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A Constructions of the Markov Chain and the '"Hard'' Function F

A.1 Construction of Markov chains

In this section, we construct a Markov chain that is used for the lower bound proofs. The idea is to
construct a chain such that 1) there exist two states between which at least 7 steps must be take to
transit; 2) the hitting time of the constructed chain is upper bounded by 7. Without loss of generality
we assume 7 is even.

In particular, we consider a directed cyclic-like chain with self-loops. Denote s = ¢ be the ¢-th state of
the Markov chain for i € {0,1,...,27" + 1} with 7’ = 7/2. Then for any ¢ € (0, 1/2) the transition
of the chain is defined as follows:

* P(s=2s=0)=P(s=0/s=0)=P(s=2|s=1)=P(s=1ls=1)=1/2;

e Ps=7"43ls=7+1)=P(s=7"+1lls=74+1)=Pls=7"+3[s=7+2) =
Ps=7+4+2ls=7+4+2)=1/2;

e Ps=7"+1ls=7)=¢qPls=7+2[s=7)=1/2-¢q,P(s=7|s=7")=1/2;

* P(s=0s=27"+1)=¢qP(s=1s=2r"+1) =1/2—-¢q,P(s = 27" + 1|s =

21" +1)=1/2;
* P(s=i+1lls=i)=P(s=ils=14)=1/2,Vi ¢ {0, 1,7/, 7"+ 1,7" +2,27" + 1}.
Then letting vi = 0,05 = 1,wi = 7" + 1,ws = 7/ + 2, it is straightforward that the above
constructed Markov chain guarantees that transitioning between v} and w7 takes at least 7/ = 7/2

steps. Moreover, the hitting time of the chain is O(7) by noting the hitting time of directed cyclic
chain with self-loops and n states is O(n). We denote this chain by P*, and hence P* € M(T).

A.2 Construction of function £’

Now we construct a "hard" function that is difficult for any first-order algorithm to search for the
critical point. Specifically we consider the following two functions

ld/2]—1
hi(x) = —p(1)é([x]1) + Z (V(=[2]20) (= [2]2i41) — ¥([z]20)p([2]2i+1))  (10)
Ld/2]
ha(x) = Z (P(—[z]2i-1)P(=[z]2:) — P([x]2i-1)B([2]2:)) (11
i1
where
7 0 , u< %
d}(u){ exp(l—ﬁ) , u>%
and u .
ow=ve [ eHar
with u € R.

We denote 7, as the corresponding probability of state s of the stationary distribution 7. Then, given
the Markov chain P* constructed in Appendix we know that at least %7’ steps are required
to take transiting from v} to w} and vice versa. Then, we construct function F' such that F'(z) =
Tp=h1(x) + Tw-ho(x), where we denote v* = {v],v3}, w* = {w],wi} and my« = Tyr + Ty,
Tws = Twr + Tws. Forany z and ¢ > 0 define x<; := ([]1,...,[2];,0,...,0) as the truncated
version by only keeping the first 7 coordinates. We also set <o = x. Then we have the following
properties of F'.

Lemma A.1. Let F(z) = my+h1(2) + 7y~ ha(2) for hy, ho defined by (I0),(T1). Then we have the
following:

(1). F(0)—inf, F(x) < Aod for some constant g > 0.
(2). |[VRhi(2)]loo < 23 and ||Vhi(z)|| < 23Vd,i =1,2.
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(3). F(x) is l1-smooth for some constant l; > 0.
(4). Ifprog,(x) < d, ||[VF(z)|| > 1.
(3). [Vhi(x)]iprog%(w) = [Vhi(xﬁpwg%(w))]éprvg%(w)’ =12

(6). If prog, () is odd, progy(Vhi(x)) < progs (), progy(Vha(z)) < progy () + 1. If prog,(z)
is even, prog,(Vhi(z)) < progy (z) + 1, progo(Vhz(z)) < prog (z).
(7). If progy () is odd, Vhi(x) = Vhl(xgpmg%(x)), Vha(z) = th(:vgl_ﬂ,mg%(m)). If progy () is
even, Vhy(z) = Vhl(xgl-‘,-progl(m))r Vha(x) = Vho(T<prog, (z))-
2 2

Proof. For Part (1), observing that F'(0) < 0 and noting that 0 < 9 (u) < e, 0 < ¢(u) < /2me,

d

F(z) > —p(W)e([zh) = > v([ali-1)é([z]i) > —dev2re = —dAg

i=2
with Ay = ev/2me, which completes its proof.

