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A Discussions of Duration of the Observing Phase

In Section the duration of the observing phase is specified as x(T") = %, and we here discuss the
influence of this choice and other available choices. On one hand, intuitively, if the observing phase
lasts longer, more “free pulls” can be leveraged by the principal. On the other hand, there should be
sufficient time reserved for adaptive adjustments, i.e., the incentivizing phase; otherwise, the principal
cannot guarantee the success of best arm identification. It thus requires a careful trade-off between

more “free pulls” and sufficient adaptation.

If the principal knows the parameter A ,;, of the global game, i.e., the global sub-optimality gap,
16K log(£L) | 64MK loglog(£L)

e T A =
T — O(log(T)), which is an upper bound of the required number of pulls on local arms without
incentives. However, it is often impossible for principal to have such information. Since best arm
identification is the primal task of the principal, we choose to specify T'— «(T") to be w(log(T)), i.e.,
with an order higher than log(7’), to guarantee sufficient times are left for the incentivizing phase,
and the adopted x(7T') = % is an exemplary choice among others, e.g., %, V/T. As shown in the later
proofs for Theorems|1|and [2| the amount of free pulls is of order O(log(x(T"))). Thus, while these

choices (k,(T), %, %, VT, etc) seemingly distinct with each other, the amount of free pulls they
provide does not differ much.

with Theoremsand she can specify x(T") = ko,(T) :=T —

In practical applications, it is also conceivable to perform estimation of A,;, during the game with

i (t), ie., Amin(t), and use the estimation to determine (7). However, it is difficult to provide a
rigorous theoretical analysis for such an adaptive approach.

B Proof of Lemmalll

Lemma 5 (Restatement of Lemma [I). Under the “Take-or-Ban” incentive-provision protocol,
following incentives, whenever offered, is optimal in terms of the expected cumulative rewards
(compared to not following) for every agent.

Proof. We fix an arbitrary agent m. Her local action 7,,(t) is made with the history H,,(t) :=
{mm (1), Xz (7),m(7), Im(7)|7 <t — 1} and the current incentives I,,(t), where I, (t) :=
{Ii,m(t)|Vk € [K]}. Thus, we can write 7., (t) = I, (Hy (), n(t)), where II,, is the strat-
egy that maps the history and current incentives to actions.

Key to our proof is to argue that if strategy II,,, does not always follow the incentives, then another

strategy II/ which always follows the incentives whenever offered will do better in expectation.

Formally, I/ is defined as follows based on a modified history H/,(t) and current incentive I, (¢):

* When there is no incentive, strategy I/, follows the decisions from II,, using the mod-
ified history H/ () and the observations are added to the modified history. Formally, if

Yk € [K], Tim(t) = 0, then ) (t) = TUy(Hon(t), In(t)) = T (H (1), In(t)) and
observations {7, (t), Xz/ (¢)m(t), In(t)} are added to H,, (t + 1).

m
» When there are incentives and II,,, follows the incentive, I/ also takes the incentive and

adds observations to the modified history. Formally, if there exists & € [K] such that
Ii.m(t) = 1 while II(H], (t), I, (t)) = k, then ), (t) = II (H,(t), I (t)) = k and
observations {7, (t), Xr: (1)m(t), Im(t)} are added to H,, (t + 1).

* When there are incentives but IT,,, does not take them, I/ always takes the incentive, but im-
portantly does not add observations to the modified history. Formally, if there exists k € [K]
such that Iy, ,,, (¢t) = 1 but IL,,, (H], (t), I, (t)) # k, then w}, (t) = 11, (Hp (t), I () = k
and no changes are made to the modified history, i.e., H/, (t + 1) = H,,(t).



