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1 Notation

Random variables are denoted in uppercase, and random vectors are denoted by boldface uppercase.
Their realizations are denoted using corresponding lowercase letters. The probability density function
(p.d.f.) of a random variable X is denoted by px () and for the random vector X, it is denoted by
px (x). The Stein score of the random vector X evaluated at « is denoted by V log px ().

2 Log-normal Distribution

A positive random variable W is said to follow the log-normal distribution if log W ~ N (11, 0'2),
that is, log W follows a Gaussian distribution with mean p and variance o2. We denote this as
W ~ LN (p1,0?). The log-normal density is given by

(logw—u)2>
exp| ——————1], w>0,
fw(w) =< wov2r p( 202

0, w < 0.

ey

Note that ;2 and o2 are not the mean and variance of the log-normal random variable. The mean
and variance of the log-normal random variable W are E[W] = exp (u + %2) and Var(W) =
exp (02 - 1) exp (2p + 02), respectively.

The multivariate log-normal random vector is defined as W = exp (u + 0 Z) where Z ~ N (0,I)

and the exponentiation is applied element-wise. Effectively, the entries of W are independent and
identically distributed according to Eq. (T). The corresponding density is denoted as LN (u, o21).

3 Equivalence Between Multiplicative Denoising Score-Matching and
Multiplicative Explicit Score-Matching

Recall from Sec. [5]of the main document that the multiplicative explicit score-matching loss is given
by

1 2
ﬁM-ESM(e) = E |:HXt onongt(Xt) —XtOSQ(Xt,t)H :| 5 (2)
Xthxt 2 2
and that the multiplicative denoising score-matching loss is given by
1 2
Lupsu(6)= _E [HXt 0 V log px, x, (X1 Xo) = X1 0 s0(Xu, 1) ] NG
Xo~pxy |2 2

Xi~px, X,

Submitted to 39th Conference on Neural Information Processing Systems (NeurIPS 2025). Do not distribute.



21
22

23
24
25
26
27

28
29

30
31

32

33
34
35

36

37

38

39
40

In the following result, we establish the equivalence between multiplicative explicit score-matching
and multiplicative denoising score-matching loss.

Theorem 3.1 (Multiplicative Denoising Score-Matching). Under standard assumptions on the
density and the score function [[Hyvdrinen, 2005 \Song et al.| |2019] over the positive orthant
Rf_, the multiplicative explicit score-matching (M-ESM) loss given in Eq. [2)) and multiplicative
denoising score-matching (M-DSM) loss given in Eq. @) are equivalent up to a constant, i.e.,
Ly-psm(0) = Laresm(0) + C, where C' is independent of 6.

Proof. We assume that the densities px, and px,|x, (defined in Sec. El]of the main document) are
supported over R, and zero elsewhere. Further, we assume that px, (z:) > 0, px, | x, (¢ | o) >
0, Va, € R‘j_ for t € [0,1]. The expectations are evaluated over the support Ri. We expand
EM-ESM(O) to get

1 2
Lyvesm(0) = E {2th o Vlogpx, (Xt)H } +

Xi~px,

1 2
Xtipr {2 ‘Xt o Se(Xtﬂf)H }
—_E  [(X;0Vliogpx, (X)) (X o0se(Xy,t))] - 4)

Xi~px,

Now, consider the cross-term _ E  [(X; o Vlogpx, (X¢)) " (Xt 0 so(X¢,t))] and express it as

Xi~px,
an integral over Ri. For brevity of notation, we don’t explicitly indicate the support Ri in the
following integrals. The cross-term is given by

E  [(X:o0Vlogpx,(X:) (X0 se(Xs,1))]

XthXt

= /(mt o Vlogpx, (wt))T(mt o sg(xs,t))px, () dxy

= /(wtOVpXt(a:t))T(mtOSg(wt,t))dwt. (5)
We know that the marginal density px, (x;) can be expressed in terms of the conditional density as

px, (L) = /pXt\Xo (x¢|20)px, (T0) do-

Computing the gradient with respect to x; on both sides yields

Vpsx, () = / Vi, o (@l o (@0) deo. ©)

