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Supplementary material

A Supplementary experimental details

In this section we provide the details on the language model pretraining experiments discussed in the
main text.

A.1 Language model pretraining

We study the impact of using various outer optimizers on large language model pretraining. We
utilized Chinchilla-style decoder transformer architectures (Hoffmann et al., 2022) trained on the C4
dataset (Raffel et al., 2020), consistent with common practices in large-scale model training (Douillard,
Feng, Rusu, Chhaparia, et al., 2023). The following subsections detail the specific hyperparameters,
variations in training configurations (such as the number of inner steps and replicas/clients), and
analyses of optimizer behavior, including learning rate scheduling and observed gradient cosine
similarities.

A.1.1 Hyperparameters details

We show in Table 1 the hyperparameters considered and kept, and in Table 2 the architectural
hyperparameters. We tuned all our optimizers on a separate validation set. We also considered using
the Schedule-Free Optimizer with Nesterov acceleration on top but it was hard to tune and unstable.

Table 2: Model Configuration for the three evaluated sizes. All are based on the transformer
architecture, chinchilla-style (Hoffmann et al., 2022).

Hyperparameter | 150M 400M 1B

Number of layers 12 12 24
Hidden dim 896 1536 2048
Number of heads 16 12 16
K/V size 64 128 128
Vocab size 32,000

A.1.2 Varying inner steps

In Figure 3, we compare the stability of different outer optimizers when varying the synchronization
frequency. We experiments a different amount of inner steps, from 50, to 2000. All experiments are
run in pretraining from scratch, with 150 millions (150M) parameters. We note that as the synchro-
nization frequency decreases (number of inner/local steps increases), performance decreases. Notably,
averaging (in orange), is relatively constant w.r.t the synchronization frequency: its performance stay
stable from H = 250 to H = 2000. On the other hand, using Nesterov with high outer learning rate
(in light green) is particularly unstable, its performance decreases by 10.7%, this indicates that the
learning rate should be tuned alongside the synchronization frequency. On the hand, SF-SGD (in
blue) has minimal degradation of performance (4.2%), highlighting the schedule-free property when
varying hyperparameters.

A.1.3 Varying replicas / flops budget

When increasing the number of distributed replicas, two options are possible: (a) Keeping the local
per-replica batch size constant and thus increasing global batch size and flops budget, and (b) Keeping
the global batch size/flops budget constant and thus reducing the local per-replica batch size.

We present in Figure 4 results of the first option with x-axis the flops budget for a single model
size (150M). It is worth noting that increasing the number of replicas improves the performance of
Nesterov (in green) and SF-SGD (in blue) but the gain quickly plateau. On the other hand, increasing
the batch size for data-parallel (at the cost of more communication, because more DP replicas) or
the number of steps (at the cost of longer training) still rapidly improves perplexity. Therefore, we
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Figure 3: Varying the communication frequency, i.e. number of inner steps H, when pretraining
from scratch at 150M parameters.
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Figure 4: Pareto front of the flops vs perplexity, comparing various approach scaling the flops
budget: increasing the number of steps, increasing the batch size in data-parallel, and increasing the
number of replicas for federated learning.

wish to highlight here a disadvantage of federated learning methods seldom mentioned: while those
methods are extremely communication-efficient, and can be made flops-efficient, their flops-efficiency
disappear as the number of replicas increases.

To this problem, several hypotheses could be raised, such as the decreasing cosine similarity between
outer gradients as the number of replicas increase, even when using an i.i.d. data split across replicas.
In Figure 5, we report the average similarity across a whole training for different number of replicas.
For momentum-based methods (Nesterov, SF-SGD), the similarity decreases from 30% at M = 2
replicas to 10% at M = 16 replicas. Full details across training steps can be found in the appendix.

Finally, note that we didn’t investigate further the second option of keeping the global batch size/flops
budget constant and thus reducing the local per-replica batch size. We found that dividing the batch
size by the number of replicas leads quickly to a local per-replica batch size that is critically low, and
further reduces the flops-efficiency. More investigations should be pushed in that direction.
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A.1.4 Schedule-free but not tuning-free

The schedule-free method of Defazio et al., 2024 enables not doing any learning rate scheduling,
greatly simplifying training configuration. However, it doesn’t mean it is hyperparameters-tuning-free.
Indeed, we found out that we had to extensively tune the initial learning rate (to 2.0), remove learning
rate warm-up contrarily to what is advised, and use a particularly low b1 decay: 0.2, as illustrated in
Figure 6.

A.1.5 Pretraining: outer learning rate scheduling

Schedule-free SGD enables not having to manually scheduling the outer learning rate. Therefore,
we wondered if we could improve the SotA federated learning baseline, DiLoCo (Nesterov outer
optimizer), with an outer learning rate schedule. We investigate in Figure 7 three schedules: constant
as in (Douillard, Feng, Rusu, Chhaparia, et al., 2023), cosine decay, and linear after a plateau. For
the latter we consider a constant plateau for 10% and 25% of the total steps. For each method, we
also tuned the peak outer learning rate. We don’t use any warm-up in the outer optimization as we
always found it to be harmful.

We find that constant outer learning rate is the best performing schedule. It’s unclear how the other
schedules are interacting with the inner learning rate scheduling. A possible solution, not investigated
in this report, would be to increase the number of inner steps H as the inner learning rate decreases
(Gu, Lyu, Arora, et al., 2024).

A.1.6 Cosine similarity between outer gradients

We display the cosine similarity between outer gradients, across scales (150M, 400M, and 1B) in
Figure 8, and across replicas (for 150M, from 2 to 16 replicas) in Figure 9. The solid line represent
the mean, and the shaded area the standard deviation. We normalize the x-axis as a percentage of the
training in order to compare models which have done different amount of steps (e.g. 24,000 steps for
150M vs 30,000 for 400M).
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Figure 5: Cosine similarity between outer gradients across different number of replicas (left) and
model scales (right). We average the similarity across the middle 50% of the training.
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Theory

B Guarantees for Local SGD

First, we recall our setting and define some notation. We consider the problem of minimizing a
function f in a distributed setting with M workers performing Local SGD. Let z,. denote the global
model parameters at the beginning of round r. Each worker m initializes its local parameters as
Ym,r,0 = T, and performs H local SGD steps according to

Ym,r,h+1 = Ym,r,h — NGm,r.hs

where g, rn = Vf(Ym,rn) + Tm,rp is the stochastic gradient with noise n,, , 5, and Tmrn =
V f(Ym,r,n) is the true gradient. By Assumption 3.2 we have E [g,, 5] = [/ After H local

steps, the global model update can be equivalently written as x,11 = x, — 1 ZhH;()l gr.n, Where

Gr.h = ﬁ Z%:l 9m,r,h 18 the average gradient across workers and ¥, ;, = ﬁ Z%:l Ym,r,h 18 the
average model. Note that these two last sequences are virtual sequences and not actually computed.