If strategy I1,,, does not always take the incentives, there must be a time step s, 3k € [K], I (s) =1
but I1,,,(H,,(s)) # k. After time s, the agent is banned from taking incentives any more. The
expected cumulative reward of 7 can thus be decomposed as

s—1 T
E[REL"L (T)] =E lZ(Xﬂ,,,L(t),m(t) =+ Iﬂ'm(t),m(t)) + Z XTrm(t),m (t)] :
t=1 t=s

With strategy II/,,, for time step ¢t < s, H/, (t), 7, (t) are the same as H,,(t), 7, (¢). Thus, the
cumulative reward of the designed II/,, can also be decomposed as
H/

E[Rm™(T)]

T

=E Z(Xw;n(t),m(t) + Lnr (1),m (1))
Lt=1
[s—1 T

=E Z(Xﬂj"(t),m(t) + L (1),m(t)) + Z(Xﬂ;”(t),m(t) + Iﬂ';n(t),m(t))‘|
Lt=1 t=s
[s—1 T

=K Z(me(t),m(t) + I, tym (1)) + Z(Xﬂ;n(t),m(t) + Iﬂ;n(t)7m(t))‘|
Lt=1 t=s
—s—l

>E Z(Xﬂm(t),m(t) + Iﬂnl(t),m(t)) + Z Xﬂin(t),m(t) + ‘TrerT‘
_t:1 te[s,T]/Tf,;T

where 757 denotes the set of time slots that principal provides incentives in time interval [s, T), i.e.,
3T ={t € [s, 1|3k € [K], Iy m(t) = 1}.

Since the observation from incentives are not counted in H (¢), the distribution of
{H! ()|t € [5,T]/75T} is the same as the distribution of { H,,(t)|t € [s,T — |75T|]}, which fur-
ther means the distribution of {r/ (t)|t € [s,T]/75T} is the same with {m,,,(¢)|t € [s,T — |757|]}.
Thus, we can get

v Z X“;n(t)qm(t) =E Z Xﬂ'm(t),m (t)

tels, T /" tels,T—|mu "]

With this result, it holds that
E[R,"(T)]

s—1 T
=K Z(Xfrm(t),’rn(t) + Iﬂ'm(t),m(t)) + Z Xﬂ'm(t),’ﬂl(t)
Lt=1 t=s
[s—1 T—|73" T
=E Z(Xﬂ'm(t),m(t) + -[Trm(t),m (t)) + Z Xﬂm(t),m (t) + Z Xﬂm(t),m (t)
| t=1 t=s t=T— |57 |+1
—sfl
<E Z(Xﬂ'm(t),m(t) + Irrm(t),m(t)) + Z Xﬂ'in(t),m(t) + ‘T:;{T
L ¢=1 tels,T) /"
<E[Rn"(T))

Thus, strategy I/, always follows incentives and provides at least the same expected cumulative

rewards as strategy 11,,,, which does not always follow incentives. The lemma is thus proved. O

C Proof of Lemma 2]
Lemma 6 (Restatement of Lemma[2). Denote

M= {Vt € E + l,T} ke (K], |t — 1) — ] < CB(t — 1)}.



When the horizon T is sufficiently large, it holds that P(H) > 1 — 6.

Proof. Using the Cauchy-Shwarz inequality, we have
Z Nigym (= 1) (bre,m — fk,m (t = 1))2 <90

me[M]
N 0

> 2 N (t— 1) 2 Nem(t = Ditkm = frm(t =)< 3 Ny (t— 1)

me[M) " B me[M] mem) B
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. 0
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1 ! 0
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me[M] me[M]

1 0
=t -1 =l < — | >
At =1) =l < 57 Nim(t — 1)
me([M] ’

Now with the critical concentration inequality given by Lemma[7] presented in the following, and
0 = log (K T) + 4M log log ( ) the above implication further indicates that

Pllg(t — 1) — px| < OBg(t —1)]

ZP Z Nk,m(t - 1) (,uk,m - ,[Lk,m(t - 1))2 < 0

me[M]
=1-P | Y Newlt —1) (rm — firm(t —1))° >0
me[M]
KT KTY)\2 rr\\ M
o1 gpnt [ 2(log (F5) +4Mloglog (57)) " log(57) | 1 g
- M (log(KT) ™ KT
:=term (a)

. . . MMM .
where the last inequality is from Lemmaand term (a) is of order O(W) Thus, when T is
sufficiently large, P [|fix(t — 1) — x| < CBy(t — 1)] > 1 — 225. Finally, with a union bound over
t€[T/2+1,T] and k € [K], the lemma can be proved. O

