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ABSTRACT

Polyak-t.ojasiewicz (PL) (Polyakl [1963)) condition is a weaker condition than the
strong convexity but suffices to ensure a global convergence for the Gradient De-
scent algorithm. In this paper, we study the lower bound of algorithms using
first-order oracles to find an approximate optimal solution. We show that any

first-order algorithm requires at least 2 (£ log l) gradient costs to find an e-
n €

approximate optimal solution for a general L-smooth function that has an p-PL
constant. This result demonstrates the optimality of the Gradient Descent algo-
rithm to minimize smooth PL functions in the sense that there exists a “hard” PL
function such that no first-order algorithm can be faster than Gradient Descent
when ignoring a numerical constant. In contrast, it is well-known that the mo-
mentum technique, e.g. (Nesterov, 2003, chap. 2) can provably accelerate Gradi-

ent Descent to O (\/% log é) gradient costs for functions that are L-smooth and

fi-strongly convex. Therefore, our result distinguishes the hardness of minimizing
a smooth PL function and a smooth strongly convex function as the complexity of
the former cannot be improved by any polynomial order in general.

1 INTRODUCTION

We consider the problem
. ’ 1
min £(x) (1)
where the function f is L-smooth and satisfies the Polyak-Lojasiewicz condition. A function f is
said to satisfy the Polyak-f.ojasiewicz condition if (2) holds for some x> 0:

9GOl = 20 (760~ f, f)) . xR @
yEeR

We refer to (2) as the p-PL condition and simply denote infycga f(y) by f*. The PL condition
may be originally introduced by Polyak (Polyak, |1963) and Lojasiewicz (Lojasiewicz, [1963) in-
dependently. The PL condition is strictly weaker than strong convexity as one can show that any
[1-strongly convex function which by definition satisfies:

1) > () + (V)= y)+ 5 =y

is also ji-PL by minimizing both sides with respect to x (Karimi et al., 2016). However, the PL
condition does not even imply convexity. From a geometric view, the PL condition suggests that the
sum of the squares of the gradient dominates the optimal function value gap, which implies that any
local stationary point is a global minimizer. Because it is relatively easy to obtain an approximate
local stationary point by first-order algorithms, the PL condition serves as an ideal and weaker
alternative to strong convexity.

In machine learning, the PL condition has received wide attention recently. Lots of models are
found to satisfy this condition under different regimes. Examples include, but are not limited to,
matrix decomposition and linear neural networks under a specific initialization (Hardt & Mal, 2016;
Li et al., 2018), nonlinear neural networks in the so-called neural tangent kernel regime (Liu et al.,
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2022), reinforcement learning with linear quadratic regulator (Fazel et al.l |2018). Compared with
strong convexity, the PL condition is much easier to hold since the reference point in the latter only
is a minimum point such that x* = argming f (y), instead of any y in the domain.

Turning to the theoretic side, it is known (Karimi et al.l |2016) that the standard Gradient Descent
algorithm admits a linear converge to minimize a L-smooth and p-PL function. To be specific,
in order to find an e-approximate optimal solution X such that f(x) — f* < e, Gradient Decent
needs O(% log %) gradient computations. However, it is still not clear whether there exist algo-
rithms that can achieve a provably faster convergence rate. In the optimization community, it is
perhaps well-known that the momentum technique, e.g. Nesterov| (2003| chap. 2), can provably ac-

celerate Gradient Descent from O(% log %) to O (\/% log %) for functions that are L-smooth and

[i-strongly convex. Even though some works (J Reddi et al., 2016 |Lei et al., 2017) have considered
accelerations under different settings, probably faster convergence of first-order algorithms for PL
functions is still not obtained up to now.

In this paper, we study the first-order complexities to minimize a generic smooth PL function and
ask the question:

“Is the Gradient Decent algorithm (nearly) optimal or can we design a much faster algorithm?”

We answer the question in the language of min-max lower bound complexity for minimizing the L-
smooth and p-PL function class. We analyze the worst complexity of minimizing any function that
belongs to the class using first-order algorithms. Excitingly, we construct a hard instance function

showing that any first-order algorithm requires at least {2 (% log %) gradient costs to find an e-

approximate optimal solution. This answers the aforementioned question in an explicit way: the
Gradient Descent algorithm is already optimal in the sense that no first-order algorithm can achieve
a provably faster convergence rate in general ignoring a numerical constant. For the first time, we
distinguish the hardness of minimizing a PL function and a strongly convex function in terms of first-
order complexities, as the momentum technique for smooth and strongly convex functions provably
accelerates Gradient Descent by a certain polynomial order.

It is worth mentioning that the optimization problem under our consideration is high-dimensional
and the goal is to obtain the complexity bounds that do not have an explicit dependency on the
dimension.

Our technique to establish the lower bound follows from the previous lower bounds in convex (Nes-
terov, |2003) and non-convex optimization (Carmon et al.l 2021). The main idea is to construct a
so-called “zero-chain” function ensuring that any first-order algorithm per-iteratively can only solve
one coordinate of the optimization variable. Then for a “zero-chain” function that has a sufficiently
high dimension, some number of entries will never reach their optimal values after the execution of

any first-order algorithm in certain iterations. To obtain the desired 2 (ﬁ log %) lower bound, we
propose a “zero-chain” function similar to/Carmon et al.|(2020), which is composed of the worst con-
vex function designed by Nesterov|(2003) and a separable function in the form as o ZiT:1 vr e (%)
or Zle vy, (x;) to destroy the convexity. Different from their separable function, the one that we
introduce has a large Lipshictz constant. This property helps us to estimate the PL constant in a
convenient way. This new idea gives new insights into the constructions and analyses of instance

functions, which might be potentially generalized to establish the lower bounds for other non-convex
problems.

NOTATION

We use bold letters, such as x, to denote vectors in the Euclidean space R4, and bold capital letters,
such as A, to denote matrices. I; denotes the identity matrix of size d x d. We omit the subscript
and simply denote I as the identity matrix when the dimension is clear from context. For x € R,
we use x; to denote its ith coordinate. We use supp(x) to denote the subscripts of non-zero entries
of x, i.e. supp(x) = {i : x; # 0}. We use span {x(!), .-, x("} (o denote the linear subspace
spanned by x(1), - -+ x("™ ie. {y:y =31 a;x¥,a; € R}. We call a function f L-smooth if
V f is L-Lipschitz continuous, i.e. |V f(x) — Vf(y)|| < L|x — y||. We denote f* = inf, f(x).
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We let x* be any minimizer of f, i.e., x* = argmin f. We always assume the existence of x*. We
say that x is an e-approximate optimal point of f when f(x) — f* <e.

