ < 1. Therefore u’ € C. It remains
to show that for some selection of ¢ € [0, 1], we achieve ||u/|| = 1. Consider, temporarily
the case ¢ = 1. If we show that for this value of ¢, w’ is within the unitary ball, then, since
u is outside (and corresponds to ¢ = 0), there must exist some ¢ € [0, 1] (i.e., a point on
the line segment connecting u and w — uz + wz) for which ||u'|| = 1.

For ¢ = 1 we have that
'] = [lu —uz +wz| < [lu—uz| +[|wz].

Observe, now that, ||wz| < 1/2 (due to the definition of N in Step 1) and that as 6
decreases, ||u — uz|| tends to become zero for fixed Z, independently from the selection
of w given that u corresponds to 7 (we may minimize over finitely many possible 7).
Therefore, for small enough 6 > 0, we have that ||u/|| < 1 (for ¢ = 1, which implies that
|lw’|| = 1 for some appropriate selection of ¢ € [0, 1]).
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More specifically, we have that
2

2
lu—uzl®= > wjuplz-zp) < | D w
5,3' €Iz J¢€Iz
For each j ¢ Jz, there must exist some i; € Z so that hij - z; > 0 (otherwise, j € J1).
Recall that due to the definition of 61, we have h;; - z; > 1. Moreover, we have
h, - u<@,

since i; € Z. Hence, since u = Zj,e[s] ujrzj and h;, - z; > 0 by the fact that z; € C,
we get that

i

uj(hij 'Zj) < 9, oru; < 9/91, foranyj g Jr .
Therefore (3,57, uj) < 0 -s/61. We demand that

o< ;i (and 6 < 05 from Step 1) ,
-8

which concludes our proof. O

F The Proof of Theorem 5| (Sparsifying the Parameter Space)

We restate the result for convenience.

Theorem. Under assumptions (1), @), B), @) and ), there exists some value = 6(A,T) > 0
depending on the geometric properties of A and T, such that for any € € (0,1), there exists a set
~ k
B C p-ConeA with |B| < (O (@ + E—@) +0 (E—‘/’g -1og(B))) such that, for any a € A, it

holds that
drv(&r(a),Er(b)) <€, for someb e B.

Proof. According to Theorem [0} if we consider A’ = o-ConeA N {a : ||a|]| < 7req} for some
sufficiently large reie < (0 + 3) - In(1/€) + & - In(B) + O(o + 5), then the exponential family

Er(A") e-covers the family E(A). However, E7(A’) might contain infinitely many elements.

In order to sparsify Er(A’), we make use of Lemma [14] (applied to Conv.A’), combined with as-
sumption (3)). In particular, we get that for any a,b € A’(C Conv.A’) it holds

drv(Er(a),&r(b)) < [la - bl - /A/2,

by making use of Pinsker’s inequality. Therefore, the problem of sparsely covering Er(.A’) in total
variation distance is reduced to sparsely covering A" in Euclidean distance.

The cover in Euclidean distance is given by Proposition [33|and we get that E1-(.A’) is e-covered by
Er(B) for some B C A’ where |B| < (1 4 7eric - V2A /€)F. O

Proposition 33. Foranye > 0, any k € N, any r > 0 and any subset B of R* with suppep ||b]] < 7,
there exists an e-cover of B with respect to the Euclidean distance with size at most (1 + 2r/¢).

Proof. We use a simple greedy algorithm: We create the cover incrementally by adding in each
step an arbitrary point b of the remaining set (initially, the remaining set is B) and remove from the
remaining set the ball B, [b].

Let (b;);c|n) be the points of the cover. Note that it might be possible that N = oo. However, as we
will show, this is not the case.

First, note that ||b; — b;|| > €, whenever i # j, since (assuming wlog j > i) b; & B[b;]. Therefore,
B /2[bs] N B./2[b;] = ) whenever i # j. Note that N must be finite.