We also define z,.j, = 2, — V1 ZhH:_Ol grn, as an intermediate quantity used in the analysis.

B.1 Algorithm-independent results

Lemma B.1. (Karimireddy et al., 2020, Lemma 6) Let f be a convex and L-smooth function. Suppose
thatn < 2, let T, (z) = x — nV f(x). Then

1Ty (2) = Ty@)II* < llz =yl

Proof. The proof is provided for completeness only. We have

T (x) = Ty@)I* = & — ylI* + n* IV (@) = VL W)I* = 20 (x =y, Vf(z) = V(). ®)
By the Baillon-Haddad theorem (Bauschke and Combettes, 2009) we have

(o~ . V() - Vi) = £ IVI@) - VW)

Using this in Equation (8) gives
2 2 2 2
I7,0) = Ty)I” < e =l = 0 (5 =) 1970 = V51

If < L then 2 — 5 > 0 and therefore | T, (z) — T,,(y)||” < ||z — y|I*. O

Lemma B.2. Let y1,...,y, be real numbers. Then,

1 n
EZ‘M <
k=1

1 n
2
n 2V

Proof. This is just the arithmetic mean-root mean square inequality and we include the proof solely
for completeness. Let Y be a random variable that takes the value y? with probability %, and let
g(x) = y/x. Observe that

Sl =E [o(v)]-
k=1

Since g is a concave function, by Jensen’s inequality we have that E [¢(Y")] < ¢g(E [Y]). Therefore,

Sl =B [o(v)] < g(B[Y]) =
k=1
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1007 Lemma B.3. (Variance of Sum of Conditionally Independent Random Variables). Let Z1, . .., Z, be
1008 random variables such that Z; satisfies

Ei 1 [Z] =0, and, E [I1Zi]] = o%,
1009 where E; [-] denotes expectation conditional on Zy, Zs, . . ., Z;. Then,
n 2 n
E|D zi| | =) ot
i=1 i=1
Proof.
n 2 r M n 2
E|DZ| | =E B ||D %
i=1 L | 1li=1
[ i n—1 2 n—1
=E B, ||> 2 +||Zn||2+2<z ZZ-,Zn>
i | 1li=1 i=1
i [ n—1 2
=E |Enoy ||| Zi|| | +02
i=1

1010 The cross-term E,,_1 [2 <Z?:_11 Z;, Zn>} vanishes because E,,_; [Z,] = 0 and 2?2_11 Z,; is mea-
1011 surable with respect to the sigma-algebra generated by 71, . .., Z,_1. Continuing,

2 2

n n—1
ED z|| | =E||D z]| | +02
i=1 i=1
1012 Recursing we get,
n 2 n
5|3 | =20
i=1 i=1
1013 This completes the proof. O

1014 Lemma B.4. (Ivgi, Hinder, and Carmon, 2023, Lemma 7). Let S be the set of nonnegative and
1015 nondecreasing sequences. Let y1,Ya, - . . be a sequence in S. Let Cy € Fy_q forallt =1,2,...,T
1016 and let Xy be a martingale difference sequence adapted to F; such that | X;| < Cy with probability 1

1017 fort=1,2,...,T. Then forall § € (0,1) and X; € Fy_1 such that ’X{» < C with probability 1,
1018 we have that with probability at least 1 — § — Prob (3t < T | Cy > c¢) that for all ¢ > 0

t
> uiX,
=1

¢
< 8yiy [0 Y (Xi — Xi)? + ¢262,,

=1

1018 where 0, 5 = log %.

1020 Lemma B.5. Suppose we have
1 < (1+a)r — b + ¢

1021 Then,

K
roe®
+

¢
VK b

min§; <
J
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1022 Proof. Let wi+1 = . We have
Wit 1Th41 < (1 4+ @)wpp17k — bwp10k + cwigq
= WETE — bwk+15k + cWg41.-

1023 Telescoping,

K-1 K—1
WKTK S woTro — b Z wj+15j +c Z Wi41-
Jj=0 Jj=0
1024 Rearranging,
’wUT‘() C
S
- b
Z] =0 Wi+l j=o Z; =0 Wj+1
1025 We have wy, = % = m Therefore,
K-1
Z w -
j+1 S
a
2 (T +a)
-1
0
- 1
2 Tt a)F
’LU()K
(1+a)X¥

1026 Therefore,
K
c
RIS <RI LCh S
Z] 0 Wi+l j=o

1027 Finally, it remains to use that 1 4+ a < e®. O

1028 B.2 Non-adaptive guarantee without momentum

1029  We begin with a lemma that establishes the regret of the local optimizer. Often the regret is measured
1030 against the optimal point (like x,.) but here we instead utilize it against the initial point y, o = ..

1031 Lemma B.6 (Regret against starting point). For any learning rate n > 0, the inner product between
1082 the displacement from the initial average iterate and the average gradient satisfies,

H-1 0 H-1 1
};Qh,h Yr,05 Gr, h> 9 hZ% ng,h||2 - %”yr,H - yr,0||2'

1033 Proof. We begin by using that y, ,4+1 = ¥, 1, — 1, and expanding the square as

Yrns1 — yr,o||2 = |Yr.n — NGrn — yr,0||2
2 2
= llyrn — yroll” + 72N grnll” = 20 Yrh — Yr0s Gron) -

1034 Rearranging to isolate the inner product term, we obtain

- ||y7'7h+1 - 97'70”2
2n

Hynh _

n 2
<yr,h - yr,ngr,h> = + §||gr,hH -

1035 Summing over h from 0 to H — 1,

= = yen = yroll> = lyrnrs —yeol® | 1 2
Z <yr,h - yr,079r7h> = Z 277 + §||gr7h |
h=0

h=0
1 H-1 77
=2 };(Ilyr,h = roll” = lyrnr1 = yrol®) hz;] lgrnll?.
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1036

1037

1038

1039
1040

1041
1042

1043

1044

1045

1046
1047

1048
1049

The first sum telescopes

H-1

Z(Hyr,h -

h=0

2 2 2 2
- Hythrl - ynOH ) = Hyno - yT’OH - ”yr,H - yT,OH

2
= —[lyr.m — yroll”

Therefore,
H—

H—
Yr,.H n
Z <yr7h - yr707gr,h> = _HTi 5 Z ng,h”2

=0

i

>

< Qliil llg hH2 . Hyr,H - yr70||2
24 " 2 ’

O

Lemma B.7. (Local client drift bound). Suppose that Assumptions 3.1 and 3.2 hold. Then in
Algorithm GEN-LOC-SGD for all r and h, ifn < %, then

1 M
E [M? > s —

m,s=1

21 < 2n%0?h.