2 RELATED WORK

Lower Bounds There has been a line of research concerning the lower bounds of algorithms on cer-
tain function classes. To the best of our knowledge, (Nemirovskij & Yudin, |1983) defines the oracle
model to measure the complexity of algorithms, and most existing research on lower bounds follow
this formulation of complexity. For convex functions and first-order oracles, the lower bound is

studied in Nesterov| (2003), where well-known optimal lower bound (¢~ 2 ) and ©(x log 1) are ob-

. . 2
tained. For convex functions and nth-order oracles, lower bounds {2 (5 3n+1> have been proposed

in|Arjevani et al. (2019b). When the function is non-convex, it is generally NP-hard to find its global
minima, or to test whether a point is a local minimum or a saddle point (Murty & Kabadi, |1985).
Instead of finding e-approximate optimal points, an alternative measure is finding e-stationary points
where ||V f(x)|| < e. Sometimes, additional constraints on the Hessian matrices of second-order
stationary points are needed. Results of this kind include (Carmon et al.| (2020; 2021); Fang et al.
(2018); Zhou & Gu| (2019); |Arjevani et al.| (2019a; 2020). Though a PL function may be non-
convex, it is tractable to find an e-approximate optimal point, as local minima of a PL function must
be global minima. In this paper, we give the lower complexity bound for finding e-approximate
optimal points.

PL Condition The PL condition was introduced by Polyak (Polyak, [1963) and f.ojasiewicz (Lo-
jasiewicz, |1963) independently. Besides the PL condition, there are other relaxations of the strong
convexity, including error bounds (Luo & Tsengl|1993), essential strong convexity (Liu et al.,|2014),
weak strong convexity (Necoara et al.,[2019), restricted secant inequality (Zhang & Yin, 2013), and
quadratic growth (Anitescul [2000). |[Karimi et al.| (2016)) discussed the relationships between these
conditions. All these relaxations implies the PL condition except for the quadratic growth, which
implies that the PL condition is quite general. There are many other papers that study designing prac-
tical algorithms to optimize a PL objective function under different scenarios, for example, Bassily
et al.| (2018)); Nouiehed et al.| (2019); [Hardt & Mal (2016); [Fazel et al.| (2018));J Reddi et al.| (2016));
Lei et al.| (2017).

3 PRELIMINARIES

3.1 UPPER BOUND ON PL FUNCTIONS

Although the PL condition is a weaker condition than strong convexity, it guarantees linear conver-
gence for Gradient Descent. The result can be found in [Polyak| (1963)) and [Karimi et al.|(2016). We
present it here for completeness.

Theorem 1. If f is L-smooth and satisfies j1-PL condition, then the Gradient Descent algorithm

s . 1.
with a constant step-size -

x () = x () — %Vf(x““)), 3)
has a linear convergence rate. We have:
k
Jx®) =g < (1= 2) () - ). @

Theorem [1| shows that the Gradient Descent algorithm finds the e-approximate optimal point of f
. L 1 . . . . .
in O (ﬁ log E) gradient computations. This gives an upper complexity bound for first-order algo-

rithms. However, it remains open to us whether there are faster algorithms for smooth PL functions.
We will establish a lower complexity bound on first-order algorithms, which nearly matches the
upper bound.
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3.2 DEFINITIONS OF ALGORITHM CLASSES AND FUNCTION CLASSES

An algorithm is a mapping from real-valued functions to sequences. For algorithm A and f : R% —
R, we define A[f] = {x(¥},cn to be the sequence of algorithm A acting on f, where x() € R?,

Note here, the algorithm under our consideration works on function defined on any Euclidean space.
We call it the dimension-free property of the algorithm.

The definition of algorithms abstracts away from the the optimization process of a function. We
consider algorithms which only make use of the first-order information of the iteration sequence.
We call them first-order algorithms. If an algorithm is a first-order algorithm, then

x( = A() (x<0>,v Fx®), ... x(-D ¢ f(xu—l))) ’ 5)

where A() is a function depending on A. Perhaps the simplest example of first-order algorithms is
Gradient Descent.

We are interested in finding an e-approximate point of a function f. Given a function f : R — R
and an algorithm A, the complexity of A on f is the number of queries to the first-order oracle
needed to find an e-approximate point. We denote T, (A, f) to be the gradient complexity of A on f,
then

T.(A, f) = min {t f(xW) - fr < e} : ©)

In practice, we do not have the full information of the function f. We only know that f is in a
particular function class F, such as L-smooth functions. Given an algorithm A. We denote T. (A, F)
to be the complexity of A on F, and define T_(A, F) as follows:

To(A, F) = sup T.(A, f). (7
fer

Thus, T (A, F) is the worst-case complexity of functions f € F.

For searching an e-approximate optimal point of a function in F, we need to find an algorithm which
have a low complexity on F. Denote an algorithm class by .A. The lower bound of an algorithm
class on F describes the efficiency of algorithm class A on function class F, which is defined to be

Te(A, F) = jnf To(A,F) = ;gi;ggTE(Ayﬂ ®)

3.3 ZERO-RESPECTING ALGORITHM

Among all the algorithms, a special algorithm class is called zero-respecting algorithms. If A is
a zero-respecting algorithm and A[f] = {x(V} __. then the following condition holds for all f :

R? — R:
n—1
supp{x™ —x(0} ¢ U supp{V f(x)}. )
i=1
That is to say, x(™) — x(%) lies in the linear subspace spanned by V f(x(?)),--- , Vf(x(*=1). We
denote the collection of first-order zero-respecting algorithms with x(%) = 0 by A,,. It is shown by
Nemirovskij & Yudin/(1983) that a lower complexity bound on first-order zero-respecting algorithms

are also a lower complexity bound on all the first-order algorithm when the function class satisfies
the orthogonal invariance property.

3.4 ZERO-CHAIN
A zero-chain f is a function that safisfies the following condition:
supp(X) c {1327 7k} - Supp(vf(x)) - {172a 7k+1}7 VX. (10)

In other words, the support of V f(x) lies in a restricted linear subspace depending on the support
of x.
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Figure 1: Illustration of vr ., v/ , and by ..

The “worst function in the (convex) world” in[Nesterov| (2003) defined as

1 k—1
fel0) = 500 =17+ (ki1 = x)? (1n
i=1

is a zero-chain, because if x; = 0 for i > n, then (V fx(x));; = 0 fori > n. A zero-chain is dif-
ficult to optimize for zero-respecting algorithms, because zero-respecting algorithms only discover
one coordinate by one gradient computation.

4 MAIN RESULTS

According to Theorem we already have an upper complexity bound O (% log %) by applying

Gradient Descent to all the PL functions. In this section, we establish the lower complexity bound
of first-order algorithms on PL functions. Let P(A, u, L) be the collection of all L-smooth and
p-PL functions f with f(x(9) — f* < A. We establish a lower bound of 7; (A, P(A, i, L))
by constructing a function which is hard to optimize for zero-respecting algorithms, and extend the
result to first-order algorithms. We first propose a relatively simple hard instance which leads to a
Q (nl’“) lower bound in Section where @ can be any real number that belongs to (0, 1). This
helps in understanding our intuitions. Then we present a more complicated hard instance that can
achieve the desired 2 ( log 1) lower bound in Section

4.1 Q(k'~*) LOWER BOUND

We introduce a hard function fr ., : R” — R for first-order algorithms:

T
Freo(x) = q(x) +0 Y vre(xi), (12)
i=1
where
1, I, 2 "
q(x) = pXi + 3 ; (Xit1 — %) (13)

is a quadratic function, and we define v . as follows:

%x2, r<1-— éT‘C,
ore(a) = %xz - 116TC_(C$ ~1 +‘T‘C)2 TR L1 < =<1, (14
?xQ—?Tic—&-MT“(x—l—T 9, 1<x§11+§—%T °,
527 — 5517, x>1+ 5T
where 7' is a positive integer, and ¢, o are positive real numbers.
The function ¢ can be rewritten as
q(x) = %XTA)Q (15)
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where

A= (16)

is a positive-definite symmetric matrix.

