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A Experimental details

Table 1: Overview over all datasets used for the experiments in Section 4. The total dataset size
(training and testing) is denoted N and D denotes the dimensionality.

Key N D Source

bike 17379 17 Fanaee-T & Gama (2013). Available at this UCI page.
elevators 16599 18 Camachol (1998).

kin40k 40000 8 Schwaighofer & Tresp (2002).

metro 48204 66 No citation request. Available at this UCI page.

pm25 43824 79 Liangetal. (2015). Available at this UCI page.
poletelecomm 15000 26 Weiss & Indurkhya (1995).

protein 45730 9 No citation request. Available at this UCI page.
pumadyn 8192 32 No citation request. Available at this website.

For an overview of the datasets we use, see Table 1. The datasets are all normalized to have zero
mean and unit variance for each feature. We explore two different computing environments. For
datasets smaller than 20 000 data points, we ran our experiments on a single GPU. This is the same
setup as in Artemev et al. (2021) with the difference that we use a TITAN RTX whereas they have
used a TESLA V100. For datasets larger than 20 000 datapoints, our setup differs from Artemev
et al. (2021). We use only CPUs on machines where the kernel matrix still fits fully into memory.
Specifically, we used machines running Ubuntu 18.04 with 50 Gigabytes of RAM and two INTEL
XEON E5-2670 v2 CPUs.

A.1 Bound quality experiments

For CGLB, we compute the bounds with varying number of inducing inputs M :=
{512,1024,2048,4096} and measure the time it takes to compute the bounds. For ACGP, we
define the blocksize m := 256 - 40 = 10192 which is the default OPENBLAS block size on our
machines times the number of cores. This ensures that the sample size for our bounds is sufficiently
large for accurate estimation, and at the same time the number of page-faults should be comparable
to the default Cholesky implementation. We measure the elapsed time every time a block of data
points is added to the processed dataset and the bounds are recomputed.

We compare both methods using squared exponential kernel (SE) and the Ornstein-Uhlenbeck kernel
(OU).

L2
ksg(x, z) == fexp (_|$2€2z||> "
kou(x, z) := O exp <_|a:;z||> . o

where we fix § := 1 and we vary £ as log ¢ € {—1,0,1,2}. We use a Gaussian likelihood and fix the
noise to o2 := 1073,

A.2 Hyper-parameter tuning

In this section, we describe our experimental setup for the hyper-parameter optimization experiments,
which closely follows that of Artemev et al. (2021). We randomly split each dataset into a training set
consisting of 2/3 of examples, and a test set consisting of the remaining third. We use a Matérn%
kernel function and L-BFGS-B as the optimizer with SCIPY (Virtanen et al., 2020) default parameters
if not specified otherwise. All algorithms are stopped the latest after 2000 optimization steps, after 12
hours of compute time, or when optimization has failed three times. We repeat each experiment five
times with a different shuffle of the dataset and report the results in Tables 2 and 3.

For CGLB, it is necessary to decide on a number of inducing inputs. From the results reported by
Artemeyv et al. (2021), it appears that using /M = 2048 inducing inputs yields the best trade-off in
terms of speed and performance, hence we use this value in our experiments. For the exact Cholesky
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http://archive.ics.uci.edu/ml/datasets/Metro+Interstate+Traffic+Volume
http://archive.ics.uci.edu/ml/datasets/Beijing+PM2.5+Data
http://archive.ics.uci.edu/ml/datasets/Physicochemical+Properties+of+Protein+Tertiary+Structure
https://www.cs.toronto.edu/~delve/data/pumadyn/desc.html

64
65

66
67
68
69
70
71
72
73
74
75
76
77
78
79

80
81
82
83
84
85
86
87
88
89

90

91
92
93
94

95

96
97
98

99
100
101
102

and CGLB, the L-BFGS-B convergence criterion “relative change in function value” (ftol) is set to
0.

For ACGP, we need to decide on both the desired relative error, r, as well as the block size m. We
successively decrease the optimizer’s tolerance £tol as (2/3)™@ ! and we set the same value for
r. That is, regardless of whether the optimization of ACGP stopped successfully or for abnormal
reasons, the optimization restarts aiming for higher precision. The effect of this is that, early in the
hyper-parameter optimization, ACGP will stop early, thus providing only an approximation to the
optimal hyper-parameter values, but also saving computations. With each restart, ACGP increases the
precision, ensuring that we get closer and closer to the optimal hyper-parameter values at the expense
of approaching the computational demand of an exact GP. The block size m is set to the same value
as for the bound quality experiments, Section 4.1, 40 - 256 = 10 192, which is the number of cores
times the OPENBLAS block size. This ensures that the sample size for our bounds is sufficiently
large for accurate estimation, and at the same time the number of page-faults should be comparable to
the default Cholesky implementation. Note that m is a global parameter, independent of the dataset.
Hence, natural choices for both r and m are determined by parameters of standard software, which
have sensible, machine-dependent default values. ACGP can therefore be considered parameter-free.

Differing from the previous section, we use for ACGP the biased estimator (N — M) log p(y.,;)/M
instead of U /2 + L/2 to approximate log p(y) when stopping. Since stopping occurs when log-
determinant and quadratic form evolve roughly linearly, the two estimators are not far off each other.
The main reason for using the biased estimator is of technical nature: for auto-differentiation, it is
easier and faster to implement a custom backward function which can handle the in-place operations
of our Cholesky implementation. This custom backward function needs roughly a factor two of
the computation of log p(y) whereas the TORCH-default needs a factor six. This shows that when
comparing to exact inference, auto-differentiation can be disadvantageous and make the Cholesky
appear slower than it is. Regarding CGLB, computation time is not dominated by the gradient but
only the function evaluation itself.

B Additional results

In this section, we report additional results for both the hyper-parameter tuning experiments (sec-
tion B.1) as well as plots to show the quality of the bounds on both the log-determinant term and
the quadratic term (Appendices B.3.1 to B.3.4). Appendix B.4 shows how the bounds evolve when
aggregated.

B.1 Additional results for hyper-parameter tuning

Denote with IV, the number of test instances, and with  and o the mean and variance approximations
of a method. As performance metrics we use root mean square error (RMSE)

1 X

N 2w — (@)

n=1

negative log predictive density (NLPD)

*

N * SC* 2 9
e £

n=1
and the negative marginal log likelihood — log p(y). Tables 2 and 3 summarize the results reported
for each dataset, averaging over the outcomes of the final optimization step of each repetition. For
each metric, we indicate whether a higher (1) or lower () value indicates a better result.

The results for the exact GP regression are marked in italics to emphasize that these are results we are
trying to approach, not to beat. As the other methods are all approximations to the exact GP, there is
little hope of achieving better performance. The best result among the approximation methods for
each dataset is highlighted in bold.



Table 2: Summary of the CPU hyper-parameter tuning results from Section 4.2. For each metric,
we report its final value over the course of optimization. For SVGP, we did not compute the exact

marginal log-likelihoods, to save cluster time.