Let Vol(-) denote the volume measure that inputs a set and outputs its volume. Since Vol(-) is a
measure and (B, /5 [b;]); are disjoint, we have

Vol [ | B.palbil | = > Vol (Bes[bi]) = N - (g)k-vm (B1[04]) -
1€[N] i€[N]
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Also, U;cn)B./2[b;] has to be a subset of B, | /5[0], since B is a subset of B,.[0]. Therefore

Vol | | Bepalbi] | < (r+ g)k - Vol(B1[04]) .
i1€[N]

We get that N < (1 + 2r/e)". O

G Technical Lemmata for the Proof of Theorem

This lemma shows that for any a in the p-Cone.A, the partition function is bounded under the uni-
modality and the bounded central fourth moment conditions.

Lemma 34 (Bounded Partition Function). Consider parameter space A and sufficient statistics
vector T. Under assumptions () and (@), we have that

a) =Y exp(—a-T(z)) < exp(—a - T(M,)) - O(B'/*),
TEZ
for any a € p-ConeA.

Proof. From assumption (@) and the fact that (E[|W — E[W][?])? < E[|W — E[W]|*], we get the
following inequality
Var(W) < O(VB).
a
We also know that E, [|[W — Mg|?] < 4 Var, (W), due to unimodality of the random variable W/
(which implies that | Eq[W] — Mg| < 1/3 Var, (W) as shown by Johnson and Rogers|[[1951]).

Therefore, E[|IW — M,|?] < O(v/B). Consider the random variable U := |[W — M,|. We have
that Var, (U) > 0 and hence E,[U?] > (E4[U])?. Therefore

E[|W — M| < O(B').

We have
Y wez |t — Mg|-exp(—a-T(z))
> wezexp(—a-T(x))
Z;O:O I(e,a.T(erMa) + e*a-T(Mafm))
) >sez e T
_ Z;il Z;iy(e*“'T(erMa) + eaT(Ma—2))
e=aT(Ma) 4 3% (¢=aT(2+Ma) 4 ¢—aT(Ma—2))

- e—aT(Ma) _,’_Z.Z;}(e—a-T(x—&-Ma) +€—a-T(Ma—ac))
e—aT(Ma) + Z;OZI(e—wT(J;-&-MQ) +e—a~T(Ma—w)>

E[[W — M| =

1

<

HP”ﬂé%

r”qg

(1 14+ 1( —a-(T(2+Ma)—T(Ma)) +ea-(T(]\laa:)T(Ma)))>
y=1 e TMe) - Zp(a)
et e@TMa) . 71(a)
- ! Lty ): B 2
TE\ e T Zr(a) e T(Ve) - Zr(a)’

where ¢t € N is arbltrary and the last inequality follows from the fact that M, is a mode (which
implies that a - (T ( T(M,)) > 0 for any x € Z).

We can pick t = 3 - exp(a - T(M,)) - Zr(a) + O(1) in order to get the following bound
exp(a -T(Mg)) - Zr(a) <AE[[W — M,|]| £ O0(1),
a

which concludes the proof since, as we have shown, E,[|[W — M,|] < O(B'Y/*). O
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The next key lemma shows that, under unimodality and bounded fourth central moment, the mass of
points that are sufficiently far from the modes of the distribution decays exponentially. Moreover, the
centered moments of order at most 2 can be roughly controlled by points that lie only in a bounded
interval around the mode.

Lemma 35. Under assumptions () and @), for any & > 0, any n > 0 and any s € {0, 1,2} there

exists some { = e/ (3=1=5) . O(B4-<3fv*5>) such that for any a € p-ConeA and any mode Mg of
the corresponding distribution we have

—K-max 1,M
I. Pro[W=12z] < ¢ s

2. If Q= 1{|W — M| < ¢} then

-Pro[W = M), for any © € Z with |x — Mg| > ¢.

