A Proof of Theorem

In this section, we prove Theorem Without loss of generality, we assume that = [0, 1] Recall
that the solution of (3)) is unique and the explicit formula for fgy is given by

. 1 n N
Fés(@) = =D Wa(w,2:) G, (24)
i=1
where W, (z, z;) denotes the smoothing spline weight function depending on {z;}?_;, the sample

size n, and the smoothing parameter \.

To facilitate the analysis, we define a second scenario in which the adversarial strategy is to be
honest, that is, for any 7 € A, the adversary does not deviate from the clean data generation process
and behaves as if it were non-adversarial. This allows us to construct a one-to-one correspondence
between the realizations of the adversarial and honest scenarios such that for each i ¢ A, the observed
responses ¥; are identical across both settings, while for ¢ € A, the responses may differ: in Scenario
1 (adversarial), the adversary may introduce arbitrary deviations, whereas in Scenario 2 (honest), the
responses follow the true underlying model.

In this second setting, we apply the same smoothing spline estimator to the uncorrupted data. The
resulting estimator, which we denote by fsg, is given by

. 1 —
Jes(a) =~ > Walz, ) yi, (25)
i=1

where y; denotes the uncorrupted response corresponding to input z;, i.e., y; = ;, for i € [n]\ A4,
and otherwise, fori € A, y; = f(x;) + €;, for some i.i.d ¢;. We define € := (¢;) e[

We now proceed to prove the bounds stated in Theorem [I. We first establish the upper bound for
Ry (f, fd) in (3), and subsequently turn to the bound for R (f, f&%) in (6).

By the definition of Ry(f, fsas) we have
Ro(f, fék) = Ee {Sgp |7 - 75

where € = (€;)ie[n]\.4- First, observe that

2
] ) (26)

L2(92)

2

~ N 2
Be [sup |7 = [, )| = Be |5 |F - 7%, |
e {st;p = fss ] e {sgp = fss (@)

is independent of the noise terms (g;);ec.4. To proceed,

L2(Q)

which follows from the fact that H f—rss

we add and subtract fsg(x) inside the squared term:

(F@) - (@) = (£(2) — fos(@) + fos(a) - fis@)’ @)
Using AM-GM inequality, we obtain
(1)~ fs@))” <2 (F@) — fos@) " +2 (fos(a) — fis(@) e8)

Substituting this bound into the definition of Ra(f, fsas), we get

Ro(f, fds) < 2Ee {sgp Hf - fss‘ ;(Q)] +2Ee [sgp Hfss - fs“s‘

2
L2(Q)] . (29)

To prove the upper bound in (3)), it suffices to find appropriate bounds for the two terms appearing
in (29). We begin by analyzing the first term involving the honest estimator fss:

Ee {Slslp Hf - fss’

2
m(ﬂj '

Note that any function f: [a,b] — R can be transformed with scaling and shifting into a function
f:10,1] — R without affecting its Sobolev regularity or the scaling of the associated metrics.
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To do so, we use the following theorem, which is a direct consequence of [50, Therorem 1.1],
specialized to the second-order Sobolev space setting:

Lemma 1. Let I = [a,b] C R be a bounded interval, and let the design points {x;}?_, C I satisfy
the quasi-uniformity condition

A
= < (30)
Amin
for some constant k > 0, where
Apax :=sup min |z — |, Amin = min|z; — x| (€2))
zel 1=1,...,m i#]

Then, for any j = 0,1, 2, there exist constants Ay > 0, Py > 0, and Qo > 0, such that for all
n~* <\ < Ao, we have

NEVINTE: - 2
E U\fm - i&)| } <R [ (@) do+ Q;i (32)

L2 (1) I n

Here, fgs is the smoothing spline estimator applied to uncorrupted data, and /) denotes the j-th
derivative of f. To bound the first term in , we invoke Lemma with j = 0, corresponding to the

Lo(Q) error between the regression function f and the honest smoothing spline estimator fsg. This
yields:

2 2 Qo o?