Dataset Model RMSE/1072(]) NLPD/10' () logp(y)/10* ()
Exact 31.07 + 13.90 ~8.10 + 9.55 —0.3247 + 1.8943

ACGP 37.99 +27.82 —7.64 +10.59 —0.3894 + 1.9981

etro  CGLB 38.10 +7.15 7.09 +0.92 —2.4484 +0.1567
SVGP (512) 94.29 +0.55 13.61 +0.06 —4.4089 + 0.0150

SVGP (1024)  93.29+0.32 13.50 + 0.03 —4.3881 + 0.0049

SVGP (2048)  92.34+0.33 13.40 + 0.03 —4.3685 + 0.0055

Exact 42.70 + 0.00 2.78 + 0.00 —1.9396 + 0.0000

ACGP 44.45 + 1.40 324 +0.42 -1.9243 + 0.0307

CGLB 43.96 + 4.82 7.07 0.90 —2.2813 +0.2266

pm25 SVGP (512) 81.20+4.19 11.92+0.27 ~3.3763 £ 0.0798
SVGP (1024)  73.60 +7.21 11.16 +0.97 ~3.1765 + 0.2001

SVGP (2048)  60.25 +7.45 9.24 +1.08 —2.7404 + 0.2288

Exact 7.41 +0.12 —12.36 + 0.07 2.0837 + 0.0063

ACGP 7.41 +0.12 ~12.36 £ 0.07 2.0837 + 0.0063

wingox  CGLB 8.69+0.15 —8.25+0.03 1.6218 +0.0071
SVGP (512) 16.60+0.16 ~2.56+0.03 0.3064 + 0.0085

SVGP (1024)  14.01+0.17 —4.17+0.03 0.6147 +0.0079

SVGP (2048)  12.12+0.18 -5.64 +0.04 0.8884 + 0.0073

Exact 55.76 + 0.61 6.51 + 0.46 —2.3686 + 0.0355

ACGP 55.82 + (.58 6.53+0.45 -2.3663 + 0.0349

_ CGLB 56.86 + 0.47 8.33 +0.07 27662 +0.0119
protein  qyGp(512) 64.86 + 0.34 9.85+0.04 -3.0941 +0.0110
SVGP (1024)  62.21+0.35 9.41 +0.04 —2.9974+0.0112

SVGP (2048)  60.04 +0.38 9.00 + 0.05 —2.9043 +0.0104




Table 3: Summary of the GPU hyper-parameter tuning results from Section 4.2. For each metric,
we report its final value over the course of optimization. We did not compute the exact marginal
log-likelihoods, to save cluster time.

Dataset Model RMSE/10-2()) NLPD/107' () logp(y)/10* (1)
Exact 0.06 + 0.03 -50.53 + 0.06 4.9364 £ 0.0076
ACGP 0.90+1.71 -50.51+0.16 4.9168 + 0.0144
bike CGLB 0.50 + 0.32 —38.06 + 0.36 3.8664 £ 0.0526
SVGP (512) 1.64£0.22 —24.11 £0.49 2.5054 + 0.0286
SVGP (1024) 1.23+£0.23 —27.19+0.59 2.7762 +0.0507
SVGP (2048) 1.03+£0.23 -30.39+0.21 3.0345 + 0.0098
Exact 8.07 + 0.56 ~9.99 + 2.01 0.8801 + 0.1089
ACGP 7.37 £ 0.09 -12.30 £ 0.18 1.0164 = 0.0063
CGLB 7.74+0.15 ~11.41+0.11 0.9262 + 0.0057
poletelecomn oyGp(512)  46.22+43.71 1.10+£10.67  —0.1927 = 1.0013
SVGP (1024) 9.23+0.21 -9.08+0.11 0.7395 + 0.0072
SVGP (2048) 8.29+0.19 -10.47 £0.13 0.8490 + 0.0068
Exact 35.12+0.15 3.77 +0.07 ~0.4671 + 0.0018
ACGP 35.10 £ 0.14 3.76 £ 0.07 ~0.4671 £ 0.0020
clevators CGLB 35.29 +0.22 3.81£0.07 —0.4677 +0.0019
SVGP (512) 37.79 +2.30 426+0.21 ~0.5060 + 0.0284
SVGP (1024)  35.66+0.30 3.91£0.07 —0.4724 + 0.0064
SVGP (2048)  35.48 £0.31 3.86+0.08 ~0.4701 £ 0.0065
Exact 21.89 +0.96 ~0.97 + 0.50 0.0342 + 0.0312
ACGP 2232+ 1.01 ~0.75 + 0.52 0.0224 + 0.0310
CGLB 40.65 + 30.42 4.19+6.92 ~0.2480 + 0.3776
pumadyn SVGP (512) 99.70 + 1.44 14.16 £0.14 ~0.7749 + 0.0000
SVGP (1024)  99.70 + 1.44 14.16 £0.14 ~0.7749 + 0.0000
SVGP (2048)  99.70 + 1.44 14.16 £0.14 ~0.7749 + 0.0000
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B.2 Additional plots for hyper-parameter tuning

The plots for the hyper-parameter optimization are shown in figures 1-12. Each point in the plots
corresponds to one accepted optimization step for the given methods. Each point thus corresponds
to a particular set of hyper-parameters during the optimization. In figures 5-12, we show the root-
mean-square error, RMSE, that each methods obtains on the test set at each optimisation step. In
figures 1-4, we show the log-marginal likelihood, log p(y), that an exact GP would have achieved
with the specific set of hyper-parameters at each optimization step for each method.
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Figure 1: Log-marginal likelihood over time while optimizing hyper-parameters for the metro
dataset.
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Figure 2: Log-marginal likelihood over time while optimizing hyper-parameters for the pm25 dataset.
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Figure 3: Log-marginal likelihood over time while optimizing hyper-parameters for the protein
dataset.
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Figure 4: Log-marginal likelihood over time while optimizing hyper-parameters for the kin40k
dataset.
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Figure 5: RMSE over time while optimizing hyper-parameters for the metro dataset.
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Figure 6: RMSE over time while optimizing hyper-parameters for the pm25 dataset.
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Figure 7: RMSE over time while optimizing hyper-parameters for the protein dataset.
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Figure 8: RMSE over time while optimizing hyper-parameters for the kin40k dataset.
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Figure 9: RMSE over time while optimizing hyper-parameters for the bike dataset.
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Figure 10: RMSE over time while optimizing hyper-parameters for the elevators dataset.
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Figure 11: RMSE over time while optimizing hyper-parameters for the pole dataset.
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Figure 12: RMSE over time while optimizing hyper-parameters for the pumadyn32nm dataset.
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Figure 13: Upper and lower bounds on the log-determinant term (left column) and the quadratic term

B.3.1 Bounds for experiments on metro

B.3 Additional plots for the bound quality experiments
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(right column) for the metro dataset when using a squared exponential (SE) kernel.
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Figure 14: Upper and lower bounds on the log-determinant term (left column) and the quadratic term
(right column) for the metro dataset using an Ornstein-Uhlenbeck (OU) kernel.

