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ABSTRACT

Flow matching (FM) has gained significant attention as a simulation-free gener-
ative model. Unlike diffusion models, which are based on stochastic differential
equations, FM employs a simpler approach by solving an ordinary differential
equation with an initial condition from a normal distribution, thus streamlining the
sample generation process. This paper discusses the convergence properties of FM
for large sample size under the p-Wasserstein distance. We establish that FM can
achieve an almost minimax optimal convergence rate for 1 < p < 2, presenting
the first theoretical evidence that FM can reach convergence rates comparable to
those of diffusion models. Our analysis extends existing frameworks by examining
a broader class of mean and variance functions for the vector fields and identifies
specific conditions necessary to attain almost optimal rates.

1 INTRODUCTION

Flow matching (FM) (Lipman et al., 2023} |Albergo and Vanden-Eijnden, 2023; [Liu et al.| [2023b) is a
recent simulation-free generative model that produces samples of the target distribution by solving an
ordinary differential equation (ODE) initialized with a source normal distribution. The vector field to
define the ODE is trained by neural networks with the teaching data of random conditional vectors.
This approach bypasses the computationally intensive Monte Carlo sampling required in the diffusion
model, which is currently the standard in generative modeling. Various variations have been proposed
to refine the learning of vector fields, such as OT-CFM (Tong et al., |2024), rectified flow (Liu et al.,
2023b)), consistent velocity field (Yang et al.|[2024), equivariant flow (Klein et al.,[2023), etc. A series
of studies also emerge from the viewpoint of interpolating distributions (Albergo et al.| [2023cfal).

FM has already been applied to various domains with promising performance. Among many others,
the rectified flow method has been extended to high-resolution text image generation (Esser et al.|
2024), and there are also many works on the application of FM to molecule generation (Hoogeboom
et al.,|2022; \Guan et al.,|2023; Bose et al.,|2023; \Dunn and Koes}, 2024), text generation (Hu et al.,
2024), speech generation (Le et al.| | 2023)), motion synthesis (Hu et al., 2023)), etc.

Although the methods have been developed on the solid theoretical basis of the flows and continuity
equation, their statistical behaviors remain less understood. Recent works have established the con-
vergence of the FM estimator to the true distribution under some distributional metrics (Albergo and
Vanden-Eijnden, [2023; Benton et al., 2023b). Beyond the convergence, more detailed understandings,
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such as convergence rates, are still an open question. In contrast, diffusion models have gained
various theoretical understandings, including the convergence rate in terms of the number of steps
(Chen et al.,[2023; Benton et al.,[2023a) and the sample size (Oko et al., 2023} |Zhang et al., | 2024)).
Among others, |Oko et al.| (2023)) has shown that diffusion models achieve the minimax optimal
convergence rate for a large sample size under the total variation metric and the almost minimax
optimal rate under the 1-Wasserstein distance, where the max is taken over the true densities of the
Besov space. This result theoretically supports the high generation ability of diffusion models.

This paper aims to bridge this gap by demonstrating that FM can achieve an almost minimax optimal
convergence rate for a large sample size under the p-Wasserstein distance W), for 1 < p < 2,
suggesting that FM has a theoretical ability comparable to diffusion models. This problem is
significant for comparing the ability of FM methods and diffusion models, and revealing the difference
between SDE and ODE in the generative models. Drawing on the methodologies of |Oko et al.| (2023),
our analysis not only extends to a broader class of mean and variance parameters of Gaussian
smoothing for conditional vector fields, but also specifies the conditions on these parameters under
which the almost minimax optimal convergence rate can be achieved.

The contributions of this paper are as follows.

* We establish that a widely used class of conditional FM methods achieves an almost minimax
optimal convergence rate under the p-Wasserstein distance (1 < p < 2), marking the first
theoretical demonstration of such optimal performance of FM.

* We provide an analytical derivation of the convergence rate under various settings of the parameters,
mean and variance, to make a path that connects a source and target point.

* We reveal that the variance parameter, which specifies the contribution of the source, must be
decreased around the target at a specific rate to attain an almost minimax optimal convergence rate.

2 FLOW MATCHING

Throughout the paper, data are in the d-dimensional space R%. The d-dimensional normal distribution
with mean p and covariance matrix V' is denoted by Ny (g, V). For a probability P, with index a,
the lowercase p, denotes its probability density function (p.d.f.).

2.1 REVIEW OF FLOW MATCHING

This subsection provides a general review of FM, following [Lipman et al.|(2023)) and [Tong et al.
(2024). The aim of FM is to generate samples from the true probability P;,.,... FM methods realize it
by a flow ¢ (x) (T € [0, l]ﬂthat maps a sample from the standard normal distribution N4(0, I4)

to that of Piyye. The flow ¢, () is defined by a solution to the ODE

d
2 =vn(EE)  (re[01])

given by a desired vector field v[,;. FM generates a sample by solving the ODE with an initial
point @ (g from Pg) = Ng(0, I4); in other words, the distribution at time 7 is the pushforward
Pj = ¢ Po)- The pushforward Py is expected to approximate P.. In practice, we need to
construct the vector field given training data {x}""_, of size n, which is i.i.d. samples from Pj,. ..

The relation between the vector field vj,)(x) and the p.d.f. pj,j(x) is given by the continuity equation:

%p[r](fﬂ) +div (ppy (@) v (2)) = 0.

Typically, a neural network (NN) is used to construct v-j(x). However, it is not obvious how to
prepare the desired v[,j(x) to teach NN. In FM methods, conditional random vectors v, ([,1|2)
given z, which are to be easily prepared, are used to teach NN; a location x(,] is sampled by a
conditional probability P,j(z[-)|2) and the vector v[,j(x[;)|z) is assigned at x[,] as teaching data.

'We use [] to denote the time 7 € [0, 1] in this section and preserve x; for the reverse time indexing, which
is adopted from Section@to align with the notation of diffusion models.
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Throughout this paper, the condition is given by z = (xo), z[1]) With z[g) ~ Py and z[1) ~ Pirye.
The vector v (x[|2) is made so that it satisfies the conditional continuity equation:

7] .

5P (@lz) +div (P (z]2) v (2]2)) = 0. (0
A typical construction of x[;) is to use a path x|, (T € [0,1]) from x[o) to @y and define the
conditional vector by its time derivative v.)(x|z) := dT x[;] (see Sec. . For a deterministic path,
Py (x| 2) is the delta function at a pomt in the path ).

Note that, given (z, ), the vector v[)(z|z) is random by the choice of z = (w[o], x[1)); different
vectors may be assigned to the same locat10n (z, 7). Most importantly, by averaging over z ~ @,
where () is the joint distribution with marginals Py and Pyj, we can see that the p.d.f. of  at time 7,

= Jpiny(@]2)dQ(2), @
and the averaged vector field v (sc) given by

pir(xl2)q(2)

3
e(@) 3

v (x) = [vp(x]2)p(zle)dz,  p(zle) =

satisfy the continuity equation

0
577171 (®) + div (ppry (2)v1 (@) = 0. @)

This provides the theoretical basis for FM methods; the averaged vector field v, transports N4(0, I4)
t0 Pirue. [ is learned by a NN ¢(x, 7) with noisy training data {([,], 7), v[;(%[;|2)}. Em-
pirically, the conditional v[,)(x|2) is given by the random sample z = (xo}, ) and the location
x ;] ~ Pi;(x|z) (or path) w1th uniform 7. The NN is trained with the mean square error (MSE):

ming Ef| ¢ (a7, 7) — v (1] 2)]*. Q)
Note that ¢(x(,], 7) does not depend on z. Since the MSE minimizer is the conditional expectation
of the teaching data, the empirical minimizer $ is an estimator of v,)(x). Using the estimator $ and

the corresponding flow @] given by ODE, we obtain the estimator }3[1] for Py by sampling. In
practice, to reduce the variance of (o}, z[;) and simplify the ODE solution, the optimal transport
for pairing o] and @y is applied effectively (Tong et al.} 2024} Pooladian et al., [2023).

2.2 PATH CONSTRUCTION

This paper focuses on the following class of paths to construct the conditional vector field. Let
x[ ~ P[O] = N4(0,14), and 1) be a sample of P (or the empirical distribution Ptmm =
(1/n) >°1" | 64 in practice). A conditional path is deﬁned by

T[] 1= O[] T[] + M) L[ 0<r< Loz > 0,mp > 0). 6)
We assume that o; and m; are monotonic, o, — 1,m;) = 0as 7 — 0T, and o = 0,mp — 1
as 7 — 17. Let ofT] (m{ﬂ, resp.) be the time derivative of o[, (m[,], resp.). With sampling

7 ~ Unif[0, 1], a random conditional vector is assigned at (z(,],7) € R x [0,1] b

Vir) (@ [(0), @y) = 0fry 0] + MYy 9

Note that, due t0 xjo) ~ Na(0, 1), the distribution of x[; given x[y) equals P j(x[|®)) =
Nd(m[T]w[l], I a), and thus we call m;) and O'[ ] the mean and variance parameters, respectively.
Since (6) leads w[o] (x[r) — msx[1)) /07, the conditional vector ([7) is written as
L] — My
Vlr] (CB[T] |£L'[1]) = O'fT] G + me]az[l]. ®)

I[r]

This class covers some popular constructions of conditional vector fields in the literature.
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 Affine path: one of the most popular constructions is the following,
o) = (=)@ + 72 V) (@]En) = 2p) — 2(0)-

This corresponds to m(,] = 7 and o[;) = 1 —7. In|Lipman et al.|(2023) o and x[;) are generated
independently, while in [Tong et al.|(2024) they are taken by the optimal transport in a minibatch.
This case is covered by our result, which does not depend on the construction of joint distribution.

* Diffusion: Lipman et al.| (2023) presents the diffusion path, which corresponds to the deterministic
probability ﬂow (Song et al., 2020) The cond1t10na1 density is given by p-)(z(|xp) = ¥) =

Ng(mny, [T] 1;). The setting O'[T] =1- [T] and o) ~ V1 —Tis typlcally used.

3 CONVERGENCE RATE OF FLOW MATCHING

We assume that the true density pyy) is included in the Besov space By, ., (s > 0,0 < ?',q¢ < o0)on

the unit cube [—1, 1]%, while the results can be extended to any size straightforwardly. The parameter
S speciﬁes the degree of smoothness and is most relevant in this paper. The definition of the Besov
space is deferred to Appendix [A.T] We use the r-Wasserstein distance TV, to measure the accuracy of
the estimator. The distance T, of the probabilities P, and P, on R? is defined by

W, (Py, Py) = (infgerp,.py [llT1 — @al|"dQ (1, w2)) ", )
where I'( Py, P,) denotes the joint distribution of (1, @) with marginals P; and P;. It is well known
that W,.(Py, Po) < W,.(Py, P2) holds for 7/ > r > 1.

As discussed in Sec. [3.1] to obtain an accurate estimator, we need to adopt early stopping of ODE and

use P[1 T,) With small 7. Our aim is to derive a bound of WV, ( [1—To]s Piyyye) for alarge sample
n — oco. The informal version of our main result is summarlzed in the following theorem.