Proof. Let T,, (Ym,r,h) = Ymorh — N9m,r,n Where g, 1, is the stochastic gradient, and T, (Y r.p) =
Y = NGy, 18 the corresponding expected gradient update. We have

Ym,r,h+1 — Ys,r,h+1 = Tn (ym,r,h) T (ys T h)
=Ty (Ym,r,n) — Ty (Ys,r,n) + [Tn (Ym,r,n) = Tn (Ys,r,n) — (T (Ym,rn) — Tn(ys,r,h))}
= Tn(ym,r,h) - Tn(ys,r,h) + [Sm,r,h - gs,r,h] )

where &, rn = Tn(ym}r’h) — T (Ym,r,n) = —0NNmrp is the noise term. Define V,, =
2 o oy [Wmrih = Ys,ron |- Tt follows that
1 M 2
Vr,h+1 = W Z Hym,r,thl - ys,r,thlH

m,s=1

| M
:WZ

m,s=1

2 2
T (Yomorn) = T (Yo, 17+ [1&m.rn = Esrnll

+ 2 <T77 (ym,r,h) - Tn (ys,r,h)a gm,r,h - gs,r,h> ‘| .

Taking conditional expectation gives

Er,h [Vr h+1 2 Z

m,s=1

1T ) = Ty @ r I + B [[€mrn = Esrnl?] ]

Finally, using the fact that ||T,(z) — T,(y)|* < |z — y||* whenever n < 2 (Lemma B.1) and
Assumption 3.2, we get

M
1
Bon Vol € 53 3 [Imrse =l + 207

m,s=1
= Vrh + 277202

Therefore by taking unconditional expectation and recursing from h = 0 where all local iterates are
equal to z, (s0 V.o = 0), we get E [V, ] < 2n%c?h. O
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1052

1053

1054

1055

1056

1057

1058

1059
1060

Proof of Theorem 3.3. W begin by analyzing how the squared distance to the optimal solution
changes after one round of communication. From the update rule, we have,
H—-1

lrs1 — 2al® = o — 2l = 207 Y (@ — 20 gr) + 0y
h=0

Zgrh

®

We rewrite the inner product term as

—(@p — Tu, Gr.n) = (T — T, Gron)
=T« = Yr.hr Ir.n) + Yrh — Try Gron) -

Summing over all local steps we obtain

H-1 H—-1 H-1

= (@ = T grn) = D (@ = YrnsGrn) + D Wrh — Trs Gron) -

h=0 h=0 h=0

Applying Lemma B.6 we get
H-1 H-1

H-1
- Z <mr - w*vgr,h> = Z <.’E* - yr,hagr‘,h> - M + g ||gr,h||2~ (10)
h=0 h=0

Observe that since y, g — Yro = —1 Zf;ol gr.n» Equation (10) becomes,

H-1 Z

H-1
7Z<x?”7x*agr,h> Z< yrh;grh s
h=0

h=0

H-1

Zgrh

H-1

2
gr.nll™
h=0

n
Jr2

Plugging this back into Equation (9),
H-1

2741 — 33*”2 < lzr — 33*“2 + 21y Z (T = Yr,h Groh)
h=0

+* > Ngenl® + 0y = 1)

H-1
§ 9r,h
h=0

Let us take expectation conditional on 1, . . ., x,,
H-1

E, [”337--',-1 - -73*“2} < ||$r - $*||2 + 21y Z E, [<x* - yr,hagr,h>]

h=0

o oD
+° Y E, [Ilgth } +n*y(y = DE

h=0

For the squared norm of the average gradient:

r [ng,hHQ} =E, [Er,hfl [ng,hHQH

= Er [Er,h—l |:||gr,h 7§r,h||2:| + ||§r,h||2:|

o? 2
- %2 [l
77 HE |17l
where we use E, j,_; [-] to denote expectation conditional on the o-algebra generated by all the
stochastic gradients up to and including step h — 1. Substituting this into Equation (11),
H—1

2H0.2
Joess =2 lF] < ey = 2l 27 30 Bl = 9] + ””T
. > (12)
9% 3 By [[Gnall’] + 0Py~ DE
h=0
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1061

1062

1063

1064

1065

1066

1067

Now we bound the inner product term:
Er [<{L‘* — Yr,h, gr,h” = E'r [Ehfl [<(E* - yr,hagr,h>]]
=E, [<33* - yr,hvgr,hﬂ

1 M
— M Z E’r |:<£C* - yr7h7§m,’r7h>]

M
1
- M Z Er [<(E* — Ym,r,h + Ym,r,h — ynhagm,r,hﬂ

m=1
1 M 1 XM
= > Er (@ = Ymirns Gmrn)] + i > B [{Ymrh = Yriis G )] -
m=1 m=1
Using Young’s inequality for the second term,
Er ({2« = Yrn: gr.n)] (13)
Ly T 0 :
S M mz::lEr [<-77* - ym,r,hvgm,r,h>] + M mX::lEr lW + EHgm,r,hH ‘|
1 M V h (0% M 2
= Mmz::lET K.Q?* - ym,r7h7§m,r,h>] + 27; + mmz::lEr |:H§mth ] s (14)

where V.5, = ﬁ 2%21 E, [Hymmh — yr,h||2} by definition. By the convexity of f,

<.’17* - ym,r,ha§m7r,h> = <.’IJ* — Ym,r,hs Vf(ym,r,h)>
< f(ib'*) - f(ym,r,h)

=~ (fWmrn) = () (15)
For the variance term, when n < % we use Lemma B.7
1 — )
Vin =37 T; E, [Hym,r,h = Yrll }
1L X )
<37 2 37 2B [l = vl
| M oM
=57 2 D [l = el
< 2n%0%h < 2%c%H. (16)
By smoothness,
G| = 198 @ r)II* < 2L ) = ). a7
Plugging Equations (15) to (17) back into Equation (14) we get
M
Bl =0 < 5 S - se) + 2L

Substituting (18) back into our main recursion (Equation (1 1)),

> 2 2n7 —al) 2n’yo* H?
Er [ller1 = 2l?] < llze — 2. - ZZ P mae) = F2)) +
h=0 m=1
yiPHo? 217 2 H-1 2
T Y Ee || |:’gth:|+77’y ~1E Zgrh
h=0

19)
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1068 We now have two cases. Case 1. If v > 1, then we have by Lemma B.3 and Jensen’s inequality
1060 applied to ||-||,

T
I

-1

(gr,h -E. [gr,h]) + (Er [gr,h])

H-1
E 9r,h
h=0

Il

=
™
™

i
y
i

(gr.n — Er [gr.1]) + (Er [Ern—1[grn]])

1

5
™
7

H-1 27 H-1 2
=E, (9r.n — E, [gr,h]) + E, [gr,h}
LI h=0 ] h=0
2
<7 - + E,
25 H-1
<Hr tHY E [Hm!lz] - (20)

h=0

1070 Using Jensen’s inequality and smoothness we have

Er |G| = E-

IN

< E, [f(ym,r,h) - f(x*)] . (21)

1071 Using Equations (20) and (21) into Equation (19) we get

E, [l — 2] < oy — .