From the definition of v7 . in @]) we obtain the derivative of vy ., which is:

x, xSl—éT‘c,
c 1 p—c 1 p—c
o (2) = x — 32T (x71+3—2T ), — 5l <z <1, a7
e x+32T¢ (x—1— 5T7°), 1<az<1+ 5T
x, x>1+$T‘c.

As we can see in (I7), v/ . is a piecewise linear function. To further simplify notations, we define
br.c(z) in (I8):

_ Cly _ 1 pg—c < < i —c
b o) = 1-327T¢z -1, 1 32.T <z <1+ 57T7°¢ (18)
’ 0, otherwise.

Then v’T7 () =2 —br (). Figureprovides geometric view of vy . and by .

The quadratic part g is a translation of “the worst function in the (convex) world” in Nesterov|(2003),
and the definition of v is inspired by the hard instance in|Carmon et al.|(2021)). Our hard instance
differs from previous ones mainly in the large Lipschitz constant of its gradient. We note that the
controlled degree of nonsmoothness is crucial for our estimate of PL constant. In Lemma [l we list
some important properties of fr ., which we prove in Section

Lemmal. Ifoc < 1and T° > %a‘l, then fr ., satisfies the following.
1. 97.c.0(X) = fr.co(1 —X) is a zero-chain.
2.x" =0, f7.,=0 freo(r) < 3xT (A +ol)x
3. [reois (44 o+ 320T°)-smooth.

4. fr..o satisfies the W-PL condition, where C is a universal constant.

Now we study the lower bound of zero-respecting algorithms first. Let f denote the following
function:

= LT-1D? 1
_ s P _ 12—t )
o) = Z5 e freo (1= T*D7'x) . 19)
where D is the distance between 0 and x*, and 7', o are parameters to be specified later. A change
in D affects f(0) — f(x*) and ||x* — 0|, but does not affect the condition number of f.

In Lemma we show that f is difficult to optimize for all first-order zero-respecting algorithms.

Lemma 2. Ifo < 1and T¢ > %0‘1, a first-order zero-respecting algorithm with x(©) = 0 needs
at least % gradient computations to find a point x satisfying f(x) — f* < 1—16(f(x(0)) — ).

We give the full proof of Lemma[2]in Appendix ?? . The key point is that each gradient access of

(k) :
remains

a zero-respecting algorithm only reveals one coordinate of a zero-chain. For ¢ > %, X,
unchanged when £ < T which gives a lower bound of the function value after the first % gradient

computations.

With Lemma [T and Lemma [2]in hand, we are ready to give our lower complexity bound for zero-
respecting first-order algorithms.
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Theorem 2. Given L > 1 > 0 and ¢ < 0.01. When k = % > Cq where Cy is a universal constant,

we let
100 \ M/+60) 04 N 1/(1+50)
and
100
o= amT*“%C). 1)

Then, f is L-smooth and ji-PL. Moreover, any first-order zero-respecting algorithm with x(?) =
0 needs at least §2 (nl/ (1+60)) gradient computations to find a point x satisfying f(x) — f* <
16 (F(x©) = f*).

The proof of Theorem is provided in Section For a satisfying 5% < 0.01, let ¢ = 5%,
then by Theorem any zero-respecting algorithm needs at least (k! ~®) gradient computations to
find an e-approximate optimal point of the function f.

Using the technique of Nemirovskij & Yudin| (1983), for specific function classes such as PL func-
tions, a lower complexity bound on first-order zero-respecting algorithms is also a lower complexity
bound on all the first-order algorithms. Denoting the set of all first-order algorithms by A™), we
have the following lemma:

Lemma 3.

Te (AD P& 1, 1) 2 T (Aur, P(A 1, 1) @)

Note that given L and p, the value f (0) can be controlled by choosing an appropriate D. Lemma
and [3|leads to the main result of the paper:

Theorem 3. Forany 0 < a < 1, when e < %A,

T (A9, P(A, 1, L)) = Q617 23)

Discussion about parameter setting In the definition of f , f has hyper-parameters T, o, c¢. From
our construction, to achieve a lower bound of Q(/{lf’l) when a tends to zero, ¢ also tends to zero.
Parameters T and o are chosen according to (20) and (ZT). When c tends to zero, ' = O(k) and o
tends to 1.

4.2 Q(rlogl) LOWER BOUND

We show that the Q(x) lower bound can be further improved to  ( log 1) with a new hard instance
based on fr ., and a similar technique to estimate the PL constant. Detailed proof of Lemmas and
Theorems in this subsection is provided in Appendix [C].

We first introduce several components of the new hard instance. We define

1,.2 31
§(E 5 ) x < §y7
1,2 31 31
(2) = $a? =16 (v — 35y)", 5y <z <y, 24)
T = l:102—7’—2—1—16(33—5)2 <r< 3
2 33 2Y) Y < 53,
1,.2 33
17— %5, T > 535y,
where y > 0 is a constant. By the definition of v,, we have
€, T S %y7
-32(z— 2 Sy<az<
v;(x) — z (.T 32y) v RYSTZY, (25)

r+32(z—By), y<z<By,
x, m>%y.
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For the non-convex part, we define

b (1) = 32 32 26
u(@) { 0, otherwise. (26)

Then we have vy (z) = x — by (z).

For the convex part, we define g ;(x) as follows (for the convenience of notation, we define xg =
0):

= 2 T-1
qr(x) = 3 Z <8XiT - XiT+1) + Z (XiT4j41 — XiT+j)2 ; 27
=0 i=1

where x € RT. gt 1s a quadratic function of x, thus can be written as
1
gr(x) = ixTBx, (28)

where B is a positive semi-definite symmetric matrix. Like A, B also satisfies 0 < B < 41, because
the sum of absolute value of non-zero entries of each row of B is smaller or equal to 4.

Lety € R”* be a vector satisfying yor+s = (%)%, where g € N, b € {1,2,---,T}. We define the
hard instance gr ¢ : RT? — R as follows:

Tt
97.4(%) = qra(x) + Y _ vy, (x:). (29)
=1

Now we list some properties of g7 ; in Lemma@
Lemma 4. fr ., satisfies the following.

1. gr(y — x) is a zero-chain.

2. x*=0,97, =0, gr:(x) < xT(B+I)x.
3. g7, is 37-smooth.
4.

gr,¢ satisfies the ﬁ-PL condition, where Cs is a universal constant.

Define g to be the following function, which is hard for first-order algorithms:
LT 'D?

g(x) TR (y — Tl/QD_lX) , (30)

Similar to Lemma[2] we show that § is hard for first-order zero-respecting algorithms:

Lemma 5. Assume that ¢ < 0.01 and lett = 2 Llog s ;J A first-order zero-respecting algorithm
7 2¢

with x(©) = 0 needs at least %Tt gradient computations to find a point X satisfying g(x) — g* <

e(g(x) = g7).