Theorem 1 (Informal). Suppose that the target probability Py has p.d.f. pp) in the Besov
spaceB, . ([—1, 1]%) of smoothness degree s, and that n training data {x}?_, is i.i.d. samples
from Pyy. Assume that Ofr] ~ (1 —7)% (1 — 17 ) with k > 1/2, the conditinal vector field is given
by (6) and (1), and that time- divided neural networks are used (see Sec. 4.5 H-3). Then, under several

assumptions, the FM estimator P[1 To) WithTo = n —Ro with appropriate Ry satisfies, for any 6 > 0,

~ s+ (2r) 15
E[Wa(Py_1y)s Porue)] = O(n ek ) (n — 00), (10)
where E denotes the expectation over the training data.

It is known that a lower bound of the minimax convergence rate exists for the Wasserstein distance
for probability estimation. We use the notation 2> to mean the lower bound up to a constant factor.

Proposition 2 (Niles-Weed and Berthet| (2022)). Letp',q’ > 1, s > 0,7 > 1, and d > 2. Then,
inf p SUppeps, | (1-1,1)4) E[W, (P, P)] > n" 2 (n — 00),
p,q
where P runs over all estimators based on n i.i.d. samples from P.

For k = 1/2, by Theorem |1| and Proposition |2} the upper bound n~ 35 is almost the optimal
convergence rate up to an arbitrarily small § > 0. In addition, this convergence rate coincides with
that of the diffusion model given in|Oko et al.| (2023) for W;. The above result indicates that the flow
matching is as good as the diffusion model regarding the minimax convergence rate under Wy, where
the max in minimax means sup over the Besov space.

3.1 KERNEL DENSITY ESTIMATION AND EARLY STOPPING OF ODE

In practice, with conditional density P-j(z|z[1]) = Na(m7 2y, U[QT]Id), the parameter o7y is often
set as a small positive value o(1] = omin > 0 so that (7) is well defined up to 7 = 1 (e.g. |Lipman

et al., [2023)). If x}q; is sampled from ﬁt’r'ain =1 " 84, the obtained distribution equals to
(1] n j=1

xz—x’|?
p[l] fp :13|:1: dptrcun(m[l]) ZJ 1 m exp ( ”20_7H) ,

min
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which is exactly the kernel density estimator (KDE) with the Gaussian kernel of bandwidth oy, .
If the ODE is solved up to 7 = 1 rigorously, the pushforward realizes this KDE. As is well known
(Scott, 1992), the convergence rate of this KDE under MSE is O(n %/ (4*) at best by choosing the
optimal oy, depending on n, which is much slower than the optimal rate 7~ 2%/ (2s+4) ynder MSE
for the true density in B, /(1 @) (Liu et al., 2023a). Based on this consideration, we discuss the early
stopping of the ODE, where we stop at 7 = T — 1 with small 7 > 0 and consider the convergence
rate of the estimator pj; 7). Notice that pj; _r, differs from KDE, since it is given by the trained
vector field. For diffusion models,|Oko et al.|(2023) and Zhang et al.|(2024) also discuss the estimator
obtained by stopping the reverse SDE at Tjy > 0 to derive the convergence rate.

3.2 RELATED WORKS

Among many literatures on the statistical convergence of diffusion models, the most relevant to this
work is/Oko et al.|(2023)). Although our analysis is based on|Oko et al.[(2023) and derives comparable
results, there are significant differences. First, we analyze the more general settings for m ;) and o]

in the conditional distribution P, j(x|y) = Na(m 1y, 0'[2_’_] I);|0Oko et al.|(2023) considers only the

case of o, ~ v/t and m; ~ 1 — t (in reverse time t), which is a typical choice for diffusion models.
Consequently, we have shown that for o) ~ (1 — 7)" with K > 1/2, only & = 1/2 achieves the
almost minimax optimal convergence rate. Second, due to the difference between the ODE and
diffusion processes, the proof technique for relating the Wasserstein metric and the Lo-risk is very
different. Our technique is based on Alekseev-Grobner lemma to derive the bound for r-Wasserstein
with 1 < r < 2, while|Oko et al.|(2023)) obtained the bound only for 1-Wasserstein. Third, this is
the first theoretical result for FM showing a convergence rate that is almost optimal. Although FM
has been recently used in many applications with competitive results to diffusion models, theoretical
comparisons in terms of convergence rates have been lacking. The results of this paper show that both
FM and DM can attain the same almost minimax optimal convergence rate for generalization error.

For FM, there are some recent works on convergence. |Albergo and Vanden-Eijnden| (2023)) and
Benton et al.| (2023b) relate the Wasserstein distance to the Lo-risk of the vector fields and show
convergence for a large sample size, but did not derive a convergence rate. [Jiao et al.| (2024) discusses
convergence rates of FM applied in the latent space of the autoencoder and considers the discretization
effect of the numerical ODE solution in their analysis. However, they did not include the degree of
smoothness in developing the convergence rate. Albergo et al.|(2023b) present a unifying view of the
theory of diffusion models and FM with the upper bounds of discrepancy measures.

4 THEORETICAL DETAILS

This section rigorously presents the main result with the assumptions and shows the proof outline. In
the sequel, we use reverse time indext =1 — 7 (1 € [0,1]); t = 0 for Py and ¢ = 1 for Ny (0, 1),
which align with the notations of the diffusion models. We use poly(logn) to indicate the term of
O(log" n)-order with some natural number 7, and O(n®) to mean the order up to poly(logn) factor.

4.1 PROBLEM SETTING AND ASSUMPTIONS

With reverse time ¢, the definitions (7), (2)), and (@) are modified by replacing [1 — ¢] with ¢;

Pt:P[lft]a POZPtrue) Pl :Nd(07ld)-
The flows ; and @, are defined by solving the ODE from ¢ = 1 in the reverse time direction:
d d .
ﬁSOt(w) = ve(pe(x)), %Qot(w) = vi(pi(x)), (11)

where v, (x) and U, () are the vector field (3) and its neural estimate, respectively. The distributions
att € [0, 1] are given by

P, = (@) 4P, P, = (@1)# P, (12)
where (@) and (@;)4 denote the pushforward by the respective flows ¢, and ;.

In the remainder of this paper, 4 > 0 is an arbitrarily small positive value. As in|Oko et al.[(2023),
we introduce N to specify the number of basis functions of the B-spline for approximating p;(x)
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and v;(x). This number N depends on the sample size n (N = nTE s used), balancing the
approximation error and complexity of the B-spline and NN. We set the stopping time Ty = N~ %o
as discussed in Sec. @] (R, is specified later), and solve the ODE from 1 to Tj. For simplicity, the d
dimensional cube [—1, 1]¢ and the reduced cube [—1+ N~ (1=#9) 1 _ N—(1=#9)]d are denoted by I¢
and 1%, respectively, where s > 0 is specified below in (A3). We make the following assumptions.

(A1) The target probability Py has support I* and its p.d.f. py satisfies p € B, ., (I%) and po €
B . (I\I¢) with § > max{6s — 1, 1}.

(A2) There exists Cy > 0 such that C’O_1 < po(x) < Cyforall x € I,

(A3) Thereis k > 1/2, by > 0, % > 0, and by > 0 such that

o = bot", 1 — my = bot”®
for sufficiently small ¢ > Tj. Also, there are Dy > 0 and K > 0 such that
Dy' <of+mi < Do,  |of]+|mi| < NS (vt € [Ty, 1))
(A4) If kK = 1/2, there is by > 0 and Dy > 0 such that for any 0 < v < Ry

o {(0)? + (m})?}dt < Dy (log N)™.
(A5) There is a constant C7, > 0 such that Ha% [ ype(ylx)dy|lop < Cf, forany t € [Ty, 1].

The higher degree of smoothness is assumed around the boundary of I¢ in (A1) for a technical reason
to compensate for the nondifferentiability of po(x) at the boundary by (A2). In (A3), it may be more
natural to require o7 + m? = 1 so that signal power can be maintained. However, in this paper, to
pursue the flexibility of choosing o; and m;, we allow bounded changes of 02 + m? over t. (A4) is
required to limit the complexity of the neural network model (see Lemmal[5). In (A3), « is assumed
to be not less than 1/2, because for £ < 1/2, the integral fTo (0})2dt with Ty = N~ o diverges to
infinity as N — o0, which causes the divergence of the complexity bound in Lemma 5] Note that
the boundary case x = 1/2 is, in fact, popularly used for the diffusion model. In this case, (o7} )? is
the order 1/t for t — 0T and the integral from Tj is of the order log N, which still diverges to infinity
as n — oo. As discussed in Section[4.3] we consider this integral only for a short time interval, and
we will see that the W5, distance converges to zero as n — co. (AS) is made to bound the Lipschitz
factor in Theorem [3]under (A3) (see Lemmal[I0).

4.2 GENERALIZATION BOUND

It is known (Albergo and Vanden-Eijnden, [2023}; |Benton et al.| [2023b)) that, given two vector fields,
the Ws-distance of the pushforwards of the same distribution by the corresponding flows admits an
upper bound by the Lo-risk of the vector fields;

Theorem 3. Ler vi(x) and vi(x) be vector fields such that  — vy(x) is Ly-Lipschitz for each t,

and P; and ﬁt be the pushfowards of distribution Py by the corresponding flows at time t from t = 0.
Then, for any t € [0,1], we have

t 1/2
Wa(P, P) < Vi (/ /62 Joehrdu| 5 (z) — vs(a:)||2dPS(w)d:cds> . (13)
0

See Appendix for the proof. From Theorem [3| we can consider the Lo-error E[[ [ ||[0(z, s) —
v(x, 5)||>d Ps(x)dxds] of the vector field to obtain the bound of the W, distance of the distributions.
From the fact W,. < W, (1 < r < r’), the same upper bound holds for W,. for 1 <r < 2.

We first review a general method for bounding the generalization. We consider training within the
general time interval [T, T,,] where Ty < Ty < T,, < 1. For an estimator ¢(x, t) of the true vector

field v; (), we define the loss function égf’T“ (x) for x € I¢ by

Ty
g™ (@) ZZ/T /||¢>(wt,t) — ve(@|a)|*pe (e @) dwedt, (14



Published as a conference paper at ICLR 2025

where @ is the condition of v; (@ |x). Although the deﬁnition depends on Ty and T,, we omit them
when there is no confusion. Given the training data {x‘}?_,, the vector field is trained with the
teaching data v, (x,|z") at the location (z¢,t) (t € [Ty, T,]), which is sampled from p; (z;|x*) and
the uniform distribution U ([T, T,,]). Note that given x*, we can generate any number of (z;, ). Thus,
the sampling error in (T4)) is negligible and the training by a NN can be regarded as minimization of

1 ,
~ Y lg(x ). (15)
n

See |Oko et al.| (2023} Section 4) for the discussion of the effect of sampling.