For Part (2), noting that 0 < ¢’(u) < v54e~1 and 0 < ¢/(u) < /e, combining with the fact that
foreachi = 1,2

gzvh;(x) > Y(~la]j-1)¢/ (~[ol,) — (lalj—1)¢' (1a];) =¥’ (= [o]) o~ ol +) =¥ (o))l 1)

yields
< eve+ Vbde1y/2me < 23

Oh;
\ s

implying || Vh;(z)| < 23 and | Vh;(z)| < 23Vd, Vi =1,2.
Parts (3) and (4) follow directly from [9]]. Parts (5)-(7) follow from the observation that

. ...
Vhl(l') = Vhl([l']l,...,[$]2i+1,07...,0), lf|$2j| S 5, VJ 2 l+1

. . .
Vh2($) = th([i]l,...7[$]21,07...,0), lf|$2j,1‘ é 57 V_] 2 1+ 1

B Lower Bound for the Smooth Setting

In this section, we show the lower bound of the smooth setting in Theorem B;fl Based on the
contructive F' in the last section, we consider the following gradient oracle g: for each ¢-th coordinate
of g

its € (o503}, [o(oi 9l = (ol (1410 > progy (0} (22 1)),
its & {utup), ool = (Va(ol - (1410 > prog (o)) (221 1)),

otherwise, g(z;s) = 0. (12)

Recalling the definition of P*, we note P(s = v} | s € {vj,v3}) =P(s = w} | s € {wi,w}}) =
q € (0,1/2). Then, we have the following lemma.
Lemma B.1. Considering stochastic gradient g(x; s) constructed as (12)), the following statements
hold:

(1). For s € {vf,v3,wi,ws}, with probability at least 1 — q, prog,(g(x;s)) < prog%(:r) and

g(z;s) = g(xgpmg%(m); s) for all x.
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811 (2). For s ¢ {v],v3, wi, w3}, with probability 1, prog,(g(x;si)) < progi(x) and g(x;s:) =

812 §(T<prog, (x); 5t) for all x.
2

813 (3). For any s, with probability 1, prog,(g(x;s)) < 1 + prog (z) and g(x;5) = 9(T<14prog, ()5 5)
2

814 forall .

815 (4). Egor[g(x;s)] = VF(x).

st Proof. We firstly show Part (3). Note that by (IZ) and Part (7) of Lemma [A7]] for any z, s,
817 [g(z;s¢)]i = 0,Vi > 1—|—pr0g%(x) in the sense that [Vhy(z)]; = [Vhe(x)]; =0, Vi > 1+progs (z),
ste  which implies prog,(g(z;s)) < 1+ prog%(:c). Moreover, by Part (7) of Lemma defin-
819 ing &' := T<iyprog, (x) gives Vhi(z) = Vhi(2') and Vhy(z) = Vha(z'). Thus, we obtain
820 g(x;s) =g(a'ss) for any z, s, implying Part (3).

s21 For Part (1), we note that when ¢ > 1 + prog, (x) and s € {v5, w3}, g(z;s) = [Vh, (J;)]Spmg%m
s22 for j = 1,2, which implies prog,(g(x; s)) < progi (), Vs € {v3, w3}. Further, according to (5) of
823 Lemma we have g(z;s) = g(xgpmg%(x); s)fors € {vi,w}}andall x. Since P(z = 0) = 1—g,
824 hence Part (1) is proved.