Lemma 7. Foranyt € [T), any k € [K], and any 0 > M + 1, we have

(6 — 1)[61og(1)] >M )

P Z Nkﬂn(t - 1) (Nk,m - ﬂk,m(t - 1))2 20| < 2eM ( M

me[M]

Proof. The proof follows the ideas from Theorem 2 in|Magureanu et al.|(2014) and Theorem 22 in
Perrault| (2020). To prove Lemmal[7 it suffices to prove the following two inequalities:

0] 0 —1)[0log(t)]\ M
P m;\/[] Nk m - ((Nk,’m - ,ak,m(t - 1))+>2 Z 5 S €M+1 <()|—]\40g()—|> 6_0;
] (7)
9 0 — 1)[0log(t)]\ M
Pl 3 Muot =) (=l - D))z g | < e (EEDTREOL) oo,
] ] (8)



where 27 = max{z,0} and = = min{z, 0}.

We first focus on proving Eqn. (7) and the same techniques can be applied to derive Eqn. (8). We fix
some 0 > M + 1, and define the desired event as:

At =3 > Nt = 1) ((hm — firm(t = 1)7)* >
me[M]

| D

and a partition of all possible pulling times as:

vd € NM Bq(t) := ) {(efl)dm‘lgz\f,c,m(t_l)<((&)dm}.

me[M]

Since each number of pulls Ny ,,,(t — 1) for m € [M] is bounded by ¢, the number of possible

M
d € NM such that P(Bq(t)) > 0 is bounded by [%] . With the following Lemmaand

a union bound, we can get

<ZP t)NBal(t))

- [log<leofg<(e)— 1)WM (* Xfl)e)Me”
< M1 ((0 — )[flog(t)] >M o0
M

where the last inequality is from log( %) = log(1 + 717) > % 5. O

M 0-1e\M 14
Lemma 8. Let d € NM. Then P((t) N Bq(t)) < (T) el 9.

Proof. Let ¢ € RY. When events

Ba) = ) {(ﬂ)dm < Nim(t—1) < (gel)d}

me[M]

and

()= () { Nt = Dl — (e = 1) > 5},

me[M]
happen, Vm € [M], it holds that

Cm
Kk, Hkm - m W.

Thus, the above events 2 (¢) and B4 (t) further imply

0—1
5 2 o
me[M]
0 dm—1 )
-3 2(35) " 4

me[M]
< > 2Npm(t - 1)e;
%
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me[M] me[M]
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where the last inequality is because (i — Xp m (7) is %-sub—Gaussian and it holds that
1
E [exp(4em 1{mm(7) = k}(tkm — Xim(7)))] < exp (8(4577111{7rm(7) = k})2>

With these results, we can further get

P (t) N Bq(t)) <P % Z Cn <€ —C

me[M]
(a)
< exp | ———— Z Cm E GXp Qtl( ) Q:Q(t)ﬂ
me[M]
= CTYL
me[M]

where inequality (a) is the standard Markov inequality, and (b) is from simple algebraic multiplication.

Note that

POU(1) N Ba(t) =F | () {2HBa®}Nem(t 1) (e — fiean(t — 1)) > G}
me[M]
and

P(A) NBa(t) =P | > 20{Ba(t)} Nt — 1) ((kkm — ikt — 1)) > 6
me([M]

Thus, with G = M and a = % in the following Lemma@, we can finally have
(6 -1\ 1y
O

Lemma 9 (Lemma 8 from |Magureanu et al.|(2014)). Let G > 2,a > 0. Let Z € RS be a random
variable such that V¢ € Rgf

P[Z>( <exp|—a Y ¢
9€[G]
Then for 6 > %, we have



D Proof of Lemma[3

Lemma 10 (Restatement of Lemma . When event H happens, V't € [% +1,T), we have k. € S(t),
i.e., the optimal global arm would not be eliminated. Moreover, it suffices to eliminate arm k # k, at
timet, i.e, k ¢ S(t), when

161og(KT/9) . 641oglog(KT/0)

M, N —1), N, —-1)>
VmE[ L k,m(t )7 k*,m(t )— MA% Ai

Proof. When event H defined in Lemmahappens, vt e [L +1,T],Vk € S(t — 1), it holds
fir, (t —1) + OBy (t — 1) > puy > pg > fu(t — 1) — CBy(t — 1).
Thus, the optimal global arm would not be eliminated.