Let $ be the minimizer of (135)) among the function class S. The generalization error is then given by
s =5[[ [ [ 1800~ vi@)pely)iizni)y) = B[ [ Gumwa]. a6
T

Let £L:= {lg | ¢ € S} and N(L, || - || = (s4),€) be the covering number of the function class £

with the || - || o (7ay-norm. Then, a standard argument on the generalization error analysis derives the
following upper bound (see |Oko et al.| (Theorem C.4,[2023) and also|Hayakawa and Suzukil (2020)).

Theorem 4. The generalization error of the minimizer of (13) among ¢ € S is upper bounded by

qmgsz// (@, £) — vy ()| 2pe () dtda
T

’g oo
N SUPges |1€oll Lo (14 (3710
n 9

Nwwwmm@a+w)+%.an

From Theorems [3|and [] it suffices to consider the approximation error (1st term) and complexity
(2nd term) in for deriving the W5 distributional bound.

4.2.1 COMPLEXITY TERM IN GENERALIZATION BOUND

We first consider the complexity term, where the class S is given by NN. A class of NN
M(L, W, S, B) with height L, width T, sparsity constraint S, and norm constraint B is defined as
M(L, VV, S, B) = {wA(L)’b(L) O-- 'owA@),b@) (A(l)aH-b(l)) | A(l) S RWi'*'lXWi, b(l) S RWH'l,

S (1A + [plo) < 8, maxi||AD|oo v 1B o0 < B},
where ¢4 5(2) = AReLU(z) + b. As shown in Theorems and later, it suffices to consider the

NNss that satisfy
¢z, )]l < D(Jor|v/logn + |my])

for some constant D. Also, we can see in Lemma[A.2that  — v, () is Lipschitz continuous with
Lipschitz constant proportinal to 1/t under (A3) and (A5). Reflecting these facts, we define the
following NN class for training the vector field:

Hy = {p € M(L,W,S,B) | ||¢(,t)]|lsc < D(|o]\/logn + |my]) for Vt € [Ty, 1],

x — ¢(x,t) is Ly-Lipschitz for each ¢t € [T, 1] where L, = C’L/t}, (18)
where D and C'y, are some positive constants.
The supremum norm and the covering number in Theorem f]are given in the following lemmas.
Lemma 5. Let Ty < Ty < T, < 1. Under Assumption (A4), there is Cs > 0 such that

S ger, 0o L= 12y < Callogn)™, (19)

where b = by in (A4) for k = 1/2, and b = 0 for k > 1/2.
See Appendix [C.T|for the proof. To obtain this bound, we need to impose the upper bound of ¢ as in
(T8). In practice, the vectors in the teaching data satisfy this upper bound, and thus ¢ will naturally

satisfy the same bound by the least square error solution. The following bound of the covering
number for neural networks is given by [Suzuki| (Lemma 3,2019).

Lemma 6. For the function class H,, the covering number satisfies
og (L. || - ([ (r4y:€) < SLlog ([ W[ Br) -



Published as a conference paper at ICLR 2025

4.2.2 APPROXIMATION ERROR FOR SMALL t

Recall that IV specifies the number of basis functions of the B-spline for the approximation. We
derive upper bounds of the approximation error of the NN model M (L, W, S, B), where L, W, S,
and B are specified in terms of N. We will separate [T, 1] into two intervals, [Ty, 3T%] and [T, 1],
where T, := N—(""=9)/d_anqd provide different upper bounds. The reason for this choice of division
point 7’ is sketched as follows and is detailed in[C.2} In the approximation of the vector field, we use
the B-spline approximation of densities as in|Oko et al.|(2023). To show a fast convergence rate, the
first interval is more subtle because p;(z) is rougher. In approximating the density on the smoother
boundary region, we divide the region into small cubes, each of which uses N? bases for B-spline
approximation. To make the total number of B-spline bases comparable with N, the width ag of the
region should be ag = N (1=r6)/d_On the other hand, in Theorem we need a concentration of an
integral around the boundary region for a better approximation by the higher smoothness, and this
limits the variance of the Gaussian kernel so that o; = t" < ag. This derives t < N —(k71=8)/d_ Aga
result, the division point is small enough as 7T}, := N —(x71=8)/d,

k1o
The approximation bound for t € [Ty, 37| with T}, := N s given in the following Theorem
(see Appendix [C.4]for the proof).

Theorem 7. Under assumptions (Al)-(A5), there is a neural network ¢ € M(L,W, S, B) and a
constant Cg, which is independent of t, such that, for sufficiently large N,

/||¢1(w,t) — o(@)|Ppi(@)da < Co{(07)? log N + (mf)*} N~ 7, (20)

for any t € [Ty, 3T.), where L = O(log* N), |[W|s = O(Nlog® N), S = O(Nlog® N), B =
exp (O(log N loglog N )) Additionally, we can take ¢ to satisfy

l91(z, )| < Co{(o})V/logn + [m]},

where C is a constant independent of t.

4.2.3 APPROXIMATION ERROR FOR LARGE t

k=15

We derive a bound of the approximation error on any interval [2¢,.1], where t, > T, = N~ 4
This is used to discuss the optimal convergence rate in Section[4.3]

Theorem 8. Fixt, € [T, 1] and take an arbitrary > 0. Under Assumptions (Al)-(A5), there is a
neural network ¢ € M(L,W, S, B) and C7 > 0, which does not depend on t, such that the bound

/||¢2(w,t) = vi()|*pe(@)da < Cr{(0})* log N + (my)* N 7" 2D

holds for all t € [2t,,1], and the NN model satisfies . = O(log* N), |[W|s = O(N), S =
O(t;9N°%), and B = exp(O(log N loglog N). Moreover, ¢ can be taken so that

(- )loe < Cr{(0) log N + [m]}

with constant C; > 0 independent of t.

See Appendixfor the proof. The approximation error N =" is arbitrarily small and is not dominant,
while S may be dominant in the complexity term.

4.3 CONVERGENCE RATE UNDER WASSERSTEIN DISTANCE

We can consider a generalization bound based on Theorems [3| [} [7} and [§] deriving the bounds for
[To,2T,] and [2T%, 1]. However, if we apply Theor for [2t,,1] with t, = T, = N—(+ ' =9)/d,
the dominant factor of the log covering number in (T7)) is the sparsity S = O(t;9* N%%) = O(N).
From Theorems [3|and 4] the complexity part gives O((N/n)'/2) term in the W5 generalization error.
If we plug N = n(2s74)/4_which is optimal for the MSE generalization, we have O(n=%/(2s+) for
the upper bound of W5 generalization, which is slower than the lower bound in Proposition 2| To



Published as a conference paper at ICLR 2025

achieve a better convergence rate, we will make use of the factor v/ in front of (T3)) by dividing the
interval [Tp, 1] into small pieces and using a NN for each small interval, as in|Oko et al|(2023) for
diffusion models.

Notice that, when time ¢ is far from 0, the convolution of p;(x|y) with larger oy results in a smoother
target vector field v;(x), which is easier to approximate with a low-complexity model. On the other
hand, when ¢ approaches 0, with the fixed number of B-spline bases IV, the approximation error
bound {(0})%\/Tog N + (m})?} N ~2%/? can increase for large o} or m}, (e.g. oy ~ t* with k < 1).
We therefore need a more complex model (that is, larger V) than the one needed for larger ¢. Thus, it
will be more efficient if the number of B-spline bases N, which controls the approximation error and
complexity, is chosen adaptively to the time region .

Specifically, we make a partition Ty = to < t; < to < --- < tx = 1 such that ¢t; = 2t;_ for
1 <j <K —1with2tg_; > 1, and build a neural network for each [¢t;_1,¢;] (j = 1,..., K). Note
that we train each network for interval [t;_q,¢;] with n training data (x;)!"_,. We assume that t;,
with T}, <t; < 37T, serves as the boundary to apply two different error bounds. The total number
of intervals K is O(log N) = O(logn), since 25T, > 1 with Ty = N~ can be achieved by
K > Rylog, N. The constant Ry is fixed as Ry > miiJ(r,.;l,k) so that Wa(Pr,, Py) is negligible (see
the proof sketch of Theorem[9). In this setting, we have the following main result.

Theorem 9 (Main result). Assume (Al)-(A5) and d > 2. If the above time-partition is applied and a
neural network is trained for each time division, for arbitrarily small 6 > 0 and 1 < r < 2, we have

-~ s+(2r)"1—s
E[WT<PT07 Ptrue])] = O(TL_M) (n — OO) (22)
Proof Sketch. Let J; := [tj_1,t;] (j = 1,..., K). We use a smaller neural network model for larger

j- Specifically, the number of B-spline bases for .J; is N} := t;di % for j > j., while N ;=N
for 5 < j,, where j, is defined as above. Note that NJ’» — 0o as N — oo due to 6 > 0, and that

w1

N! < N'70=NO® = N for j > j, duetot; > N~—"=7=", which means a lower complexity. See
also Figure [E.T]in Appendix.

Next, we consider the bound of W5-distance based on the partition. Foreachof j = 1,..., K, we
introduce a vector field 'E,gj ) such that it coincides with the target v, for t € [t;, 1] and with the learned
v, for t € [Tp, t;]. Let QU) be the pushforward from P; = N4 (0, I) to t = Ty by the flow of the
vector field ﬁ? ). Then, Q(O) = Pr,, the pushforward by the flow of the target v; from ¢ = 1 to Tp,
and also Q) = pr, . Note also that 9 and 1) differ only in J; by v,(x) — ¥, (). Therefore,
from Theorem [3]and the Lipschitz assumption on #,,, we have

Wa(Py, Pr,) < Wa(Po, Pr,) + Y5, Wa(QU™1, QW)

K ti 2 [ (Cluwdu [ |4 2 1z
<6, +CYN, \/tg{th e2: [ o, t) — v, b)]| pt(a:)d:cdt} :

where 62 = dbgn_% + [ ||y||2dP0(y)B(2)n_%, which is derived from Lemmaand (A3). We
take a constant Ry > (s + 1)/ min(x, <) so that 6,, is of O(n*%) and thus 6, is negligible. It is

i o~
easy to see that the factor e’ (C/u)du

is bounded by a constant because of t; = 2¢;_; by definition.
For simplicity, let ¢, := t;,. From Theorems and the generalization bound of If’To is given by

E [WQ(PO, PTO)}

) , 1/2
<O+ Sy VE{Co f (o) l0g N + (m})?EN=>*/dt + X O(poly(logn)) }

—dk ATk 1/2
—l—ZjK:k \/t7{07 ttjj,l{(oéf log N + (m})2}N="dt + 2 nN O(poly(log n))}
< 0, + C"JE T YEN=5/40(poly(log n)) + C"" 4 / YO(poly(logn))

+C" Zj{:k {\/EN”/QO(poly(log n)) ++/t;

pTAR/2 NoR/2

S 0oty g )
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< 0, + O3/ s+ O (poly(logn)) + C"'/tn=/ 2+ O(poly(log n))
K _ l-dr _dék 1
+CM Zj:k* {\/EN 7’/QO(poly(log n)) + t;? nPCsD 3 O(poly(log n))} .
In the third inequality, we use [;” {(0})2 + (m})?}dt = O(poly(logn)) for x = 1/2, and the fact
j—1
that it is bounded by a constant for £ > 1/2. Since 7 is arbitrarily large and x > 1/2, neglecting the
factors of poly(log n), the candidates of the dominant terms in the above expression are ti/ *n =z
1-dw 15k 1

in the third term and ¢, ° RT3 in the last summation. By balancing these two terms, the
upper bound can be minimized by setting

r=1-s

t, = Cun™ 25Fd | (23)

for some contact C., and the dominant term of the upper-bound is given by
O (n* ) ) : 24)
This proves the claim by replacing /2 with § and absorbing the poly(log) factor in 6. O

From Proposition [2|and Theorem@], if K = 1/2, the FM method achieves an almost optimal rate up
to the poly(log n) factor and arbitrary small 6 > 0. On the other hand, for x > 1/2, the obtained
upper bound is not optimal. This suggests that the choice of o; ~ /¢ around ¢ — 07 is theoretically
reasonable. This is also a popular choice for the diffusion model.