H—-1 M
2y(1 — aL) = 2Lyn*(1 + (v — 1)H) 2i°yo® H*
- i D B [f ()] = () + =
h=0 m=1
2,2 2
v*n“Ho
+
H 1 M
2ny[1—al — Ln(1 + (
A R S Er [ )] - F22)
h=0 m=1

93~ 2 FI2 202 [ 2
+7I’YU Jr’)’ﬂ U'
« M

— oy — @ = 27 H (1 = aL — Ly(1 + (v = H)E, [dr4a] +

27737021;[2 N n272H02
(%

(22)

1072 where in the last line we defined

M
b1 = 31 2o 2 Fluman) = fl22) (23)



1073

1074
1075

1076

1077

1078

1079

1080

1081
1082

1083

1084

1085
1086
1087

Case 2. If v < 1, then we can simply drop the last term in Equation (19) and use Equation (17) to get

2iy(1 — aL — L) R~ <
]Er |:||'r7‘+1 - x*H2:| < ||.131» - x*”Q - M Z Z (Er [f(ym,r,h)] - f(x*))
h=0 m=1
2 3 2H2 2H 2
| 2’0’ H? | yn*Ho
o M
R 2 3 2H2 2H 2
= llzr = 2.|* = 2 H(1L = oL = gL}, [§41 | + 22— + T2

(24)

where in Equation (24) we again used the definition in Equation (23). Looking at both Equations (22)
and (24) and taking the maximum we get that for any -,

By ko1 = 2 l?] < llo = 2a” = 209H(L = aL = nL(L+ (7 = 1) H))E, [§y41
2y H?  n? max{y? v} Ho?
+ + ,
a M

where () = max(, 0) is the ReLU function. Putting a = 5~ we get

E, o1 = @] < llo = 2all? = nyH(L = 20L(L+ (v = 1) H)E, [5,41]

n? max{y?,v}Ho?

4L 3 2]{2
+4Ln o + i

Under the requirement that the stepsizes 7, 7y satisfy

9

RNy

nL(1+(y = 1)1 H) <

we obtain our recursion

H
?-""E, |:5r+1:| + 4L’ yo? H? +

2

Taking unconditional expectations and rearranging we obtain,

n? max{y?, v} Ho?
i .

E, [l - 2] < o - 2.

2 2 1 2
E (5] < g [E [lor — wull*] — B [lss = lP]] + 8270 + Zymax(y, 1)o”

M
Summing up both sides as r varies from 0 to R — 1 and dividing by 1/R we get
1 R-1 R 2 2 2 9 9 QUmaX(%l)a2
R TEZ:OE {@H} < iR {on —a.]" —E {HxR—x*” H + 8L H 4 ST

Observe that we can write max(vy,1) = 1+ (v — 1),. Dropping the negative term and using Jensen’s
inequality gives

1 R—1H-1 M 1 R—1 A
[f <MRH i mz_:lf(ym,r,h)> - f(l'*) < E ; E [(5T+1}

2[|zo — || 2 2 21 max(y, 1)o”
8L H+ ————|
SgREH ORI M
and this is the statement of our theorem. O

B.3 Non-adaptive guarantee with momentum
We present two guarantees. One is the proof of Theorem 3.5 as it is, and a second is a new proof

without the bounded iterates assumption. The latter is new and wasn’t mentioned in the main text,
but is strictly superior to the claim in the main text. We start by presenting the new proof first.
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1088 B.3.1 Main momentum guarantee

1089 Theorem B.8. Ler f be an L-smooth convex function. Consider Local SGD with momentum
1090 parameter p € [0,1) and communication interval H. Assume the stochastic gradients satisfy the
1001 o2-bounded variance assumption. Let the step sizes 1, satisfy

nb (14 (22— 1) ') <2 mplH 1
1—p n -4’ 1—pu 16°

1002 Then after R rounds of communication, the averaged iterate satisfies

4(1 - p)llzo — z.|”

E [f(You)] — f(2s) < 16Ln*c*H
[ ons)) = () < == 610
4o v Sy o
—1 —_—
+ Mmax<1_'u, +1—,uM
1003 Proof. We analyze the momentum variant of Local SGD:
H—-1
Trg1 = Ty — 1Y (Z gr,h> + wlzr — zr-1).
h=0
1004 Define
Zr = Tp + 1f’u(1’r _xrfl)
1005 Then
e~
Rr41 = 2p — 17 Z 9r,h
h=0
1096 We have
02 H-1 2 2y H-1
2 2
lorir = aull® = llor =2l + T 53| 2 9nnl| =75 D (G @ergrn)
h=0 M=o
7 ||"= i 2y =
- ||Z"" - x*||2 + 2 Z g’l“,h - T <.’IJT- - ir>l<7gT,h> (25)
(A== =iz
271 N
T1-p hZ:o (Tr — -1, 9r,n) -

1007 Following the same proof as Theorem 3.3, we can bound (in expectation)

2

2m 72> nyH &
E, — X, Gr,h)| T E < ————E, |6,
hzo W+ o St B [8r1]

2 2 2
Y 9,0, NHo v y
ALn®——o?H ),
MR e maX((l—u> ’1—u>’

1008 because the local optimization procedure is the same— the same analysis holds line-by-line, only
1099 replacing vy by ﬁ and requiring instead that

nL <1+(11M—1)+H> <
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1100

1101

1102
1103

1104

1105

1106

1107
1108

1109
1110

1111

1112

Using Equation (26) in Equation (25) (after taking expectation in the latter) we obtain

2 s H yo?H?
E, [Hzrﬂ — x| } < lor — zul|” = mEr [5r+1} + 4Ly’ -
277 2 2 H-1 (28)
n"Ho Y Yo\ 2mp B _
+ 57 maX((l—y) ’1—M> - hE:o (Tr — 2r_1,Gp ) -

In the following, we use the shorthand G, &ef Zh o 9r.h- We now proceed to bound

hH;01 (xr—1 — Ty, gr.n) = (Tr—1 — @, G;) without using the bounded iterates assumption. We

note that by definition:
Ty — Tp_1 = —YGro1 + p(Tr—1 — Tr_2).
Expanding this out recursively, we get the following formula:

r—1

Ty — Tp_1 = —UWZMPFSGS'

s=0

For our analysis, we’ll bound the inner product

r—1
<xr71 — L, Gr> = <7ZVZMT_1_SGS7 GT>
s=0
r—1

=y WG, Gy

s=0

We will actually bound the sum of the momentum terms over r,i.e. __(x,—1 — 2, G,). We have

3 (@t —2,,Gy) T’VZZ =G, Gy)

T ros<r
Y (a6 =S IG )P
To bound the first term above, let A be the R x R matrix whose (r, s)th entry equals pl7=5l, and let
I' = [G1|Gs]...|GRg]. Then

S (W16, Gy ) = THrATT).