Then, as indicated in Eqn. (3), when ik, (t) — CBy, (t) > fir + CBy(t), arm k # k. is ensured to
be eliminated from the active arm set. Further, we note that when

16 (log(£ZL) + 4M log log(EL
Vi € [M], Npm(t — 1), N (t — 1) > (log(*5") glog(%5"))

MA? ,
it holds that
fir,(t =1) = OBy, (t = 1) > pg, —20By, (t = 1) > py, — %;
fir(t = 1) + OBy (t — 1) < g, + 20By(t — 1) < py, + %,
which means it suffices to eliminate arm k. 0

E Proof of Lemmald

In this section, the proof of Lemman is provided, Note that in the following proofs, we consider the
standard bandit setting without incentives, i.e., the agent runs a.-UCB on her local bandit game. The
proof presented here is largely inspired by Rangi et al.| (2021)).

Lemma 11. For horizon A, define event

A 3AT . 3log(t)
= = +1,== m(t—1) = g < 4| 5ot -
Gm {Vke (K], Vt € {2 +1,5 } Nftem (t = 1) = pkm] N ()
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Lemma 12 (Restatement of Lemma' When A sansﬁes 2( ) > 4KA(‘Z 3/ 2)2, the a-UCB algo-

min,m

rithm with o > 2 5 satisfies that

. 2 og (A

Proof. To ease the exposition, the superscript in N“_ (t) is omitted in this proof as Ny ,,,(t), but
note that this proof discusses the behavior of a-UCB without incentives. For horizon A satisfying

logé\( N > 4K£f§)m‘q”/’ ?)Z,LemmaHindicates that event
gm = {Vk S [K]7Nk_’m(/\) > Fy, m(A)}
2 log(4)
happens with a probability at least 1 — %%, where F}, ,,(A) = % To prove this
k,m
lemma, it suffices to prove that P[&,,] < %
With

A 3AT . 3log(t)
= * — m - - m S N
Gm {Vk € [K],Vt e [2 +1 } N gem (8 = 1) = fig,m]| Nem(t—T)

from Lemmal [T 1] we have that
2K
P 1-——
[gﬂ’l] A )

Thus, it suffices to prove that with event G,,, happening, event £,, does not happen.
We prove it by contradiction. Assume that while event G,,, happens, the event £,, also haRpens, which
means there exists arm & such that Ny, ,,, (A) < Fj, m(A) Then, for the interval [5 +1, 32|, we divide
itinto Fy ,,,(A) blocks, and each block has length ; W With the pigeonhole pr1n01ple there must

exist one block [t1, t3], in which arm & is not pulled, i.e., Ni (t3) = Nim(t1 — 1) < Fim (A).
With event G,,, happening, for arm £, it holds that V¢ € [t1, t3],

it — 1) + m
BN e LR G ) N

=Hk,m + 2Ak),m
Z/"l/*,m + Ak,m-

We then make the following claim that

4(va++/3/ 2logTA

v.] € [K]/kaj,m(t3> - Nj,m(tl - 1) S Nmax = A2

~



If this claim does not hold, then there exists arm ¢ € [K]/k such that
Nim(t3) = Nijm(t1 — 1) > Niax,m,
which further means there exists to € [t1, ¢3] such that
Nim(te —1) = Nipm(t1 — 1) = Npax
and arm ¢ is pulled at time ¢5. For this arm 4, at time to, with event G,,,, we have

alog(ta)
Nim(ta — 1)

3log(ts) alog(ts)
<pim + \/QNi,m(tQ — 1) + \/Ni,m(tQ - 1>
3 log(t2)
<t + <ﬁ+ \/;> m
A
Stam + <ﬁ+ \/3) \/1015(T

Akm
2

ﬂi,m(tQ - 1) +

—,U* m +

With the property proved above for arm £, i.e.,

alog(ts)
Nk,m( 2 ]-)

we can observe that arm ¢ cannot be pulled at time ¢2, which leads to a contradiction and thus proves
the claim.

