
A Additional Illustrations757

In this section, we provide some useful illustrations. Figure 4 illustrates the corruption model758

described in Assumption 1. Figure 5 illustrates the linear maps G, eG used to generate the embeddings759

from observed data (according to the model in Fig 4). Figure 6 accompanies Remark A.1.

z 2 Rr

x 2 Rd

ex 2 Red

f

ef

(a) Clean data (w.p. ⌘): z ⇠ pZ , ez = z.

z, ez 2 Rr

x 2 Rd

ex 2 Red

f

ef

(b) Corrupted data (w.p. 1� ⌘): z, ez ⇠i.i.d. pZ .

Figure 4: Model for stochastic corruptions. In this work, the forward maps f, ef are linear (refer to
Eq. (1)) and the latent distributions are Gaussians.

x 2 Rd

ex 2 Red

RrG

eG

Figure 5: On seeing multimodal data (x, ex), linear maps G, eG (learnable parameters) create the
embeddings that lie in Rr (the knowledge of r, the true latent dimension, is assumed). The similarity
is measured with the inner product hGx, eGexi.

x

ex

independent: N (0,⌃0)
correlated: N (0,⌃1)

Figure 6: Illustration of the joint distribution of (x, ex). The overall distribution is a mixture of two
zero mean Gaussians: the independent case (w.p. 1� ⌘) and the correlated case (w.p. ⌘).

760

Remark A.1. The distribution of (x, ex) 2 Rd+ed from Section 3.1 is a mixture of two zero-mean761

Gaussians. With weight ⌘, the covariance matrix is ⌃1 (for c = 1, i.e. the clean case). With weight762

1� ⌘, the covariance is ⌃0 (for c = 0). Figure 6 provides an illustration.763

⌃1 =

"
UU> + ��1Id UeU>

eUU> eUeU> + e��1Ied

#
, ⌃0 =

"
UU> + ��1Id 0

0 eUeU> + e��1Ied

#
.
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B Background764

This section covers some useful background concepts.765

B.1 Measuring the distance between subspaces766

The concept of principal angles provides a geometrically intuitive way to measure the closeness767

between two subspaces. Let X and Y be two r-dimensional subspaces within a larger Euclidean768

space Rd. There exist r principal angles 0  ✓1  ✓2  · · ·  ✓r  ⇡/2 that describe the relative769

orientation of these subspaces.770

• ✓1 represents the smallest possible angle between any two unit vectors x 2 X and y 2 Y .771

• Subsequent angles ✓k capture the minimum angles within directions orthogonal to those772

defining the previous angles ✓1, . . . , ✓k�1.773

• The cosines cos(✓i) measure the alignment (1 means aligned, 0 means orthogonal within774

that principal direction), while the sines sin(✓i) measure the separation or angle.775

To aggregate this information into a single distance metric, we often use the frobenius norm of the
sine of the principal angles, denoted k sin⇥(X ,Y)kF . It is defined as

k sin⇥(X ,Y)kF =

vuut
rX

i=1

sin2(✓i) .

This metric provides an overall measure of the difference between the subspaces. It’s zero if and only776

if X = Y (since all ✓i = 0), and it increases as the subspaces diverge.777

Computing this metric relies on matrix operations involving orthonormal bases for the subspaces. Let
X 2 Rd⇥r be a matrix whose columns form an orthonormal basis for X (so X>X = Ir). Similarly,
let Y 2 Rd⇥r be a matrix with orthonormal columns forming a basis for Y . The distance metric
k sin⇥(X ,Y)kF can be computed using X and Y via the following formula

k sin⇥(X ,Y)kF =
��X>

?Y
��
F

.

Here, X? is any d⇥(d�r) matrix such that its columns form an orthonormal basis for the orthogonal778

complement of X , denoted X?. This means that the combined matrix [X X?] must be a d ⇥ d779

orthogonal matrix. Notationally, we often just write k sin⇥(X,Y)kF instead of using X ,Y .780

C Lemmas781

This section presents Lemmas used in the proofs. The first three Lemmas are standard results in the782

literature, and we include them without proof.783

Lemma 1 (Weyl’s Inequality). For matrices A,B 2 Rm⇥n, let p = min(m,n) and let �1(M) �784

�2(M) � · · · � �p(M) � 0 denote the singular values for M 2 {A,B}. Then, for all j = 1, . . . , p,785

it holds that786

|�j(A)� �j(B)|  kA�Bk2 .

Lemma 2 (Wedin’s Theorem). Let A, Â 2 Rm⇥n be matrices of the same size. Let r  min(m,n)787

be the rank of both A, Â, and let the SVDs be A = U⌃V > and Â = Û ⌃̂V̂ >. Let �r(A) > 0 denote788

the rth singular value of A, and assume �r(A) > kÂ�Ak2. Then it holds that:789

���sin⇥(Û , U)
���
F
 kÂ�AkF

�r (A)� kÂ�Ak2
,

���sin⇥(V̂ , V )
���
F
 kÂ�AkF

�r (A)� kÂ�Ak2
.

