Supplemental:
Mode Connectivity in Auction Design

A Detailed Proofs of the Mode Connectivity for the RochetNet

In this section we provide the detailed proofs omitted in Section 3]

A.1 Interpolating between 0-reducible menus

We start with the proofs of statements on the way towards proving Proposition [5]

Proof of Lemmal[] We prove the claim by providing an explicit construction for ¢ in two different
cases.

First, suppose that there is some k* € Ky N KCo. In this case, start by setting ¢(k) := (k, k) for
all k € K1 N Ky. Then, for all k € ;1 \ Ko, set p(k) = (k,k*), and for all k € Ko \ K4, set
(k) = (k*, k). So far, we have not assigned any pair twice and the two conditions of the lemma are
already satisfied, so we can simply assign the remaining pairs arbitrarily.

Second, suppose that 'y and /C; are disjoint. Note that for this being possible, v/ K + 1 must be at
least 2. Pick some distinct k1, k1 € K1 and ko, k) € Ka. Set o(k1) == (k1, k2), (k]) == (K1, K5),
(k) == (ki, k2), and @(k}) := (k1, k). Then, forall k € ICy \ {k1, k! }, set o(k) == (k, k2) and
forall k € Ko \ {ka, Kb}, set p(k) == (ki1,k). Again, we have not assigned any pair twice and
the two conditions of the lemma are already satisfied, so we can simply assign the remaining pairs
arbitrarily.

Proof of Proposition[/| We only prove the first statement on Mq; the statement on M, follows
analogously. We show that for each possible valuation v of the buyer, the price paid to the seller for
menu M is at least as high as in menu M;. Suppose for valuation v that the buyer chooses the k-th
option in menu M. Note that we may assume k € C; due to O-reducibility of M;. By construction
of ¢, it follows that @1 (k) = k. Therefore, the k-th option in M is exactly equal to the k-th option in
M. Making use of the fact that ties are broken in favor of larger prices, it suffices to show that the
k-th option is utility-maximizing in M, too.

To this end, let &’ € K be an arbitrary index. If M; = {(x(®), p(¥)},.c i, then the utility of option &’
in M is

ol (M) 4+ (1= Nz ) = (ApE) 4 (1 — A)pler))

= A Tz®) = p)) £ (1 = A) (T2 FD) — plerD))

< AT = ) + (1= (T - p¥)

— o T®) _ pk),

where the inequality follows because the k-th option is utility-maximizing for menu M. This shows
that it is utility-maximizing for menu M, completing the proof. O

Proof of Proposition[8] The claim is trivial for A = 0 or A = 1. Therefore, assume 0 < A < 1 for
the remainder of the proof. Again we show that the claim holds pointwise for each possible valuation
and therefore also for the revenue. For valuation v, let k1 and k5 be the active optlon assi igned to

the buyer in M, 1 and Mg, respectively. Note that by construction of the menus M. 1 and Mg we may
assume without loss of generality that k; € K1 and ko € Ko. Let k* == o (ky, k2).

We show that option k* is utility-maximizing in M = {(z®), p(®))}, c. To this end, we use the
notation M; = {(z*), p*))} ek and My = {(§™*), §*))}rexc. Let k' € K be an arbitrary index.
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The utility of option &’ in menu M can be bounded as follows:
o T ) _ = A\(v T4 _ ﬁ(k/)) +(1- )\)(UT@(k’) _ q(k’))
< )\(UTJA?(M) _ﬁ(kl)) +(1=N(v TA(kz) _ A(k‘g))

= A 2®) —pEDY £ (1= A)(Tg*) — g

= g — pt),
Where the inequality in the second line follows because k1 and ks are utility-maximizing for M1
and Mg, respectively, and the equality in the third line follows because, by constructlon in menu 1M/, 1

option k* is equivalent to option k1 = ¢1(k*) € K, and similarly in menu M2 option k* i
equivalent to option ks = @2 (k™) € Ko. This concludes the proof that £* is utility-maximizing.