ﬂk,m<t2_1)+ *m+Ak ms

Since arm k is not pulled in [¢1, t3], other arms must be pulled sufficiently. Using the above claim, it
must hold that

> Njm(ts) = Njm(ts — 1) =ts —t1 +1

JElK]/k
=S(K —1)Npax >t —t1 + 1= #
max Z 3 1 - 4Fk7m(A)
A
iZ\frn X Z T 1 AN
B 4KFk m(A)
4(va +/3/2)% log(3) N A A 4N,
2 - max — A
A7 4KFk(A) T UK (vVa — 1/3/2)2 log( 4y
— 2 —
N é\ < 4K(o¢4 3/2) < 4K(a4 3/2)? 7
IOg (A) Ak:,m Amln m
which contradicts with the requirement for A in Lemma] This concludes the proof. O

F Proof of Theorem 1]

Theorem 3 (Restatement of Theorem[I). It is the best interest for every agent to always accept the
incentivized explorations under the “Take-or-Ban” protocol. Moreover, if the agents’ local strategy
is consistent without incentives and the horizon T is sufficiently large, the OTI algorithm satisfies
that Pk, (T) = k,] > 1 — 6, and the expected cumulative incentives are bounded as

cem-o( £ 5 [ DS (1 sy

ke[K] me[M] 2 KL(/“Lk,TYM Hose,m

where © := max{z, 0}.



Proof. First, with Lemmal[I] always following the incentives provides higher expected cumulative
rewards than not always following. Thus, it is the best interest for every agent to always accept the
incentivized explorations under the “Take-or-Ban” protocol.

As shown in Lemma [2] event H happens with probability at least 1 — §. When event H happens,
the optimal global arm would not be eliminated from the active arm set, which means the best arm
identification succeeds as long as all other sub-optimal arms are eliminated. Thus, it suffices to
analyze how many incentives are needed to eliminate all other sub-optimal arms.

Conditioned on event H, we make the following claim regarding the cumulative incentives:

16 (log(g) + 4M log log(g))

Vk € [K],Ym € [M], Cym(T) < Zg,m(T) := - Nen(5)|
MA? D)

where Cy, ., (T) := Zthl Ij, m (t) denotes the cumulative incentives on agent m’s arm k.

To prove this claim, we first assume that there exists an arm-agent pair, namely, (k’, m’), such that
Cir m/(T) > Zys e (T). We assume k' is not the optimal arm k. here, but the same analysis applies
for k. with minor changes. Thus, there must existt’ € [2+1, 7] such that Cys s (' 1) = Zgs s (T)
while Iy .,/ (t') = 1. Equivalently, we have

16 (log(&L) + 4M loglog(£1))
MAZ, ’

Ny (= 1) >

and agent m’ is incentivized to explore arm &’ at time ¢/, i.e., k(t') = k" and m(t') = m/.

However, since m(t') = arg min, ¢ (s Nz, (t" — 1), it holds that

16 (log(%) + 4M log log(g))
MAZ, ’

Vm e [M]7Nk’,m<tl - 1) >

which means CBy, (t' — 1) < . Since k(t') = arg mine gy OBy (t' — 1), it must have that

Ak/

Vke S(t—1),CBr(t' —1) < 1

Thus, it raises a contradiction because
Ak/

9 ;
Ak/

2 )
which means that arm &’ should have been eliminated and thus cannot be incentivized.

fir, (t' = 1) = OBy (t' = 1) > pr, —2C By, (t — 1) > g, —

fue (t' = 1)+ CBi(t' — 1) < pr +2CBp (t' — 1) < ppr +

With the above claim proved the expected cumulative incentives can be bounded as

ECT)]=E|> > Crm(T

ke[K]mE [M]
+
16 (log(EL) + M loglog(EL)) T
<E[Y > [ MA? ~Nin(3)
| kE[K] me[M]
+
_ Z Z 1610g(¥)+6410g10g(¥)7E NY (Z) _ (10
MA2 AR 2
ke[K] me[M]