25 Part (2) holds trivially in the sense that g(x; s;) = 0 when s ¢ {v},v3,w;, w5 }. Finally, Part (4)
s26  holds since E[1,/q | s € {vf,v3}] = E[ls/q| s € {w},wi}] =1. O

827 Also, we show in the following lemma that g has bounded variance.

Lemma B.2. For F(z) = m,«h1(x) + mw=ha(x) and g defined as (12)), then for any Markov chain
with stationary distribution m, given any x € R?,

1—
Esrllg(z;s) = VF(@)|* < a1d + a2

828 for some constant ai,as > 0.

s20  Proof. By Part (4) of Lemma[B.1] we know E,[g(z; s)] = VF ().
830 Denote i* =1+ prog, (x). For any s € {v}, v, w}, w5}, we have
g(x;s) — VF(x) = (0,...,0,[Vhi(x)]:- (]ls:UI /q—1),0,...,0) + (1 — Ty« )Vhi(x) — T Vho(z), if s € {v], 05}
g(w;s) = VF(x) = (0,...,0,[Vha(z)]i (Ls=ws /g — 1),0,...,0) + (1 = Ty ) Vha(x) — Ty Vhy(2), if s € {w], w3}
When i* — 1 is odd, from Part (6) of Lemma we know that [V hq(x)];« = 0. Therefore,
lg(ass) = VE(@)|I* < 2| Vha(2)[* + 2[[Vha(2)[|* < 4-23%d, s € {v], v3}

831
lg(z;8) = VE(@)|? < 3|[Vha(2))i |*(Ls=wi /g — 1) + 3| Vha (2)|* + 3[|Vha(2) ||
<3-23%(Lomuw: /g — 1) +6-23%d, s € {w],w}}

s32 and
lg(;50) = VF(2)||> = [|[VF(2)||* < 4-23%d, whens ¢ {v},v5,w;, w5}

where we use (2) of Lemma[A.T] Combining the above three inequalities, it yields that when ¢* — 1
is odd, for any Markov chain, any xz, t > 0 and any initial distribution of the chain,

—4q

1
Ellg(z;s:) — VF(2)|* < a1d + as

833 where a; = 6-23% ax = 3-23% and we use that E[(15/q — 1)? | s € {w},w}}] = (1 — q)/q. The
834 case when ¢* — 1 is even can be derived similarly. O
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Then, we are ready to show Lemmas[5.]and[5.2] We first focus on the case B = 1 and then generalize
itto B > 1.
Proof of Lemmas .1l and 5.2} Given any e > 0, we consider the following F'™*
L\? T
F*(z) = 22 F (f
(]") l] )\
And we consider the following gradient g*
g ’ T ll g )\ ’
with g(z; s) defined as (T12). Since VF(x) = Esr[g(z; 8)], VE*(2) = Esur[g* (x5 5)]. We note
that

2
) , Where A = %e. (13)

L
VP (@) = ZVF (%)
1
which implies that F'* is L-smooth by Part (3) of Lemma[A-T] Moreover, by Part (1) of Lemma [A]
we obtain that

41, €2 411 Age?
F*(0) — inf F*(z) = f (F(0) — inf F(z)) < —* Loe d.
All the above concludes Lemmal[3.11
To see Lemma[5.2] note by Lemma|[B.2] we have
das(1 —
Eorllg” (z;5) — VF*(2)||* < 4ayde® + da2(124) o

Then, define

By =1 {3 x : progy(g*(x;s)) =1 +prog%(x)}.
Note that under the construction of the Markov chain P* and F'* and g*, for any zero-respecting
algorithm A

By, =0, VE=1,..., %T, conditioning on B; = 1.