With the same reasoning as above, we obtain p*") = \p(k1) 4 (1- )\)Lj(kz), from which we conclude
that the price achieved by the seller in menu M for valuation v is at least as high as the convex

combination of the achieved prices for menus M7 and Ms. O

A.2 Discretizing large menus

This subsection is devoted to providing a detailed proof of Theorem[I0] To do so, we will show how
to convert any menu M of size at least [;iﬂ 2" into a O-reducible menu M such that each convex

combination of M and M achieves a revenue of at least Rev(M) — €. Without loss of generality, we
assume that M has size exactly K + 1 = [£]?".

To construct the menu M satisfying these requirements, we adapt techniques from |Dughmi et al.
[2014]E] In general, the idea is to discretize the allocations in the menu by a finite allocation set .S
(see Definition b whose size is at most v/ K = (—] However, because of the discretization,
the buyer may choose an option with a much smaller price, providing a lower revenue compared
to the original menu. To deal with this, we also decrease the prices on the menu; the decrease is in
proportion to the price. Intuitively, this incentives the buyer to choose the option with an originally
high price. We show, after this modification, the menu achieves a revenue of at least Rev(M) — e.

. . ~ 2 ~
For ease of notation, we will use & := & and, therefore, 21/ = ¢.
1

Definition 15. Ler S be a (finite) set of allocations. We say that S is an E-cover if, for every possible
allocation x, there exists an allocation T € S such that for every possible valuation vector v we have
thatvTz >0 >0z —é&

The following proposition shows that one can construct an £-cover S with size at most (;%] ",
Proposition 16. If ||v||; < 1, then

s— (et eyl s gz L

n terms

is an £-cover, and |S| = [gn =[4]"

Proof. For any allocation z, we can round it down to Z, such that £; = L%J - €. It is not hard to see

that v' 2 > v’ Z. Additionally, the inequality v’ > v'a — & follows as the total loss is at most
v (@ =) < [olh[|Z - 2llo <& 0

Construction of M. Given S, we can construct M as follows. Each option (%), p(k)) in menu M
is modified to (Z*), 5(*)) in menu M, where #*) is the corresponding allocation of z(*) in S and

the price is set to p(¥) = (1 — \@) p*):

M = {(i(k)’ﬁ(kv }kelC '

3In their paper, they construct a menu with a finite number of options to approximate the optimal mechanism.
The approximation is based on the multiplicative error, and they assume the buyer’s valuation is no less than 1.
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The following lemma shows that this construction indeed ensures that the reward decreases by at
most €.

Lemma 17. It holds that Rev(M) > Rev(M) — 2v/Z = Rev(M) —

Proof. The following inequalities demonstrate the buyer who chooses option k in menu M will not
choose option k' in menu M such that p*") < p(*) — /2,
TR _ (1 _ \[) *) > T _ p®) _z 4 /Fpk)

> T z*®) (k ) — g4+ /ep®)

> Tz — (1 — \@) p(kl) — e+ \@(p(k) —p(k,))

> T (1 - \/E) ). 3)
The first and third inequalities hold by Definition|15|and the second inequality holds as the buyer will
choose option k in menu M.

Therefore, the total loss on the revenue is upper bounded by \[ép(k) + VE < 2V/Z, as the price
satisfies p*) < 1. O

In addition to this property of M itself, we also need to show the revenue does not drop more than
for any menu on the line segment connecting M to M.

Lemma 18. Let M’ = AM + (1 — )\)M be a convex combination of the menus M and M. Then,
Rev(M') > Rev(M) — 2v/& = Rev(M) —

Proof. Let M = {(z™), p®))}pcx and M’ = {(2'), p'(®))}.c . Similar to the proofofLemma
we show that the buyer who chooses option k in menu M will not choose option &’ in menu M’ such
that p*) < p(*) — \/Z. This is true by the following (in)equalities. For any &’ € K, we have that

C) _p/(k) = Mo z® —p®)y 1 (1= N 2% — pk)
> A 2®) = pE)y 4 (1 = N T2*) — ),
The inequality follows by combining (i) v 2®) — p®) > ¢T2(*) — p() which is true as the buyer
will choose option & in menu M; and (i) vTZ®) — %) > o Tz*) — 5 from ().