We now apply the Gershgorgin circle theorem to bound this sum, observe that largest sum of absolute
values of entries in a row satisfy

(R—1)/2 _
1 _M(R 1)/2 1 +p— 2/1’(R+1)/2 1 + 1
142 uwr=14+2u = < .

Then, we have
1+u 1+u
Tr(TATT) < ITh) =
(PATT) < T Ll

Therefore, taking expectations we have

R-1H-1 —1

2 2
TS Y Bl —aengnnl] = 700 ZE 2ro1 = a7, Gl
r=0 h=0 r=0
2nw oy = i
i S e || o @
h=0
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1113 Using Lemma B.3 we have

<Z
H—1 )
<Gp tHYE [HmH ]
h=0
o2H
< T +2LHE [@H} :

1114 where in the last line we used Jensen’s inequality and smoothness. Using this result in Equation (29)
1115 we get

1 H— 2 R—1
ny  Anyp |o°RH 2 [
)] < 2oLH? S E [3, }
:OXZ: - 1g,h>]—2(17‘u)171u M + ; +1

(30)

1116 Rearranging and summing up Equation (28) then using Equation (30) we have

E |lzr = 2.l1*] < llz0 = 2 - "V_HM) {1 SW‘LH} Z E |54

2(1
2172 2 2 2 2
yo°H n“Ho Y Y nyH 2nyp o°R
4Ln? R e — | R+ ————.
+4Ln - + i max((l),lu> +1*H1*HM
1117 Observe that under the condition
mpld 1
1—p — 16
1118 the last inequality becomes
R—1
v ;
E [llzr = 2./?] < llz0 = 2.]” - E [6,41]
4(1—u);0
2772 2 2 2 2
yo H n“Ho Y Y mH 2nyp o°R
4Ln? R P —— — | R+ ——— .
tA T R Ty max<<1— ) ’1—u> R v

1119 Continuing the proof and rearranging we get

R—1 9 ) ,
1 . 41— _ . 4 8
=S E[hu] < (A= mlizo = 2all” 6y p2pog o 197 e (0 4 4 Sk
R 2 .

nHR M I—pM

1120 It remains to use Jensen’s inequality. O

1121 B.3.2 Legacy guarantee

1122 Proof of Theorem 3.5. We analyze the momentum variant of Local SGD,

H-1
LTr41 = Ty — N7 <Z gT',h) + ,LL(J?, - :L‘T'—l)~
h=0
1123 Define
_ M
Zr Ty + 1_ (xr $T71)
1124  Then
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1125

1126

1127
1128

1129

1130

1131

1132

1133

1134

We have
2

772’y2 H-1 277'y H—-1
lris = 2l = e = 2l + s |3 g = 2 S e — 2 gt
(1 —w?| = I s
- - (3D
27
- m E (z, — $T—1>gr,h>-
h=0
Following the same proof as Theorem 3.3 we can bound (in expectation)
H-1 H-1 2
20y 7y’ nmH 2
-3 ]Er [<-Tr - x*;gr,h,>] + 7Er gr,h S *7}}37" |:6r+1:|
L—p = (1 —p)? }; 2(1—p) )
277 .2 2
Y oy W Ho gl gl
4Ly ——0’H —_— —_—
+ nl—ua * M maX((l—,u) 71—,u>7

because the local optimization procedure is the same— the same analysis holds line-by-line, only
replacing v by ﬁ, and requiring instead that

vy 1
nL <1+(1_M1>+H> §Z. (33)

To bound the last inner product in Equation (31), observe that if the domain is D-bounded,

D2

_ P 12
<x’r—1 - xT‘ng‘,h> < % + Eng,hH
D2 Lp M
< % + M mX::l (f(ym,r,h) - f*) .
Summing up over H we get
H—-1
D?H -

D [(or1 =20 Go)] < T+ LpHE, [ (34)
h=0

Plugging Equations (32) and (34) into Equation (31) we get

2 2 mH  2mypLpH 2 ALn’yo® H?
B [lovss = 2ul] < o -l - | - B, [b] + 02 I

20=p) (1-p) 1—p

2
N n’Ho? e ( o ) v\ med D?
M l—p) '1-p (L—p)p

nvH i ot 4Lm3yo? H?
A1—p) " (1—p)

n”*Ho? v\ v dnyp* LHD?
+ max s + .
M 1—p 1—p 1—p

Setting p = we get

1
8ulL’

lzrs1 =@l < flzr = 2a® —

We then continue exactly as in the proof of Theorem 3.3 to obtain

R—-1H—-1 M
1 41 — p) 5 16Ln*yo?H
E Y ) < 2 gy — |20
lf (MRH y’“’hﬂ fla.) < W RH o =z |7+ 1— 4

r=0 h=0 m=1

4 2
+ 7]7\(4’ max <1ju1> +16p2LD2.
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1135 B.4 Data-dependent guarantees

1136 Lemma B.9. Let f be a convex and L-smooth function. Suppose that we run SGD on f on M
1137 parallel nodes as follows

Ym,r,0 = T,
Ym,r,h+1 = Ymor,h — NNGm,r.hs

1138 wherem =1,2,..., M, h=0,1,...,H — 1, and g1 r 1, 92,r.h; - - -, gM,r,n, are i.i.d. stochastic gra-
1138 dient estimates such that E, p, [gm, r.1] = V f (Ym,r,n), where E,., [] denotes expectation conditional
1140 on all information up to and including round r and local step h, and ||gm.r.n — V f(Ym.r.0)| < 0.

1141 Define further y,. j, = ﬁ 2%21 Ym,rhe Let Vi = ﬁ Zn]\le (1Ym, b — yr7h||2. Then for all p < %
1142 we have with probability at least 1 — § that forallh =0,1,..., H

Vin < 41040°0% (h 4+ 1)07_, 5,

1143 where 0, 5 = log M

1144 Proof. Define

1 M M
A1 = 575 0 O Wmrnr = yerniall” (35)

m=1s=1
1145 We will bound A, j, first, and then use it to bound V. , later. We have
Ym,r,h+1 — Ys,r,h+1 = Ym,r,h — N9m,r,h — [ys,r,h - ngs,r,h]

= Ym,r,h — nvf(ym,r,h> -0 [gm,r,h - vf(ym,r,h)} - [yS,T,h - nvf(ysm,h) -0 [gs,r,h - vf(ysmh)”
= [?/m,r,h - nvf(ym,r,h) - [yS,T,h - nvf(ysmhm -0 [(gm,r,h - gsmh) - [Vf(ym,nh) - vf(ysmh)]] .