With Eqn. @) from|Lai and Robbins| (1985), if the agents’ local strategies are consistent, with horizon
I, Vk # k. p, it holds that

BN, (D) 1
lim inf > ,
I—oo  log(') KL (ke m s foe,m)




which is also stated in Eqn. (T). Thus, there exists I'g such that VI" > T'g, it holds that E[Ny,  (I")]
#(Fﬂ)) For k. m, since the local strategies are consistent, V¢ > 0, B[Ny . (I')]

I' — o(T'%). Thus, it holds that Vk € [K], V3 > 0,

w (I\] _ T log(%)
E |:Nk,m<2):| =0 (mm{ 5 —KL(,LLk - }) , 11

where the minimal takes care of KL(pg m, tix,m) = O for arm k.. By plugging Eqn. (TI) into
Eqn. (I0), Theorem|[I]is proved. O

>
2

G Proof of Theorem 2

Theorem 4 (Restatement of Theorem . While the agents run o-UCB algorithms with o > % and

the horizon T is sufficiently large, the OTI algorithm satisfies that Pk, (T) = k,] > 1 — 6. Moreover,
it holds that

log log log(£L)  alog($)1™" AMK
- >1——
lem-o( % & [y =5 -5 )=

kE[K] me[M)]

Proof. Theorem 2]can be proved by plugging the UCB lower bound in Lemmad](instead of Eqn. @))
into the above proof of Theorem ]

H Experimental Details

The codes and instructions for the experiments are publicly available at https://github.com/
ShenGroup/Observe_then_Incentivize. The experiments are light in computation, and were
all performed on a mainstream PC. A few details for the experimental setups are provided in this
section. First, if there are more than one arm remaining active at horizon 7', OTI should output the
one with the largest sample mean. This approach takes care of the scenarios with an extremely small
(or even zero) global sub-optimality gap. Second, we find that while the O(loglog()) term in the
confidence bound in Eqn. @) is required theoretlcally, it is not very helpful in practice and sometimes
even degrades the overall performance Thus, in the simulation of OTI, the confidence bound is

specified as CBy(t — 1) = 57 \/ me[M] m) log(KT/9). It is also interesting for future

works to see whether the confidence bound in Eqn. (2) can be tightened so that the O(loglog(}))
term can be removed theoretically.

For all the simulations in Section[6] the rewards are set to

follow Bernoulli distributions. Futhermore, in the exper- 10
iments of Fig. 2(d)] the local game instances are chosen
with the following schemes to have meaningful compar-
isons with different number of involving agents. First,
a mean vector v with 30 arms is specified to be linearly

distributed in [0.4, 0.545], i.e., with gaps 0.005. Then, for ] ]

each arm k € [K], the mean p, ,,, of each player m € [M]

is set as a sample from a truncated Gaussian distribution

between 0 and 1 with mean v and variance 0.01. After (1,1) (1,2) (1,3) (2,1) (2,2) (2,3)
this random sampling process, the local games are chosen. (agent,arm)

Then, if the corresponding global game has a sub-optimal
gap Apin € [4.5,5.5] X 1073, this instance is adopted;
otherwise, a new instance is generated. This approach
avoids the scenarios that with the number of involving
agents increasing, the global game becomes more and more uniform, which makes comparisons with
different M unfair.

Incentives (103)

o N A~ O ©

Figure 3: OTI with stochastic agent be-
haviors.

Finally, additional experiments are performed to show that when dealing with relatively simple agents,
OTI can be implemented with less restrictive incentive-provision protocols. In other words, the
“Take-or-Ban” protocol is for theoretical rigor but may not be necessary in applications. Specifically,
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the agents are set to take the incentives with probability 0.8 and refuse with probability 0.2. Also,
the principal never bans the agent regardless of their behaviors. Using the same game instance as in
Fig.2(a)] we note that with such stochastic agent behaviors, OTI can still always identify the global
optimal arm correctly. The spent incentives are shown in Fig. [3] which even slightly improve the
performance in Fig.[2(b)} This result also illustrates the robustness of OTL
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