With Lemma 4] and [5] we obtain a lower bound for zero-respeting algorithms:
Theorem 4. Given L > p > 0. When k = % > Cy where Cy is a universal constant, there exists

T and t such that g is L-smooth and u-PL. Moreover, any first-order zero-respecting algorithm with
x(0) = 0 needs at least (/-e log %) gradient computations to find a point x satisfying §(x) — g* <

e(§(x0) = g).

Finally, we arrive at a lower bound for first-order algorithms using Lemma [3}
Theorem 5. Forany 0 < a < 1, when e < %A,

T (AD,P(A, 1, 1)) = Q (mog i) (31)

This bound matches the convergence rate of Gradient Descent up to a constant.
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Figure 2: Convergence rate under Gradient Descent, Nesterov’s Accelerated Gradient Descent and
Polyak’s Heavy-ball Method

5 NUMERICAL EXPERIMENTS

We conduct numerical experiments on our hard instance. We consider the « relatively large, which
can reduce the factors from the numerical constants. We x = 4.8384 x 108, ¢ = 0.001 in Figure
and kK = 4.8384 x 109, ¢ = 0.001 in Figure then compute corresponding 71" and o according
to (20) and (ZI). We use Gradient Descent, Nesterov’s Accelerated Gradient Descent (AGD) and
Polyak’s Heavy-ball Method to optimize the hard instance. As AGD and the Heavy-ball Method
are designed for convex functions, we need to choose appropriate parameter /i in both algorithms,
because our hard instance is non-convex. The first choice is @, which is the PL constant of our hard
instance. The second choice is o, because when x; is far from 1, our hard instance can be treated as
a o-strongly convex quadratic function.

From Figure 2lwe observe that the convergence can be roughly divided into two phases. In phase
one, the optimization methods tries to pull every coordinate of X away from 1, and the function
value does not decrease much. In phase two they converge linearly. This may be due to the fact that
when each X; is far from 1, our hard instance is exactly a strongly convex quadratic function. The
observation is consistent with our theoretical results.

6 CONCLUSION

We construct a lower complexity bound on optimizing smooth PL functions with first-order methods.
A first-order algorithm needs at least €2 (ﬁ log é) gradient access to find an e-approximate optimal
point of an L-smooth p-PL function. Our lower bound matches the convergence rate of Gradient
Descent up to constants.

We only focus on deterministic algorithms in this paper. We conjecture that our results can be
extended to randomized algorithms, using the same technique in [Nemirovskij & Yudin| (1983) and
explicit construction in|[Woodworth & Srebro| (2016) and Woodworth & Srebro| (2017). We leave its
formal derivation to the future work.
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A PROOF OF THEOREM [I]

Theorem 1. If f is L-smooth and satisfies j1-PL condition, then the Gradient Descent algorithm
with a constant step-size %

xFHD = x () — %Vf(X"“)L (32)
has a linear convergence rate. We have:
k
FeP) =< (1=5) () = 1), (33)
Proof. The proof is taken from Karimi et al.|(2016). By the L-smoothness of f,
Pt < fx®)) 4 <Vf(x(k)),x(k’+1) _ X<k>> n % Hx<k+1) _ x<k>H2. (34)
Applying (3) and @) in (34), we have
. 1 2 I *
FED) = (x ) < = = ||V re®)|T < =2 (5 ®) - 1) (35)
Rearranging terms in (33)), we have
) =< (1= ) (£ = ) (36)
Applying (36) recursively gives the result. O

B OMITTED PROOF IN SECTION [4.1]

B.1 PROOF OF LEMMA[2
27?

Lemma 2. Ifo < 1and T¢ > %0_1, a first-order zero-respecting algorithm with x(©) = 0 needs
at least % gradient computations to find a point X satisfying f(x) —fr< 1—16 (f(x(o)) — f*)

Proof. By induction, we show that supp(x®)) C {1,2,--- , k}.

« When k = 0, supp(x(¥)) = 0.

11
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o If supp(x(’“)) C {1,2,---,k} holds for k < n, by the property of zero-chain, we have

supp (Vf(x(k))) {1, k+1}. 37)

By the definition of zero-respecting algorithms,

supp(x(™V)) U supp (Vf(x(k))) c{1,2---,n+1}. (38)
k=1

Specifically, we have supp(x(®)) € {1,---,T/2} when k < T/2. Therefore,

. LT-'D? L
(k) .
TP 2 =g > vre(l)
i=T/2+1 (39)
LD?
> .
— 3367°¢
According to the definition of f in (T9), f * =0, and
~ LT 1D?
f(0) = ———freco(1)
420T" (40)
LT™'D? /1 1 LD?
<———F+r—|z+:T0) < .
4207 2 2 427
Therefore, for k < Z, F(x®)) — f* > Tlﬁ(f(x(o)) — ).
O
B.2 PROOF OF LEMMA[3]
Lemma 3.
T (A9, P(A, 1, 1)) > To (A, P(A, 1, 1) o

Proof. The function class P(A, i, L) enjoys an orthogonally invariance property, that is, if f €
P(A, p, L), for any matrix U such that UTU = I, f(Ux) € P(A, u, L) if the dimensions are
compatible. This is a special case of Claim 1 in [Bassily et al| (2018). Lemma [3|then follows from
Proposition 1 in|/Carmon et al.|(2020).

B.3 PRrROOF OF LEMMA[I

Before we prove Lemma([I] we present three auxiliary lemmas below.
Lemma 6. Ifx; = max|x;| :=mandm > 1+ B—IQT*C, then
1

IV Fre.o (N = [(Vireo()| = 5T 220 (A + oT)x]. (42)

Lemma7. Ifo <1,T°> 30~ 1 — 35T ° <max|x;| <1+ 35T¢ and

1
IV freo®)ll < 55T 20ll(A + oT)x]), (43)
then there exists a consecutive sequence of integers k. k + 1,--- I (k = lis allowed), such that
1
>1-— —7° 44
XlJrl sl 32 ) ( )
and o
Xip1 > (1 + 5) X; (45)
fori=Fk, -l

12
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Lemma8. Ifo <1, T > o7V x> 1— T and x;41 > (1 + §)xq, then

g

19 1o Gl 2 (T reo(a)y 2 2. (46)

The proof of Lemma @ and Lemma |8 is provided in Appendix For x € RT, we may use
one of the lemmas above to compute the PL constant at x, and give a universal lower bound of PL
constant which leads to Lemma [T} Now we present the proof of Lemma I}

Lemmal. Ifo <1andT° > %a‘l, then fr . . satisfies the following.
1. g7.¢0(X) = frco(l —x) is a zero-chain.
2.x* =0, f7., =0 freo(z) < 3xT(A+oDx
3. freois (44 o+ 320T°)-smooth.

4. fr.,o satisfies the W—PL condition, where C1 is a universal constant.