Substituting Eq. (6) in Eq. (3), multiplying and dividing by px,| x, (z:|x0), we get
E [(X;oViogpx,(X:)" (X0 se(Xe,t))]

Xi~px,

= / <£Et O/Vpxdxo (x¢|T0)px, (9150)(11130>T (x1 0 so(x,t)) day

_ / / (@1 0V log px, x, (@1]@0)) T (1 0 56(e, 1)) P, 10 (| 0)px, (o) do A,

= Ep (Xt 0 Viogpx, x,(Xt| X0)) " (Xt 0 se(Xt,1))] . (7)
0~PX,
XtNPXt\S(O



41 Substituting Eq. (7) in Eq. (@) gives the following equivalent expression for the multiplicative explicit
42 score-matching loss:

Cy

Lyesm(0) =

T 5, [Lhewce.of]

Xt"’l)xt
— E [(X¢ 0 Viogpx, x,(Xt| X0)) " (Xt 0 se(Xt,1))]
Xo~pxg
Xi~px,|x,

1 2
- XtNI)Xt |:2 Xt ° SG(Xt7t)H :|
— W E [(XioViegpx, x, (Xil X0)) ' (X 0 s0(X0 )] + Cro ®)
0~PXg

Xi~px,|x,

43 where (' is a constant that is not dependent on 6.
44 We carry out a similar simplification for the multiplicative denoising score-matching loss:

1 5
Lypsm(0) = Xolpr §HXt o Vlogpx,|x,(X:|Xo) — X 0 s9(Xy,1) ’2] ,
XthXt\;)CO )
Co
E E E X X ’
= o 7t H )
XONPXO XoNPxO _2” tOSQ( ¢ ) 2]

Xi~px,|x Xi~px,|x,

- E [(X¢ 0 Viogpx, x,(Xt| X0)) " (so(Xy,t) 0 X¢)],

Xo~px,
Xi~px,|x,

45 or equivalently,

Lypsm(0) = I BHXtOSQ(Xt’t)Hj

Xi~px,
- E [(X¢ 0 Viogpx, x,(Xt| X0)) " (so(X¢,t) 0 X))
Xo~px,
Xivpx,|x,

+C, ©))

46 where (Y is a constant that is not dependent on 6.
47 On comparing Eq. (8) and Eq. (9), we get

Lyvosm(0) = Lyesm(0) + Cz — C1. (10)
48 This concludes the proof. O

49 The implication of the result is as follows: multiplicative explicit score-matching loss is intractable
50 since we do not have access to the true marginal scores, and, this equivalence allows us to optimize
51 the score network parameters by minimizing the multiplicative denoising score-matching loss since
52 the conditional scores can be tractably computed from the forward SDE (cf. Sec.[d).

ss 4 Additional Experimental Results

s4 4.1 Architecture of the score network

55 The base architecture is the conditional RefineNet architecture [[Song and Ermonl 2019]] with dilated
s6 convolutions, specifically designed for image generation tasks. The network follows an encoder-
57 decoder structure with skip connections and conditioning is done through class labels using con-
58 ditional normalization layers. We modify it to work for N time-steps because we discretize the
59 SDEs over N steps. The key components are the encoder and the decoder. The encoder starts with a
60 convolutional layer (begin_conv), has multiple residual blocks organized in stages (res1l-res5),
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performs progressive downsampling through the network, and uses conditional residual blocks
that incorporate class information. On the other hand, the decoder uses conditional refine blocks
(refinel-refineb), incorporates skip connections from encoder layers and performs progressive
upsampling and refines features.

4.2 TImage datasets for evaluation

As mentioned in the main document, we evaluate the proposed model on the following datasets:
MNIST, Fashion-MNIST and Kuzushiji-MNIST. The MNIST dataset consists of 70,000 images of
handwritten digits, each of size 28 x 28. The Fashion-MNIST dataset contains 70,000 images of
clothing items, also of size 28 x 28. Kuzushiji MNIST is a dataset of 70,000 images of handwritten
Kuzushiji (cursive Japanese) characters, each of size 28 x 28. The datasets are split into training and
test sets, comprising 60,000 and 10,000 images, respectively.