That is to say within every %T iterations B; can be 1 at most once. And Part (1) of

Lemma indicates that the probability of B; being 1 is no greater than ¢q. Let k(t) :=

max,, () Max;< progo(asﬁ[no]‘v "). Then, the above implies that

k(t) <Y B
1<t

Also recalling the definition of P* guarantees for any ¢ in the ideal case the number of possible
non-zero B; can be at most 2¢/7 with each being 1 with probability at most g, it implies

[2t/7]
ZBl < Z 2
1<t =1

where z; denotes the Bernoulli random variable with succeeding probability being at most q. Note
that z;s are independent in the sense that conditioning on the chain hits v* = {v}, v} and will hit
w* = {w7, w3} at exactly 7/2 steps later, whether w} or wj will be visited is independent of which
of v or v; has been visited. Thus

P(k(t)>d) <P (> B >d
1<t

P | exp ZBZ zed

1<t

IN

e 9E[exi<t B

BT 5

IN

= (1~ g+ eq) 7]
< e(4t/r'\q—d
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Therefore, we conclude that for any 6 € (0,1) and ¢ € (0, 1/2) with probability at least 1 — J,

d—log(1/6
K(t) < d, vt < Z4=1080/9)
4q
which completes the proof of Lemma[5.2]

Proof of Lemma[5.4} To see the part of the smooth setting of Lemma [5.4] note that for any algorithm
A with B > 1, we simply observe that by the construction of F* and ¢g* and the Markov chain P*,
for any ¢ > 0 and m € [M], there exists an algorithm A with B = 1 for which progo(xf,[,? " *]) <

progo(mf,[no e *]), since multiple samples do not contribute to additional progress of x, which then

proves the part of smooth setting (Similar claims can be achieved for the mean-squared setting of

Lemma[5.4).
Proof of the smooth setting of Theorem[3.1; Now to show the lower bound for the smooth setting of
Theorem [3.1] setting
LA o?
d = mi 14
win | e |senal) a4
and )
1 o
Z =1 15
q * S8aqe? (15)

yields that F* € F(A, L) and Assumption [2.3]is satisfied. By Part (4) of Lemma[A.1|and Lemma
choosing § = 1/2 renders that for any m € [M] with probability at least 1/2,

d—1
[VE 0 ) 2 2e, v < T2 1)
’ q
which implies that
d—1
BIVE (e 2 e ves T,

Therefore, we conclude that

. 9 7(d—1) 7LA  T10% . 9
NS(M,A,L,o*,T) > 17 = 2 +€—4m1n{clo ,coLA}

by the selections of d, ¢ as (T4),(I3) for some constants ¢y, c2 > 0.

C Lower Bound for the Mean-squared Setting
In this section, we show the lower bound of the mean-squared smooth setting in Theorem [3.1] The

idea is similar to the proof for the smooth setting, except that we replace the indicator function in
(T2) by its smoothed surrogate:

d 1/2
Oi(z):=T|1- (Z FQ(ka) (16)
k=1

where I' is defined by
B flt/4 A(T)dr
(t) = 11//42 A(r)dr
with
0, t<1/dort>1/2
Alt) = { exp (1/(100(t — 1/4)(t — 1/2))), 1/4/<(t)< 1/2./

Then, we consider the following stochastic gradient g:

its € {ufop), oG9l = [9mal- (14 0460) (221 1)),
its & futvus), [oGass)) = (Vhe) - (14 0460) (P22 - 1)),

q
otherwise, g(z; s) = 0. (17)
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It is straightforward to see E;...[g(x; s)] = VF(z). According to Observation 1 of [3], we know
©;(x) = 0,Vi < progy(x) and hence [g(z;s)]; = [Vh;(z)]i,j = 1,2,Vi < progs(z) when
s € {v},v3, wy, ws}. Moreover, according to Part (6) of Lemma we have forany s € S

gl 5))i = 0, Vi > 1+ prog, (x).

Defining §(x; s) := g(x; s) — VF(z), it yields that there is eactly one non-zero coordinate of §(x; ),
which is the 1 + prog: (x)-th coordinate. Moreover, we have the following results for g.