Ee U\ffss] J SPOA/Q(f“(x)) de+ =7 (33)

Ly(Q
where ) is the regularization parameter, and Py, Qo > 0 are constants from Lemmal|l|

To complete the proof of (5), we now seek to find an upper bound for the second term in (29), which
captures the deviation between the adversarial and honest estimators:

. .2
z. o s 8] ]
{sp fss fss Lo(@)

Note that from the kernel representations and (23)), we have

. . 1 &
— fs = — (@, i) (Y — Yi)- 4
fss(x) — fés() " ;ZIW (@, 2:) (yi — Ys) 34
Thus, for each x € ,

fss(@) — fis(a)| = (35)

1 n
- n ) Lg i*~1', .
n;:lw (z, ) (yi — Yi)

Note that for each i:

 If i ¢ A, there is no corruption, and y; = ¥;.
* If i € A, the adversary may modify y;, and since f(x;),y; € [—M, M], we have
lyi — ys| = |f(zs) — i + el <|f(@5) — gal + |es] < 2M + ey
Thus, the sum above reduces to
1 ~
-~ Z Wa (2, i) (Yi — ¥i),
€A
and we can bound

R 1 1
fos(e) — Fis(@)| < 23 IWale,m) M A ) < & sup Walea)] - Y0 (20 +er).
JEA z€Q,jE[n] jEA
(36)
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This implies that

5 2
A A 12 SUPgzeq,jeln] |Wn(x>xj)|
_ fa : . 2M
s 140 = ( L S o+ )
2
g <Supxeﬂ,j6[n] |Wn($7x])|) . (Z 12) . (Z (2M+ |€i)2>
n €A ieA
® /SuPucq icin] | Wn(T,z;
2 ( Pzeq,jel ]‘ n( J)) q Z (8M2+2|61|2)
n ;
i€ A
SUPLcq icinl IWn(Z, 2; 2
_ < P eme[y ( ﬂ') - <8M2q+2263>, (37)
€A

where (a) and (b) follow from the Cauchy—Schwarz and AM-GM inequalities, respectively.

Taking expectations and supremum over S yields

2 2 8M2 2 2
] < COMIF200) W), (38)

Ee |sup Hfss — fé
|: S 55 L2(Q) n z€Q,jE[n]

Now, to complete the proof of (), it remains to find an upper bound for the kernel supremum term

sup |W,(z,z;)]|.
z,j€[n]

Unfortunately, W, (-, -) does not admit an analytically tractable form [52][53]] for directly bounding
its supremum in (I3). However, a substantial body of research [52H53] has focused on approximating
W, (-, -) with analytically tractable functions, known as equivalent kernels, denoted by W, (x, s). We
leverage such approximations in our analysis to derive an upper bound.

Recall that we define the empirical distribution function F}, as

1 n
Fo(w) = =3 Hwi <a}. (39)
i=1
We assume that the empirical distribution function F}, converges to a cumulative distribution function
F.ie., a(n) :=sup,cq |Fn(x) — F(x)] satisfies o(n) — 0asn — co. Moreover, we assume that

F(z) is differentiable on €2 with density p(z) = F'(x), and that there exists a constant pyi, > 0
such that

' > Do
;Ielgp(x) > Pmin (40)

To proceed, according to [49], we define the equivalent kernel /Wn(m, s) as

- —1/4
Wola,s) =

(p)pla)) " e i (A () + T) @D

where the phase function ¢q(z, s) is given by

max(z,s)
po(z,s) = 2—1/2/ p(t)/* dt. (42)
min(z,s)

Based on [49, Theorem 1], for sufficiently large n, we have

ﬁ/\n(:p, s) — Wy(x,s)

<C (xl/?a(n) n 1) , 43)

where C' > 0 is a constant independent of n, and the bound holds uniformly over all z € [0, 1] and
$ € [11,72], where 0 < 71 < 79 < 1.
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Now note that

sup |Wy(z,z;)|= sup Wn(x,xj) + (Wn(aj,xj) - ﬁ/\n(x,xj))‘ (44)
z€Q,j€[n] z€Q,j€[n]
< sup Wn(w,xj)‘ + sup  |Wy(z,z;) — Wn(amxj)‘ . (45)
z€Q,jE[n] z€Q,j€[n]