Proof. In the proof of Lemma|[I] we define

bT,c(Xl)
br.(x) = : . (47)
br.c(xT)
1. We have
Vfreo(x) = Ax 4+ ox — obp . (%). (48)
When x; = -+ = xp =0, bre(x;) = 1forj > i. Whenk > i+ 1, (Vgrco(x))r =

(A(1 —x))x = 0. Therefore, supp (Vgr,c»(x)) € {1,2,--- ,i + 1}, which implies that
97T,¢,o 18 a zero-chain.

2. ¢(x) attains its minimum at x = 0, and vy () attains its minimum at = = 0. Therefore,
fres(x) = ¢(x) + 0 3.1, vre(x;) attains its minimum at x = 0, and freo = 0.
From the definition of vr . in (T4), we have vy .(x) < %xz, which implies fr o (x) <
3xT(A + oD)x.

3. Let .
v(x) = Z v e(Xs). (49)
i=1

For x1,X2 € RT,

[Vo(x1) = Vo(xg)|| = [lx1 — bre(x1) — X2 + br(x2)|
<lx1 = x2|| + ||brc(x1) — brc(x2)|] (50)
< (14 327°)||x1 — x2|.

The last inequality of (50) is due to the definition of by ., which implies that by . is 327°-
Lipschitz. Consequently, fr ¢ is (4 + 0 + 320T¢)-smooth because A < 41I.

4. We define C; = 460800. Let i be the PL constant of fr . ..

n= inf ||va7c,0(X)H2
x€RT 2(fT,c,U(x) - fl*“,c,o)
2
g Vol s

x€RT 2fT,c’g(X)
A+ oDx— obr ()
T XERT xT(A +oI)x ’

\%

13
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where the last inequality follows from property We estimate p by dividing R”, the
domain of fr ., into three parts. Define

A +oD)x — by (%) |2

_ IfS
= 52
Alx) xT(A +oI)x (52)
(a) If max;—q,... 741 |%:i| <1— S%T’C, then br .(x) = 0. Therefore,
_ [(A +oT)x]|?
= > 53
,u(x) XT(A + O'I)X = 0, ( )
which follows by (A +I)2 = A% + 20A + 0?1 = o(A + I).
(b) If max;—g ... 741 |%;| > 1+ %T’C, according to Lemma@ we have
~ _ ||VfT,c,U(X)H2
filx) = xT(A 4+ oI)x
T—(1+2c)0.2||<A + UI)XH2 (54)
—  57600xT(A + oD)x
3

o
>
~ 5760071 +2¢”

where the last inequality is due to (A +1)2 = A% + 20A + %I = o(A +1).
(C) If1-— éT_C < max;—=o,..- ,T+1 |)~(1| < 1+ éT_C, and ||va’C’0'(X)H >
ﬁT*(HQC)/QJH(A + oI)x||, we get the same lower bound of [ as in the case (b).

If there does not exist 4 such that x; > 1 — 3—12T_C, then by .(x) = 0, and we obtain
the same lower bound in case (a). Otherwise, the the assumptions of Lemmaholds.
The assumptions together with the result of Lemma [/]is exactly the assumptions of
Lemma(8} so according to Lemma8] ||V fr . (x)|| > 5. Therefore,

Z 16

~ _ vaT,c,U(X)”2
filx) = xT(A +ol)x

(a) g2 1

= 256 o)

®) o2 4

S 2=

— 256 157

2
= 9607

where (a) uses (A + oI) < 51, and (b) uses T~ ¢ < 1. Now we establish a lower bound of

f(x) with (53), (34) and (53). We have

3 2
fi(x) > min {a 7 g } . (56)

" 576007127 960T

c 1 .-1 1
Because T > 5077, j50s007775<

PL-constant of fr .

is a uniform lower bound of fi(x), which serves as the

O
B.4 PROOF OF LEMMA [6] [7] AND [§]
In this section, we first introduce some notations to simplify the proofs. Let
0
x=|x | eRT*? (57)
X7
A=[-eV A+Er;s —eM]eRMTH2) (58)

14
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and
I=[0 Ir 0] eRT*T+2) (59)

where e(?) is the ith column of I, and Errisan T x T whose (T, T) entry is 1 and other entries

are 0. We have Ax = Ai, and x = Ix. We use Xo,- -+ , X741 to denote the coordinates of X, i.e.
X0=0,%x; =x;fori =1,--- T, Xpy1 = x7. With these newly defined notations, we can check
that

(VfTeo(X)), = —Xp—1 + 2%}, — Xpq1 + 0Xp — 0br o (X) (60)
fork=1,2,---,T.

Before we present formal proofs below, we point out that 0 < A =< 4I. This fact will be used
frequently to estimate norms and Lipschitz constants.

Lemma 6. Ifx), = max; x; ;== mandm > 1+ 5T, then

1 .
IV 70 (O = [(V freo(0)| 2 55T 220 (A + oDx]. (61)
Proof. We have
(VfTeo(x)), = —Xp—1 + 2% — Xpy1 + 0Xp, — 0br o(Xp). (62)

For k such that |xj,| = max |x;|, we have |Xj| > |Xk—1| and |Xy| > |Xir1], 0 —Xp—1 + 2% —Xp41
has the same sign with X;. From the definition of by ., we have |br (x)| < |z| for all z € R, so
oXy, — obro(Xy) also has the same sign with X;. Therefore, —Xj_1 + 2X), — Xp41 and oXj, —
obr,c(Xx) have the same sign. Therefore,

IV F 100 )| 2 [(V Fre0 ()| 2 1%k — broc(Re)]
> o (|%x] — |bre(Xn)))
(a)

> o(m—1)

ROER

> ﬁrmzc)/za Tz
1 - C

> @T (142 )/20'||X||

© 1 i
> i ol (A+ D]

O

where (a) is due to br.(x) < 1, (b) is due to ™1 > % > 22T7¢, and (c) is due to
(A +oI) <51

Lemma7. Ifc <1,T°> Jo=', 1 — 5T7¢ <max|x;| <1+ 5;7° and
1
I9 100Gl < 50 T-0F 20 (A + T, (64)
then there exists a consecutive sequence of integers k. k + 1,--- |l (k = lis allowed), such that
1
>1——=T"° 65
Xi41 = 3l (65)
and
Xit1 = (1 + %) X; (66)
fori=Fk, -l
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~ vT+1 . . . —
Proof. {X;}, JB is a sequence starting from 0, and has a maximum value between 1 — éT ¢ and

1+ 5T Let [ be the first index such that X1 > 1 — 5577 If X, < 0.5, letting k = [,
(]3_3]) and (]6_3[) holds. Otherwise, there exists a consecutive sequence of integers k,k + 1,--- [,
such that X1 < 0.5, 05 < X, < 1 — T “fori = k,---,l,and X;41 > 1 — 55T For
i=k—1,k,---,l,wehave b .(%;) = 0, so

|—)~(¢,1 + (2 + U))~(i — )~C¢+1‘ = |—}~(i,1 + (2 + O’))NCZ — }~(i+1 — O’bT’c(Xi)|
= ’(va,c,o(X))i|
<NVfreo®)|l
(a) 1
Y1 202
& L0/ (A 1 oT)x| )
(b) g2
< 2
— 4
(¢) o
47

where (a) is due to (64), (b) is due to [|(A + oI)x|| < 5T and ||x|| < $/T, and (c) is due to o < 1.