5 3 —K-max el
E[W — M) < EIW = M|*- Q] + ¢ m={-50 - oq1/m).
In particular, for s = 0, we use the convention E[W°] = Pr[W # 0], for any random variable W

Proof. From assumption (@), we get the following inequality for any a € g-Cone. A
Var(W) < O(VB).

We also know that E, [|[W — M,|?] < 4 Var, (W), due to unimodality of the random variable W
(which implies that | Eq[W] — M| < /3 Varg (W) as shown by Johnson and Rogers| [1951]).
Therefore Eq[|[W — M,|?] < O(V/B) and similarly E,[|[W — M,|*] < O(B).

Proof of Part (1). For any parameter vector a € p-ConeA (and some fixed corresponding mode
M,), we have that Eo[|[W — M,|*] = O(B) (since Eo[|[W — Eo[W]|*] = O(B) and Var, (W) =
O(VB)).

Let b € p-Cone A. Suppose that for some x € Z with  # M}, we have that
b (T(zx) —T(My)) < (1+n+s5) - In(lz — Mp|) + 5.
Then, we have that

]EHW _ Mb|4] . eb~T(Mb) . ZT(b) > ‘Jj _ Mb‘4 . e—(1+17+s) In(|lz—Mp|)—r _ e h . |$ _ Mb‘S—n—s.

Since, additionally, Ey[[IW — My|*] = O(B), and using Lemma [34] it must be that [z — M| < ¢,

for some ¢ with ¢ < e - 0 <B4-<3—57I—S> )
For x € Z with |x — Mp| > ¢ we therefore get that

b-T(x)> b-T(My)+ 1+n+s)n(Jz — Mp|)+ k. (10)
Consider now any a € g-Cone.A with ||a|| > o. Then, there exists some b € p-Cone. A with ||b]| = o

so that b = pa/||a||. We multiply both sides of Equation (I0) with ||a||/¢ > 1 and use the fact that
rescaling the parameter vector does not change the set of modes to get

a-T(x)>a -T(My)+ (1+n+s)In(|lz — M|) + k||a||/o, or

Pr[W = z] < exp(—«llall/e) - [& = M |09 PV = M,],

for any © € Z with |z — Mg| > ¢. Note that in the above we did not multiply (1 + 7 + s) In(|jx —
My]) with ||a]| /e > 1 since it only helps the inequality. Since M, = M}, due to the choice of b, we
accomplish our goal for the case ||a| > o.

On the other side, if ||a|| < o, then k > £ - ||a||/ ¢ and we may pick b = a, concluding the proof of
the first part of the Lemma.
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Proof of Part (2). Letussets € {0,1,2}. We have that
2wez|® — Mal® - exp(—a- (T'(z) — T(Ma)))
expla-T(Ma) - Zr(a)
> [z = Mal|* - exp(=a - (T'(z) — T(Ma)))
exp(a-T(My)) - Zr(a)

B[|W — M,|'] =

—E[W - Mal* Q] +

z:|lz—Mg|>£

<SE[W - Ma*-Qd+ ) v~ Mal*-exp(~a- (T(x) — T(Ma)))
z:|lx— Mg |>0

<SE[W — M,[* - Q] + e~ maxtlel/et) . o¢(1 44

<E[W = Mof?- Q) + emmmdlelieth o /),

where the first inequality follows from the fact that exp(a - T'(My,)) - Zr(a) = ., exp(—a -
(T(x)—T(M,))) > exp(—a-(T(Mg)—T(M,))) = 1. The second inequality follows by applying
Part (1) and noting that 3=, . ¢ moarrer < 2¢(1 +7), where ¢(-) denotes the Riemann
zeta function and (1 +n) = ©(1/n) asn — 0. O

We next show that the expectation and the variance for parameters inside p-Cone.A are continuous
functions with respect to the parameter vectors.

Lemma 36. Under assumptions ) and @), the expectation Eo[W] and variance Var, (W) are
continuous functions of a on g-ConeA.