Using the uniform approximation property established in (43), we can bound the second term:

sup  |[Wy(z,zj) — /Wn(x,xj)‘ <C (A_l/Qa(n) + 1) . (46)
z€Q,j€[n]
Thus,
) W ) —1/2
sup Wy (z, ;)| < sup Wn(x,mj)‘ +C <)\ a(n) + 1)
z€Q,j€[n] z€Q,j€[n]

(a) )\—1/4 B
S ) (pmin) 3/4 + C ()\71/206(7’7/) + 1) (47)

where (a) follows from the definition of Wn (z,z;) in (@1}, and the fact that inf,co p(x) > Pmin.
Combining the decomposition in (29), the bound on the honest estimator error from (33)), and the

adversarial deviation bounds from and (47), we obtain the final upper bound for Ry (f, fd)
stated in Theorem [I}

¢ 2
Ralf, £55) < 2P0 [ (7)) da+ 285

2¢%(8M? 4 202) [/\1/4
+ 2

2
2 (Prain) "4+ C (A*Wa(n) + 1)] . (48)
Therefore, in the regime where A — 0 as n — co and A > n=2 > n—%, there exist constants
F4, Fs, F5 such that for sufficiently large n,

E202 E3q2(M2+0'2)

2
+ n2Z\1/2 :

Ro(f, fés) < ElA/ (f"(x))? dz +

—1/4 1/4
i — 7 (1+A /a(n)-i—)\/)

(49)

Since A1/4 — 0 as n — oo, the additive term A/ becomes negligible compared to 1 for sufficiently
large n. Dropping this term and absorbing constants, we obtain

o2 q2(M2 +J2)
n\l/4 + n2\1/2

Ralf. 435 A [ (1"@) do+ (1eA P am)". 0

For a continuous cumulative distribution function F', Serfling [635] shows that a(n) = n~/?loglogn
almost surely. Since A > n =2, it follows that A=*/%a(n) — 0 as n — oco. Therefore, for sufficiently
large n, we have 1 + )\*1/404(71) < 2. As aresult, we obtain

o2 q2(M2 +02>
n\l/4 + n2)\1/2

Ro(f, ) < A / (f"(2))? dx + (51)

This concludes the proof of the upper bound on R ( f, fSaS) in Theorem

To complete the proof of Theorem T} it remains to prove (6). To do so, we adopt a similar strategy as
in the Ly case, but adapted to the squared supremum norm. By the inequality (a + b)? < 2a? + 2b2,
we have

2

2 .2 . .
<27 fusl|, g, + 2= 08],_ 2
Lo(@) = f— fss LOO(Q)+ fss — fss L) (52)

Hf—fsas
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Taking expectation and supremum over S, we substitute into the definition of R, and obtain
. .2
(£, 785) = B w7 = 75, ]

<2E; [Sup Hf fss”

J + 2K {SUP Hfss - fssHL (Q)} . (53)

OQ(

From the pointwise bound established in (36)), we have

P ; 2q(M i |€i
[osto) — o] < 2D W) 54
z€Q,JE[Nn

Applying the kernel estimate from ([@7), we conclude that

N 2q(M + max; |e;]) (A4 _3/4 _1/2
a < min C (A / 1) . (55
fss L) = " B (Pmin) + a(n) + (55)

Squaring both sides and taking expectation and supremum over S, we obtain

P(M? + 0?)
E. |:suprSS _fSSHLOO(Q):| S omaE

(1 A Yia(n) + )\1/4)2 . (56)

To complete the proof of (6), it remains to find an upper bound for the first term in (53)), namely

Ee sup |7~ fos|
{SUP f—fss L@

To do so, Since f — fss € WQ(Q), we can leverage Sobolev norms inequalities [56] and use the
same arguments as in 66, Lemma 5] and obtain:

2 X
- <2||f - s
Hf fssHLm(Q) <2\ f = fss

Taking expectations on both sides of and applying the Cauchy—Schwarz inequality, we obtain:
<21, 7= 25,
U’f fSSH } < { f—=Jss L) L@
9 1/2
. (58
‘Lz(ﬂ)] ) ©8)

cofafl-af )" (=]