Similar to the proof of Lemma([I7] it follows than that the total loss on the revenue is upper bounded
by 2V/2. O

With these lemmas at hand, we can finally prove Theorem [I0]

Proof of Theorem[10} Applylng the transformation described in this section to convert M; and Ms
results in two menus M1 and Mg, respectively. Since M1 and Mg contain at most VK + 1 = [—]”
different allocations and a buyer would always choose the cheapest out of several options with
the same allocation, they are O-reducible. Applying Proposition [5] to them implies that they are
0-mode-connected with three linear pieces. Combining these observations with Lemmas [I7]and [T8]
implies that M7 and M, are e-connected with five linear pieces.

B Bounds on the Error of the Softmax Approximation for the Argmax

In the RochetNet, to ensure that the objective is a smooth function, a softmax operation is used
instead of the argmax during the training process:

y(I(k)Tv_p(k))

softmax
Rev /szzk, Y(a:<k’>Tu—p(k’>)dF(v)'
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Here, Y is a sufficiently large constant. In this section, we will look at the difference between the
actual revenue and this softmax revenue.

We would like to assume the density of the valuation distribution is upper bounded by X =
Max,e[o,1]m and jv], <1 f (), Which is a finite value. Given this assumption, the following lemma
shows that, for any menu M of size K, the difference between the actual revenue and the softmax
revenue is bounded.

Lemma 19. Forany M andY > 1,

K+1 X Y
|Rev®T* (M) — Rew(M)| < ; <(nX +1+ )log s X>
Proof. We prove Revsof™™*(][) — Rev(M) < £ ((nX+1+4 $£)logL +X). Rev(M) —
Revof™=x(N) < £ (nX + 1+ )log X + X) follows by a similar argument.

Let k(v) be the option chosen in menu M when the buyer’s valuation is v. Then, the difference
between these two can be bounded as follows.

K eY(vTa:(k)fp(k))
Revsoftmax(M) o ReV(M) < /Z(p(k) _ p(k(v)))Jr

S o )

/Z ) _ T,)))Jr Y (0T a® —p®) _yyT x(k(v))”(k(“)))dF(v).

Here, (-)* £ max{-,0}. Now, we focus on one option k, and we will give an upper bound on

/(p(k) *p(k(v)))Jrlva(k)_p<k>+gzvu(k<v>>_p(uv))zvmm_p<1«>dF(U) 4

for the non-negative parameter o, which will be specified later. Note that, it is always true that
T k@) — ) > T g®) — 50 T o) — pk) 4 g > T 2k0) _ pk@) is not satisfied
then e (v = —p®) T “’(k(v))+p(k(“))) < e Y. Therefore, if (@) is upper bounded by C(0), then
Rev$S™™* _ Rev(M) < (K + 1)(C(0) + (1 + 0)e Y ). ﬁ

Note that

/(p(k) —p(k(“)))+lva(k),perngTI(k(v))7p(k(v))ZvTﬂkLp(k)dF(v)

Z (v))
<o —|—/ ’U] ) 1sz(k)7p(k)+a-2UTz(k(u)),p(k(u))Zsz(k),p(k)dF(U).

The inequality follows as we consider the region of v such that v T z(®) —pF) f 5 > ¢ T g (F@)) _p (k@)
Additionally, since v; € [0, 1],

(k) (k(v))
/Uj(% =2 ) T LT 00 ) T ) — () 3T () — i) AF (V)
(k) (k(v))
< /(xj — T )+1vrx(k)_p<k>+02vu<km>_p<k<v>>zwﬁm_p(mdF(U)'

Now we fix all coordinates of valuation v other than coordinate j. Note that, the function v " z(¥(¥) —

pF®) — oy Tk — p(k) is a convex function on v; and x(k) ;k(”) is the negative gradient of this

Note that if p > 1 + o then v'z® — p*) 4 (p k) _ 1) < v k@) _ pk) g5 1S <
0 and RHS > 0. Therefore, if v' 2™ — p® + o > o'z (k@) _ p*() is not satisfied, then