Lemma C.1. Consider g defined as (7). Then,

1—
Eonrllg(a;s) — VF(z)|* < asd + ay

(18)
for some constants as, ay > 0. And for some constant l; > 0
Bonrl3(0:9) - 303 )° < Dl ol vy € R, (19)
Proof. Similar to the proof of Lemma|[B.2] we can easily obtain (I8). To show (I9), note that
El|g(z;s) — g(y: s)1* = E[|6(z;5) — 8(y; 9)|* + [I[VF(2) = VE(y)|?
= ie{;i*}E(WfE; s)li = [0(y; 9)i)> + |VF(z) = VF(y)|*
where i% = 1+ prog, (x), i} = 1 Jr;ryogé (y). Since
E([8(x;5)]s — [8(y; 8)]i)* = ([VF(2)]iOi(z) — [VF(y)]iQi(y))Q%
= ([VF(@)]:(i(z) — Bi(y)) + [VF(x) — VF(y)}iGi(y)f%
< 2([VF(2)];(0i(z) — ©;(y))* + [VF(z) — VF(y)ﬁ@i(y)Q)é

and by Observation 1.3 of [3]] |©;(z) — ©;(y)| < 36|z — y|| and noting |©;(x)| < 1, [VF(z)| s <
23, we obtain

2
E([8(x;5)]; — [8(y; 8)]i)* < 6(232 -36%[|lz — ylI* + [|[VF(2) = VE@)[?).
Finally leveraging Part (3) of Lemma[A] gives
_ _ 17
Elg(w;s) = gy o)* <l —y?
with [? = 4 - 232 - 362 + 512. O

Then we show the lower bound corresponding to the mean-squared smooth setting of Theorem 3.1}

Proof of the mean-squared smooth setting of Theorem and Lemma ' Noting that L-mean-
squared smoothness implies L smoothness, we thus consider the case L < L with L to be determined
later. Consider the same F™* as (I3) and let g*(x; s) = (LA/l1)g(x/A; s). Similarly, we have F™* is
L-smooth. Also

Eovrl§*(z:5) - VE*(2) 2 < <Lf) (asd + as(1 - g)/a)

and

2
Eorllg”(2:5) — 5" (43| = (Lf) Euer [3(2/A5) — 55/ 5)|

02

Ll ) )
< xr — .
(h\/a oyl
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Then taking

d = min LA o
B 4Z1A062 ’ 8&362
1 o? I?
g 14— 1
7 max{ + Sasc?’ l% }
Ll _
L= 137\/6 <L
1

we guarantee that F* € F(L, A) and Assumptions are satisfied. Similar to the proof of the
smooth setting, we can easily obtain Lemma[5.3]and then conclude that

7LA  TLAG?
+ 3

NE(M,A,EQ,O'Q,T) -
€ €

which completes the proof.

D Convergence Analysis of MaC-SPIDER

In this section, we provide the proof for Section ] We first present the following technical lemma.
Lemma D.1. We have the following claims:

s dpy (P, ) < dpy (pPt ).

o Fork > 2, tmiz(27%) < (k — )Tz

e Moreover,
T

ZdTV(Nkaﬂ-) < 37—mixa vT > 0.
k=0

Proof. The first two claims are directly from [24].

To see the third claim, we note that

T )
> dry (uPF, ) < dpy (uP* )
k=0 k=0
Tmix (o9} t,,,L”_,(Q_(k"'l))
< dTV(:U“Plvﬂ-) + Z Z dTV(,U’Pla ﬂ-)
=0 k=0 l:tnu'u:(2_k)+1
o0
< dTV(,U, 7T)Tmiazc + Z(t77zix(27(k+l)) - tmiw(Qik))Qik
k=2
S dTV (,U/a 7'l-)Tmix + Z k2_k7—miw
k=2
S dTV (,u, ’/T)Tmiz + QTmiI
which completes the proof with dpy (u, 7) +2 < 3. O