Applying Lemma|[T|with j = 0 and j = 1, we can bound the right-hand side using:

(57

La(Q) La(9)

Loo()

e U\f — fss| ;mj <P [ (@)t + Qo”, (59)
E, U \;(QJ < P0A1/2/Q(f”(x))2dx+ g;—i (60)
Substituting the bounds from (59) and (60) into (57), we obtain
Eeﬂ»f—fssu;m}w(m/ o 30)
x (Pg)\l/2/Q(f”(x))2 dz + %)UQ. (61)

Combining the decomposition in with the bounds from and , we obtain the following
upper bound in the regime where A — 0 asn — ooand A > n=2 > n~ %

() % <A/Q(f (@) da + /\1/4>1/2 ) <A1/2/Q(f”( ) da + ;§/4>1/2

¢*(M? + 0?)

+ n2\1/2

(1 + A Via(n) + /\1/4)2. (62)
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We now multiply and divide the first term by A\'/%, yielding:

2 2 2 2
fa _ 2 o q¢(M*+o _ 2
Rl 885 S 37 (0 [ ()7 det o ) o TR (1 gy )

By arguments similar to those used in the bound for Ra(f, féls) we can neglect both A'/* and
A~14q(n) compared to 1 for sufficiently large n. Thus, we obtain

2 2M2+2
0)+Q( o°)

(63)

Reo(f, fs) S AV <)‘/Q (f"(@)* dz + INL/4 nZNL/2

This completes the proof of the upper bound on R (f, fs‘ls) in (6), and thereby concludes the proof
of Theorem

B Proof of Theorem

To prove Theorem 2} we first state and prove Lemma|2]

Lemma 2. Let P and P, denote two probability density functions of two distributions with common
variance o® > 0. Then, there exists o € [0, 1], and two probability density functions Q1 and Qo such
that

(1-a)Pi+aQ: = (1—a)P+ aQs, (64)

where Q1 and Q2 are explicitly constructed from Py and Ps.

Proof. Define « as:

JtwPatuy> Py (P2(w) = Pr(u)) du

T TH Jnpa e g (o) — Pr(u)) du = (65)
Next, define Q; and Qy as:

Qi) = =% (Po(u) — Po(w)) 1{Po(u) > Py(w)}, (66)

Qo) = 12 (Pulu) — Po(w) L{P1 () > Po(u)}, (67)

where 1{-} denotes the indicator function.

By construction, both Q1 (u) and Q2 (u) are non-negative since the indicator functions restrict the
support to regions where the corresponding differences are non-negative. We now show that (), and
Q- are valid probability density functions. Consider:

/Ql(u) du = /(Pg(u) — Pi(u)) 1{Ps(u) > Pi(u)} du
11—«
o« /{u:P2<u)>P1 ()

11—«

(P2(u) — Py(u)) du = 1. (68)

By symmetry, the same argument shows that [ Q2(u) du = 1 as well.

Hence, both ()1 and @), are valid densities. With this choice of «, the following identity holds:
(I-—a)Pi+a@Q; =(1—a)P+ aQs. (69)

This completes the proof. O

We now prove Theorem 2] building on Lemma[2] We begin by establishing the lower bound for the
metric Ry, as stated in (18); the proof for R, given in (19), follows by a similar argument. To do
so, we reduce the minimax risk in and to a hypothesis testing problem [57]]. Specifically,
we construct two functions f; and f; in WQ(Q) with Ly and L distance, bounded away from zero
(see Figure[2). However, given n samples from either function, an adversary can corrupt up to ¢ of
them, making it impossible for any estimator to reliably distinguish between f; and f,. Consequently,
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no estimation approach can identify which function generated the data, and the average hypothesis
testing error remains 1/2. Applying [[57 Proposition 5.1] yields the lower bounds in Theorem The
details of the proof is as follows.

Throughout the proof, we assume a fixed design given by x; = i/n and &; ~ N(0, 02) are i.i.d noise
samples drawn from a normal distribution with zero mean and variance o2, for i € [n].