(p(k) _p(k(v)))-‘reY(nTgc(k)—p(k)_vT;c(’“(v)>+p(’€(v))) < maXo-/Zo'{(l e )e_YU/}. Note that ma’xc,zc{(l +
0)e Y} < (14 0)e Y7 whenY > 1.
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convex function. Since we are looking at the region such that the function v z(*(¥)) — p(k(v)) _

vTz®) — p(*) is bounded in [0, o], this direct imply

k k(v
/ (1’(- ) — ZL’E ( )))+1U7x(k)_p(k)_i_o.Z,UTx(k(v))_p(k(u))ZUTx(k)_p(k)dF(v) S Xo.
v; €[0,1]

This implies Rev53f*™e* — Rev(M) < (K + 1)(0 + nXo + (14 o)e~Y ) which is upper bounded
by £ ((nX + 1+ £)log £ + X) by setting o = & log . O

C Example: Disconnected Local Maxima

This section shows that the revenue is not quasiconcave on M, and in fact it might have disconnected
local maxima. Recall that a function g is quasiconcave if and only if, for any z, y and A € [0, 1],

gz + (1= N)y) > min{g(z), g9(y)}
Hence, quasiconcavity implies 0-mode-connectivity with a single straight-line segment.

We consider the case that there is only one buyer, one item, and one regular option on the menu.
Consider the following value distribution f:

15 0<z<i+0.15
fl@)=¢0  $+4015<z<2+0.15 3)

15 24015 <z <1
With this probability distribution, we show the following result. As Figure[2]shows, there are two
local maxima so that any continuous curve connecting them has lower revenue than either endpoint.

Hence, mode connectivity fails between these two points. We only give a formal proof of the fact that
the revenue is not quasiconcave.

revenue

06

0.4
. 0.2
price(p) 0 0 allocation(x)

Figure 2: Revenue of the mechanism M = {(z,p)} when the value distribution is f.

Lemma 20. Rev(M) is not quasiconcave on M.
Proof. We consider the case where n = 1 (single item case); K = 1 (menu with single options). The
value distribution, f is defined in ().

We consider two menus: M; and Ms, where My = {(0,0), (1,0.36)} and M, = {(0, 0), (1,0.84)}.
Then, Rev(M;) = 0.1656 and Rev(M,) = 0.2016.

However, if we consider M3 = (M + M>) = {(0,0), (1,0.6)}, then this provides a revenue of
0.165, which is strictly smaller than Rev(M; ) and Rev(Ms). More intuitively, Figure [2[shows the
revenue for x € [0, 1] and p € [0, 1]. O

D Detailed Proofs of the Mode Connectivity for AMAs

In this section, we provide the detailed proofs omitted in Section ]
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D.1 Interpolating between 0-reducible menus

In this subsection, we will prove Proposition [I2] that is, we show that two 0-reducible menus
= {(zF) BRNY Y e and My = {(zF), 3(2R)), i are 0-mode-connected.

Similar to RochetNet, we introduce two intermediate menus ]/\/[\ 1 and ]\/4\2, and show that every menu
in the piecewise linear interpolation form M7 via M7 and M to Ms yields a revenue of at least
m1n{Rev(M1) Rev(M>)}. Using that menu M, has only v/ K + 1 non-redundant options, menu
M, will be defined by repeating each of the v/ K + 1 options v K + 1 times. Menu M, will be
derived from M5 similarly.

To make this more formal, let K/ ( and %) denote the set of the indexes of options in M7 ( and Ms)
in definition of e- redu01b111ty, respectlvely Similar to RochetNet, with the help of the Lemma [6]
we can formally define M and M2 as My = {(z(1e1(k) gLerbD)Y o where 1 (k) is the first

component of ¢ (k); and, similarly, M, is derived from M by using the second component @2 (k) of
(k) instead of o1 (k).

It remains to show that all menus on the three straight line segments from M; via M, 1 and M\g to Mo
yield revenue of at least min{Rev(M;),Rev(Ms)}.

Proposition 21. Let M = AM; + (1 — )\)]\7 1 be a convex combination of the menus M, and M, 1.

Then Rev(M) > Rew(M,). Similarly, every convex combination of the menus My and J/\/I\g has
revenue at least Rev(Ms).