Proof. We will prove that sums of the form ) _, exp(—a - T(x)) and ) _, 2°-exp(—a - T),
where s = 1,2, are continuous functions of a@ on A. Then, E,[W] and Var, (W) have to be
continuous.

We proceed with the proof for S := ", 22 - exp(—a - T(x), since the other cases can be proven
similarly.

Fix some a € A, some ¢ > 0 and consider any ja € R¥ so that a’ := a + da € A and ||da| < 6,
where 6 > 0 to be decided (possibly dependent on € and a). We may apply Lemma to Er(A),

with s = 2,7 =1/2and k € (0, 00) to be decided. Therefore, we get some ¢ = ¢(x) such that for
any b € A’ and any = € Z with |z — Mp| > ¢ we have

exp(—=b - T(z)) < e*lbll/e. exp(—=b - T(Mp)).

o= Mp[?
Hence we have that

Z a’;2 . exp(_b . T(x)) S e_“QHbH/Q .
x:|x—Mp|>2

e —b-T (M,
|$*Mb‘3'5 exp( b ( b))

= ¢ #lbl/e . exp(—b - T(Mp)) - Z
yly[>L
We have that ||al|, ||a’|| > 0, since otherwise Er(A) would not be well defined. Let f(b) =
exp(=b - T(Mp)) - Zy:lyb‘f ‘yTy]\fl"IZ. Therefore, we can pick x as a function of the quantities

1/e, max{|la|~",[|a’|| "'}, ¢ and max{f(a), f(a')}, which are all finite, for any a and a’ as
hypothesised, so that 37, 17, > x2 - exp(—b - T(x)) < €/4. Hence, if we consider N = {z €

Z:|x— Mg| < lor|x— Mg/| < £}, we have that

Zm2 cexp(—a-T(x)) = Z 22 - exp(—a - T(x)) £e/4,
z€Z zeN
and similarly for >°__, #? - exp(—a’ - T(z)). Therefore

ZxQ ce—aT() _ Z$2 . efa/.T(x) < Z 22. 00 T@) || _ —daT(x) + 6/2'

TEZ TEZ rEN
We have that N is finite and we can pick ¢ so that since ||0a|| < 0, the distance is at most € (by
upper bounding the sum of the right hand side with | N| times the maximum term). O
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H Applications and Examples

H.1 Examples of Distributions that we capture

Our assumptions for proper learning and covering of SIIERVs (see Assumption [2)), capture a wide
variety of families of discrete distributions, including discretized versions of many fundamental
distributions, like Gaussian, Laplacian, etc. Although we focus on the case where the family £ (.A)
includes distributions supported on Z, our results (and our assumptions) naturally extend to the
cases where the support is some subset of Z, like Ny. In some cases, for example for distributions
with finite support, our assumptions can be relaxed. In the following table, we represent examples
of distributions with infinite support that our results capture.

Table 1: A collection of pairs (T',.A) on which our results on learning and covering apply.

Sufficient Statistic T'  Support Extended Parameter Space A, Distribution
T'(z) = In(z) reN [54+n,00),7>0 Zeta
T(x) == r €Ny [n,00),7>0 Geometric
T'(z) = || r€Z [n,00),m>0 Discrete Laplacian
T(x) = (z, ) reZ {a:az>|a1|/L}\B,(0),L >0 Discrete Gaussian
T(z) = (|z|,x,2?) r€Z {a:az>laz|/L,ay >0} \B,(0) Gaussian-Laplacian
Interpolation

H.2 Parametric Application: Proper Covers for PNBDs

In this section, we provide a parametric application that is captured by our techniques. We study the
class of Poisson Negative Binomial random variables, i.e., sums of independent but not necessarily
identically distributed Geometric random variables. We provide the following structural result.