4.3 Training details

We implemented the proposed model using PyTorch. For MNIST, the model is trained for 300k
iterations, and for Fashion MNIST and Kuzushiji MNIST, the model is trained for 200k iterations.
The chosen optimizer is AdamW optimizer [Loshchilov and Hutter, |2019]. The checkpoints are
saved every ok iterations as mentioned in [Song and Ermon| [2020]]. The models are trained on two
NVIDIA RTX 4090 and two NVIDIA A6000 GPUs. The model is trained using the Monte Carlo
version of the score-matching loss defined in Eq. (3).

M N-1
4 1 L G i i i i 2
Lyvpsm(0) = NI Z Z |:2Hm§€) o Vlogpx, |x, (scgc) ] :c(())) - ac,(c) ose(:c,(c),k)HJ ,
i=1 k=0
an
where k = 0,..., N — 1 denotes the discretized time-step, and ¢ = 1, ..., M denotes the index of

the i™ sample. Effectively, we have M samples from the training dataset used in the score estimation
over N time-steps.

4.4 Sampling algorithm

We observed that the sampler proposed in Algorithm [1|of the main document obtained by Euler-
Maruyama discretization sometimes generates images of suboptimal quality. To mitigate this effect,
we propose a slightly modified sampler with a step-size that is annealed by a factor y < 1 to
progressively reduce the effect of noise during sampling, and L repeated sampling steps for each noise
level. The modified sampler with the annealed step-size is listed in Algorithm[2] The modification
improved the quality of the generated samples. Additionally, the step-size annealing can be viewed
as a special case of operator splitting methods used in the discretization of SDEs [MacNamara and
Strang), [2016]]. For the initialization, we must draw a sample X y_; from the log-normal density,
whose parameters fi, & are obtained by fitting a log-normal density to the histogram of pixel intensities
of the samples at the end of the forward process.

Algorithm 2 Annealed multiplicative updates for generation using Geometric Brownian Motion.

Require: o,6, u, L, K, X, ft, 7, trained score network sg
k=1
2: XN,1 ~ £J\/(ﬂ, 6’2]1)
for k< N —1to1ldo
4. forj <+ 1to Ldo

Zy,; ~N(0,1)
6: Xi_1=Xpoexp (—5 (u — %21) + 002X}, 0 s9(Xp, k) + HJ\/EZ}C’]')
end for
8: K K XX
end for

In order to simplify the update, we choose p = ”721. We found out empirically that 0 = 0.8,
x=0.99%and L =3,§ =2 x 10~ gave the best results.
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5 Generated Samples

We present samples generated by the proposed model on MNIST, Fashion MNIST and Kuzushiji
MNIST datasets in Figs.[I|to[3] The samples are generated using the trained model and the sampling
algorithm described in Algorithm[2] We observe that the generated samples are diverse and resemble
the training data. They are also noise-free, which goes to show that the annealed multiplicative
sampling update is quite robust. There are some samples that are entirely novel and are not identical to
the training data. This effect is more pronounced in MNIST and Kuzushiji MNIST datasets. Samples
from the Fashion MNIST dataset are less diverse and seem to have latched on to certain modes of the
training data. This is by no means evidence of mode collapse but certain classes are underrepresented
in the generation. This is probably because the Fashion MNIST dataset is more complex and has
more variability in the images compared to MNIST and Kuzushiji MNIST. Understanding the reason
behind this phenomenon requires further investigation.

5.1 MNIST

Figure 1: The samples have high diversity and the model even generates samples that are not present
in the training data but have semantic similarity to the training data.
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5.3 Fashion MNIST

Figure 3: Generated Fashion MNIST samples. We observe less diversity of the generated samples
here compared to MNIST and Kuzushiji MNIST possibly due to the complexity of the training data.

6 Evaluation Metrics for the Generated Images

We use the following metrics to evaluate the quality of the generated images:

* Fréchet Inception Distance (FID) [Heusel et al., [2017]], which measures the distance
between the distribution of generated images and real images in the feature space of a
pre-trained InceptionV3 network [Szegedy et all 2015]. Lower values indicate better
quality.