‘We use induction on .

1. Wheni =&,

5 (a) . 5 1

X1 2 (2+0)Xg — X1 — 1°
(b) 1
> (1 + O’)f(k — §O‘)~Ck (68)
= (1 + %) ik)

where (a) is due to (€7), and (b) is due to Xj_1 < § < Xp.

2. If (66) holds for i = n, then for i = n + 1,

where (a) is due to (67)), and (b) is due to X, > (1 + )X, and X, >

(@) 1
>~(’n+1 > (2 + U)in - in—l - ZU
S 3 R
SRR el (©9)

1

N[ =

Lemma 8. Ifo < 1, T°¢ > %O'_l, X4 2> 1 — S%T_c, max; [X;| < 1+ 3—12T_C and X411 >

(1 + %) X, then

110

IV 7o () = (VT (®)gn 2 155

(70)
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Proof.
IV fr.eo®) = (ViTeo(Xx))it1

@ R+ (24 0)Kits — Kiso — obre(Rig)

®) B 5 1
> =X+ 2X141 —Xl+2+0(1— —T c) —0

32

(© 1 1 1
>(2- —— Jx— (14 -T¢) - —oT ¢
—( 1+a/2)xl+1 (+32 ) 327
(@ o 1 1 (71)
> (1 f)~ - ST~ T
> ( ty)xn 32 327
(e) o 1 1 1
> (1 7) 1 —T¢) 1= —T~¢— —oT¢
> (1+7 ( 32 ) 32 327

1 1o 50
~ 17 16 1280 7
® 1
= @07

where (a) is due to the definition of fr .., (b) is due to X;11 > 1 — %T‘C and by .(x) <1, (c)is
duetoX;yy > (14 g)xand X0 < 1+ éT*C, (d)isdueto (1+Z)(1 - ) >1for0 <o <1,
(e)isdueto ;41 > 1— 557 ¢ and (f)isdueto T7¢ <20 and T—¢ < 1. O

B.5 PROOF OF THEOREM [2]

Theorem 2. Given L > p > 0 and ¢ < 0.01. When k = % > Oy where Cs is a universal constant,

we let
1/(1+6c) 1/(145¢)
100 200
T — — NZ 72
e(((bﬁ) ’(C&H> ) ; (72)

1
o= %OHT*“%CX (73)

and

Then f is L-smooth and i-PL. Moreover, any first-order zero-respecting algorithm with x(?) =
0 needs at least (2 (/11/(1+66)) gradient computations to find a point x satisfying f(x) — f* <

H(F©) = f*).
Proof. Define Cy = 4200C, where C; is the constant defined in Lemmal[I] Because x > C5 and
¢ < 0.01, we have

@H 1/(145¢) B @H 1/(1+6¢)

Cz 02

> 20019 — 100
> 50,

so there exists T satisfying (20).

(74)

It can be verified that 7" and o in (20) and (Z1) satisfy the assumptions in Lemmal[I] whichis o < 1
and T¢ > %o’_l. Therefore, we can use Lemma to calculate the smoothness constant and PL

constant of f.
According to Lemma freois (4 + 0 + 3207°)-smooth. As ¢ < 1 and 6T° > % ITe,o 18
420 T“-smooth. The smoothness constant of f is:

LT~ 'D?

-TD™2.420T° =L 75
420T¢ 7 ’ 7
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and the PL constant of f is:
LT~ 'D?
4207

L 1 100L
rD==- O, T1+5¢ = CyT1+6cq
« 100L  C,T'+6e
CyTTH6¢ 100k
L

K
=,

where = uses 1))

(76)

Finally, by Lemrna any first-order zero-respecting algorithm needs at least % access to gradient

to find x such that f(z) — f* < = (f(x(o)) - f*) By (20),

1/(1+6¢)
T 1/(100x _0 (Hl/(l+60))
2 =2\ 0y ’

which completes the proof.

C OMITTED PROOF IN SECTION [4.2]

C.1 PRrROOF OF LEMMA[3

(77)

Lemma 5. Assume that ¢ < 0.01 and lett = 2 Llog 8 %J A first-order zero-respecting algorithm

with x(9) = 0 needs at least %Tt gradient computations to find a point x satisfying g(x) — g* <

e(g(x) = g").

Proof. By induction, we have supp(x(¥)) € {1,--- , k}. By the definition of § and v,, we have

i(0) = 5+ ti“(g)i ((Z))

For k < $Tt,

Therefore, for k < 1T, §(x) — §* < (g(x?) — §*).

18
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C.2 PROOF OF LEMMA[4]

Lemma 4. fr ., satisfies the following.
1. gr+(y — x) is a zero-chain.
2.x*=0,95,=0,gr:(x) < 5x"(B+I)x.
3. g7, is 37-smooth.

4. g7 satisfies the ﬁ—PL condition, where C3 is a universal constant.

Proof. In the proof of Lemma] we define

by, (x1)
b(x) = . (80)
bYTt (XTt)
1. We have
Vgri(y —x) = =(B(y —x) + (y —x) = b(y —x)). (81)
Whenx; =---=x7; =0, byj (Yj —Xj) =Yy; forj >i. Whenk > i+1, (ng,t(X))k =

(B(y — x))r = 0. Therefore, supp (Vgr(y —x)) € {1,2,---,i + 1}, which implies
that g7+ (y — x) is a zero-chain with respect to x.

2. gr(x) attains its minimum at x = 0, and v, () attains its minimum at 2 = 0. Therefore,
gr.4(x) = qre(x) + ZtT:tl Uy, (X;) attains its minimum at x = 0, and g}, = 0. From the
definition of v . in (24), we have v, (z) < 1z2, which implies g7, (x) < 3x7(B + I)x.

3. Let
Tt
v(x) = Zvyi (xi)- (82)
i=1

For x1,x, € R,

[Vo(x1) = Vo(x2)[| = [[x1 = bre(x1) = %2 + bre(x2)]
< a1 = %ol + [[bre(x1) = bre(x2)] (83)
S 33HX1 - X2||.

The last inequality of (30) is due to the definition of by ., which implies that by . is 32-
Lipschitz. Consequently, fr . , is 37-smooth because B < 41.

4. Similar to the proof in we first introduce some notations to simplify the proofs. For

x € RT? let
0
x=| x | e RTHH2, (84)
XTt

B= [_e(l) B +ETt,Tt _e(Tt)} c RTtx(Tt—&-Q)’ (85)

and ~
I=[0 Iy O0]eRT*TH2) (86)
where e® is the ith column of I, and Eq ¢ is an Tt x Tt whose (T't, T't) entry is 1 and
other entries are 0. We have Bx = Bx, and x = Ix. We use Xg, - - - , X7¢+1 to denote the
coordinates of x, i.e. Xg = 0, X; = x; fori = 1,--- , T, and X7y+1 = X7¢. Similarly,

wedefineybyyo =1,y; =y;fori =1,--- Tt and yr¢+1 = yr:. With these newly
defined notations, we can check that

(Vgri(x)), = (BX)j, + Xp — by, (X&) 87
fork=1,2,---,Tt.
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We define C3 = 1907220 1 et 1 be the PL constant of gr ;.