4.4 DISCUSSION

In the derivation of the almost minimax optimal convergence rate, the use of neural networks for
divided time intervals is a limitation of the current theoretical analysis. As discussed before Theorem
EI, without this partition, the current analysis gives only O(n*%‘sﬂ ), which is not optimal for W.
It is obviously an important question of how to avoid such a time division. In|Oko et al.[(2023)),
the optimal convergence rate for the diffusion model has been proved without time division for the
total variation, which is O(n‘m) The bound is based on Girsanov’s theorem, which gives an
upper bound of the KL divergence of SDE by the L5 losses of the drift estimation. To the best of our
knowledge, no bounds are known for ODE with respect to the KL or total variation for the difference
of vector fields. This is an important future direction for understanding the ability of FM theoretically.

5 CONCLUSION

This paper has rigorously analyzed the convergence rate of flow matching, demonstrating for the
first time that FM can achieve the almost minimax optimal convergence rate under the 2-Wasserstein
distance. This result positions FM as a competitive alternative to diffusion models in terms of
asymptotic convergence rates, which concurs with empirical results in various applications. Our
findings further reveal that the convergence rate is significantly influenced by the variance decay rate
in the Gaussian conditional kernel, where o; ~ +/t is shown to yield the optimal rate. Although
there are several popular proposals for the mean and variance functions, theoretical justification or
comparison has not been explored intensively. The current result on the upper bound (Theorem [9)
provides theoretical insight on the influence of the choice of these functions.

Although this study offers substantial theoretical contributions, these insights are still grounded
in specific modeling assumptions that limit broader applicability. In addition to the time-partition
discussed in Sec. [d.4] this paper focuses primarily on assumptions utilizing Gaussian conditional
kernels. However, other FM implementations might employ different path constructions, as suggested
by recent proposals [Kerrigan et al.| (2023)); Isobe et al.| (2024). The theoretical implications of these
alternative approaches remain an essential area for future research.
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Appendix

This section summarizes some basic mathematical facts, which can be easily derived and used in the
proof of our main results, and known facts developed in |Oko et al.| (2023).

A BASIC MATHEMATICAL RESULTS

A.1 DEFINITION OF BESOV SPACE

Besov space is an extension of the Sobolev space, allowing for non-integer orders of smoothness, and
is effective in measuring both the local regularity and the global behavior of functions. It is formally
defined as follows.

Let  be a domain in R%. For a function f € L, () for some p’ € (0, 0], the r-th modulus of
smoothness of f is defined by

wrp (fit) = sup [AR(S)lp
Inl2<t

where ‘
Yo () (=) f(x +jh) ifx+ jh € Qforallj,
0 otherwise.

Ap(f)(=) = {

For0 < p',q' < 00,5 > 0,7 :=|s| + 1, let the seminorm | - | gs, , be defined by
P ,q

1
) (e w17 #) 7 (g < o0,
SUPs0 ¢ wrp (f51) (¢ =00).
The norm of the Besov space By, ,,(€2) is defined by

1lss, = 1l + e, o

f

B® :
p’.q’

and
B () == {f € Ly(Q) | |52, , < oo}.

S

The parameter s serves as the order of smoothness. If p’ = ¢’ and s is an integer, By, , coincides

with the Sobolev space. For details of Besov spaces, see Triebel (1992), for example.

A.2 LIPSCHITZ CONDITION

This section shows a lemma that provides a Lipschitz constant of & — v; () under the assumptions
(A3) and (AS5).
Lemma 10. Let vi(x) be a vector field defined by (3) and @), i.e.,

T — muy
wie) = [{a = iy} o)y

where
_ pi(x]y)po(y) . :#6_%
pt(’y|ﬂ))* fpt(wh])po(@)dlf Pt( |y) (\/%O—t)d .

Then, under (A3) and (A5), vi(x) is Lipschitz continuous with Lipschitz constant Cy, /t for any
sufficiently small t, where CY, is independent of t.

Proof. By the definition of v; and the form of o; and m; in (A3), we can compute explicitly

Ovi(x) _ ELH—/{%(w—mty)*' %y} 3pt(y|m)dy

ox t o
As a% [ pe(ylz)dy = 3%1 = 0, we further obtain

ov(xz) K E—muk O
— B BT TR 9 dy.
o ot — 8g[:/ypt(ylw) Y
The claim is obvious under (AS5). L]
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A.3 WASSERSTEIN DISTANCE FOR CONVOLUTION

The following lemma is used in the proof sketch of Theorem[9] where Ws (P, Pr, ) is bounded.
Lemma 11. Let P be a probability distribution on R? with V := [ ||y||?dP(y) < oo and Py, , be

given by the density | (\/%U)d exp(— 1= mel\ )dP(y). Then,

Wo(P, Ppo) < /(1 —m)2V 4 do?.

Proof. The proof is elementary, but we include it for completeness. Let Y and Z be independent
random variables with probability P and N4(0, 1), respectively. Let X := mY + oZ, then the
distribution of X is P, ,. Considering a coupling (X,Y),

Wa(P, P o)* < B[ X =Y
=E||(m—-1)Y +0oZ|?
= (1 —m)?*V +do?,
which completes the proof. O

A.4 APPROXIMATION OF A FUNCTION IN BESOV SPACE

In this subsection, we present several approximation results developed in |Suzuki| (2019);|Oko et al.
(2023). Although these results are already known, we include them here for ease of reference.

Let A/(z) be the function defined by N'(z) = 1 for = € [0, 1] and 0 otherwise. The cardinal B-spline

of order ¢ € N is defined by
Ne(z) =N x« N x - N(z),
which is the convolution (¢ + 1) times of N/. Here, the convolution f x* g is defined by

(F+9)@) = [ £~ 0oty

For a multi-index k& € N and j € Z9, the tensor product B-spline basis in R of order / is defined by

My (= H/\/z T = Ji)

The following theorem says that a function f in the Besov space is approximated by a superposition

of M,‘ij () of the form
= Z Oék,jMzg,j(m)

(k.3)

In the sequel, we fix the order ¢ of the B-spline. (a); denotes max{0,a}.

Theorem 12 (Oko et al.| (2023); |Suzuki| (2019)). Let C > 0 and 0 < p',q¢',r < oo. Under
s>d(1/p—1/r)y and 0 < s < min{l,{ — 1+ 1/p’}, where { € N is the order of the cardinal
B-spline bases, for any f € B,, ([-C, C|%), there exists fn that satisfies

If = fnvllz,-coay SC°NT
for N > 1 and has thefollowmgform'

K* nk
Z Z o M)+ > D g M ()

By, ([=C.C]9)

k=0jeJ(k k=K+1i=1
with
K K*
SNIEI+ > ne=N
k=0 k=K+1

where J(k) = {-C2F — ¢,—C2F — ¢ + 1,...,02F — 1,C2F}, (j)*, < J(k), K =
O(d~'1og(N/C%), K* = (O(1) + log(N/C)v=' + K, np = O((N/C4)27vk=K)) (k =
K+1,...,K*) forv = (s —w)/(2w) withw = d(1/p" — 1/r)4. Moreover, we can take ay, j so
that |ay, ;| < N +d7)(@/p =s)

14
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Based on the above theorem, the following result shows the accuracy of approximating the true
density pg by the B-spline functions with support restriction.

Theorem 13 (Oko et al.|(2023)). Under Assumptions (Al)-(AS5), there exists fn of the form

N 3N
r"l-s
fu(@) =il [[ollo < 1ML (2)+ D ol [Iwoo ST=N""7 | M, (x), 25
=1 i=N+1
that satisfies
Ipo — fllzaray < CaN ™4, (26)
lpo = I llp2ravrgy < CaN ™%, 27)

for some C, > 0 and fy(x) = 0 for any x with | 2| s > 1. Here, —2F)m — ¢ < (j;),,, < 2Fi)m
(i=1,2,...,N;m=1,2,....d), |ki] < K* = (O(1) +log N)v=! + O(d"tlog N) for v =
(2s —w)/(2w) withw = d(1/p — 1/2) 1. The notations (k;), and (j;)m are the m-th component of
the multi-indices k; and j;, respectively. Moreover, we can take |o;;| < N(v=1 +d=1)(d/p — s) .

Proof. See|Oko et al.|(2023, Lemma B.4). O

The following result shows the accuracy of approximating the “smoothed" B-spline basis function
by a neural network. This is essential to consider the approximation of p;(x) and v,(x) by a neural
network taken for po ().

Theorem 14. Let C > 0, k € Z,, j € 7%, ¢ € Zy with —C2F — ¢ < j; < C2% (i = 1,2,...,d),
and Cp1 =1orl — N-U=9)_ Forany e (0 < € < 1/2), there exists a neural network d)lg’j(:c, t)
and ¥ (x,t) in M(L, W, S, B) with

L=0(log* et +1og® C + k?),

W lso = O(log® e~ +log® C + k2,

S =O0(log® ™! +1log* C + k%),

B = exp(O(loge ! logloge™ +log C + k)) (28)
such that
, 1 _lmomy)®
k.j d 20
z,t) — | 1|yl < Coa] M2 (y)———¢ 7ody|<e 29
87 ) = [ Al < Con) ML) y )
and
)~ [ Ty < i) e T < oo
x,t) — e o < (Yy)———c¢ £ <e
4 ’ Rd Ot y bil k. Yy (\/ﬂd’t)d Y

o0

hold for all @ € [—C, C)%. Furthermore, we can choose the networks so that ||¢57 || s and ||¢57|
are of class O(1).

Proof. See|Oko et al.| (2023, Lemma B.3) O

A.5 APPROXIMATION OF GAUSSIAN INTEGRALS

The following lemma is an elementary fact about Gaussian integrals used in the proof of Theorem 7]
in Section We include it here for completeness.