Theorem 37 (Proper Cover of Poisson Negative Binomials). Let piow € (0,1). For any € > 0, the
family of Poisson Negative Binomial distributions (i.e., sums of Geometric random variables with
success probability at least pioy,) of order n admits an e-proper cover of size O(n? /poly(piow)) +
opoly(1/e.1/piow) - Moreover, for any PNBD X, there exists Y so that dpv(X,Y) < € and (i) either
Y is a PNBD of order O(poly(1/e, 1/piow)) among 2001/ ¢1/P1ow) candidates (sparse form) or (ii)
Y is a Negative Binomial random variable of order O(n) - poly(1/piow) (dense form).

The essentially important part of the proof is that we do not need to assume a variance lower bound
(as we did in assumption (7)), since this is assured using the so-called Massage step of [Daskalakis
and Papadimitriou [2015]]. The main tool of this trick is the Poisson approximation technique.
Hence, in the proof of the above theorem, we solely focus on this massage procedure and we omit the
details on how to handle the sparse and the dense case since they follow by adapting the techniques
of our main results.

H.3 The proof of Theorem 37|

Proof. Lete > 0. Consider X = Z X i» where X, ..., X,, are independent and for and ¢ € [n],

X; ~ Geo(p;) with p; € [piow, 1]. Our proof involves three main parts. First, we perform a massage
step to discard the terms with low variance from the sum. Then, we split two cases according to
the number of terms that have survived. If the number of surviving terms is smaller than some
(appropriately selected) n.;,, then it is sufficient to approximate each term with accuracy O(e/n. ;).
If the number of surviving terms is higher than n. ;, then we prove that X is close to some discretized
Gaussian and from that we find a Negative Binomial random variable that matches the first two
moments of the sum and so is close to the Gaussian. The proximity follows by the triangle inequality
of the TV distance. For the following, consider x > 1 where 1/x = O(e).
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Massage Step. Consider the index set I = {i € [n] : p; > 1 — 1/k}. For any i ¢ I, we let
X/ ~ Geo(p;) and, using Lemma[l5] we get that

v X Z X/ | <dry (ZXZ-,ZX{) :

i€[n] i€[n] el el

For any i € I, we either set X] ~ Geo(p}) with p, = 1 — 1/k. or we set X; = 0 almost
surely. Since X1, ..., X,, are independent geometric random variables, we can apply the following
technical lemma:

Lemma 38 (Corollary 2.5 of Barbour| [1987]). Consider n independent random variables
X1y, Xin that are geometrically distributed with success probabilities p1, ..., pn respectively. Let
A= Zze[n] L. Then, it holds that

v 2 XePoi) | <A1 - ) <1Api>2

i€[n] 1€[n] pi

Note that A\=1(1 — e=*) < min{1, A\~!). We make use of the above Poisson approximation lemma
on the set of indices I and get that the random variable ), _; X; can be approximated by a Poisson

random variable with distribution Poi (. ; E[X;]). Specifically, we get that
E:zEIIE[ ]
dry (Z X;, Poi <ZE )) S B < maxE[X],
i€l el i€

where we applied Lemma (13| to the sequences of non-negative real numbers (E[X;]?);c; and
(E[X}])iecs- Hence, we have that

1—p, |
dpy (ZXZ-,Poi <ZE[XZ-]>> < I?S‘IX{ pip } - L (11

i€l el

We get the same upper bound for the total variation distance between X; := >, ; X; and
Poi(E[X7/]), similarly. We continue with the following claim.

Claim 39 (Correct Rounding). We can partition the set I C [n] into two sets I, Iy and set X| ~
Geo(p}) with p; =1 —1/k, for any i € I, and X = 0 almost surely for any i € Iy so that

> E[Xi]| - > E[X]

i€l i€l

1

Proof. If i € I, we have that E[X[] < 1/(k — 1), whereas E[X/] = 0if i € Ij. In the extreme
case where I, = I, note that the expectation of the Geometric is non-increasing and so we have that
E[X]] > E[X;] for any ¢ € I and, so, we have that