11



112 B.3.2 Bounds for experiments on pm25

Bounds on the log-determinant term — pm25 . Bounds on the quadratic term — pm25
v i - 20480
0 1&254& 4096 ° lizd((,tp 102088 4006 v S0720
va
_ s
—50000 E va  CGLB 10° v
20780 3072040960
wey 400
—100000 41757 gl
) PO g 40960
—150000 o108 Foe—|
aa i oa 4 Ada
—200000 " o Exact
~250000 . . . V4 ACGP
LA 10° s vi CGLB
200 400 600 800 1000 1200 1400 1600 200 400 600 800 1000 1200 1400 1600
time in seconds time in seconds
(a) SE kernel, log ¢/ = —1 (b) SE kernel, log ¢ = —1
Bounds on the log-determinant term — pm25 Bounds on the quadratic term — pm25
0 e  Exact ,‘,'34 w v e  Exact
va ACGP e v 1024 va  ACGP
~50000 ) 409 : W )
va CGLB 108 2048 va CGLB
10240
—100000 s v 20\4130
| v v
~150000{ 10240 X v o M
2080 307240960 > 107 324000 o
—200000 :n o ”“757 2 41757
N N N
—250000 . Aa
o 1w
. 1099 »
50 100 150 200 250 50 100 150 200 250
time in seconds time in seconds
(c) SE kernel, log ¢ = 0 (d) SE kernel, log ¢ = 0
Bounds on the log-determinant term — pm25 Bounds on the quadratic term — pm25
50000 e Exact o  Exact
vi  ACGP va  ACGP
1024 va CGLB va CGLB
—100000
vw 108
—~150000 208 T w
X 10240 1024
> ’ 20480
~200000 vy v Yo, B A+
4096 ~ 4096
10240 ) 107
—o500000_"" '2024:39 ‘3‘07";@96? Ama
o a1 . A
50 100 150 200 250 50 100 150 200 250
time in seconds time in seconds
(e) SE kernel, log¢ = 1 (f) SE kernel, log¢ = 1
Bounds on the log-determinant term — pm25 Bounds on the quadratic term — pm25
—140000 M
] e Exact hf 20480 3072140960 »
—160000 va ACGP 2% 107 1024 A 2048 41757 4096
—~ 180000 v4 CGLB B
N
—200000 g 2
i
—220000 W ‘
1024 > 1074
—240000
“ o Exact
—260000 “
vzt 20480 307240960 . :\.(('P
—280000{ = 20— e 6x 109 va CGLB
50 100 150 200 50 100 150 200
time in seconds time in seconds
(g) SE kernel, log £ = 2 (h) SE kernel, log ¢ = 2

Figure 15: Upper and lower bounds on the log-determinant term (left column) and the quadratic term
(right column) for the pm25 dataset.
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Figure 16: Upper and lower bounds on the log-determinant term (left column) and the quadratic term
(right column) for the pm25 dataset using an Ornstein-Uhlenbeck (OU) kernel.
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B.3.3 Bounds for experiments on protein
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Figure 17: Upper and lower bounds on the log-determinant term (left column) and the quadratic term
(right column) for the protein dataset.
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Figure 18: Upper and lower bounds on the log-determinant term (left column) and the quadratic term
(right column) for the protein dataset using an Ornstein-Uhlenbeck (OU) kernel.
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Figure 19: Upper and lower bounds on the log-determinant term (left column) and the quadratic term
(right column) for the kin40k dataset.
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Figure 20: Upper and lower bounds on the log-determinant term (left column) and the quadratic term
(right column) for the kin40k dataset using an Ornstein-Uhlenbeck (OU) kernel.
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B.4.1 Bounds for experiments on metro

B.4 Aggregated plots for the bound quality experiments
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Figure 21: Upper and lower bounds on the marginal log-likeihood for the metro dataset when using
a squared exponential (SE) kernel (left column) and the Ornstein-Uhlenbeck (OU) kernel (right

column).
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B.4.2 Bounds for experiments on pm25
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Figure 22: Upper and lower bounds on the marginal log-likeihood for the pm25 dataset when using
a squared exponential (SE) kernel (left column) and the Ornstein-Uhlenbeck (OU) kernel (right

column).
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B.4.3 Bounds for experiments on protein
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Figure 23: Upper and lower bounds on the marginal log-likeihood for the protein dataset when
using a squared exponential (SE) kernel (left column) and the Ornstein-Uhlenbeck (OU) kernel (right

column).
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Figure 24: Upper and lower bounds on the marginal log-likeihood for the kin40k dataset when
using a squared exponential (SE) kernel (left column) and the Ornstein-Uhlenbeck (OU) kernel (right
column).
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C Notation

We use a PYTHON-inspired index notation, abbreviating for example [y1, . . ., yn]T as y.,—observe
that the indexing starts at 1. Indexing binds before any other operation such that K . is the

18,18
inverse of K . . and not all elements up to s of K -1 Differing from the main paper, we assume a
heteroskedastic noise model such that we exchange o> € R for a function of the inputs, 02 : X —
RT. With 02 we will refer to infcx o?(x), which we assume to be strictly larger than 0. For s €
{1,..., N} define Fs := o(x1,y1,...,Zs,Ys) to be the o-algebra generated by x1,y1, ..., Ts, Ys-
With respect to the main article, we change the letter M to ¢. The motivation for the former notation
is to highlight the role of the variable as a subset size, whereas in this part, the focus is on M as a
stopping time.

D Proof Sketch

In this section of the appendix, we provide additional details, proofs and theorems on the proposed
formulation. The principal equations included in Sec. 3 of the main manuscript are also included
here for a better comprehension.

D.1 The cumulative perspective

The key issue this paper is concerned with is how to estimate the full marginal likelihood, p(y), given
only a subset of n observations and their combined marginal likelihood, p(y.,,). In particular, we
will derive bounds, which are functions of seen observations, on this estimate. These bounds will
allow us to decide, on the fly, when we have seen enough observations to accurately estimate the full
marginal likelihood.

We can write log p(y) equivalently as

N
logp(y) = > _10gp(Yn | Yon—1)- 3)
n=1
With this equation in hand, the phenomena shown in Fig. 1 of the main manuscript becomes much
clearer: The figure shows the value of Equation (3) for an increasing number of observations
N. When the plot exhibits a linear trend it is because the summands log p(y,, | v.,,_;) become
approximately constant, implying that the model is not gaining additional knowledge after the nth
observation.! From this perspective, we can craft an approximation by an optimal stopping problem:
after processing observation n, we may decide whether to continue processing the sum or whether to
stop and to estimate the remaining N —n terms.

D.2 Extrapolation

For each potential stopping point ¢ we can decompose Equation (3) into a sum of terms which have
already been computed and a remaining sum

t N
logp(y) = Y 10gp(yn | Y1) + > 108PYn | Yon1) -

n=1 n=t+1

A: processed B: remaining

It is tempting to estimate B as yA, yet this is estimator is biased. In the following, we will derive
lower and upper bounds, £; and U, such that conditioned on the points already processed, B can be
sandwiched,

]E[Et | T1,Y1,-- 'mtvyt] S E[B | T1,Y1,y- - ‘mtvyt] S IE[Z/{t| T1,Y1,-- 'wt7yt]' (4)

These bounds tighten as we increase the number of observations, which allow us to monitor conver-
gence of the approximation. We can then detect when the upper and lower bounds are sufficiently

'An alternative way of understanding the linear trend is that the spectrum of the covariance matrix K
typically drop to o at some point; since the log-determinant is the sum of the log-eigenvalues then the linear
trend comes from additional 2 log o terms in the sum.

22



156
157
158

159

160
161
162
163
164

165

166

167
168
169
170
171
172

173
174
175

176
177

178
179
180

near each other, and stop computations early when the approximation is sufficiently good. This is in
contrast to other approximations, where one specifies a computational budget, rather than a desired
accuracy.