Proof. We only prove the first statement because the second one is analogous. We show that for
each possible valuation v € V™" (with ||v;|| < 1 for all 4) of the buyers, the total payment paid to
the auctioneer for menu M is at least as high as in menu M;. Suppose for valuation v € V™ that
the auctioneer chooses the k(v)-th option in menu M in maximizing the boosted welfare. Note
that we may assume k(v) € K} due to O-reducibility of M;. By construction of ¢, it follows that
p1(k(v)) = k(v). Therefore, the k(v)-th option in M exactly equals the k(v)-th option in M.
Because ties are broken in favor of larger total payments, it suffices to show that the & (v)-th option is
the one with the highest boosted welfare also in M. E]

Let k' € K be an arbitrary index. The boosted welfare of option & in M is

Dol Qa4 (1= Nt 4 (B 4 (1 - )t )
Zv x (LK) 1 BLK) K ZUT (Lpa (k") +ﬁ(1,¢1(k')))
ZviTIz(‘Lk(v)) Jrﬂ(l,k(v )+ (1— Z”sz(‘l’k(v)) +B(Lk(v)))

where the inequality follows because the & (v)-th option is boosted welfare maximizing for menu M.
This shows that k(v) is also a boosted welfare maximizer for menu M, completing the proof. [

Proposition 22. Let M = \M,; + (1- )\)M\z be a convex combination of the menus My and Mo.
Then Rev(M) > ARew(M7) + (1 — \)Rev(M>).

Proof. The claim is trivial for A = 0 or A = 1. Therefore, assume 0 < A < 1 for the remainder of
the proof. For possible valuation v € V" such that lvs|| < 1 for all 4, let k;(v) and k2 (v) be the

boosted Welfare max1mlzlng options in M, 1 and M. 2, respectively. Note that by the construction of

the menus M; and Mo, we may assume without loss of generality that k1 (v) € K and ky(v) € K.
Let k*(v) = ¢~ (k1 (v), k2 (v)).

"Recall that the auctioneer will choose the option k maximize the 3 () among all boosted welfare maximizing
options given the formula of the total payment (2).
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We show that option £* (v) is boosted welfare maximizing in M = {(:c(k) B*))} ek with valuation

v. To this end, we use the notation M; = {(#@R) | BRI and M, = {(#@F) FERYL, e
Let k' € K be an arbitrary index. Then, the boosted welfare of option k&’ can be bounded as follows:

ZUT$(k)+B(k) = ZU 1k)+ﬂ(1k ) (1_)\)(21]2'@1(.27’“/)_,_B(lk'))
Z T ‘1,k1(v)) + B(l,kl(v))) (1 _ )\)(Z ’U7,A§]2 ka2 (v)) + ﬁ (2,k2(v))
ZU - (1" U))+Blk 'u)) ZU 1,k U))—‘r,@lk(”)))
_ Z”Mk @) | gk @),

where the 1nequa11ty in the second line follows because k1 (v) and k2 (v) are boosted welfare maxi-
mizers for M. 1 and Mg, respectively. The equality in the third line follows because, by construct1on

in menu M, option k*(v) is equivalent to option ki (v) = ¢1(k*(v)) € K}. Similarly, in menu M,
option k*(v) is equivalent to option ko (v) = p2(k*(v)) € K4. This concludes the proof that k*(v)
is a boosted welfare maximizer in M.

Note that the total payment of M = {(z*), 3(*))},.cx can be written in the following form:

Zpi(“) _ Z ZvlTxl(k(v,i)) 4 glkv=)) | — Z Zvl‘rxl(k(v)) 1 gk

AN AN
where k(-) is the boosted welfare maximizer used in M. As ties are broken in favor of larger total
payments, this value decreases by replacing k(-) by &*(+) ﬂ

Z Zvl'rxl(k(vfi)) +B(k(v4‘)) 72 Zvl'l'xl(k(v)) Jrﬂ(k(v))

i l#1 i 1
k™ (v_; *(v_y k* *
>5[ S a0 g g ) | ST ST (RO 4 gl
i\ i 7 \ iz

Since k*(v) is fixed for different \ and, by linear combination, it holds that 2(*"()) = \z(1L.+"()
(1= N)2@HF () and BE"C) = N\BAK") 4 (1 — N)BEA"(),

Z Z“T (k* (v,,))+ﬁ(k*(u_ Z ZUT Ch (v)+ﬂ(k*(v))