D.1 Proof of Lemma[4.1)and Proposition 4.3

Proof of Lemmad. 1} Let hi = h(s,y;) — hx and h(s) = h(s) — h,. We have

| M 2 | M ) g M-1 M o
Eq Mzh(st-&-i)_hw :sztHhiHQ*'m > D Eilhi,hi).
=1 =1 =1 j=i+1
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gs4 First, we show the following useful bound: for any s € S, givent > 0and 1 < i < j,

(Z [P(str =" | sei=5) = 7r(8’)Illfl(8’)ll>

s'eS

= <Z7T(S) V2P (s = 8" | seri = 5) = m(s)[/m(s") IR (s' )

s'eS

<Y Tl Plsiy =8 [ i = 8) = (s> D w(s) (s

s'eS s'eS
2
= (Z Toin |P(st4s = 8 | 5000 = 5) — 7r(5l)|> o
s'eS
< do®m i, (maxdpy (P77 | s = 5) — m))? (20)

e85 Then, noting that forany 1 <1¢ < j < M,

Eo(hi,hi) =Y Plseri =5 | s1) Y Plsesy = | sevi = 8){h(s), hls"))

- tz:w(stﬂ Cala- fr(s)) > (Ploves = | s = 8) = () (). F(s)
; > (0) 3 (Plovss = st = ) = (), )
= ZSPu =30 3 7(s)hle). )

< ZjP(stH s e e R L LT ]
f;sw(s) > 1Plotss = s 5) - )

<do’m, maXdTV(PZ( | s),7) - maXdTv(iji(- | s), )

+ 2027 1/2 InaxdTV( | s),m)

min

where we use (@0) and note Y w(s')(h(s),h(s")) = (h(s),>, w(shh(s')) =
(h(s),Egr[h(s')]) = 0. Further using the fact Zlemaxs dry (Pi(- | s),m) < 3Tpiz by
Lemma|[DT] we obtain

M-1 M 2 2 2

2 Z Ey( i h] 72777”-360 6Tmiz0
ty .
M? & Lo S i M? M

gss  Similarly we note that

Efhf)|? =" P(seri = s | so)|h(s)]?

seS
=Y (P(seri =5 | se) = w(s))|a(s)[1* + D w(s) [ h(s)]”
seS seS
<D P(sis = s | s1) = 7(s)[[2(s)]]* + 0
SES
< Tt D P(s14i = s [ 5) = m(s)] Y_ w(s)|[als)||* + o
sES seS

< 20%m b max dry (P(- | 8),7) + o2
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which then implies by Lemma[D.T]

6Tmiz0>

M2 ZEt |th2 < o + Tomin M2
ss7  Combining all above gives (7).
sss  To show (9), we note that

M

Z 5t+1 -
M 1M M
Z St4i) (M Zh St+ti ) + E; (MZ (St4i) — hr )

=1 =1

1 M
2 ||E; (M; 5t+z )

sss where we use (a + b)? < 2a? + 2b? and E[X - E(X))? <E[X]?.

2

M 2

§ 3t+z

=1

< 2R,

g0 We note that by replacing %(s) in (20) by k(s

E; (AZ ;<h<st+i> - hn) H

Z Z (sti = 5| s¢) —7(s))h(s)
i1 ses

M
ZZ (511 = 5 | 0) — () [1(s)]
i=1 s€S

| /\

< — me i Z max dpy (P*(- | ), 7)
6T iz B

< mr
- vV 7Tm,in]\I

st where we use E;r[|[A(s)]| < (E s~ |lh(8)]|?)}/? < B and this concludes (8). Moreover, similar to
so2 the analysis of E,(hi, h7), we have

M M-—1
B? 6me32 2
h(stvi)|| = v i et Z Z E¢(h(st+i), h(st+5))
i=1 min 1=1 j=i+1
B2 67'77“‘3032 GTmmBQ 72T, 7, B2
< —+ e + + Uz 5
M TminM vV TminM TminM
< iz B> n 78 m“LB2
IRV, Tomin M sznMQ
and hence
1 & Y 4r,.B? 22872, B2
]E . h ) — hTr < mir mix
' M; (St+) - \/ﬂ'mmM * Tomin M?

se3  which concludes ().