1083
e TGOl
xer?t 2(gr.4(2) — 97 ;)
2
(el
xcRTt 29T,t(x) (88)
@ B+ Dx by ()]
T xeRT? xT(B +I)x
(®) — 2
0 1B Dx b
xERT 5|

where (a) follows from property [2] of Lemma[d] and (b) follows from B + I < 5I. Define

_ IVgr )12 _ [(B+Dx —bro(x)]*

fi(x) =
51|12 51|12

(89)

We only need to give a lower bound on ji. We estimate the proportion W by

computing each ‘ (B0 by, G | g ’ (B+D2)s by, (o)

is small, we will upper bound

Xk Xk
X2 by one of the nearby terms.
We define a function Dominate : {1,--- ,Tt} — {True, False} as follows:

True, If ‘%}W > 0.19 or X, = 0,

Dominate(k) = { (90)

False, otherwise.

Define z;, = %, we present four auxiliary lemmas below. We prove them in Section

Lemma 9. For k = 1.--- Tt, if z, ¢ [3},33] and -Dominate(k), then 22 > 5 or
Zkt1 4

Zr Z 3
Lemma 10. [fz;_1 < 2, 2, € [3%, 23], 241 < 33, then Dominate(k) = True.
Lemma 11. Ifz, o < 3}, 3 <2,y < 3}, 2, € [3}, 3], then Dominate(k — 1) = True.
Lemma 12. Ifz,, € [3}, 23], -Dominate(n) and z,,—1,2n+1 < 33, there exist k such that

k < n, Dominate(k) and z;, > 2.

Note that if we alter the “’+” and “—" sign in Lemma [[0]or[T1] the conclusion still holds.

Now we define an operator Next on indices on which Dominate operator is false. Intu-

itively, Next finds the direction in which z grows exponentially.

By Lemmalgl, if zj, ¢ (35, 3] and —Dominate(k), define Next(k) € {k — 1,k + 1} to be
ZiNext

one of the coordinate satisfying T(k) > %.

Next, we define how the Next operator acts on the index n satisfying the condition below,
which can be intuitively thought as an index in a chain of exponential growth. Without

the loss of generality (if we alter the “+” and “—”, the following conclusion still holds), if
Zpi1 > 35, we define Next(n) = n + 1. Therefore, if Next(n — 1) = n, z,, € [31, 23]

and —Dominate(n), then by Lemmawe have z,1 > 23. Therefore, if n = Next(m),
then Next(n) is defined. We can apply the Next operator recursively, and will finally reach
aindex n such that Dominate(n) = True. This process will terminate because z, = 0 and

ZTi+1 = Z7¢, ensuring that if the recursive Next operation reaches 0 or 7'¢, it terminates.
For other n such that ~Dominate(n) and z,, € [3}, 23] (2,,_1,2p41 < 33), the operator

Next is undefined, and we will use Lemma[12]to tackle it
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Algorithm 1 Algorithm to find UBIndex(n)

Require: —Dominate(n)
1: if Next(n) is defined then

2: m<n

3: while —=Dominate(m) do

4 m < Next(m) > This process is well-defined and will terminate.

5: end while

6: UBIndex(n) <— m

7: else if Next(n) is not defined then

8: UBIndex(n) < argmax;,,, {Z; : Dominate(k)}. > UBIndex(n) exists and
ZUBIndex(n) > % (Lemma~

9: end if

For n such that =Dominate(n), we define an operator UBIndex, and use a proportion of
|97t (X)||UBIndex(n) to upper bound x,,. The process of finding UBIndex is provided in
Algorithm 1]

Define Dist(n) = |n — UBIndex(n)|, and define UB(k) to be a proportion of
|97t (X)||UBIndex(k)2 as follows:

11 (Var.(x))nl?,
Dominate(n),

; Dist(n
UB(n) — i (%) K= |(VQT,t(X))UBIndex(n)|2a o1
(n) = —Dominate(n), Next(n) exists, oD

|(Vg7,:(X)) UBIndex(n) |5

—Dominate(n), Next(n) does not exist.

el e}

yUBIndex(‘n)

Let A = {n : Dominate(n)}, B = {n : =Dominate(n), Next(n) exists}, and C' = {n :
—Dominate(n), Next(n) does not exist}. Now we calculate ZZTZtl UB(n), and show that it
is smaller than || gr ¢ (x)|*.

ZUB(n) =Y UB(n)+ Y UB(n)+ Y UB(n)

neA neB neC

= > (Vo)

neA

92)
Dist(n)—1 (
13 (/36
2 196 (49) |(Vg7,t(x))UBindex|”
neB
S 2
15 Yn ) )
+ Y V X naex .
'r; 2567 (yUBIndex(n) ‘( gT7t( ))UBI de |
By alternating the order of summation, we have
Dist(n)—
13
196 < ) VgT,t(X))UBmdeXI2
= 196 196 Z( ) |(V9T,t(X))n|2 (93)
=53 |<VgT,t<x>>n|2,
neA
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and

15 5. \?
= 2
Z 25671 <~ ( )> |(ng=t(X))UB|ndex|

Y UBIndex(n

= 256T > > < ) [(Var,:(x))nl®

neAm>n (94)

= o7 2T z (2) (7m0
=1 Z [(Vy(x))

neA

Summing up (92)), and (94), we have

Tt
S UBM) = ¢ S (VaruGal? + 5 S (VaruG)al? + 5 3 I(Vor,(x)
i=1

neA neA neA
=Y [(Vgr(x))
neA
< |[Vgr,:(x)]*.
95)
Finally, we calculate UB(”) to give an universal lower bound of the PL constant. Forn € A,
we have
UB(n) _ 1 [(Vgr(x))al®
2 - 2
x2 4 x4 (96)
(@) 361
>

~ 40000’

where (a) is due to Dominate(n) = True.

M‘ > % for m = n, Next(n), Next(Next(n)) - - -,

with one possible exception when z,,, € [3%, 23], in which case there is |Znext(m)| > |Zm|.

( )Dlst(n) 1

Forn € B, by Lemma@we have

Therefore, |Zygindex(n)| > |Zy,|, so we have

UB(n) 1 13 36 Dist(n)—1
— — Z . 479 . (49) ‘(Vgﬂt(x))UBlndex(n)‘2

@ 13 (36”7 361 Xigmden)
— 196 49 10000 x2

() 4693 (36 DiSt(")fl. ZUBIndex(n) 2. VUBIndex(n) \ 97)
~ 1960000 \ 49 Zn Vn

>)46i % Dist(n)—1 E Dist(n)—1 42 Dist(n)
— 1960000 \ 49 9 64

4693
2560000’

—~
o

—
o

Xm

where (a) is due to Dominate(UBIndex(n)) = True, (b) is due to z,, = 2=, (¢) is due to

Ym
N Dist(n)—1 |~
|ZuBindex(n)| > (3) e |2, | and b[;”ﬂll
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For n € C, we have

UB(n) 1 15 32 [(Vgra(x))usindex(n |
x; 4T 64 Y UBlndex(n) Xy
(Q 15 v ) 361X 51 dex(n)