D.3 General bounds

A more practical-minded reader may safely skip this section and continue in Appendix D.6 where
we show how to use the bounds to obtain a stopped Cholesky decomposition. Recall that we want
to detect the case when the log-marginal likelihood starts to behave linearly with more processed
datapoints as shown in Fig. 1 in the main manuscript. That is to say, the bounds presented in the
following are valid in general but useful only in the linear setting.

The posterior of the nth observation conditioned on the previous is Gaussian with

PWn | Y1) =N (M1 (@), k1 (T, 20) + 0 (20))
mnfl(wn) . (wn7 )Kn 1yn 1
(

kn—l(wnawn) = k wnamn) - (wn;X:n—l) glflk(X:n—lawn%

where we assumed (w.1.0.g) that io(x) := 0. Inspecting these expressions one finds that

N
10g det Ky = Z log (kn—l(wna wn) + 0-2(35“)) ) &)
n=1
T -1 — My — l(wn))2
Kyy= Z kn NEREREw] ©

These expressions are permutation invariant. This allows us to prove that these terms
cannot be too far from their expected values using a Hoeffding’s inequality for super-
martingales by Fan et al. (2012). This observation also holds for the conditional case,
that is, after having observed (x1,y1),...,(®:,y:). Taking for granted that we can bound
P(|logp(y) — Ellogp(y) | 1,91, .., 2+, y-]| > €) for stopping times 7, we proceed with the
estimation of the expectation.

Recall that.y log p(y.,) is not an unbiased estimator for E[log p(y)| T1,Y1, - T TR due to
the interaction of 441, Y441, - .., TN, yn. Our strategy is to find function families v (and [) which
upper (and lower) bound the expectation

lg,t <k IOg k/’nfl(mna mn) <Eg Ui’t

2
ZZ p E (yn - mnfl(wn))
B kn—l(mnv mn) + 02 (.’B”

) SE ugy,,tv

where < denotes that the inequality holds in expectation. We will choose the function families such
that the unseen variables interact only in a controlled manner. More specifically,

fﬁ7t(x7uy’n7"'7ml7y1): Z gtf;c(zn7zj;z1a'--zs)a
Jj=s+1

with f € {u,l} and = € {d,q}. The effect of this restriction becomes apparent when taking the
expectation. The sum over the bounds becomes the sum of only two terms: variance and covariance,
formally:

N
Z Jni(Zn, o z1) [ o(z1,. ., 26) 7
n=s+1
= (N - S)E[g(zs—i-l’zs—i-l’zl . ~>zn) | J(zla .- wzsﬂ
N—-s+1
+ (N —3s) fﬂﬂ [9(Zs11, 2542, 21, 2n) | 0(21, ..., 25)]. (8)
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We can estimate this expectation from the observations we obtained between s and ¢.
t

Z g(z’rnznazl"'azs) (9)

n=s+1

N —t
t—s

~

t—s

2(N—t)N—-s+1
t—s 2

42
E g(zs+2iazs+2i—lvzl-~-azs)~
i=1

As mentioned before, we will present a way of choosing ¢ in Appendix D.6.

D.4 Bounds on the log-determinant

Since the posterior variance of a Gaussian process can never increase with more data, the average of
the (log) posterior variances is an estimator for an upper bound on the log-determinant (Bartels, 2020,
Part V). Hence in this case, we simply ignore the interaction between the remaining variables. We set
9(@y, x;) = 0pilog (ks(@n, ) + 02 (2,)) where ,,; denotes Kronecker’s §.

To obtain a lower bound we use that for ¢ > 0 and @ > b > 0, one can show that log (¢ +a —b) >

log (¢ +a)— % where the smaller b the better the bound. In our case ¢ = 02(x,,), a = ks(x,,, T,) and
-1

b = ks (xna Xs-l—l:n—l) (ks (Xs+1:n—17 Xs+1:n—1) + 02 (X5+1:n—1)) ks (Xs+1:n—17 wn) Un-

derestimating the eigenvalues of ks(X s11.n—1, X s+1.n—1) by O we obtain a lower bound, where

each quantity can be estimated. Formally, for any s < ¢,

n—1 2
log (k‘n,l(mn,wn) + 0'2<£L‘n)) > (log (k‘s(acn,wn) + az(asn)) — Z kM) . (10)

=, ()0 (@)

This bound can be worse than the deterministic lower bound min,,s log o%(x,,/). It depends on how
large n is, how large the average correlation is and how small o2(+) is. We can determine the number
of steps n — s that this bound is better by solving a quadratic equation. Denote with p the estimator
for the left addend and with p the estimator for the second addend. The tipping point 1) is the solution

of (¢ — s) (u — %p) < (1 — s) minlog o%(+). One solution is ¢ = s, the other is

)= Ls—l—k%(u—minlogaQ(-))J. (11)

Hence, for n > 1 we set ul := minlog o2 (-).

Observe that, the smaller ks (z;, 2 ;11)? the closer the bounds. This term represents the correlation of
datapoints conditioned on the s datapoints observed before. Thus, our bounds come together, when
incoming observations become independent conditioned on what was already observed. Essentially,
that ks(x;, x;4+1)? = 01is the basic assumption of inducing input approximations (Quifionero-Candela
& Rasmussen, 2005).

D.5 Bounds on the quadratic form

For an upper bound on the quadratic form we apply a similar trick:
x < z(c+b)
c+a—b~ clct+a)

where x > 0. Further we assume that in expectation the mean square error improves with more data.
Formally,

12)

ki (zj,x;) + 02(z;) 0 02(x;) (ks(zj, ;) + 02(x;))

(y; — mj—1(z;))? < (y; — ma(x;))? <o2(wj)+ g:l (ks(wjvwi))2>

1=s+1

For a lower bound observe that

_ _ T _
yTK 1y = y:—l;Ksly:s + (ys+1:N - mS(Xt+11N)) Qs-]&-l:N (strl:N - mS(Xt-i-liN)) (14)
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where Q. = ks(X 5415y Xst1:5) + 0%(X s41:5) with j > s + 1 for the posterior covariance
matrix of X 44 ;.; conditioned on X ;.,. We use a trick we first encountered in Kim & Teh (2018):

y A ly > 29 b—b'" Ab, for any b. Applying this inequality directly would result in a poor lower
bound. For brevity introduce e := y 1.y — ms(X11.5). We rewrite the second term as

e’ diag (e) (diag (e)Q,, .y diag (e)) ~ diag (e)e (15)

Now applying the inequality with b := a1, we obtain

N

N
2a Z (yn — mS(wn»z —a? Z (Yn — ms(®n)) [Qsy1:n]nn (Ynr — ms(@n))  (16)

n=s+1 n,n/=s+1
which is now in the form of Equation (7). After taking the expectation, the optimal value of « is

]E[(ys+1 - ms(ws+1))2 | ]:9]

Qden

(7
where

Olden = E |:(ys+1 - ms(ms—i-l))Q ks(ms+17 ms+1) + 0'2(:1734-1)]
FE[N =5 =1) (ys+1 = ms(®s41)) (Yst2 — ms(®s12)) (ks(s + 1,5 +2)) [ F], (18)
which is Fs-measureable and we can estimate it.

Observe that, the smaller the square error (y; — m,(x;))?, the closer the bounds. That is, if the
model fit is good, the quadratic form can be easily identified.