1146 Therefore

”ym,r,h+1 - ys,r,h+1”2 = ” Tﬁ(ym,r,h) - Tn(ys,r,h) ||2
+ 772 ” (gm,r,h - gs,r,h) - (vf(ym,r,h) - vf(ys,r,h)) H2 (36)
—2n <Tn(ym,r,h) - Tn(ysmh)a (gm,r,h - gsm,h) - (vf(ym,r,h) - vf(ysmh)»

1147 We define p,, .., as the stochastic gradient noise on node m at round r, step h: pp r.h = Gm,rh —
1148V f(Ym,rn). Then we can write Equation (36) as

2
Hym,nh-i-l - ys,r,h-&-lH = | Tn(ym,r,h) - Tn(ys,nh) H2 "’772 || Pm,r,h = Ps,r,h ”2
- 277 <T7](y7n,7‘7h) - T’V] (ys,r,h)v Pm,rh — ps,7',h> . (37)

1149 We now use the inequality [|a + b||* < 2[|a]|® + 2]|b]* to get

2 2
Hym,r,thl - ys,r,h+1|| §H Tn(ymﬂ“,h) - Tn(ys,r,h) ||2 +2772 || Pm,r,h H2 +2772||P8mh||
- 27) <T7](ym,r7h) - Tn(ys,nh)a Pm,rh — ps7r7h> .

1150 By Lemma B.1, we have

2 2 2 2
[Ymrhtr = Ysrnirl™ < NYman = Ysonll” + 20% 1 pmrnll” + 207 sl
- 277 <T77(ym,r,h) - Tn(ys,r,h)a Pm,r,h — ps,r,h> .

1151 Now, we consider the inner product term, observe

<T7I(ym,r7h> - Tn(ys,r h) Pm,r,h — Ps,r h>

=Ty (Ym.rn) = To(Yr.n) + Ty(Yrn) — Ty (Ys,rn)s Prmeh — Ps,rh)

=Ty Ym,r,n) = Ty(Yr,n)s Pmre = Psrn) + Ty (Yr,n) — Ty (Ys,rh)s Prmrh — Psyrih)

= <T77(ym T, h) Tn(yh ) Pm,r,h — ps,r,h> + <_(Tn(ys,r,h) - Tn(yr,h))y _(ps,r,h - pm,r,h)>
= (T Ymr,n) = Ty(Yrn)s Prmsrhe = Ps,r) + (T (Ys,rn) — To(Yrh)s Psirh = Prrh) -
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1152 Averaging with respect to s and m

1 M M
&) <Tn(ym,r,h) - Tn(yr,h) + Tn(yr,h) - Tn(ys,r,h)v Pm,r,h — Ps,r,h>
m=1s=1
1 M M
== W Z <Tn (ym,,r,h) - Tn (yr,h)a pm,,r,h - ps,r,h>
m=1 s=1
1 M M
+ W Z Z <T7](ys,r,h) - Tn(yr,h)7 Ps,rh — pm,r,h>
m=1s=1
9 M M
= W Z Z <Tn (ym,r,h) - Tn (yr,h)a Pm,r,h — ps,7',h> . (38)

3
Il
-
w
Il
-

1153 Averaging Equation (37) with respec

-

to m and s and using Equation (38) we get

M
4n? 2
M2 Z Z ”ymrh+1 - ysrh+1|| < 2 Z Z ||ymrh ysrh” M Z ||pm,r,h||
m=

m=1 s=1 m=1 s=1

M
Z ym r, h Tn (yr,h)7 Pm,r,h — pS,T’h> :

1154 Using A, ;, as defined in Equation (35) we obtain the recursion

4n?
Ar,h—i—l S Ar ht — Z ||pm T hH Z Z ym T, h Tn(yr,h)ypm,r,h - ps,r,h> .

m=1 m=1s=1

1155 Now observe that ||, .1 ||> < o by assumption, therefore

Ar,thl < Ar,h + 477202 M2 Z Z ym T, h Tn(yr,h)a Pm,r,h — ps,r,h> .

m=1s=1
1156 Recursing the above inequality we get
17 h—1 M M
Ar,h < Ar o+ 477 o? ﬁ Z ym,r,k) Tn(yr,k)y Pm,r.k — Ps,r,k>

k=0 m=1 s:l

277 h—1 M M
= 477202h - W Z Z Tn Ym,r, k Tn(yr,k)a Pm,rk — ps,r,k> ) (39)

k=0m=1s=1

1157 where we used the fact that since ¥y, r 0 = Ys,r,0 = &, for all m, s then A, o = 0. Define

i Zl Ym,rh = Yl iy = A fir i, (40)
Xr, M2 Z Z ym T, h Tn(yr,h)a pm,r,h - ps,r,h> . (41)
'urh m=1 s=1

1158 Let E, 5, [] denote the expectation conditional on all information up to and including round r and
1159 local step h. Then,

Er,h [th] =0.
1160 Furthermore, we have by the triangle inequality, then our assumption on the noise followed by
1161 Lemma B.1 that almost surely
Ly (Ym,rn) = Ty(Yrn)s Prmeh = Psirn)| < N To(Ymrn) = To(Yrp) | |om,rn — psrnll
<N Ym.rn) = Ty ()| Nlomrnll + lps.r.nll)
<20 (|1 (Ym,rn) = Tn(Yrn) |
<20 [[Ym,rh = Yrnll - (42)
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1162 By the definition of X, ;, (Equation (41)), the triangle inequality, Equation (42), and the definition of
1163 11, , (Equation (40)) we have almost surely

1 1 M M
|Xr,h| = T FYo) Z Z <Tn(ym,r,h) - Tn(yr,h)vpm,r,h - ps,r,h>
L] m=1s=1

1 1 M M
S ﬂm Z Z ‘<T (ym rh) -1, (yr,h)vpm,r,h - ps,r,h>|

’ m=1 s=1
Y M
20 1
S Zznymrh yth
MT7 m=1s=1

M
- 2% M Zm:l Hym,r,h - yr,h”
ﬁr,h

< 20.