Lemma 15. Let x € R% 0 < ¢ < 1/2, and a € {0, 1}. For any function F(y) supported on I¢,
there is Cy, > 0 that depends only on d such that

1 _lm=mey)? 1 _lm=mey)?
——e 2t F(y dy—/ ——e 2ot F(y)dy < e, (31)
/jd (V2moy)? ) 4, (V2may)d )
where
vd1og N
sz{yeld|’y—m Sc’bgtog}
my 00 my
Proof. See|Oko et al.| (2023, Lemma F.9). O
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B PROOF OF THEOREM 3|

Although the proof of Theorem 3]is basically the same as the proof of Benton et al| (2023b| Theorem
1), a slight difference appears since the current bound shows for arbitrary time ¢t. We include the
proof here for completeness.

Let v(x, t) and v(x; t) be smooth vector fields and ¢ ; and @, ; be respective flows;

d

%Qos,t(w) =v(psi(T),t), @ss(x) =2,
d . PR ~
%%,t(iv) =V(Ps (), t), @ss(x) =2

Lemma 16 (Alekseev-Grobner). Under the above notations, for any T' > 0,
T
@o,7(x0) — o, 1(T0) = / (V1¢S,T(w)’£:¢o S(mo)) (0(0,s(20), ) —v(o,s(20), 5))ds. (32)
0 y
Note that on the right-hand side, the vector fields ¥ and v are evaluated at the same point ¢q s(x).

Proof of Theorem[3| Let ]3t = (Po,t)#Po and P, := (o ,¢)» Py be pushforwards. By the definition
of the 2-Wasserstein metric,

R 1/2
WP, Py < ( / | Bo (o) — ¢0,t($0)||2dpo(930)> | 33)

From Lemma [T6}

v=0.0(x0) ||,

t
1Bo.(0) — o (o) | < / |9.6..()| [8(0a(@0).5) — vlspa.c(wa). ) ds.
0

As a general relation of the largest singular value, we have
0 N 0 ~
& |’vm8057t(113) ||op =< || avx@s,t(a’) Hop'

Then, it follows from %Vzgﬁs,t(:c) =V 0(y,t)ly—e. . (x) VaPs,:(x) that the inequality

< Ly HVISOS,t (:1:) |m:tpo,s(mo) H

op

0 ~

ot vagos’t(w”x:wo‘s(wo)
holds by the L;-Lipschitzness of (-, t). Accordingly, noting that ||V ,@s s(2)|lop = ||V |lop = 1,
the standard ODE argument leads to

< et Ludu
op

vasas,t(w) ’

z=ep0,s(x0)

and therefore

t
[0.t(®0) = wo.t(xo)ll < / els et 5o s (@0), 5) — v(po,s(@0). 5)]|ds.
0
From Cauchy-Schwarz inequality,
180, (o) — wo.e(zo)

t t
= / 12ds/ e Lud |Gy (20), 5) — v(o,s(20), 5| ds
0 0

t
—t / &1L 1t 5 (o), 5) — v(0.0(o), 5)|ds.
0

Since the distribution of g s(zo) with zg ~ Py is given by Ps, combining the above bound with
(33) completes the proof. O
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C PROOF OF MAIN THEOREMS

C.1 PROOF OF LEMMA[3} SUP OF LOSS FUNCTIONS

Proof.

@) = [ 166t~ vteda) Poueda)de

T, T
<2 / / (e, )20 (e ) et + 2 / / e () | 2pe (e o)zt
Ty Te

From the definition of H,, and Assumptions (A3-A4), the first term is bounded by

1
402/ ((07)*logn + (m})?) dt < 8C ((logn)*™ + (logn)?),
To
where C' > 0 is a constant, and b = 0 for x > 1/2 and b = by for & = 1/2. From the definition
vi(ai|z) = ot 2T | g
Ot
and the fact |||| < 1, the second term is upper bounded by

x; — mex||?
/ / { el el +<m;>||w||2}pt<wtw>dwtdt
To t

§4/ {d(a})® + (m})*}dt < 4dD(logn)
To

for some constants D > 0. Note that the first inequality is given by p;(x;|x) = Ny(m,z, 071,).
This completes the proof. O

C.2 DIVISION POINT

The appropriate division point of the time interval [T}, 1] arises from the width ag of the smoother
region around the boundary of I¢, which is assumed in (A1). Suppose that the smoothness of py(z) is
%, higher than s, in the region 19\[—1 + ag, 1 — ag]¢. We should make the smoother region as small
as possible to ensure that py is essentially in B ; (1 1), We set ag = N7 and consider the partition
of I\ [~1 + ag, 1 — ag]¢ by N9 — (N7 — 2)4 cubes of size ag = N7 (see Figure. Suppose
that we use N% bases (N > 1) of B-spline for each small cube with arbitrarily small ' > 0. The
condition ¢’ > 0 guarantees that the approximation can be arbitrarily accurate in each small cube.
Since py restricted to each cube has a smooth degree $, Theorem [[2]tells that it can be approximated
by a B-spline function with the accuracy

aas N—éé/ /d.
The total number of B-spline bases is then
(N — (N7 — 2)d)N6’ ~ N1+
To make the number of bases equal to or less than IV, which is the number used for the B, ,-region

(1—6k)/d

of po, we sety = (1 — 0k)/d,i.e., a0 =N~ (we set 6’ = dx for notational s1mphclty)

As seen in the proof of Theorem [/| to obtain the desired bound, the deviation o, should satisfy
o < ag to bound the integral around the boundary. When ¢ is small so that oy ~ t*, 0y < ap means

t<T.,:=N —(x71=8)/ ¢ which gives a constant on T,. Consequently, we divide the time interval
into [T, 7] and [T, 1], and show the different bounds for the approximation error.

C.3 BASIC BOUNDS OF p;(2) AND v:(x)

Recall that

1 _lz—myy?
pi(x) = / e i po(y)dy.
[—1,1]
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Qo

Figure C.1: Division of the cube into smoother small regions and the general region.

Lemma 17. There exists C1 = C1(d, Cy) > 0 such that

_ 2 _ 2
Ot exp(~ U2l LY @) < 0 exp(- U2l e (34
o; 20}
forany x € R% and t € [Ty, 1].
Proof. The proof is elementary and the same as |Oko et al.| (2023, Lemma A.2). We omit it. O
Lemma 18. (i) Let k € N be arbitrary. There is Co = Co(d, k, Cy) > 0 such that
C
\a% ~~3mikpt(a:)H <= (e ).
t
(ii) There is C5 = Cs3(d, Cy) > 0 such that
T
Jou(@)] < Oy o (Ul =105y 1) 4 )
Ot
forany x € R% and t € [Tp, 1].
Proof. (i) is standard and the same as (Lemma A.3|Oko et al.,[2023)). We omit it.
For (i), let g(x; myy, 02) = p(z|y) = W exp{— M} Note that
; d
or() = J vi(@ly)g(@; mey, of)po(y)dy
pe(x)
The norm of the numerator is upper bounded by
w p—
H/ +mty} (z; mtyvat)po dyH
T —myy
<o / Ttg(ﬂc; my,o; )po(y)dyH + |mi] / 1yllg(a; mey, of )po(y)dy.
Since Supp(po) = [—1, 1]¢ by assumption (A1), the second term in the last line is upper bounded by
] [ gtaimy. oP(y)dy = (). G5)

To bound the first term, we use the restriction of the integral region as in Lemma F.9, |Oko et al.

(lzlloo—me)2)

(2023). Namely, letting & := C’fl exp(— o7

approximated as forany j = 1,...,d,

18

, the lower bound of p;(x), the integral is

Tj — MY\ @ T — Mgy
/(X%) g(:c;mty,af)po(y)dyf/ (707753) g(x;mey, o2)po(y)dy| < e,
R t Aq
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where A, = [\, [ 2 — €% flog(1/e), &+ v\ /log(1/e)], Cis a positive constant depending

me me ’ my

only on d, and o« € {0, 1}. Then, the first term is upper-bounded by

T —myy
/ Jitg(x;mty,ag)po(y)dy—&-EIH.
A, t

!
O

Noting that y € A, is equivalent to |z; — msy;| /o < C/log(1/¢), the above quantity is further
upper-bounded by

\/gCogx/log(l/E)/A g(x; myy, o) po(y)dy + Vde < C' (02 log(1/e)p:(x) + 5).

7(Hw\|m—mt)i))

Noting that ¢ = C;* exp( and p;(x) > e, we obtain

of
HUt(w)” < Cl(o-;ﬁ 10g(1/€)pt($) + 5) + |m;£ |pt(m)
N pi(x)

<C" {Ué((lwnoo - mt)-i—) _1_0_1/5 + |m;|}
Ot

<o {U£(<Hw”o@ - mt)+ v 1) + m“} )
o

This completes the proof. O

The following lemma shows an upper bound of v;(x) when « is in a bounded region of o4+/1/e¢,
and presents bounds of relevant integrals.

Lemma 19. Let £ > 0 be sufficiently small.
(i) For any Cy > 0, we have
lve(@)|| < Ca(otv/log(1/e) + [m4]) (36)
for any T with ||z||oe < my + Cyoy+/log(1/e) and t € [Tp, 1].

(ii) For any C5 > 0, there is C > 0 such that

~ d—2 c?
/” | st Coon/Ia(L] )Pt(m)||vt(w)||2dic < C{(o))?log? (e V) +(m})?log = (e ) }e =
T|lco =Mt 50t og €
(37)
and
~ I~ 2
/ pe(x)dx| < C’longQ (5_1)5% (38)
Hw\loozmr&-Csm\/m

hold for any e > 0 and t € [Tp, 1].

Proof. (i) is obvious from Lernma since (||&||co — mt)+ /0t < Cyq/log(1/e) under the assump-
tion of x.

We show (ii). It follows from Lemmas [I'7] and [T8] that

2 2
|00 — Mry Tl —m
pi(x)|lvg(z)||* < 20105 exp(——(H HOOZ — )+){(U£)2—(|| oo 7 2k + (mg)Z}.
O O
Letr := (||&||oc =)+ /01 and B; := {x = (1,...,24) € R? | |z;| = maxi<j<q |z;|. The space
is divided into d regions UleBl- with measure-zero intersections. In By, the variables xo, ..., x4

satisfy |2;| < my 4+ Cyoy+/log(1/¢), and integral (37) is upper bounded by
T2
QC’ngd/ e T ((02)27"2 + (m§)2}(0t7" +my)? tdr
Cyq/log(1/e)

7‘2
e~ T ((o—g)?rd“ + (m;)Qrd_l}dr,

=
Cy/log(1/e)

19
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where we use (oyr +m;)4"t < (r +1)471 < 24 1pd—1,

For ¢ € NU {0}, define
(oo}
Ye(z) = / Tee_édr.
z

22 22 . . .
It is easy to see Y1 (z) = e~ = and Yy(2) = 2" te™% + (£ — 1)3,_1(2) by partial integral. Using
these formulas, we can see that for z > 1

Ye(2) < Bpztle™ %
where By is a positive constant that depends only on £.

Thus, we obtain an upper bound

. 1
C{lor10gt (1) + (i 10g™5* (1)),
which proves (37). The assertion (38) is similar. O

C.4 BOUNDS OF THE APPROXIMATION ERROR FOR SMALL ¢

This subsection shows the proof of Theorem 7]
(I) Restriction of the integral.