D.6 Using the Bounds for Stopping the Cholesky

We will use the same stopping strategy as Mnih et al. (2008); Bartels (2020): when the difference
between bounds becomes sufficiently small and their absolute value is far away from zero. More
precisely, when having deterministic bounds £ < & < U on a number x, with

U-=L
— < d 19
Zmin (] 12) =" )
signUd = sign L, (20)
then the relative error of the estimate (U + L) is less than r, that is |W| <r.

Remark 1. In our experiments, we do not use %(Z/l + L) as estimator, and instead use the biased

estimator (N — 7) 2 log p(y.,.). Since stopping occurs when log-determinant and quadratic form
evolve roughly linear, the two estimators are not far off each other. The main reason for using the
biased estimator is of technical nature: it is easier and faster to implement a custom backward
function which can handle the in-place operations of our Cholesky implementation.

Remark 2. Another ingredient where we deviate from the theory before is the estimation of the
average correlation. In theory, the estimator is allowed to take only every second entry of the
off-diagonal. Yet, we could use the same estimator using entries with an offset of 1 and still would get
a valid estimator. Hence, we the average of the two should also be a decent estimator. We believe
that it should be possible to prove that the average of the two estimators is also a decent estimator.
Therefore, in practice, take the average over all indices.

The question remains how to use bounds and stopping strategy to derive an approximation al-
gorithm. We transform the exact Cholesky decomposition for that purpose. For brevity denote

L, := chol[k(X .5, X.s) + 0%(X )] and T := k(X 441, X)L, . Forany s € {1,...N}:
L, 0

Ly = T chol {k(Xs-i-l:,s—i-l:) - TTT}

21

One can verify that Ly is indeed the Cholesky of K by evaluating L NLL. Observe that
E(X st1:541:) — TT" is the posterior covariance matrix of the Y,.1. conditioned on y_ .. Hence, in
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the step before the Cholesky of the posterior covariance matrix is computed, we can estimate our
log-determinant bounds.

Similar reasoning applies for solving the linear equation system. We can write
g

-1 2
chol [k(xw:,sﬂ:) - TTT} (Yosr, — Tocrs) @2)

oy =

Now observe that T oy, = m4(Xsy1.). Hence, before the solving the lower equation system
(and before computing the posterior Cholesky), we can compute our bounds for the quadratic form.
There are different options to implement the Cholesky decomposition. We use a blocked, row-
wise implementation (George et al., 1986). For a practical implementation see Algorithm 1 and
Algorithm 2.

Algorithm 1 blocked and recursive formulation of Cholesky decomposition and Gaussian elimination,
augmented with our stopping conditions.

i procedure ACGP(k(-,-), u(-), o2(-), X, ¥, m, Nimax)

2 A “— ONmax XNmax7 o — ONmax // allocate memory
3 Al;m,l;m — k'(Xl;m) + 0'2 (Xl;m) // initialize kernel matrix
4 A1m S~ Yiom — ,U(X 1:m) // evaluate mean function for the same datapoints
5 Al:m,l:m — ChOl(Al;m,l;m) // call to low-level Cholesky
6 Al A;iﬁn,l:malim // second back-substitution step

7 i+ m+1,j+ min(i + m, N)
8 while ¢ < Ny, do

9 Ai:j,l:i — k(Xi;j7 X 1:2') // evaluate required block-off-diagonal part of the kernel matrix
10 Ai:j,l:i — Ai5j711iA;:iT,1:i // solve triangular linear equation system
11 Az’;j,i;j — k(X1] ) + 0'2 (Xi:j ) // evaluate required block-diagonal part of the kernel matrix
12 Q. Yij — ,U/(Xi;]‘ // evaluate mean function for the same datapoints
13 Ay — Aigig — Ai:j,l:iAZjﬁl;i /| down-date
14 [ now Aujiiy = Qi
15 Qi Qg — Agj1i0i / now ex;.; contains ., ; — mi(X ;)
16 L, U < EvaluateBounds(i, j) J/ costs O(j — 4)
17 if Equations (19) and (20) fulfilled then

18 return estimator

19 end if

20 Ai:j7i:j — ChOl(Ai:j,i:j) // finish computing Cholesky for data-points up to index j
21 Qi Ai_:;,i:jaiij // finish solving linear equation system for index up to j
2 i+ i+m,j <+ min(i + m, Npax)

23 end while J/ now A=Landa = L™ (y — u(X))
24 return estimator

25 end procedure

E Assumptions

Assumption 3. Let (2, F,P) be a probability space and let (x;, ;) ;V: 1 be a sequence of independent
and identically distributed random vectors with x : Q@ — RP and y : Q — R.
Assumption 4. Forall s,i,j,t with s <1 < j < N and functions f(x;, x;;x1,...xs) >0

E[f(@.@:) (4 —mjm1 (@) | B SE[fl@j@) (4 - ma(@))? | F] @3
ks(j,@:)° }

1
ks(zj,@j)+o?(z;) (ks(zj,mj)+02(x;))o?(2;)0(2:)

where f(x;,x;) € {

That is, we assume that in expectation the estimator improves with more data. Note that, f can not
depend on any entries of y.
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Algorithm 2 bound algorithm as used in our experiments. The algorithm deviates slightly from our
theory. We use Equation (39) for the upper bound in the quadratic form, and we use all off-diagonal
entries (instead of only every second).

1 procedure EVALUATEBOUNDS(s, t)

2 D «+ 22:1 2 120g Ajj // in practice we reuse the sum from the last iteration
3 Q Z =104

4 M (* Z; s+1 2 log A jj // average variance of the new points conditioned on all points processed until s
5 UD<—D+(N—S),u

6 p T—s—1 Zj S1 A?j+1 // average square correlation (deviating from theory!)
7 1/) — LS -1+ 2 o ( on— log g 2)J // number of steps the probabilistic bound is better than the deterministic

s Lpe D+ (w—s) (u—%p)—k(i\f—w)logoz

a2 9 A? .
- J . j,j+1

9 Ug < Q + t - -1 Z] =s+1 A“az(m]) (0 (@) + 02(93j+1))

t
10 m % i Z] s+1 (12 // mean square error

t
1 H <; Z] §+1 o AJ J
12 [ -y Z] s41 X114 1

13 o~ T
u+(N s—1)p
14 Lo+ Q+a(N—-s)2m—a(p+p(N—-s—1)))
15 retum£D+£Q,uD +Uqg
16 end procedure

F Main Theorem

This section restates Theorem 2 and connects the different proofs in the sections to follow.

Theorem 5. Assume that Assumption 3 and Assumption 4 hold. For any evenm € {2,4,..., N —2}
and any s € {1,...,N — m}, the bounds defined in Equations (6), (7), (9) and (10) hold in
expectation:

E[Lp | Fs] < Ellog(det[K]) | Fs] < E[Up | Fs] and
]E[‘CQ | ]:s'] < ]E[yTKily ‘ ]:s] < E[MQ | fs'] .

Proof. Follows from Theorems 6, 9 and 13, and Theorem 28 in Bartels (2020).

G Proof for the Lower Bound on the Determinant

Theorem 6. Assume that Assumption 3 holds, and that m € {2,4,..., N} is an even number. Set
t:= s+ m, then, foralls € {1,...,N —m}

E[Lp | Fs] <E[Dn | Fsl.