% 1#1 % 1#1

— )\ Z Zvl"r.il(lak*(’lﬂ—i))+B(1,k*(v_1))

i [

_ Z Zvlle(l,k*(v)) + B(l,k’*(v))

i I#£i

+( Z ZUT l(2k v i))_i_B(Q,k*(v_,',))

% 1#13

_ Z Z ’UT (2 k*(v)) B(Z,k,*(v))

% 1#1
= ARev(M;) + (1 — NRev(Ms).
This completes the proof. O

8Note that both k(-) and k™ (-) maximize the boosted welfare.
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D.2 Discretizing large menus

This subsection provides a detailed proof of Theorem [E To do this, we will show that, for an
AMA with a large number of options, one can discretize it such that, after discretization, the menu is
0-reducible. Additionally, during this discretization, the revenue loss will be up to €.

Lemma 23. Consider an AMA M, with at least K + 1 = (16’6—72”3]2’”” options. There exists an

0-reducible menu Ml, such that, for any linear combination of M, and Ml, M=XM;+(1- /\)Ml
for A €10,1], Rev(M) > Rev(M;) — ¢

Theorem [14]simply follows by combining Lemma[23|and Proposition

Note that the payments and allocations only depend on those boosted welfare maximizing options.

Therefore, to show that Ml is O-reducible, it suffices to show M1 has at most v/ K + 1 different
allocations.

We now formally define M, 1. We introduce parameters € and &, which will be specified later.

— . B (k)
Construction of A/; For 2®)_ we round it to Z*) in which i%‘) = % {mtﬁJ . With this rounding,

for any v € [0, 1]"™ such that |Jv;]| < 1 for i,[]
Z’UT ) >ZuT 7 >ZuT ® _e. ©)

For 3%, we let 3F) = (1—6)8%),

Lemma 24. For any given 0 < € S ,letd = andzz = 162+ Then,
Rev(ﬁl) > Rev(M;) —e.

The number of different allocations in Ml is at most (16572131"’”. Additionally, for any linear
combination of My and My, M = AMy + (1 — A\)M,, Rev(M) > Reuv(M;) — e.

Proof We first demonstrate Rev(Ml) > Rev(M;) — mé — 1— — <. The result follows by picking
0= 1= and g = 16 . The proof of the bound on the linear comblnatlon of M7 and M, 1 is analogous.

We use the notation M; = {z®) 8®)}, . and My = {20, 30}, .

We fix the valuation v. Let k(v) = argmaxy ), v; a:(k) + B*) and satisfy the tie-breaking rule.
The total payment using M; can be expressed as follows

Z Zvl‘rwl(k(vfi))_’_ﬁ(k(vfi)) _Z ZUT (k(v)) _ Bk

i\ I i\ I
_ Z Zvl'rxl(k(vfi)) + B(k(vfi)) _(m _ 1) (Z U;rxl(_k(v)) + B(m,,))) —ﬂ(k(”)). )
i\ i i
Ay B,

Similarly, let l;(v) = argmaxy » ; v:igk) + B(’“), then, the total payment with Ml is

Z Z'UlTi‘l(’;(vJ)) +B(E‘(’U—7)) _ <ZU k(v +6(k v)) ) _B(];(v)). (8)

i 1#£i

As B2

We bound the differences between A; and Ay, By and B, and 5%(*) and B (k(v) separately.

°The second inequality holds as v;' (} (k) ~(.k>) < \|vz\|1||x§k) — jgk) |l < = for any i.

£
m
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First, for the difference between A; and Ay, we can use the following inequalities: for any possible v
such that ||v;|| < 1 for all 4,

ZUTx(k V) 4 Bk < Z”T F k) 4 BE@) 4 z 4 §3Kk@)

<Z,UT = (k(v +ﬁk(v))+5~+6ﬁ(k(v )
This implies
Ay <Ay +mé+ Y gk, ©)

Second, for the difference between B; and Bs, we can use the following inequalities: for any possible
v such that ||v;|| < 1 for all 7,