1164 Then by Lemma B.4 with y;, = 1,., we have with probability at least 1 — ¢

h—1 h—1
> ik Xk < Sipp 14| O Y X2, + 40207 5
k=0 k=0
< SET,h_l\/Hh_mélha? + 40202 ;
<1671, 1 On— 1,60V + 1. 43)

1165 Observe that

>
[

M M
Zﬁr,kXT,k = # Z Z ym T, k Tn(yr,k)a Pm,rk — ps,r,k> .

k=0 m=1 s=1
1166 Using this and Equation (43) to upper bound the right hand side of Equation (39) we obtain
A < 477202h + 3277ﬁnh_19h_1750\/m
< 4n*0%h + 20(3200, 1 50V h + 1)? + /%%2’}1()[1
[

=n’c*(h+1)0;_, 5(4 + 2048c) + “on (44)

1167 where we used that 2ab < aa? + b2 in the second step. Let AT n = maxg<p A, ;. Observe that the
1168 right hand side of Equation (44) i is increasing in h, therefore

—2
R < 1203 (h+ 10}, 5(4+20480) + 222, (45)

1169 Observe that by the triangle inequality followed by Lemma B.2

1 M
Hr,h = M n; ”ym,r,h - yT,h”

M
Z |ym,r,h - ys,r,h”

A
i

§ M2 Zznymrh ysrh”
s=1

m=1




1170

171

1172

1173

1174

1175

1176

1177
1178

1179

1180

1181

It follows that 1z, ,, < 4/ A, . Using this in Equation (45) we get

Ar,hfl
«

Ko < 1P0(h+ 1)}y 5(4+ 20480) +

Ar,h

< n*o?(h+1)0;_, 5(4 4 2048a) + 5

Rearranging we get

1\ —
(1 - M) Avp < 0Po?(h+1)87 1 5(4 +20480)

Put o = 1, then
A, p < 41040°0% (h + 1)605 5. (46)

Now that we have our bound on KT, h» We can use it to bound V. ;, as follows

1 M
Vr =37 2 [9mrn = wrnll” (47)
m=1

Observe that by Jensen’s inequality
2

1 M
ym,r,h - M Z ys,r,h

s=1

”ym,r,h - yr,hH2 =

2

1
- HM(ym,r,h - ys,r,h)

M
2
S M Z ||ym,r,h - ys,r,hH . (48)
s=1

Combining Equations (47) and (48) we have

| M oM

2
Vr,h < W Z Z ||ym,r,h - ys,r,h” = AT,h'
m=1 s=1

Combining this with Equation (46) yields the lemma’s statement. O

Lemma B.10. (Per-round regret). In Algorithm 1, the iterates in a single communication round
satisfy

H-1 H-1
|2ri1 = 2l < e =2l 490 D Nlgrnl® + 29011 =9 G Y llgrnll

h=0 h=0
H a2 1 M H- g H=1 M
+ % + 277 M Z Z ”gmmh”2 - % Z Z <ym,r,h - l'*agm,r,h>7
m=1 h=0 h=0 m=1
where o > 0 is arbitrary and
| M
G2 = max ||y — yroll Gs=max— > [ymrn = vral”
m=1
Proof. Define the virtual sequences
M
RS Grp =z Grbl = Brs —
9r,n = M 9m,r,h;s r,0 = L, r,h+1 — Lrh YNGr,h-
m=1
We have
2 2 2,2 2
[Zrpa1 = @l = [[2rn — " + 707 grnll” = 29m (@rh — 25, gron) (49)
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1182 The inner product term can be decomposed as

- <Z‘7«7h — T, g7',h> = - <xr,h - yr,hvgr,h> - <y7 h — x*agr,h> . (50)

h—1

1183 Observe that z,. j, = z, — 7 Zi:é Gr,s and yr.p, = T, — 1>y gr.s. Therefore,

_1 Zgrs

=|y-1] ||yr7h —yroll
S |’Y - 1| <27

1184 where (2 = maxy, ||Yr.n, — Yr.0||. Using this in Equation (50)

||xr7h Yr, hH -

¢ l|grnll - (5D

- <xT,h - yr,hvgr,h> < ||xr,h —

1185 Plugging Equation (51) into Equation (50) we get

— (@rn = Targrn) < [1=17C2 ||grh|| = {yrh = e, 9rn)
=|1—7|<2||g,«,h||—f2 Yrin = @< gmrn)

1
_|1_7|C2||g7h|| MZ Yr.h — ymrh7gm7h

m=1

M
T 2 Wi = T ) - (52)
m:l

1186 For the second term in Equation (52) we have

M

M
1 1
_M <yr,h - ym,r,hagm,r,h> S M Z Hyr,h - ym,r,hH Hgm,r,h”
m=1 m=1
< Ly [l = vmeall® oy
- M 2an 2 I
m=1
€ an 1 2
e . 53
> 26“7 2 M ] Hgm,r,h” ( )

1187 Plugging Equation (53) into Equation (52) we get

M
= (@ = T gr) S U= G llgnanll + 520 + ST
=

Ny (54)
1
- M Z <ym,r7h - x*agm,r7h> .
m=1
1188 Plug Equation (54) back into Equation (49) to get
2 2 2
[ e I e v2772||9r wll” + 290 [1 =1 lgrnll
’YC a’m 2y -
3
t+—+ Z llgm, rh” Z (Ymrh = Tas Gmoron) -
m=1
1189 Recursing we get
2 2 2
s — 2P < o — 2l 4922 S lgrnl + 29011 =1 G S gl
h=0 h=0
H o 1 M H-1 gy HZ1 M
20l O S S gl = 2SS i — s )
@ m=1 h=0 h=0 m=1
1190 O
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Proof of Theorem 3.6. Starting with the per-round recursion lemma, we have

2 2 — 2
211 = 2a|l” <l = za]l” + 407 Z lgrnll® + 29011 =G Y lgrall

Wl | oy 1SN RS 9y i U
3
+ a 9 Z Z ||gm,r,h||2 - ﬁ Z <ym,r,h - x*,gm,r,h> .
m:l h=0 h=0 m=1
Observe that
h—1
lyrn = yroll = 0| gri
k=0
h—1
=n Z 1975l
k=0
H-1
<0y lgrsl- (55)
k=0

Since this holds for any h, we have that ( < 7 ZkH;ol Il gk ||, where (s is defined in Lemma B.10.
Moreover, by Lemma B.9 we have that with probability 1 — § and an application of the union bound
that for all r, A

M
i Z | Yoo — Yoo |12< 4104020 H, (56)

where . = 2-log M and we used that H + 1 < 2H. Since this bound holds for all h, we have

M
1
(3= m;?xM Zl | Y — Yro ||2§ 4104un?c2 H.
m—

Therefore by Equation (55) and Lemma B.9

H-1 H-1 2
2 2 2
|zr i1 = 2al® < Nl — 2l + 9207 D Mgrnll® + 2y 1 = y]7n? (Z | )
h=0 h=0
M H-1 H-1 M
41()4’y77202H2 a’y7)2 1 2'77]
+ a L+ 9 M Z Z ||gm,r,h||2 Z Z Ym,r,h — x*agmrh>
m=1 h=0 h=0 m=1