» Kernel Inception Distance (KID) [Bifikowski et al.,[2018]], which is similar to FID, but
uses a kernel to measure the distance between distributions. It is less sensitive to outliers
and is more robust for small sample sizes.

* Nearest neighbours from training data, which is a qualitative measure of how closely the
generated samples resemble the training data and to rule out the possibility of memorization
of the training samples. The nearest neighbours are identified by measuring the Euclidean
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distance between generated samples and images from the training data with distances
measured both in the pixel space and InceptionV3 feature space.

6.1 FID and KID

We compute the FID and KID scores using the torcheval library and torchmetrics library for
50k generated samples and 50k real samples from the test set. This is done for grayscale images
by repeating the image across the three colour channels and resizing it to 229 x 229 to match the
input dimension expected by the InceptionV3 network. We report the best FID and KID scores
obtained in Table[I] We observe that the FID and KID scores are lower for MNIST compared to
Kuzushiji MNIST and Fashion MNIST. This is because MNIST is a relatively simpler dataset with
less variability compared to Kuzushiji MNIST and Fashion MNIST. The FID and KID scores are
higher for Fashion MNIST compared to MNIST, indicating that the generated samples are of lower
quality and less diversity as evidenced by the samples in Fig. [3]

Table 1: FID and KID scores for the samples generated using the proposed model. The scores are
computed using 50k generated samples and 10k real samples from the test set.

Dataset FID KID
MNIST 28.9616 | 0.0287 4+ 0.0015
Fashion MNIST 116.1499 | 0.4374 + 0.0044
Kuzushiji MNIST | 50.7832 | 0.0546 £+ 0.0021

On an absolute scale, the FID and KID scores obtained are below par that of the state-of-the-art
diffusion models, which have evolved significantly over the past decade. However, considering that
this is the first-ever model founded on geometric Brownian motion, Dale’s law, and multiplicative
updates, the FID and KID scores obtained are definitely encouraging and have a lot of scope for
improvement in subsequent work. We have also addressed possible future directions in the main
document with respect to applying the proposed model on high-resolution image data.

6.2 Nearest neighbours

We identify the 10 nearest neighbours from the training data using the Euclidean distance between
the generated samples and the training samples. The results are displayed in Figs. ] to 9] of this
document. We observe that the generated samples are semantically similar to the training samples, but
not identical. This indicates that the model has the capability to generate diverse samples following
the underlying distribution and that it does not memorize the training data. The nearest neighbours
corresponding to both the pixel space and InceptionV 3 feature space are shown in the figures.



147 6.2.1 Nearest neighbours —- MNIST

Generated <
Image Ten nearest neighbours
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Figure 4: 10 nearest neighbours (calculated using Euclidean distance on raw images) from MNIST
training data for samples generated using the proposed model. The last four rows show different
instances of the digit 8, which are quite diverse. Similarly, the two instances of the digit 4 generated
are visually quite different. These results show that there is enough diversity in the generated
samples and no mode collapse whatsoever. This stands testimony to the robustness of the proposed
multiplicative denoising score-matching framework.
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Figure 5: 10 nearest neighbours (calculated using Euclidean distance on InceptionV3 features) from
the training data for samples generated. As mentioned in the caption of Fig. 4] there is sufficient
diversity in the generated images. The nearest neighbours identified in the InceptionV3 space are not
always semantically similar to the generated digit. For example, instances of digits 0 and 6 show up
in the ten nearest neighbours of digit 4.
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148 6.3 Nearest neighbours — Kuzushiji MNIST
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Figure 6: 10 nearest neighbours (calculated using Euclidean distance on raw images) from the training
data for samples generated. Here, again, we observe sufficient diversity of the generated characters
and semantic similarity with the top 10 nearest neighbours.
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149 6.4 Nearest neighbours — Fashion MNIST
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Figure 8: 10 nearest neighbours (calculated using Euclidean distance on raw images) from the training
data for samples generated. Compared to MNIST and Kuzushiji MNIST, these samples have less
diversity and seem to focus on specific modes (although not collapsing on the mode) in the underlying
data distribution.
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Figure 9: 10 nearest neighbours (calculated using Euclidean distance on InceptionV3 features) from

the training data for samples generated.
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