Lp :=logdet K5 .s + (¢ — s) <logﬂt Yy —23 ) + (N — ) logo? 4)
// the lower bound
1<
logﬁt = p. Z log (Jz(wj) + ks (x5, m])) (25)
j=s+1

/ (under-)estimate of the posterior variance conditioned on s points

2

_2 s(®2)11, 25) 26)
m. $2J+1) 2(x25)
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// (over-)estimate of the correlation conditioned on s points
Yy := s 4+ max p where p is such that 27

2

// number of steps that we suspect the decrease in variance to be controllable

p (log 7 ﬁt> > plog o (28)

=max(N, |s — 1+pl (uD 710g02)J) (29)
D

Proof.

E[Lp | Fs] —Elogdet K | Fs] = E[Lp — logdet K | F;]
[ N

=E [(¢r —s) (logut - %_;_1@) + (N — ;) logo? — Z log (ks(zj, ;) + 0*(x;)) | Fs
j=s+1

// using the definition of L. and slightly simplifying using Lemma 17

a1 e
<E | (¢ —s) (logut — wt;ﬁt) — Z log (ks(x;,@;) + az(azj)) | Fs
Jj=s+1

/| using that log o> < log (ks(mj, ;) + UZ(a:j))for all j

= (Y — 5) <]E [log (02 + ks(®t1, Tey1) | fq)] -

o
—E Z log (kS(xjvmj)+02(xj)) | Fs
j=s+1

he—s—1lg { k’s(wt+17mt+2)2) ]'"SD

2 02(x411)0% (X442

/| using Assumption 3
<0
/| Lemma 8

Lemma 7. Forc > 0andb>a>0:

a

log(c+b—a) >log(c+b)

Proof. For a = 0, the statement is true with equality. We rewrite the inequality as

a c+b a
- >1 — ) =1 1+ ———-).
00g<c+b—a> og( +c—|—b—a>

For the case a = b, apply the exponential function on both sides, and the statement follows from

e” > x + 1 for all z. For a € (0,b), consider f(a) := log(c +b — a) + & —log(c + b). The first
derivative of this function is f’(a) = — 5= + ¢, which is always positive for a € (0,b). Since

f(0) = 0, we must have f(a) > 0 forall a € (a,b). 0

Lemma 8. Foralln >t > s:

E Z log (ks(zj, ;) + 0*(x;)) | Fs| = (n—1) <E [log (02(@41) + ks(Tis1, Tit1)) | Fo
j=t+1

n—t—1

204 E [ks(mt+1amt+2)2 \ ]:S] )

28



270 Proof. Introduce X := [Ts41,...,2;_1] with the convention ks (xs4+1, X s41) := 0.

E Z logkj—1(xj, ;) + o2(z;) | Fs (30)
j=t+1

=E| ) log (0—2(%) k(g ) — k@, X;) (ke(X [, X ) + 02(X)) ks(fj7wj)) | Fs
j=t+1

' 31
/| Lemma 19

n

1

J

Lj=t+1
(32)

/| Lemma 7

>E| > <1Og (0% (x)) + ks(j, ;) — %ks(mj,Xj) (X))~ ks(Xj’iCj)> | Fs

=t o?(x;)
(33)
// underestimating ks (Xj,fj) by 0
n 1 3 ky(zj,x;)?
2 S 7 ]
>E .zt_;l <log (U (x;) + ks(wj7wj)) - o2(z;) 421 o2(z) | Fs (34)
j= =

/| writing the vector multiplication as sum
= (n—)E [log (6 + ks (@441, @e1)) | Fs) (35)

n (n—t)(n—t—l)E[ ks (e, Tiv2)® ]_-}
2 02 (®e41)0?(Tir2)
/| using Assumption 3 and then applying Lemma 20

271 O

22 H Proof for the Upper Bound on the Quadratic Form

Theorem 9. Assume that Assumption 3 and Assumption 4 hold. Let m € N be even, then for all
se{l,...,N—m}

Ely Ky | ] <Elg | 7],

273 where
_ N—s—1_
Z/[Q = yz—l;K:S%:sy:s + (N - S) <:U’t + 2pt> (36)
// the upper bound
t
1 (y; — ms(z;))?
e = (37
= 5y k(@) + o2 ()
- 2 : i —mg(Ta:)) ks (X2, X2i_1)>
D) (425 ( 22g)) (223 2j 21) . (38)
-8 (ks(2), @25) + 02(X2;)) 02 (T25)0% (@2 1)
-T2

29

>E| > (10g (0% () + ks, 7)) — mks(ﬂ%yﬂ (ks(X 3, X5) + 02(X,)) ks(XjaSCj)> | Fs



Proof.

Ely"K'y|F]-EUy | Fi

N

(g5 —my-1(zy))” ( N—S—1~)
=E — (N - + A2 A
2 ey torey NI

// using the definition of Uq and slightly simplifying with Lemma 18

S

[, o . 2
) Z k;,(yj j—1(x;)) |

1(zj, ;) +o?(zy)

j=s+1 77

— (N —s) (E {ks((ysﬂ — m(@s11))” ) | ]_-S})

Ls+1, ms+1) + 02 (:I:s+1

— (N — S)N — 5~ 1E |: (y3+1 — m3<m8+1))2ks(ws+laws+2)2 | ]_-S
2 (ks(ms+1;ms+1) +0'2(.’133+1)) 02(:I}s+2)

// using Assumption 3

<0

/| Lemma 11

274

Lemma 10. Forc > 0, b,x > 0 and a > b:

T <i<1_a—b):x(c+b)

c+a—-b~ c+a clc+a)
Proof.
A
c+a—b c\ct+a—2>
:x<1_a—b>
c ct+a—2>b
<:c<1c+ab a—2b )
T c c+a c+a-—>

/ since %;b <1

()
c c+a

/| cancelling terms

275

276  Lemma 11. Forall s,t and n withn >t > s:

E - (Z/j - mj—l(iﬂjg)z F,
kj—1(zj,x;) + o2 (x;)

j=t+1

<(n—t) <]E [ks((ysﬂ — my(@s11))” | ]_-S]>

Tyi1, Tsy1) + 02 (Tsp1)

(=1 ((”‘HH _ s) E |:((ys+1 — ms(ws+1))2ks(ms+17ws+2)2) | _7_-5]>

2 ks(ms—&-lams-i-l) + 0'2(-738-1-1)) 0'2(.’334,_2

30



277 Proof. Introduce X := [Ts41, ..

., x;_1] with the convention ks (@41, X s41) := 0.

| Fs

~ (g —mya(xy))?
E Fs
S ki (g, x5) + 02 (x) |
el N (y; —mj—a(=;))° \F
—_ —_— —_ _ —1 _— S
S 02 (@) + k(g m5) — k(2 X5) (ke(X, X5) + 02(X)  ks(Xj,2))
/| Lemma 19
“E | 2": (v — mj-1(2;))? (02(%‘) + ks, X ;) (e(X5, X)) + 0%(X) ks(fj7wj))
I Pt o*(x;) (0(x;) + ks(;, ;)
/| Lemma 10
| g (@) (0%(2) + ko5, X,) (02(X)) k(X)) S
B P o*(x;) (0% () + ks (2, ;) ’
/| underestimating the eigenvalues of ks(X, X) by 0
E i: (y; —mj—1(z;))? (02(%‘) + X %) F
I Pt o2(x;) (02(x;) + ksl ;) S

/| writing the vector-product explicitly as a sum

j=t+1
/| linearity of expectation

- (y; —mj—1(x;))*
2 (E LQ(%‘) +ks(x),z5)

j=t+1
// by assumption Equation (23)