> > ELX:
- )(/Adgeo
el el

Hence, we can pick I, to be any minimal subset of I so that

E X > E X;].
ZX,;NGeo(p;)[ Z]_ZX [Xi]

i€l i1 Li~Geo(:)

This choice of I, yields

S EX] - EX]<1/(k—1),

i€l iel
and this provides Claim [39] O
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By Lemma T3] we conclude that

drv (ZXi7ZX£> < nil’

el i€l

using Poisson approximation for (X;);e; and (X!);c; and combining the upper bound for the total
variation distance of two Poisson distributions (see Lemmal[I6) with Claim

Without loss of generality, we consider n’ = |I,|, rearrange the terms and discard the trivial ones so

that X' = 3", (1 X{, with dry (X, X') < 3/(k—1) and X] ~ Geo(p;), with p; € [piow,1—1/x].

The next steps are similar to the general case. Using Gaussian approximation, we compute n/ ;.

In particular, we can get that n.; = poly(k/piow) = poly(1/(€ - piow)). If n/ < nl;,, the PNBD
is close to a sparse form that is a sum of Geometric random variables consisting of at most n/
terms. In this case, it is sufficient to approximate each term X; separately using a random variable
Y; ~ Geo(g;). Due to sub-additivity of the statistical distance, it suffices to control the TV distance
between X; and Y; by €/n;,. Then, it will hold that drv (3¢, Xi D i) Yi) < eforn’ < ngy.
We have to discretize the interval [piow, 1 — 1/x] with appropriate accuracy in order to get the result.
The discretization depends on the TV distance between two Geometric random variables that can be

easily computed.

Otherwise, we first approximate it using a discretized Gaussian random variable and then match the
expectation and the variance in order to find a Negative Binomial that is close to the input PNBD.
This gives the bounds presented in the statement but we omit the details. O

H.4 Verification of Assumptions

Although Assumption 2] might not be efficiently verifiiable for every selection of the sufficient statis-
tics, assuming a simple given description of the sufficient statistics vector, analytic methods can
potentially reduce the assumptions to restrictions on the space of parameters. In particular, we have
the following.

* For conditions 2] and 3] (unimodality and localization of modes) we have already identified
an algebraic condition in terms of an appropriate set of linear inequalities (see Appendix
E.2).

* Condition[d](bounded central moments) is linked to a lower bound on the minimum norm of
the parameter space. For instance, if the sufficient statistics is a scalar logarithmic function
(corresponding to Zeta distribution), the fourth moment is bounded when the parameter
takes values bounded away above 5, according to the convergence of the zeta function (see
Appendix [H.T).

* For condition 5 (spectral bound on the covariance matrix), it is sufficient to show an upper
bound on the expected value of the squared norm of the sufficient statistics vector, i.e.,
E[||T(W)||?]. Such an upper bound may correspond to the exclusion of some parameter
values when different coordinates of the sufficient statistics have different behavior in the
limit x — oo. For example, if one coordinate is polynomial, while another one is loga-
rithmic, we would like to ensure that when the parameter corresponding to the polynomial
statistic is zero, the other parameter will be bounded away above a value that depends on
the degree of the polynomial statistic, i.e., if T'(z) = («",log ), then (0, a2) € A implies
as > f(r), where f is some appropriate (increasing) function.

* Finally, for condition [/| (variance lower bound), consider the simple example of the Geo-
metric distributions, where the sufficient statistics is a scalar linear function over N (i.e.,
T(x) = x). Then, the variance lower bound is equivalent to an upper bound on the param-
eter space (i.e., a € Aimplies a < anax). We note, however, that the variance lower bound
does not always imply that the parameter space is bounded. In particular, when a distribu-
tion has two or more subsequent modes, then, as the norm of the parameter increases to the
limit, the variance remains bounded away above zero. Therefore, the variance lower bound
may correspond to a different upper bound on the norm for each direction of the parameter
space (since the parameter vector’s direction defines the set of modes; see Appendix [E.2).
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