Letr, = % and define e, = rg. We construct two functions, f1 and fs, as follows. Set
fi(x) =0 forallz € [0,1].

To define f», we construct a degree-5 polynomial g(x) on the interval [r, — &4, ,] that satisfies the
following conditions:

g(?“q 5q) = &g (70)
9'(rq —gg) = —1, (71)
g"(rq —e4) =0, (72)
g(ry) =0, (73)
g'(rq) =0, (74)
g"(ry) =0 (75)

These six conditions uniquely determine a polynomial of degree 5, since there are six coefficients to
solve for. Hence, such a polynomial g exists and can be explicitly constructed. Now, define f5 on the
interval [0, 1] by

rq—x, ifxel0,ry—¢g4,

folz) = qg(z), ifxe€lry—eq 14l

0, if x> ry.
It is straightforward to verify that fo € W?([0, 1]), since both f, and its first and second derivatives
have bounded norms over €2 (See Figure 2)).

Note that f; and f, are close but not identical; their differences are concentrated on the interval
[0, 7,], and will be used to construct the lower bound.

For each sample x;, the adversary proceeds as follows:
o If z; > 1y, then f1(z;) = fa(x;), so no corruption is needed: both models produce identical
distributions for ;.

o If x; < 7y, then fi1(z;) # f2(x;), and the adversary applies Lemma!to the pair of normal

distributions @ @
P = N(fi(zi),0%), B (ﬁ@» %),
obtaining a scalar «; € [O, 1] and auxiliary distributions Q and Qé ") such that
(1- ai)Pl(i) + ang =(1-o )P( 2 (Z).
For each such i, the adversary acts:
— With probability 1 — «ay;, leave y; uncorrupted (i.e., drawn from Pl(i) if f = fi1, or from
PV f = fo).
— With probability «;, the adversary replaces y; by a draw from ng) if the true function
is f1, and from Qg) if the true function is fs.

For the above adversarial strategy, we have |A| < rq¢n = ¢. In addition, note that under model f;,

conditionally on x;, the corrupted response ¥; is distributed according to (1 — ;)P () + oy §”, nd
under model f5, it is distributed according to (1 — ai)Pél)
(i)

+ aiQ 2 . By construction of Q1 and
in Lemma@ these two mixtures are identical for each .

Therefore, after adversarial corruption, the distribution of all observed data {g; }"_; is identical under
f1 and f5. More precisely:

21



* For all ¢ with z; > r,, we have fi(z;) = f2(x;), and hence Pl(i) = PQ(i); no corruption is
needed, and the distribution of y; is the same under both models.

* For all 7 with z; < 7,4, the adversary modifies the responses exactly so that the overall
conditional distribution of y; is matched across the two models.

Note that the constructed functions f; and f5 are not identical: by definition, their difference measured
by the metrics introduced in and (2) is nonzero. However, the adversarial corruption strategy
described above renders the corrupted data distribution identical under both f; and f5. Consequently,
no estimator can achieve better performance than random guessing between the two hypotheses. As a
result, the minimax error under adversarial corruption remains bounded away from zero, establishing
a nontrivial lower bound.

To prove (18), by starting from the definition of Ra(f, f), we have

Ro(f, f) = Ee [sgp /0 1 (r@) - f@)’ dw] : (76)

where the expectation is over the noise €, and the supremum is taken over all admissible adversarial
strategies S. Since Theorem[%] considers the worst-case function f, we obtain

. 1 R 2

s m(f)zat s B[ (@) a0
I few?(Q),S,Pe I fe{fr,f2} 0

As established earlier, the adversary makes the corrupted data distribution identical under both f; and

f2. Formally, let IP’(f“IA) and P(ff) denote the distributions over the corrupted datasets when the ground

truth is f1 or fa, respectively. Thus, we have:

A
That is, the total variation distance satisfies:

V(e PPy = 0. (78)
This guarantees that no estimator can distinguish between them better than random guessing. To
formalize this, we use Le Cam’s two-point method [67, [68] (the hypothesis testing between two
points), which states that for any estimator f and any pair f1, fo,

5 fi = fall
inf sup Ee [If = f320)] 2 =Pl
fofe{fr,f2} 4
Using (78)), we obtain the following lower bound:
. 2 1
inf sup E[|f = flllaq| = 7112 = follfaa)-
I felfr.f2}
Consequently, following we have

: (1 - TV(PE{‘),PE;‘))) .