- [ (g5 = mas(x)))?
2 (E L2 (@) + ks (25, 25)

(ys+1 - mS(ws+1))2

j=t+1
/| using Assumption 3

E
Z ( _0-2(:1:84-1) + ks($5+1, ws-l—l)

Jj—1
(y; — mj1(x;)) ks (2, 2:)?
7] Fat T e e |7 D
= (y; — my(x))) ks (25, 2:)?
7| r2E oIk D
= (ys+1 - ms(ws+1))2ks(ms+1vws+2)2
|7 } t ) E Lks(assﬂ,wsm T 02 (@ar1)) 02 (@ar2) 02 (@ag)

1=s+1

-0 (e [l 7))

(Yst1 — mS(fcs+1))2ks (Tsy1s $s+2)2 F ])
S
werl)

+(n—1) <<n+;+1 - 5> E |:(k5(ws+17ws+1) +02(xs11)) 02 (Tsy2)0?(

/| by Lemma 20

278

O

Remark 12. Similar to the proof of Theorem 6, we can improve the bound by monitoring how many
steps the sum of average correlations is below the average variance. More precisely, we solve for the

largest v < N such that

N—¢p—1_ 1 (y —ms(za,))?
Bt + 5 (S Z o2(x;) ,
Jj=s+1
279 and replace the upper bound by
¢ 2
I Y—s—1._ N—-vy (yj — ms(@a,))
Up =y, K Y + (Y = 5) <Nt +— pt) +—— _Z Py B9

31
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20 1 Proof for the Lower Bound on the Quadratic Form

Theorem 13. Assume that Assumption 3 and Assumption 4 hold. Let m € {2,...,N — 2} be an
even number less than N. For s € {1,..., N —m}, let a be F-measurable, then

ElLq | Fs) <Ely" K 'y | F]

281 where
T -1 / N-s
’CQ = y:sK:s,:sy:s + Oé(N - S) <2/J“t — Qly = a2pt> (40)
1 t
o= e 3 (= ma(a)? @n
j=s+1
1 t
M= (5 — ms())? (ks (@), ;) + 0°(x5)) (42)
Jj=s+1
9 3
P D (y25 = mis(@2))) (Y251 — (@5 1))ks (@2, 25 1) (43)
j: s-;2

282 Remark 14. In our implementation we choose o := which maximizes the lower bound,

223
pi+(N—s)p:
283 though violates the assumption that o is Fs-measurable.

Proof.

Ellg | F]-E[y K y|F]

—E |a(N —s) (QMt—au;—aN ) Z k = mj () | .

ot i1 a:],:c])+02( i)

// using the definition of L¢q and slightly simplifying
= 2(N - s)aE [(ys+1 — Mms (a:S-&-l))Q | ]:8]
- (N - S)QQE [(ys-l-l - ms($5+1))2(k‘s($s+1,ws+1) + 0'2(375-&-1)) | ]:8]

- @QQE [(Ys1 — Mo (@ss1)) Yog2 — Ms(Tog2)) ks (Tsgr, Tsy2) | F)
- —mj_1(z;))°
Jze—:HE kj— 1w]ij)+02( i) |]:S]

/| using Assumption 3
<0
/| using Lemma 15
284 O
285 Lemma 15. For all F;-measurable o € R :
Ely' Ky | F] >y Ky, + 20N = $)E[(ys11 — my(511))* | F]
= @®(N = $)E[(ysr1 — ms(2541))* (ks (@st1, Tsp1) + 0% (T511)) | F]

N D e m(@es1) etz — e (@) a1 Tar2) | F

2
(44)

286 Proof. Using Lemma 18, we can write the quadratic form as a sum of two quadratic forms:

_ _ -1
yTK 1y = y:TsK:sl,:sy:s + (ys+1: - ms(Xs-i-l:))T (ks(Xs—&-l:v Xot1:) + UQ(Xs—&-l:)) (ys+1: —ms(Xsq1:))
(45)
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287 Define e := (y, . — ms(Xs41.)) to rewrite the second addend as
. . . -1,
el Diag(e) (Dlag(e) (k:s (X 41 Xsp1) + 02 (X5+1:)) Dlag(e)) Diag(e)e (46)

288 We use a trick we first encountered in Kim & Teh (2018): yT A7y > 2yTb — b' Ab, for any b.
289 Choose b := a1 and observe that b is F;-measurable.

Ely' K™y | F] (47)
_ —1
= y:—gK:s%:sy:s +E [(ys-i-l: U (AXS-H:))T (kS(XS-H:a Xoy1:) + 02(X3+1:)) (ys+1: —ms(Xst1:)) | ]:3}
(43)
/ since yIK:::SyIS is Fs-measurable

>y K.Y + 201 E [Diag(e)e] — a’1"E [Diag(e) (ks(Xs11:, Xs41:) + 0(X541:)) Diag(e) | Fo] 1

S S

(49)
// applying the inequality for quadratic forms and using the Fs-measurabilituy of o
= y—gK_sl,sys + QOZ(N - S)E[(ySJrl - mS(wSJrl))z | '7:5]
- O‘Q(N — S)E[(ys+1 — ms(ms+1))2(/€s(ms+1, Tsi1) + 02(3334-1)) | Fsl
N-—-s+1
— 0 (= ) (- ) Bl = () et — @) (i, ) | F
(50)

/| using Assumption 3, grouping variance and covariance terms separately
=y K+ 20(N = $)E[(yss1 — ms(@s11))” | Fi]
= (N = $)E[(yst1 — ms(@541))? (ks (Tss1, Bor1) + 02 (@s11)) | Fi]
—a*(N - s)¥
// simplifying
290 O

]E[(strl - ms($5+1))(ys+2 - ms($5+2))k5(333+1,l'5+2) | ]:s] (51)

201 J Utility Proofs
202 Lemma 16 (Bounding the relative error). Let D, D € [£,U], and assume sign(L) = sign(U) # 0.

293 Then the relative error of the estimator D can be bounded as

|D—D| _max({ —D,D— L)
DI = min(|£], [U])

Proof. First observe that if Dy > D then [Dy — D| = Dy — D < U — D. If Dy < D, then
|Dy — D| =D — Dx < D — L. Hence,

|Dy — D| < max(U — D, D — L).
204 Case £ > 0: In this case |[Dy| = Dy > £ = |L£], and we obtain for the relative error:

max(U — D, D — L) < max(U — D, D — L)
[Dy| - L]

205 Case U < 0: In that case |£| > |Dy| > |U], and the relative error can be bounded as follows.

max(U — D, D — L) _ max( —D,D — L)
|Dy| - |
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296
297

298

299

300

301

302

303

304

Since we assumed sign(£) = sign (/) these were all cases that required consideration. Combining

all observations yields

.. 1 1
<max(U — D, D — L) max <,)
( Ul izl
~ max(U — D,D—-L)
min([U], [L])

O

Lemma 17. The log-determinant of a kernel matrix can be written as a sum of conditional variances.

N
logdet K = Zlog(kj—l(mjamj) + ‘72(37j))

j=1
Proof. Denote with L the Cholesky decomposition of K. Then we obtain

log det K = logdet(LL")
/| using A= LL"
= log (det(L) det(LT))
/| for square matrices B, C: det(BC) = det(B) det(C)

N
_ 2
=log [ [] L5,
Jj=1
/| for triangular matrices the determinant is the product of the diagonal elements
N
= Z 2 10g ij
J=1

// property of log

With Lemma 21 the result follows.