Z,UT (k(v)) | Bk@) > Z,UT (k(v)) n B(fc(v))
> Z v 5O 4 GE) 4 5k,
This implies
By < By — (m — 1)§p+("), (10)
Finally, we want to claim
BE@) < glh) 4 ; which implies FF() < gk@) 4 % _ 5k, an

as otherwise if B(f“(”)) > k@) 4 5, then this implies

ZUT pEOD 4 Gk(v) > ZvTx(k(”)) 4 B _ g _ 530D
> Z“ x k) 4 Bk _z _ s5k)
> ZU;@WU» +B(12(v — &+ 5(p* k(v)) _ Bk@))
> Z v 3D 4 R, (12)

which contradicts the fact that k(v) = arg max, 3, v, :%Ek) + )

By combining the formula of total payment with M, (7), the formula of total payment with M. 1
(8), and inequalities ©), (T0), (TT); the loss on the total payment is at most mé + >, 63*(v-)) —
méBE®) + - Note that Blk(v-) < B@) 4 19 Therefore, the total loss on the payment is at
most mé + 7= + = which is Rev(Ml) > Rev(Ml) mé — %g %

Now, we prove a similar result for M, which is a linear combination of M; and M, 10 M =AMy +

(1 — A)My. Let M = (m’(k),ﬁ’(k))ke;c and k'(v) = argmaxy ), v;x'gk) + 8™ The total
payment of M is

Z Zvl—rx/lk?(v i +B/(k(vfi)) _ (Z ’UT /(k +ﬂ/(k ) _Bl(k(v))' (13)

i l#1

As Bs

"9This is true becasue v | #*(¥-i)) 4 glk(v—i)) < AFICC)N B(E(”)) and v 2R <
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Note that, by linear combination, for any k, 3, v] 2" > Y. 0J2/® > S T2® — # and

B'™ = (1= 6")B® such that &' = (1 — A\)S. With similar proofs as (@) and (10, the following two
inequalities hold,

A < As+mé + Z §' plkv=i)). (14)
By < By — (m — 1)§'g% (). (15)
And, similarly,
FIF ) < glk(e) % (16)
as otherwise (¥ (")) > B(k(") 4 £ implies
Z T /(k v)) +B/(k v))
Z” 2! (k(v) | ﬁ(k v)) Zv k(v)) + B(k(v)))
)\(Z oy 2D 4 gDy 4 Zv )y gk

_ZUT K@) | g (@),

The strict inequality follows from (12) and X < 1.

Therefore, combining inequalities (T4), (T3), (T6), the total payment with M, (7), and the total
. . . 25/ ~ - 2 =
payment with M, (T3); the total loss for M is at most mé + %g, + 5 <mé+ ng + 5.

gandéz e O

16m?2

The result follows by picking § =

D.3 Difference between softmax and argmax in revenue

Similar to the case of the RochetNet, in the training process, softmax operation is used instead of
argmax. Recall that the revenue of AMA is

Rev = /vai(v)dF v

where

Z”T (k(v_s) +ﬁ(k(vﬂ-)) Z”T (k(v)) +5(l~c(v))
[ l#1
and

- Tk L gk
k(v) argm]?x;vl x; + .

For the softmax version, instead of using k(v) which exactly maximizes the boosted social welfare,
now k®°T*3% (4)) is a random variable:
eY(v.T;c(k)—&-B(k))
kseftmax (1)) = k with probability

ey ol SAREVCCON

and the price is the expectation on k(v)

p?Oftmax('U) K Z vl‘l'xl(ksofmax v + 5(ksoftmax(vii))
l#1

Z vl (kseftmax(,u + B(ksoftmax(v)) ’
l#1
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and the revenue is
Revsoftmax (M) _ / Z p?oftmax (’U)dF(’U).
v

We show the following result. Note that we also assume the maximal density of a valuation type is .

Theorem 25.

|Re,usoftmaa:(M) _ RE’U(M)‘ S m(K + 1) + nmX(K + 1) ( mY)

1+ log —
eY +Og2€

To prove this theorem, we need the following lemma which provides one of the basic properties of
the softmax.