= 2567 Flggeny  10000X3

) 1083 ZBIndex(n) (98)
= 5120007 z2

(1083 (5/7)2

= 5120007 \ 33/32

1083

10672207

where (a) is due to Dominate(UBIndex(n)) = True, (b) is due to z,, = ;:‘:z, and (c) is due to

Lemma|l2|and z,, € [35, 32]. Therefore,

> inf min UB(n) 99)

x n  bx2

1. 361 4693 1083
> inf — - min , ,
x D 40000 2560000 10672207
1083
10672207

C.3 PROOF OF LEMMA[9] [TO} [TT]AND[12]

Nr

OJH;

Lemma9. Fork =1.--- Tt, ifz), ¢ [3, 23] and -Dominate(k), then ’% > 5 or %t >

Proof. If zj, ¢ [3%,33], then by, (%) = 0, and (Vgr:(x))r = (BX); 4 X;. By “Dominate(k),

we have ‘(Ei)k + ik‘ < 0.19 |X|. We consider three cases:

LIfk=T+1,2T+1,--- ,T(t—1)+1, (BX)r = —LXp_1 + 2% — Xpp1, (BX) + %5, =
%ik,1 + 3xj, — Xg41, and %yk,l =Yt = Vik+1- We have

3[xk| — §|>~<k71| — [Rps1] < [(BR)g, + X (100)
< 019|)~(k|
Dividing both sides by yi, we have
3|zk| — |Zr—1| — |Zrr1| < 0.19|2]. (101)

OJ\%

Thus, we have |Z;_1| + Zk1+1 > %\ikL which indicates that Z’;;l > % 2 >

2. Ifk=T2T,--- , T(t 1), (Bx)k +Xp = —Xp_1+ 177 Xp — 7>2k+1, andyr 1 =yx =
8¥k+1. Thus, we have
177

7. -
61 ‘Xkl |Xk,1‘ — g‘Xk+1| < 0.19‘Xk‘. (102)
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Dividing both sides by yi, we have

177 . - 49 _ -
67|Zk| — ‘Zk,1| — 674|Zk+1| < 019|Zk| (103)
Thus, we have
49 177 4 49
Zh1| + — |z L 019) 2] > o (14 =2 ) |zl 104
il + glonl > (g —019) 13l > 5+ (1453 )l 09
3. For other k, (Ei)k + X = —Xp—1 + 3Xg — Xp41, and Yx—1 = Yx = Yr+1. Therefore,
we have (by dividing ¥, to both sides of (TOT))
N N N 8 .
2] + 12a] > 281/ > Sl (105)
O
Lemma 10. [fz;,_1 < 2, 2 € [35, 53], Zp1 < 53, then Dominate(k) = True.
Proof. For any y > 0, we have 0 < b, (z) < y. Therefore, (Vgr ¢(x))r > (ch)k
LIfk=T+1,2T +1,--- , T(t-1)+1, (BX)x = —LXp_1 + 2% — Xpq1 and Ly =
Y = Yk+1-
(Vgr:(x)k (BX)x
Xk - Xy
B —2IXpo1 4 2% = X1
= %
(a) —Zg—1+ Zk — Ziy1 (106)
= ”
o) 5/ 33/32
31/32 31/32

> 0.19,

where (a) holds by dividing y;, to the numerator and denominator, (b) holds by the as-
sumptions on Zy_i, Zg, Zg+1-

2. Ik =T,2T, -, T(t—1),(BX)p = —Xp—1+ 2%, — IXp11, and Y1 = ¥ = SFpt1.

(Vgr,: X))k (BX)x
X - X

S 113 g 73
—Xg—1+ G5 Xk — gXk+1
Xp,

(@) —Zk—1 + G2k — $1Zk11 (107)
S .
(;) 5/ 113 49 33/32

81/ 64 64 3lfz
> 0.19,

where (a) holds by dividing yy, to the numerator and denominator, and (b) holds by the
assumptions on zy_1, Zy, and Zg 1.
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3. For other k, (BX), = —Xp_1 + 2X; — Xpq1, and Y41 = ¥ = Y4 1. Therefore,
(Vore(x)r o (BX)x

Xk Xk
| —Xpo1 4 2%, = Xy
= -
(@) —Zp—1+ Zp — Zg+1 (108)
& »
® 5/ 33/32

313 313

> 0.19,

where (a) holds by dividing ¥ to the numerator and denominator, and (b) holds by the
assumptions on zj_1, Zy, and Zg 1.

O
Lemma 11. Ifz;,_5 < 33, 2 < Z,_1 < 33, 2 € [3%, 33], then Dominate(k — 1) = True.
. : (Vgr.e(x))k—1 5 31
Proof. Like the proof of Lemma |10, we directly compute = . Because 2,1 < %3,
byk—l(ik—l) =0.
(Vgrs(X))r—1 _ (BX)p—1 + Xp—1
Xgp—1 ) Xk—1 ) (109)
(@) _a%k:72 T C~Zk 7
ZE—1 Zp—1
where (a) holds by dividing ¥, to the numerator and denominator. Fork—1 =T,2T,--- | T(t—1),
a =-1,b0— % and ¢ = ‘é—i. For other k, a = ¢ = 1 and b = 3. By the assumptions on
Zg—2,2k—1 and 2y, we have 2=2 < 3;?32, and 2?: < 3332 Plugging everything into (I09), we
have % > 0.2. O
Lemma 12. Ifz,, € [3}, 32], -Dominate(n) and zy,—1,Zyn+1 < 33, there exist k such that k < n,

- NG
Dominate(k) and zy, > =.

Proof. Define m = argmax,,,, {Zm ¢ [35, 53] : m' <n}. If Z,, > 33, let k be m if Dominate(m)

32 327
and UBIndex(m) if ~Dominate(m). If Z,, € [2, 23], let k be m if Dominate(m) and UBIndex(m)
if -Dominate(m). Finally, if z,, < %, letk =m+ 1. O

C.4 PROOF OF THEOREM[4]

Theorem 4. Given L > p > 0. When k = % > (4 where Cy4 is a universal constant, there exists

T and t such that g is L-smooth and p-PL. Moreover, any first-order zero-respecting algorithm with
x(0) = 0 needs at least (H log %) gradient computations to find a point x satisfying §(x) — g* <

e(g(x) = g").

Proof. We let Cy = 370C5. Given k > Cy, we let

K
T = {3703J’ (110)
and
3
tzQ{logs J (111)
7 2¢e
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We use Lemma 4] to calculate the smoothness constant and PL constant of f. The smoothness
constant of f is:

LT-1D?
- __— .TD?2.37=1L, (112)
37
and the PL constant of f is:
-17)2
& .TD™2. i - L
37 CsT  37C5T
o L 1
RE
5 LB;CJ (113)
L
Z —
K
=H,

a
where = uses (T10).

Finally, by Lemma any first-order zero-respecting algorithm needs at least % accesses to gradient
to find x such that §(z) — §* < & (§(x(©)) — §*). By (T10) and (ITT),

Tt K 3 1
CLEN “1) - (logs 2 ) = (rlog - 114
2 (3701 ) (Ogv 25> (” °g5>’ (114)

which completes the proof. O
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