Lemma 18. The term y' K "'y can be written as

N (Yo — (@)
T -1 n n—1 n
K = E .
Y Y 1 kn—l(mnvwn) + 0.2(_,13")

Proof. Define

ki(x) = [k(z,x1),.... k(z,2;)]" € RI

ki1 = kj(zj1) € R
p; = k(zj,x;) + 0% — k] (K;_1 +0°I)k;
o= (K, +*I) 'k,

First note, that using block-matrix inversion we can write

27y-1 -1 T 1
(K1 +02D)" = (K, +0o°I) j‘ ap, & aflnﬂ
—Q ppiq Prnt1
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(55)

(56)
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305

306
307

308

309
310

This allows to write

yI+1(Kn+1 +0* D)y,
(Kn + 0'21)_1 +1ap7:j-1a—r _apl’r_bil] |: Yn :|

=7 v |

—a'p i Prt1

/| using above observation

S — |:(Kn +02I) 1y, + ap;ila:yn - ap;ilynﬂ}
moor _O‘Tp;+1yn +Pni1Ynt1

/| simplifying from the right

=y, (Kn+0"D) 'y, +y)ap, 10 ¥, — Yy ap 1 Yni1 — Yni 1@ Py 1Yy + Ynt Dt Ynt

// simplifying from the left

=y, (K + 021y, + oy (Y ey, — Yy aynin — Y@ Yy, + Yns1ynr)

// pulling out p,_Hl_l

=y, (Kn +0°1) 'y, + 0,1 (yn @)® = 2y, aynin + yps)

/| simplifying

=y (K +021) "y + 050 (Y0 @ — Y1)

// simplifying

Now observe that the last addend is indeed the mean square error divided by the posterior variance.
By induction the result follows. O

Lemma 19. Forallt,m € Nwithl <t4+m < N
J— J— —1 —
Etvm(xa,xp) = ke(xa, 2p) — ke (20, X) (kt(X) + UQIm) ki (X, @)

where ky(a,@p) = k(@a, @) — k(wa, X;) (K(Xop, Xo) + 02(X )" k(X @) and X =
Xt:t+m-

Proof.

kter(way wb)
= k(Za, @) — k(Ta, Xtim) Ay k(X tpm, o)
// by definition

E(X.) + 02l k(X X) } - {k(Xt, mb)}

= k(wa, mb) - [k(wa, Xt) /{:(:L‘a,Y)] [ k(X,:IIb)
// in block notation

— k(@q, @) — [F(@a, X)) k(wa,Xﬂ[ = KXo X) t]_l []Z(())?,’fbb))}

/| using the definition of Ay
= k(xq, xp) — [k(wa,Xt) k(ma,f)] .

A7+ ATRX X (KR + 02T - K(X, X,,)A;lk(xt,f))’l KX X0AT —A7RX X (KR + 021 - K(X, X,,)A;lk(xt,f))’l
— (k) + 0* 1, — k(X X,,)A;lk(x,,,f))’l k(X, X )A] (KX) + 0° 1 — k(X X) AT K(X,, X)) -

_k(&v x)
]{J(X, CCb)

/| applying block-matrix inversion

= k(maawb) - [k(maaXt) k(ma,Y) ’

A7+ ATER(X LX) ((X) + 02T,) T R, X)AT — A7 R(X X)) (k(X) + 021,)
— (l(X) + 02L) " (X, X ) A (k(X) + 021,) "




]

/| applying the definition of ki
= k(wavmb) - [k(waaXt) k(ma,Y)] ’

A7 R(X @) + A7 (X, X) (5(X) + 021,) T (X, X ) A7 k(X ) — AZKX LX) ((X X)+o21) " k(X z

— (k(X) + UzIt)_l E(X, X)) A k(X ) + (ke(X) + 020,) k(Xamb)

// evaluating multiplication with right-most vector
= k(muamb) - [k(waaXt) k(waay)] :

AT KX 1) = AKX X) (k(X) + o21) " (WX, @) — k(X XA (X1, 3,))

(k(X) +020,)  ((X, ) — k(X, X)) A7 K(X 1, 2p))

// rearranging

= k(xq, xp) — [k(wa,Xt) k(:l:a,X)] .
A7 (X, x) — AKX, X) (k(3) + o21,) " k(X @)
(kt( ) + 0'2175) k‘ (X %b)
/| applying the definition of ki
= k(2q, @) — k(xq, X o)A K(Xy, xp)
+ k@0, X o) A7 k(X 1, X) (ke(X) + 0°L) k(X @) — k(@a, X) (ke(X) + 0°L;) k(X )
// evaluating the vector product
= 5@, ) — F(@a, X)) AT R(X ), @) — (K0, X) — ke, X0) A7 (X, X)) (k(X) + 021,) " (X, @)
// rearranging
— J— 71 —
= ky(®a, @) — ki (@0, X) (ke(X) + 0°1) k(X )
/| applying the definition of ki
311 [

312 Lemma 20.

n j—1
>y 1=(n—t)("+;+1—to) (58)

j=t+1i=to+1
Proof.
n j—1 n
o> 1= (G-1-t) (59)
j=t+1i=to+1 j=t+1
n—t—1
- (j—1—to+t+1) (60)
j=0
n—t—1
=(t—t)n—t)+ > j (61)
j=0
=(t—to)(n—1t)+ (n—t 21)(n_t) (62)
=(n—1t) (n—;—l +t— to) (63)
— -0 (" ) (64
313 O
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314 Lemma 21 (Link between the Cholesky and Gaussian process regression). Denote with Cy the
315 Cholesky decomposition of K, so that C NCL = K. The n-th diagonal element of C y, squared, is
a6 equivalent to ky,_1(Tn, x,) + 0% (xy,):

[CN2n = kn—1 (T, ) + 02 (24) -

Proof. With abuse of notation, define C'y := /k(x1, 1) and
c CN_1 0
YRR, Vk@n.en) + 0% — k(Koo + 02T 1) k|

317 We will show that the lower triangular matrix Cy satisfies C NC]TV = Kpx + o2I. Since the
s18 Cholesky decomposition is unique (Golub & Van Loan, 2013, Theorem 4.2.7), C'y must be the
ate  Cholesky decomposition of K. Furthermore, by definition of Cn, [C'y]% x = k(zn,TN) + 0% —

s20 k(K14 0%I,_1) " ky. The statement then follows by induction.

To remain within the text margins, define
z:=kyCyN CN_kn + E(@y,xy) + 02 —ky(Kn 1+ 0%1, 1) ky.

s21 We want to show that CyC'y, = Ky + 021 y.

cvol = | £ 0
NEN T RN O k@, an) + 02 — kY (K ooy + 02, 1) hy
_ 0;71 C;Vl—lkN
o' \/k(mN,CBN)‘f'JZ_k;(Kn71+0'2In71)71kN

= [ CN—chq CN—ICTVllkN]
k;C;f—IIC—I\r/—l T

- |:KN1 +0%In_1 kN}

N k:; x

322 Also x can be simplified further.

x=kyCy  ON kN +k(zy,2N) + 0% — ky(K, 14021, 1)k

=knN(Kno1 + 020, 1) ky + k(zy,2n) + 0% —ky(Knoy + 021, 1) Cky
= k((BN, wN) + 2.

323 ]
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