1
s (D27 [ () he) 79)
0

f few2(Q),S,P:

Recall that f;(z) = 0, and
rg—x, x€[0,ry— &4,
fa2(z) = { 9(z), T € [rq —€q,7q);
0, T >y,

where g(x) is a degree-5 polynomial satisfying the smoothness and boundary conditions described
earlier. Therefore,

[ -t a= [ pera= [0 opas [7 gera

q—€q

> / "y — )2 (80)
0
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Note that since ¢, = 7, we have

Tq—Eq Tq 7~3 — 53 3
2, 25 3_ (4
/0 (rq—a:)dac—/gqudU—qg quq—(ﬁ) . (81)
Therefore, we have
R 3
inf s R(f ) 2= (1) (82)
n

f rew2(Q),s,p.

Moreover, even in the absence of adversarial corruption (i.e., ¢ = 0), it is well known from classical
minimax theory in nonparametric regression [24] that

inf sup E{H ’

} > 05, (83)
f fewz2(Q)

Lo (Q

Combining the two regimes, we obtain the following lower bound on the adversarial error:

~ 3
inf swp  Re(ff) 2 (1) 4 (84
f few?(Q),s,P. n

This completes the proof of (I8). To complete the proof of Theorem [2, we now establish a lower
bound for R.. Recall that
)= (85)
Rl f) = [suw 7= 7]

where the expectation is taken over the noise €, and the supremum is over all adversarial corruption
strategies S. The norm ||-[|,__ ) denotes the supremum norm over the interval [0, 1].

As in the case of R, the adversary can construct corrupted data distributions under f and f; that are
indistinguishable. Consequently, no estimator can distinguish between the two hypotheses better than
random guessing. Applying Le Cam’s two-point method [67,68] to the L, loss, we obtain:

2 ”fl _f2||2Loo Q A A
inf sup Be [~ flfee) 2 2 (1- TV, PEY)).
fore{fi.f}

Therefore, we have:

2
it s Re(ff)> I f1 fZHLm(Q)'

(86)
7 few2(Q),s,P. 4

Since f1(z) = 0, we have |[fi — f2ll;__ (o) = [f2ll1_ (@) = f2(0). From the definition of f;, we
have f5(0) = r,. Therefore,
q

. 2
inf sup Ro(f, f)=ri=(+) . (87)
f rew2(Q),s,p. (H) 2 (Tl)

Moreover, in the absence of adversarial corruption (i.e., ¢ = 0), the standard minimax rate for
estimation under the supremum norm is known to satisfy (see [24]))

. logn 8/4
inf sup E{Hf fH } < ) . (88)

ffew2(Q) n

Combining both contributions, we conclude that

. A q\?2 logn 3/4
inf sup R (f, f) 2 (7) + ( > . (39)

f rew?(Q),s,P. n n

This completes the proof of (19), and thereby the proof of Theorem [2]
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C Gaussian Setting Experiments
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Figure 5: Log-log plots showing the convergence rate of the cubic smoothing spline estimator
f= féls for f(z) = xsin(z) under a Gaussian design. The top row plots are results for ¢ = n%3,
with theoretical rates of O(n=°8) for Ry(f, f) and O(n=9%) for Roo(f, f). The bottom row
corresponds to a higher corruption level, ¢ = n”-°, with respective theoretical upper bounds of

O(n—0.53) and O(n_0'48).
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Figure 6: Log-log plots showing the convergence behavior of the cubic smoothing spline estimator
f = fsas when the ground-truth function is an MLP, under the Gaussian design. The top row
corresponds to the case ¢ = n%-3, with theoretical convergence rates of O(n~%8) for Ry(f, f) and
O(n=99) for R (f, f). The bottom row shows results for a higher corruption level, ¢ = n%6, with
respective theoretical upper bounds of O(n=%-53) and O(n=04%).
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