We first show that the left-hand side of (20) can be approximated by the integral over the bounded
region

Din = {x € R | ||z||oo < my¢ + Cyoi\/log N}.
To see this, observe that from Lemma@ (ii), for © € D, n we have

loe () [|* < 265 {(07)*log N + |my|*} . (39)

From the bound of v, (), we can restrict the neural network ¢(x, t) so that it satisfies the same upper
bound. Therefore, (39) is applied to ||¢(x, t)||* also. Combining this fact with Lemma. 19 (i), we
have

[ 1é@.t) - v@ln@)de

1 z—myyl?
g4c§{(a;)2iogzv+|mg|2}/ LS R
p¢, (V2rao)d

< 4C3C {(0})*log N + |m}|>} N~Ci/2 log™>" N.
If C, is taken large enough to satisfy C%/2 > 23 , it follows that

/ (@, 1) — i) |2y () dz

< /D p(x, 1) — ve(@)|pe(x)dz + C" {(07)? log N + [mj|*} N~ (40)

for some constant C’ > 0. Thus, we can consider the first term on the right-hand side.

Let w > 0 be an arbitrary positive number. The integral over D; y in can be restricted to the
region {x | py(@) > N~ }. This can be easily seen by

/D pi(x) < N~ 57 |v,(z) — ol t)|*pi(z)da

<103 [ {(ohProg N + i} N
D¢~

<A4CIN~ "7 {(0})*log N + |mj|*} 2¢(m¢ + Cyos\/log N)*
< C"{(0})*log N + |m}[?} N,

2.s+w

dx

s+w

20
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where C”" depends only on d, C3, and Cjy. This bound is of smaller order than the second term on the
right-hand side of (0}, and thus negligible. In summary, we have

/ (1) — i) |2y () da

2s+tw _ 2s
T ll¢(@, 1) — vi(@)|*pe(x)da + C" {(0})* log N + [my|*} N~
41
for sufficiently large N.

(II) Decomposition of integral. Here, we give a bound of the integral [ ||¢(x,t) — vi(z)|*pi(x)de
254w

over the region D; y N {x | p;(x) > N~ "a }. The norm ||¢(x,t) — v ()] is bounded in detail.

First, recall that

() = S vt(a:Iy)z;tt((fEI)y)po(y)dg pu(@) = / pr(ly)po(y)dy. @

Based on Theorem[I3] we can find fx in (25) such that
lpo — £ ll2cray < CaN~*/%, IPo = fnllzaravie) < CoN—5/4 (43)

As an approximate of p;(x), define a function f; (x, t) by
_ 1 _lmmmyy)?
Pty = [ e iy (@4

Since we consider the region where p;(x) > N —(2stw)/ 4 we further define

254w

fi(x,t) == fi(x,t) VN~ .

In a similar manner, the numerator of (@2)) can be approximated by

oy fa(x, t) + my f3(x,t),

where R?-valued functions f5 and f3 are defined by

.7 T — 1y 1 _%
fa(x,t) .—/ E N " fn(y)dy.
1 _lm—myy)?
fale, )= / Vs vy 45)
t

We have an approximate of v;(x) by

oifie) e, | 1

fl(mat) ﬁ

< C5x/logN} 1 { ‘;3
1

f4($, t) =

< 05} .
We want to evaluate

/D 1py(a) > N~ p(@, ) — v (@) |*pi(@)de

254w

< / 1pe(@) > N5 |g(a. ) — fa(a,t)|*p()dx
D¢ N

+/ 1pi(x) > N~ fa, t) — vi()|*pi(x)de
Dy, N

=: 14+ Ip. (46)
(III) Bound of 74 (neural network approximation of B-spline)

21
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We will approximate fi, fo, and f3 by neural networks. For k € Z, and j € Z%, let B

(a=1,2,3,u =0, 1) denote the functions defined by o
Bl = [ Ul < Gl M0 ey @)
Ju Rd ) J (\/%Ut)d ’
B = [ F 0yl < Coa] M) e B TS
ST Jga oy =" I oma) )
and 3) 4 1 _ ||w—2m5yu2
By = /Rd Y1{[[yllec < Ch,1] Mk,j(y)me 7t dy, (49)

K 1—
where Cp; = 1foru =0and Cp; =1 - N~ 4 ® foru = 1. Then, from Theorem fn is
written as a linear combination of 1{||y|/cc < Cp1]M, ,‘i ; with coefficients ay, ;. From Theorem
for any € > 0, there are neural networks ¢5, ¢g and ¢ such that

[fi(@,t) = ¢5(, 1)| < D5 N max|asle
[ f2(2,t) — ¢o(x,1)
[ f3(z,t) — ¢7(x,t)|| < D7N miax|ai\e.

| < DN max |ale,
T

Since max; || < N=(""+d7)(d/p=9)+ by taking e sufficently small, for any 1 > 0 we have
|fi(@,t) — d5(w,t)| < DsN™"
[ f2(,t) — ps(x, 1)[| < DeN"
[ fs(z,t) — ¢r(x,t)|| < DN

The operations to obtain the approximation of v;(x) based on ¢5, ¢, and ¢; are given by the
following procedures:

(1 := clip(gs; N~ Cet)/d yFotl),

(2 :=recip((1),

¢3 :=mult((y, @),

¢4 = clip(¢s; —Cs+/log N, Cs1/log N),
¢ := mult (e, ¢r),

C6 = CIlp(C57 _C5a05)7

Cr = mult(@,&’),

CS = mult(cﬁaﬁl’/%

Ps = (7 + (Cs.

As shown in Section the neural networks c1lip, recip, and mult achieve the approximation
error N~ with arbitrarily large 7, while the complexity of the networks increases only at most
polynomials of N for B and ||W ||, and at most poly(log V) factor for L and .S. In the upper bound
of the generalization error, the network parameters B and ||W ||+, and the inverse error =1 = N7
appear only in the log() part to the log covering number, and S and B appear as a linear factor.

We also need to use the approximations o} and m} of o; and mj, respectively, by neural networks
in construction. However, this can be done in a similar manner to (Section B1,|Oko et al., 2023))
with all network parameters O(log” e 1) for approximation accuracy ¢, and thus they have only
O(poly(log N)) contributions. We omit the details in this paper. Consequently, the increase of the
neural networks to obtain ¢g from ¢5, ¢, and ¢7 contributes the log covering number only by the
poly(log N) factor.

As a result, we obtain

Iy = O(N™"poly(log N)) (50)
for arbitrary n > 0, while the required neural network increases the complexity term only by
O(poly(log N)) factor.
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(IV) Bound of I3 (B-spline approximation of the true vector field)

We evaluate here

Io= [ @) = N fule.0) - vl @) 61
D¢, n
Let ho(x,t) and hs(x, t) be functions defined by

T —myy 1 _lm—my)?
ho(x,t ::/ e 203 dy,
o@0) = | T poly)dy

1 _lz=myyl?
hy(a,t) = | y—e——e dy. 52
@)= [ v po(y)dy (52

Then,
[ fa(z,t) — ve(z)]|
J2

1[

h

< C’5\/logN} 1 H %
1

UéfZ(wat)—i_m;fé(wat) UzIShQ(wat) +m{‘,h3($at)H
fi(z) pi() '

< Cs}

(53)
We evaluate the integral (31) by dividing D, n into the two domains {z | ||z|s < m} and
{z | mi < ||&]|co < Mt + Cyor/log N}

Due to condition p;(x) > N—@stw)/d it suffices to take the network fi(x,t) so that it satisfies
fi(z,t) > N~ 2s+w)/d by clipping the function if necessary. We therefore assume in the sequel that
fi(zx,t) > N—(@st)/d holds.

(IV-a) case: || x|/ < my.

In this case, Lemma|l7|shows that C < pi(z) < Cy for some Cy > 0, which depends only on d
and pg. Using this fact and the conditions || % H < Cs+/log N and || % H < (%, we have

o fo(x,t) + myfa(x,t)  orha(x,t) + mihs(x,t)

fi(@) pi(@)
<l 5 - e | e i | B - e
cou{[ 8- e e e

i[5 - S| e - S

< Ciloj {Cs\/log Nlpo() = fi(,6)| + | fala, ) - h2<w,t>||}
+ Crlmi {Cslpu(@) — fu(@, )] + | (@, 1)  ha(a, DI}

< C{(ot1\10g N + [mi) (@, t) = po(@)] + o[l Fo(@, 1) = ha(@, O)]| + i || fa(@, 1) — ha(, 1) }
(54)

We evaluate the integral on { | ||||cc < my}. From the bound (54), we have

a= [ A 2 N ) @) )

{(00)?log N + (m})*} 1[pi(z) =

]| oo <ms

N2
+ (o)) /| IRLCE

+(m})? 1pi(@) = N~ 5| fs(@, 1) — ha(, 6)|*pe(@)dz| . (55)

||| oo <y

<c T (2, t) — pola) Ppe (@) dae

|| fa 2, t) — oz, t)|*pi(x)de
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We write J ](31), J,(32), and J ](33 ) for the three integrals that appear in the right-hand side of (33)).

We will show only the derivation of an upper bound for Jg) , since the other two cases are similar.
Recall that by the definition of f> and ho,

_ 2
T — My 1 _lz=mgyl

(\/ﬂat)de 27t (fn(y) — pol(y))dy.

fg(ﬂ?ﬂf) — hg(w,t) = /

7d Ot

Then, using p;(z) < C4, we have

2
_2stw T — muy 1 _lm=myy)?
J](;) =G ||| oo <m; Upi(@) 2 N7 ] /Id o : (,/QWUt)de i (In(y) —po(y))dy| de

2
dx

d 5
! Tr—my < my ) _ly==/ms?
1 o <1 o 2 /me)? B p
;[ iyl <0 i o) — o

my

< Cl/

& / / z—muy|® [ me T _lyme/me? )
<3 lylloo < 1] e 2w/m0” (fn(y) — po(y)) dyde
M oo <im S 7 Nz
Ch / / z —muy || 1 _Le=myl? ,
=—7 Hllylloo < 1] e (fn(y) = po(y)) dyda,
M S gm, S o || (V2roy)
(56)
K/717
where the third line uses Jensen’s inequality for || - [|2. Fort € 3N~ "= ® with sufficiently large
k—l-s

N, we can find ¢y > 0 such that m; > cg on the time interval [Ty, 3N~ " @ ]. We can thus further
obtain for some C’ > 0

— 2 1 _lz—myy®
J(2><C,/ / & — my|| = B 2,
B = i 3 (Varor) (fn(y) —poly)) dy

0%

— dc’ / ()~ po()dy

=dC'|[fn - Po”i?(ld)
<C'N™E (57)

by the choice of fy. Similarly, we can prove that J](gl) and J g’ ) have the same upper bounds of N -
order. This proves that there is C'g ; > 0 such that

Ip1 < Cpa{(})?log N + (m})?} N~*¢. (58)
(VI-b) case: m; < ||z||cc < my+ Cyop/log N.