. Yay L
Lemma 26. Given L values, a1 > as > a3 > -+ > ay, then 0 < a1 — Zk akm < %

Proof. s clearthat0 < a1 — & ak Yaw On the other direction,
Y((lk al)
ay — a < —_—
Z ka/ eYay Zk: Zk’ eY (apr—ai)
Y(ak al)
< = Y(a —_—
=y Z Zk’ eY (ar—ar)

eY(ak—al)

< = Y (a1—ag)—1

=y ;6 Zk,/ eY (apr—ai1)
< L 1

>~ eiyzk/ eY(aklfaq)

L
ey’

IN
O

Now, we can prove Theorem 25}

Proof of Theorem 23] We first give the upper bound on Rev(M) — Rev®°f®™™*()]).
Let k(v) = argmaxy, 3, v, ¥ 4+ 8(*) be the rule used in Rev(1). Recall that

Zpi(v) _ Z ZUT (k(v—4)) | Blkw-) | _ Z ZUT (k(v) 4 Blk@)

i\ I i\ I

and

Zp?oftmax( Z Z ,UlTxl(kSOfmax U—i _|_ 5(1€s°ftmx(vfi))

7 i I#1
softmax softmax
5 [ e
i 1#1i
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Then,
Rev(M) — Rev®°r*™* (/)

= Ev Z Zvl—rxl(k(v_l)) + B(k('u,l))

i I#i

ksoftmax v softmax v_;
_E Z ZUZTII( (v-4)) +ﬂ(k (v—i))
i i

(Z ,UT (k(v + ﬁ(k(v)))

i (Z T B(ksoﬂ,ﬂ(v))ﬂ
n Z,UT (k(v)) _ ZUT (k*oftm () ]

m(K +1 Zv;rxz(k(v)) E lz U:xz(ksofcmEX(v))] .

)
E
eY +
The inequality follows by Lemma Then, we will bound the difference between E [Z . v, acgk(”))}
and E [ZZ v, xgksomax(v))] More specifically,

<

Efvs; o)) — Bfuya®™" )]

1J ] iJ
V(S vha+80)
k:v k € v
/U” W) _ 3™ g2 d) . ——dF(v)
k k’e (Eﬂvx/ +B )
Y (S vl +8%0)
(k) k( I+
/ ) Z Y(S, 0 z(k )+B<k,))dF(U)
k€

< /Z k) k(u )+ey(zi/ Ui/gggf)_,'_g(k)_zi, v;gggf:(v))_ﬁ(kw)))dF(v).

Recall that (-)* £ max{-,0}. Let’s define BW(k) = 3", v} 2’} + 8™ to be the boosted welfare
of option k for simplicity. Now, we focus on one option k, and we will give an upper bound on

/( Ef) z('f(v)))+1BW(/~c)+UZBW(k(U))ZBW(k)dF(U) (17

for the non-negative 0. The value of o will be determined later. Note that it is always true that
BW(k(v)) > BW(k) by the definition of k(v). Additionally, if BW (k) + ¢ > BW(k(v)) is not

satisfied then ¥ (X vira; B = v =) < e~ Y. Therefore, if (I7) is upper bounded
by Ci;(0), then Reve*Tmax( 1) — Rev(M) < ™K 4 (K + 1) (zi Cislo) + nme’y").

Note that
/ (@ = 28 ) L r) s Bk () =B dF (1)
- / (25 = 25 Lpwisio) -Bw(s) 0.1 4P (0). (18)

Now we fix all coordinates of valuation v other than coordinate ij. Note that, the function BW (k(v))—
BW(k) =D, vy x(k(v))—h@(k v) — Do vTx(k)—ﬁ(k) is a convex function on v;; and( (k(v)) x(@)

)
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is the gradient. Since we are looking at the region such that the function BW(k(v)) — BW(k) is
bounded in [0, o], this direct implies

k(v
/(ﬁfij - xﬁj( )))JrlBW(k)+oZBW(k(v))2BW(k)dF(U) < Xo.

. . .. . softmax m(K+1
as the maximal density is at most X'. This implies Rev(M ) — Rev=ef™max()[) < % + (K +

1)nmXo + (K + 1)ynme~Y? which is upper bounded by ) | nmX KD (7 4 150 Y by
setting o = - log .

The upper bound on Revs°*®*™*(\[) — Rev(M) follows by a similar argument. O
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