8!

©
=

Proof of Proposition ' We denote E,(+) as the expectation conditioning on filtration F.
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Note that for t mod r = 0,

Eillve — VF(z)|* =

1
A i:Zlg(iUt; SN,+i) — V()

< TTmiz0> 7872,.0°
o vV 7Tmin]\41 szanz
€2
<
- 8
by (@) of Lemmaand noting My = 1127’mm7rm% e 2max{o, 0?}.
For ¢ mod r # 0, conditioning on F;11 and letting g7} = 1\% wazlg(xtﬂ,smﬂﬂ) —

9(x¢; SN, +4) yields
2
Eial[vess = VF(@eq)|” = Eepr Hvt — VE(w:) + gp43 — VF(2e41) + VF(JCt)H

= |lve = VF (@) |” + By [|lgis — VF(we41) + VF ()|
+2(vg — VE(2), E1 (3,03 — VF(241) + VEF(34)])

< oe = VF (@) |* + Biga 1§03 — VF(z41) + VF(2)|
+2llv; = VF (@) [|[Br41[343 — VF(z141) + VF ()]

Noting that Ey 1 sr||g(i+158) — g(z; 8)|| < Lllzi1 — 24|, Vs € S and B4 s [9(71415 5) —
g(z4;8)] = VF(2441) — VF (), combining with (8) and @) of Lemma[d.1| gives

127, 147, B? 22872
E ~VF 2 < oy — VF(@)|? + 2mizB v e miz
t1l[ve4 (@e )7 < [loe (@ )l” + iy ——— v (@)l + i M + Tomin M2
where B := Lmax; ||x¢+1 — x¢||. Further noting
167miz €
My = B<L < -
2 ¢’ = mtax{ntHth} =7

we have
3 4

62 € €
Eistllveer — VF(ze1)]1? < Jloe — VF () |* + ZH% — VE(z,)] LT
€
< |loy = VF(y)[|* + §||Ut VF()|* + (€ +¢'/2)

where we use %Hvt — VE(z¢)|| < §lloe — VF(xy)]|* + i(Z) in the second inequality. Then
noting that for 7ty <t < r(tp + 1) given any ¢y > 0, we have for r = 1/

1
Bl = V(@I < (1-+¢/2) Bllrt = VP + (14 ¢/2)7( +€!/2) -

e <2and E|lvye, — VF(2p4)||? < €2/8.
0 0

D.2 Proof of Theorem 4.4

Noting L-mean-squared smoothness implies L-smoothness of F', we have

L
F(xi41) = Fxg) <(VF(24), 2441 — 24) + §H$t+1 —z)?

E 2
=~ (VF (), ve) + =" e

L
—e(VE(x¢) — vg,vp) + 7\|Ut||2 — melve |

IN

— 2 (1= ) lloell? + Flfoe = VE ()
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907 Noting that 7, < 5+, then using the fact that min{|z|, 2?/2} > |z — 2,Vz € R,

Mt

20— ) ol = 2 o) ?

el
16L 2¢2 7 €

> i [[vell _9
— 16L €

2

el - <
= — ||V _— —
6L 8L
908 which hence induces
2 1
Flarp1) = Flar) € ——= ol + = + — o — VF(z,)|?
— 16L 8L 4L
0o Taking expectation on both sides and using Lemma[4.3] gives
€ 3e2
—FE < E[F - F —
6L ]| < E[F(¢) (Te41)] + 57
910 which indicates
T-1 -
1 16LE[F(xo) — F(x7)]
— E < 6
T tz:; [[ve]| < Te + Ge
16LAg
< Ge.
S e + b¢
o1t By T = 16LAge~2 we conclude
=
E|VE(ir)| = T Z E[[VE(z)|
t=0
=
<7 > (Elvell + Elloy — VF(2,)])
t=0
< Te.

It is straightforward to see that the total number of samples is upper bounded by

T _
[w (My + Mar) = O(Timiam, 12e™3).
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