Unlike case (i), we do not have a constant lower bound of p,(x) in this region, and thus we resort
to the bound p; () > N~ (s+9)/d thatis 1/p, () < Nt/ dand 1/ f) (x,t) < N@stw)/d We
have

fi(=) pi()

< m () fo(, t) + m) fo (@, 1)) — (otha(x, t) + mihs(z, t))]|
1

+ ||vt(m)llm|f1(w) — ()|

< N(z”“)/dé{(\aélx/logN +[myl) [pe(x) — fi(z, )] + |ot|| f2(z, t) — ho(z, 1)

+ Iyl fal, t) = ha(@, )]}, (59)

orfa(@,t) + myfa(x,t)  orha(z,t) + mphs(x,t) H

where in the last inequality we use Lemma @1).
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Let Ay v = {x € R | my < ||@||oo < m¢ + Cyo4y/log N}. By the same argument using Jensen’s
inequality as the derivation of (56)), we can obtain

IBQ ::/ 1[pt((l}) 2 N~
Ay N

254w

Tl fa(, t) — ve(@)|Ppe () dee

_ 2
detow = méyH

<CVNT [{w;)%ogm(m;)?} /A /w}m) T (fn(y) — poly))dyda

2 2
T —my 1 —leomyy)
w1 e T U)ol
t,N t

_llz—meyl?

\2 2 1 202 2
wog? [ [ WP e ) o) Pdyde| (60

Due to the factor N (4512<)/4_the integrals must have orders smaller than in the case of (56) to derive
the desired bound of Ig ». We will make use of Assumption (A1) about the higher-order smoothness
around the boundary of 1.

Because the three integrals can be bounded in a similar manner, we focus only on the second one,
denoted by K ](32). Since d,w > 0 can be taken arbitrarily small, we can assume § > 6s — 1 + dx + 2w.

From Lemmawith e = N3/ d there is Cj, > 0, which is independent of x, ¢, and sufficiently
large IV, such that

2 2
T —muy 1 _Hm—zmigyll )
e 7t — d
/Id ot H (V2ro,)? (fn(y) —po(y)) dy
2 2
r—my 1 —le—my)” , B
— e o — d < N d,, 61
/Am ot (V2moy)? (/n(y) —po(y)) dy| < (61)
where A, is given by
log N
Amiz{y61d|’y—x <0bW}.
LI PN my

Note that if £ € A;  and y € A, then

Cyos/log N Cyop/log N
— or 1-————=—<y: <1

-1<y; < -1+ > Yy
me my

1o
for each j = 1,...,d. Because we assume thatt < 3N~ 4 ? and o; ~ bgt"™, we can assume
that m; > /Dy /2 from Assumption (A3). Then, for sufficiently large N, we see that y € T4\ I¢.

Sk

This can be seen in o, ~ bot"™ < b03"‘N_1_TM and thus Cyotv/log N /my < %N‘ 7" . For
y € I9\I¢, we can use the second bound in 3);

(6T) that

-]
AtJV Id

fn _pOHLz(Id\Ij‘f,) < N—3/2_Tt follows from

_llm—myy)®

2t (fn(y) — poly))dyde

mmtsz 1
Ot (

€
vV 27T0't)d

2 4 2
T — My 1 ] , o
: e (fn(y) —po(y))’dy+ N7} dx
/At,N {/Aw Ot H (\/%O't)d ) )
T —my 2 1 ,M ) »
S e 20t dw _ d + N_' A .
/Id\fzdv /Rd o ’ (v27m0,)d (fn(y) —po(y))“dy 1A |

Since the volume |A; x| is upper bounded by D’c;+/log N with some constant D’ > 0, we have
K < dllfx = poll3a gy sa) + C'(011/log N)N =5/
< <N725/d 4+ N—(+1=dr)/d logd/2 N)

3+1-6k

:O(N*‘ T log/? N), (62)
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where the last line uses § > 1 (Al). The integrals K g) and K ](33) have an upper bound of the same

order. As aresult, there is Cp 2 > 0 which does not depend on 7 or ¢ such that

I < Cpa{(oy)*log N + (m;)*} N
Since we have taken § so that § > 6s — 1 + dx + 2w, we have
Ips < Cpa{(0))?log N + (m})?} N~ (63)
(VI-¢)
It follows from (38) and (63)) that there is Cz > 0 such that
I < Cp {(0})*log N + (m})?} N~ (64)
for sufficiently large N.

(V) Concluding the proof.

Combining @I)), @6), (50), and (64) leads to the upper bound of the statement of the theorem. The
argument of the network size in part (II) proves the corresponding statement. O

C.5 BOUNDS OF THE APPROXIMATION ERROR FOR LARGER t

This subsection gives a proof of Theorem|[§] The proof is parallel to that of Theorem|[7]in many places,
while the smoothness of the target density is more helpful.

(I)’ Restriction of the integral. In a similar manner to part (I) of Section there is C's > 0, which
does not depend on ¢ such that for any neural network ¢(x, t) with ||¢(x, t)|| < Cs3{|o}|v/1og N +
|m}|} the bound

/ pe(@)||p(x, 1) — vi(@)|*de S {|of|\/log N + [my|}N "
[|z||>m¢+Cs+/log N

sl
holds forany t € [N~ 4 . ,1]. Also, in a similar way, we can restrict the integral to the region
{z | pt(x) > N~} up to a negligible difference. Consequently, we obtain

[ p@l¢(a.) - v@) e
Rd

- / 1[pi(x) > N "pi ()| p(x, t) — v ()| dx
||| <m:+CgvTog N

+O({loj|\/log N + [mj[}N~"). (65)

(IT)’ Decomposition of integral. We consider a B-spline approximation of p;(x). Unlike Section
we can regard p;, as the target distribution, which is of class C°°. This will cause a tighter bound than
in Section [C.4|and easier analysis. More precisely, it is easy to see that p;, the convolution between
po and the Gaussian distribution Ny(m.y, o’t2 1), can be rewritten as the convolution between p;
and Ny (my,521,) for any t > t,, that is,

1 _ ey
xTr) = o € 2% d )
pi() /Rd Vanor) pe. (y)dy
where
2
My = Gy= o2 (ﬁ) o . (66)
mt* mt*

We can thus apply a similar argument to Section [C.4}

3dn

We use a B-spline approximation of py, . For > 0, take o € N such that oo > 551

that the derivatives of p;, (x) satisfy

. It is easy to see

6k
H al‘il . axlk pt*(w)

<&
oy
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for any k < v and (iy, ..., ). From Assumption (A3), there are t' € [0,1] and b' > 0 such that
oy > bit® forany 0 < t < tf. If we set ¢’ := (¢7)* > 0, then oy > bTt" V ¢l forany ¢ € [0,1]. We
can see that

Dt d
—=— e B2 (R
s € B (B
holds, because for any £ < « we have
k
r_ @ L < b A ) 0D) < G (0 A (D)),

< CaldTt™ A (ch) 7
O0x;, -+ 0z t, " Vv ct t, "V cT
which implies =5 — € W& & (R?) and ||

e lwe re) < Cal((0F A (¢~ +D) (constant).

Notice that, by a similar argument as in the proof of Lemma|[I9|(ii), there is C'5 > 0 such that

/ (Iyl12 + Dpr. (y)dy < N (©7)
lyllco >C5+/Tog N
holds. We therefore consider a B-spline approximation on [—C5+/Iog N, C5+/log N]<. Letting
N* = [ dmNéfﬂ
be the number of B-spline bases, from Theorem@ we can find a function fy« of the form

N
Ine(@) = (7" v e) Y ail[l|@]|oo < Csv/log NIM, ()
i=1

with |a;| < 1 and Cg > 0 such that
. = el 22 (-0 VI N s visgNja) < Co(log N)*/2(N*) = (¢ v cf)
holds.
From N* > t79 N% and o > 25 , the right-hand side is bounded by
C’'(log N)*/2N—0en/d < ¢! N =51/
for sufficiently large N, which implies
I, — Il 2 (s viog N visg W) < CroN ™57/ (68)

for sufficiently large N. Note also that the coefficient &; := a; (¢, " V CT) of the basis M ¢ i i in fp-
is bounded by

a(1-5k)
d

jGi| <t;mvel < NFTeR = N

In a similar manner to part (II) of Section[C.4] define f1, fo, f3, and fy using fy« as

- - _lz—myy)?
fil@ ) = fu@t) VN with (@, 1) = / Wlm)d o e ()dy, (69)

lz—myyl?

o= [E5E ae  ew

1 ==y
Folat) = / Vg vy (70)

\/ﬂat)d
aifo(x,t) + mifs(x,t) H.f2 <cs m} H r} .

fl(m t

We have a similar decomposition of the integral to (@6):

/D 1pi(@) > N[ (. ) — vp()|pr()de

f4(33, t) =

< / 1pi() > N (. 1) — Fale, 1) |2pe () dac
Dy N

[t = N fu(et) - ve) Prue)de
D¢ N

::INA-i-INB (71)
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(III)’ Bound of I 4 (neural network approximation of B-spline)

Using exactly the same argument as in part (IIT) of Section[C.4] we can show
I = O(poly(log N)N ")
for arbitrary o’ > 0, and thus it is negligible.

The size of the neural network is given by L = O(log* N), |[W| s = O(N), S = O(N*) =
O(t; % N°%), and B = exp(O(log N loglog N).

(IV)’ Bound of I (B-spline approximation of the true vector field)
By replacing po with p;, in (52), define ho(x,t) and hs(x, t) with m, and 6 by

T — ey 1 _ =yl
ho(z,t) := = e 2% .(y)dy,
2(z, 1) /Rd 5 (VI pe. (y)dy
1 _lw—ryy|?
hs(x,t) := —¢ 257 du.
s(x,1) /Rdy(\/%&t)d pe. (y)dy

Then, by a similar argument to (I9), we have

[fa(@, 1) —vi(2)] < N"é{(lffilx/logl\’ + ) Ipe(x) — ful, )]
Hatlll 2z, t) — ha(z, )| + [ || f3(2, 1) — hs(z, )] }

for some constant C’, and thus

2
- 1 _le—myy)?
Tp < C'N* | {(5])* log N + (1i})? [ e o Uy - pe @)y de
(@) R ( :
2
ver [ L () |
% = e 7t * — D¢, T
R N e N LAY N (y) — pe. (y))dy
o 2
@) [ [ e ) - )| i 1)
+ (m —_— i N* — Dt .
" e ||Jre T (V270G '
Here, we show a bound of
5 1 llwo— sy ?
~ ﬂf—mt’y _ mfn_zg
J = —~ e 25% * — d dx.
soi= L vy ()~ pr. (9)dy

The other two integrals can be bounded similarly.