Let fm,r,h = 9m,r,h — vf(ym,r,h)~ Then,

—1

H-1 2
410477]202H2
2 2 2
N [ N o ) lgrnll” + 2711 —~[n° <Z 9nh||> +

H
2
> .
h=0 h=0
ay? 1 M H-1 29n H-1 M
2
+ =537 2 2 Ngmenl® = 57 32 X W = s VI ()
m=1 h=0 h=0 m=1
H-1 M
2vn
- W <ym,r,h — Ly §7n,7',h> s
h=0 m=1
(57)
where gm,r,h = 9m,r,h — Vf(ym,r,h). Define
37 2 M =l Prn= v

43



1200

1201
1202

1203
1204
1205

1206

1207

1208

1209

Let
M
1 1
X’r',h = ﬂﬂ mz::l <ym,7',h — T, §7rz,7',h>

Let . —1 denote the sigma algebra generated by all randomness up to and including step r, h — 1.
Note that

1

]E]:r,h—l [XT,h] = Urn M X:IE}'T}L Ym,r,h — x*,fmrhﬂ
11 ¢
= Urn M mzzjl <ym,7',h — Ty, E.F,~,;L [gm,r,hw
-0,

where we used that v, j, and Y, ,, are both F,. ;,_;-measurable and that the noise has mean zero.
The edge cases X, ¢ are handled similarly. Moreover, using the assumption that ||&,, , || < o almost
surely and the definition of 7, 3,

”Xr,h” = _m*vfm,r,h>

M =

Z [Ym.r.h = Tl [ Em .l

V.
m=1 rh

| M
SMMZ:l(l'U)
=o0.

Applying Lemma B.4 on X, j, with y, , = Uy p, Cr p, = 0, )A(T,h = 0 we have
R-1H-1 M

MZZZ Ym,r,h — $*7£mrh>

r=0 h=0 m=1

< 16vpg, HLO'\/i (58)

where ¢ is defined as before. Using Equation (58) in Equation (57)

29m 2 2 2
TS W = @0 V) < o = 2l = llzr = .l +9702 Y llgron

m,r,h
R-1
4104'yn202H2
+2y [l —An? > (Z ”grh”> et (59)
r=0 =
o} 1
+— W Z Gl + 29m [16VRHL0F}
mrh
Let
2
R-1
4104’y77202H2
Q=7 242y — 4104yn"o"H*
Vﬁ} all®+ 2] vln§< ) ! .

(60)
cwn 1
+ LS lgmral’?

mrh

Then by convexity and Equation (59) we get

2
lor = 2l < llwo — 2.l + Q2+ 29m 1678100 VRH| = S5 v = s T ()

m,r,h

< lwo — ] + Q + 2vn {IGPRHLO'\/RH} : 61)
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1210 where in the second line we used that x, is the minimizer of f and therefore
1211 (Ym,rh — To, V. (Ym,rn)) > 0 by convexity. It is not difficult to see that this guarantee in fact

1212 applies not just on ||z — .|| but on any z,.. Let d, = ||z, — .|| and d, = max, <, d,~. Observe

1 M 1 M
Ve = 37 O Wmrn = 2l < 55 D7 mrh = Yol + 127 — 2]l
m=1 m=1
M h-—1
n
< [M S S gl + e — .
m=1 k=0
l n M H-1
< |7 gm,rkll | + l2r — 24l - (62)
M m=1 k=0

1213 Using Equation (62) in Equation (61) we get
E; <d3+Q+32ynoVRHUR g

< d2+ Q-+ 32ynovVRH % Z lgm.rnll| +32yniovVRHdR
m,h

2
=2

2 1 d
<dZ4+Q+2 (32777w\/RH) +0° | 37 2 gl |+ =2
h

1214 Therefore

_ 1
Dy, < 2d2 + 20 + 4096722202 RH + 21 = max Y gl | - (63)

1215 By the triangle inequality applied twice and the definition of dp,

Ym.rs = Tall < Ym0 = Ymorsll + [Ymor0 — Tl
s—1
=1 ng,r,h
h=0
s—1
<1 Z ”gm,r,h” + Hym,r,o - CU*H
h=0
s—1
<13 lgmenll + dn
h=0
H—1
<0 Y Ngmenl + dr.
h=0

+ 1Ym,r,0 — ]|

1216 Therefore

H-1

1 < 1 <
EO WIS S
m=1

m=1 h=0

|9m,r,h||> +dr
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1217 We now use the inequality (a + b)? < 2a% + 2b? to get
1 & ’
Vf,s = (M Z |Ym,r,s — x*”)
1=1

i
| MoH-1 2
<2{n (M |9m,r,h||>> + QJ%%

2

—2
=2n" | — Hgm,r,h” +2dp.

1218 Finally, using our bound on cz% given by equation (63)

2

1
2 2 2. 22 2 2
vy o < Ady +4Q + 8192y n"1"0"RH + 6n i Z lgm,r.nll |

m,h
1219 Therefore

Vi, = max v}
2 222 2 2 [ 1
< dd; + 402+ 8192y n"1*0c“RH + 67 —maXZHgmth
M r ! I
m,

1220 By Equations (59) and (60) and the last equation,

2
TN W = 0 VS @) < Nl = 2. = llog = 2> + Q2 + 299 [ 1675 5100 VRH]

m,r,h
32ynoVRH)? 1
<P -dL O+ % + 4 [d} + Q+ 20489* 7220  RH) + 67 R | - max Y [l gim.n
m,h
32 VRH)? 1
— 2O % + 4 [d} + Q-+ 2048927220 RH) + 672 R |~ max > [l gm.n
m,h
2
1
< dE — d% + 69 + 8704902202 RH + 4d% + 61°R o max > Ngmaenl | - (64)
m,h

1221 Dropping the —d% term, we get

2 1
Y Wi = €,V (Y)) < 53 + 62 + 870490 *0” RH + 61°R | - max Y [ gim.r

m,r,h m,h

2
R-1 /H-1
2 24624yn?0? Hu
84 698 ool 4 121121 3 (3l )+ g2
h=0

rh r=0

2

3ayn®
M

1
2
D llgmrnll® +8704y**2e*RH + 60° R |+ max D gl

m,r,h m,h
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1222 Dividing both sides by 2ynRH gives

1 5d?
<ym,r,h — T, vf(ym,r,h» < g

MRH = 9yRH RH £
H-1 2
’y| n 24624n02H 1
Z (Z Igr,h||> e (65)
r=0 h=0
2
" MRH 2 + *maXZ“gmrh”

1223 Observe that by optimizing over o we have

24624n02H 1 2 3n
<2 |(24624nc2H
a MRH ~~ < 2| (24624n0* Ho) | e ]
< 544n01 | = 5" gmnll
> MR Im,rh|l -
m,r,h
1224 Using this in Equation (65) followed by convexity completes the proof. O
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