Let p := \/§1D > 0, where Dy is given in Assumption (A3). We derive a bound of J B,2 n the two

cases of ¢ sep:grately: Iv-a)’ m; > p, and AV-b)’ m; < p.
Case (IV-a)’: m; > p.
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By rewriting the inner integral on y by a Gaussian integral, we have

i 1 z— gy [ e ¢ - milve/m?
J = — e 257 . _ d
b2 /Dt_N md /Rd Oy <\/ﬂ5t) (fn=(y) = pe. (y))dy

B Dy N m?d R4

2
dx

~ 2 ~ d  wlly—e/m)?
r— 1wy me B~y E— 2
_ e a7 «(y) — dydx
H (m&t> (fn=(y) — pe. (y)) dy

Ot
1 T — ey H2 1 le—mw? )
: 5 e -(y) - dydx
- /Dw my /Rd &y (V275 ) (fn+(y) = pe.(y)) dy
a/2 z—myl? 1 —le—m? .
=D o € i * - dxd
< (2Do) /Rd /Rd G H (vV2r6,)d (fn=(y) = pe. (y)) dady

<o [ () = o () dy

< p 24 / (- () — pr. () 2dy + / pr. (y)2dy
[ CiV/IGE N Cs VIGE N4 Iyl >Cs VIog N

—d/2 2 -3
<p / d{”.fN* — Pz, L2([—Cs+/Tog N,C5+/Tog N]¢) +N 7]}
<CN™%

where the second line uses Jensen’s inequality and the last two lines are based on (67) and (68). The
constant C' > 0 does not depend on ¢ or V.

Case (IV-b)’ m; < p.

In this case, we can show &2 > . In fact, from m; < p, we have
t =< 2D,

_ ~2 2 2 2 2
0y =0y —Mioy, 203 —p o; .

From Assumption (A3), m? + o2 > Dy '. Since m? < p?m? by assumption, we have
2 —1 2 1 2 2
oy 2 Dy —mi > Dy —p my .

Combining these two inequalities, we obtain

- _ _ 1
5p > Dyt = p*(mi +p}) > Dyt — p* Dy = 5Dy’
where the last equality holds from the definition p = \/ilD .
0

We divide the integral of I 5 into the regions {y | ||y[lcc > CsvIog N} and {y | [[y]ec <

Csv/1og N'}. In the region {y | ||y|lco > Cs+v/Iog N}, using 62 > 1/(2Dg) and fx-(y) = 0, we
have a bound

~ e 2
T — My 1 _le—myy)

2572 . _ d
/{ly“mz% o T (- () — pr. (1))dy

Do\ ? .
<(2) eoor | & — ey (o )y
™ {1yllo>Cs VIoE N}

d

D _

<C (0> (2Dy)? (C’ log N +p 2||?JH2) P, (Y)dy
n {llylloc>C5+/Tog N}

< C"N™3"1og N,

where we use and the fact x € D, y implies ||z||?* < C’log N for some C".
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For the other region {y | ||y|lcc < C5v/1og N}, first notice that for ¢ € Dy y, we have |z —
myl|/d¢ < D’+/log N for some D’ > 0. Application of Cauchy-Schwarz inequality derives

- B 2
T — My 1 _lm—myy)

257 . _ d
/{|y|wgc5rogm G (Vama)t o) =ty

D
< D”log N () / dy (Fv- (@) — po. ()’ dy
0 {llyllcc <Cs5+Tog N} {llyl|cc <Cs5+1Tog N}

< D"(1og N)* ! f- = pu.
< D"(log N)2tI N3,

L2([—Cs+/Tog N2,C5+/Tog N4)

From the above two cases (IV-a)’ and (IV-b)’, we have for any ¢ € [t,, 1]
jB72 < poly(log N) N7".

As a consequence, there is a constant C"’ that does not depend on ¢t and m € N such that
Ip < C"{(c})*log N + (m})?} N ~"poly(log N).
The factor poly(log N) can be erased if we take a larger 7 in the proof. [

D APPROXIMATION OF FUNCTIONAL OPERATIONS BY NEURAL NETWORKS

This section reviews the accuracy of the approximation and the increase in complexity when we
approximate functional operations by neural networks. The following results are shown in |Oko et al.
(2023 Section F) as well and in more original literature Nakada and Imaizumi| (2020) /Petersen and
Voigtlaender| (2018)/Schmidt-Hieber| (2019)).

The operations used directly in this article are recip, mult, clip, and sw. The usage in Section
[C4| (1) is explained as examples.

D.1 CLIPPING FUNCTION

First, we consider the realization of the component-wise clipping function.
Lemma 20. For any a,b € R? with a; < b; (i = 1,2,...,d), there exists a neural net-
work clip(z;a,b) € M(L,W,S,B) with L = 2, W = (d,2d,d)”, S = 7d, and B =
maxi <;<q max{|a;|, b;} such that

clip(z; a,b); = min{b;, max{x;,a;}} (i=1,2,...,d)
holds. When a; = cpin and b; = cpaq for all i, we also use the notation clip(; Comin, Cmaz) =
clip(x; a, b).

D.2 RECIPROCAL FUNCTION

Second, the reciprocal function x +— 1/ is approximated by neural networks as follows.
Lemma 21. Forany 0 < ¢ < 1, there is recip(x’) € M(L,W, S, B) such that

[z — 2]

(73)

1
recip(z’) — ‘ <e+

x 5
holds for any = € [e,e'] and 2’ € R with L = O(log®(¢~1)),
O(log*(e™ 1)), and B = O(e™?).

Wle = O(log’(e™)), S =

D.3 MULTIPLICATION

Lemma 22, Letd > 2, C > 1, 0 < €epr < 1. For any € > 0, there exists a neural network
mult(zy, 2o, ...,24) € M(L,W,S,B) with L = O(dloge™! + dlogC)), |W|le = 48d, S =
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O(dloge™! + dlog C)), B = C% such that (i)

d
mult(z,. .., z}) — H o <e+d0 e,
d'=1
holds for all x € [—C,C]% and ' € R with ||x — @' | 0o < €err, (i) [mult(x)| < C? for all € RY,
and (iii) mult(x}, . .., 2);) = 0 if at least one of x, is 0.
We note that some of x;,x; (i # j) can be shared; for Hle To, Witho, € Zy (1 =1,...,1) and

Zle oy = d, there exists a neural network satisfying the same bounds as above; the network is
denoted by mult(x; o).

D.4 SWITCHING

Lemma 23. Let t1 < ty < s1 < So, and f(x,t) be a scaler-valued function. Assume that
lo1(x,t) — f(x, )| < eonlt1, 1] and |pa(x,t) — f(x,t)| < € on [ta, s2]. Then, there exist neural
networks swi (t; ta, s1) and swo(t; to, 51) in M(L,W, S, B) with L = 3, W = (1,2,1,1)T, § = §,
and B = max{t, (s; — t2) "'} such that

lswi(t;t2, s1)p1(, t) + swa(tsta, s1)p2(z,t) — f(a,t)] < e
holds for any t € [t1, s3].

D.5 CONSTRUCTION OF NETWORK IN SECTION [C.4] (III)

We detail the network size required for the approximation procedure presented in Section [C.4] (III).

Clipping to ¢;: From (39) and assumption (A3), ¢5 can be upper bounded by N%o+! for sufficiently
large N. Then, from Lemma 20 we can see that in the clipping of ¢, the increase in model sizes is
constant depending on d except B, which is multiplied by the upper bound N%o+1,

Approximating f; ! by (o Since we assume f; > N~(2s+@)/d_ clipping ¢5 from below by
N~2s+w)/d does not increase the difference; thus |61 — f1] < DsN~". In Lemma substituting
' =,z = fi,ande = N~ X for x > xo + (28 + w)/d with an arbitrary x, > 0, we have

recip(Gi(, 1))

_ fl(clc,t)‘ < N°X +N2x|C1(£IJ,t) — fi(z, t)].

Since 1 > 0 is arbitrary, by setting 77 and ) so that n > 3x, we have

recip((i(x,t)) — ]’11(;15)’ < (Ds+1)N~X. (74)

This is achieved by a neural network with L = O(log® N), S = O(log* N), |[W o = O(loglog N)
and B = O(N?X).

¢3 = mult((o, g): Note that |G| < NCsH@)/d |1 fy — 6| = O(N™), and |G — fi1] <
O(N~X) from (74). We have also taken 7 so that » > 3y. In applying Lemma 22| we can set

C = N@stw)/d pecause (o] < NCsH)/d Also, e := max{|Ca — 1/f1], |6 — f2l} =
max{O(N~X),O(N~")} = O(NX). With d = 2 and € = N X0, we have

Co(@,8) — Go - (@, £)] = O(N—X 4 2NC=H)/IN=x) = O(NX0 4 2N=X0) = O(N—Y0),
where we use the fact that  is taken to satisfy x > xo + (2s + w)/d.

‘We then obtain

_ S
G—

<11 — doCall + H¢6< - %

fo

< 1€ — @6Cal| + [[P6Ce — folall + || f2(2 — 1

= O(N™X0)  O(N@s+)/AN=7) 1 O(\/log NN~X)
= O(N~Xv), (75)
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where in the second last line we use || f2/ f1]| = O(v/log N) and thus || f2|| = O(y/log N).

A similar argument derives

= O(N ). (76)

For the neural network architecture in this multiplication, L and S are added by the order of
O(loge™! +log C) = O(log N). The width W is of constant order and thus negligible. The width

W is O(N2@stw)/dy,
Clipping to obtain ¢, and (g: For these clipping procedures, the approximating networks have L,

W and S of constant order, while the weight values B are of O(y/log N) and O(1), respectively, and
thus they are negligible. The approximation errors are kept as N ~X0,

Multiplication to obtain {7 and {s: As in the previous procedures, clipping by O(+/log N) and
O(1) does not increase the approximation error, while the increase in the size of the network is
negligible.

In a similar manner to |Oko et al.| (Lemma B.1 2023), we can approximate o, and m; by neural
networks so that |0} — at| = O(N~") and |mt mt| = O(N~"). The network sizes are L =
O(log? N), |[W|lso = O(log? N), S = O(log® N), and B = O(log N). With arguments similar to
those of the previous procedures, we can show

Jo-evgin |5
Is

Jo--mitgn [

In total, we can find a neural network to approximate v () with the approximation error of O (N ~X°)
so that the network has the size of most polynomial orders for B and ||W ||, while O(poly(log N))
for S and L. As a result, the contributions to the log cover number are only O(poly (log N)).

< C5x/logN} H = O(N7X0),

and

< 05:|

o),

E IDEA OF TIME DIVISION

The basic idea of the time division used to derive the almost optimal minimax convergence rate is
depicted in Figure
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t ¢ L odu 1/2
W,(P,, P,) < \/?< f [ el e ™ p (x) — vs(x)llzdPs(x)dxds)
0

Division of time interval

po(x)  pr.(x) Pe(x) po(x) P, (x) P2 (x) pe(x)
t, t - t
—
Large number
of B-spline bases f—>
x continues. Adapted number
of B-spline bases

for approximation.

« Lipschitz coefficient = Lipschitz coefficient is constant:
2 (F eludu = = 2t;
o2l = g2€Clog(t/t) — (t/t,)2€ ez ftjj eludu _ 261082 — o,
can be large around t, = n~¢.
« Coefficient vt does not contribute « Coefficient yt can be small around t = ¢,,
for the large interval [t,, 1]. which suppresses the complexity term.

Figure E.1: The idea of time division for deriving the convergence rate
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