Lemma 3 (Whittle’s Inequality). Let X1, X2, . . . be a sequence of independent random variables
such that: (i) E[Xk] = 0 for all k � 1, and (ii) the distribution of each Xk is symmetric about zero
(i.e., Xk and�Xk have the same distribution). Let Sn =

Pn
k=1 Xk be the partial sum (with S0 = 0).
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If � : R! R is a convex function such that �(0) = 0, then the sequence E[�(Sn)] is non-decreasing
in n. That is, for all n � 1:

E[�(Sn)] � E[�(Sn�1)] .
Lemma 4. Let X be a random variable with a log-concave density, mean µX , and variance �2

X . It790

holds that791

E[X |X > ✓]  ✓ + e�X , for ✓ � µX .

Proof. Let m(x) = E[X � x |X > x] be the mean residual life function. We want to bound792

E[X |X > ✓] = ✓ +m(✓) for ✓ � µX . Due to log-concavity of X , m(x) is non-increasing (see,793

eg, Bagnoli and Bergstrom [2, Theorem 6]). Since m(x) is non-increasing, m(✓)  m(µX) =794

E[X � µX |X > µX ]. We will now bound the conditional expectation for this case of ✓ = µX .795

Let Y = X � µX . Then E[Y ] = 0 and V(Y ) = �2
X . m(µX) = E[Y |Y > 0] = E[Y +]

P(Y >0) , where796

Y + = max(0, Y ). We know E[Y +] 
p
E[(Y +)2] 

p
E[Y 2] = �X . As for the denominator, we797

know that for any random variable X with a log-concave density and mean µX , P(X � µX) � 1/e798

(see, eg, Lovász and Vempala [20, Lemma 5.4]). Thus, m(µX)  �X
1/e = e�X .799

Lemma 5. Let x, y 2 Rd and ex, ey 2 Red be random vectors. Assume that the pair (x, ex) is800

independent of the pair (y, ey). Let A be a fixed d ⇥ ed matrix and let ✓ 2 R be a scalar threshold.801

Define the events Cx = {x>Aex > ✓} and Cy = {y>Aey > ✓}. Assume that these events have802

non-zero probability, i.e., P(Cx) > 0 and P(Cy) > 0. Then the conditional expectation of the outer803

product xey> given both events Cx and Cy factorizes as follows:804

E
⇥
xey> | x>A ex > ✓, y>A ey > ✓

⇤
= E

⇥
x | x>A ex > ✓

⇤
·
✓
E
⇥
ey | y>A ey > ✓

⇤◆>
.

Proof. The definition of conditional expectation given multiple events is conditioning on their
intersection. Here I denotes the indicator function.

E [xey> |Cx, Cy ] = E [xey> |Cx \ Cy ] =
E [xey>ICx\Cy ]

P(Cx \ Cy)
.

The event Cx is determined solely by the random variables x and ex. The event Cy is determined805

solely by the random variables y and ey. By the initial assumption, the pair (x, ex) is independent of806

the pair (y, ey). Therefore, the event Cx is independent of the event Cy . This implies P(Cx \ Cy) =807

P(Cx)P(Cy). Hence the denominator factorizes (and is non-zero since P(Cx) > 0 and P(Cy) > 0).808

Now consider the numerator. Since Cx and Cy are independent, ICx\Cy = ICxICy , which implies

E [xey> ICx\Cy ] = E [xey> ICxICy ] = E [x ICx ] · E [ey ICy ]
> ,

again, due to independence of the pairs. Hence the numerator also factorizes.809

Lemma 6. Let x 2 Rd and ex 2 Red be random vectors such that their joint distribution is a
multivariate normal distribution with zero mean. Let A be a fixed d ⇥ ed matrix, and consider
the conditioning event R = {(x, ex) | x>A ex > ✓} for some threshold ✓ 2 R. Assume that the
probability of this event is non-zero, i.e., P(R) > 0. Then

E [x | x>Aex > ✓] = 0d .

Proof. Let Z = (x, ex) 2 Rd+ed. The joint probability density function of Z, denoted by p(Z),
corresponds to the N (0,⌃joint) distribution for some covariance matrix ⌃joint. The conditional
expectation is defined as:

E [x | x>A ex > ✓] = E [x | Z 2 R] =

R
R x p(Z) dZR
R p(Z) dZ

=

R
R x p(Z) dZ

P (R)

We focus on the numerator integral and show that it is zero owing to symmetry. First note that p(Z)810

is symmetric around the origin. That is, p(Z) = p(�Z) for all Z 2 Rd+ed. Second, observe that811

under the transformation Z 7! �Z, the condition becomes (�u)>A(�eu) > ✓, which simplifies to812

u>Aeu > ✓. Thus, the region R is symmetric with respect to the origin: Z 2 R () �Z 2 R.813
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Lemma 7. Consider the random variable z := uv, where u, v are jointly Gaussian as814

✓
u
v

◆
⇠ N

✓
0,

✓
�2
u �
� �2

v

◆◆
, with 0 < �2

u,�
2
v , and 0  � < �u�v .

Let {zk}rk=1 be r independent copies. The conditional expectation is upper and lower bounded as815

E
"
zi

����
rX

k=1

zk > ✓

#
� max

⇢
�,

✓

r

�
for all ✓ 2 R ,

E
"
zi

����
rX

k=1

zk > ✓

#
 max

⇢
�,

✓

r

�
+ e

r
�2
u�

2
v + �2

r
for ✓ � 0 .

For the specific case of � = 0 (i.e. u, v independent) and ✓ = 0, a stronger lower bound is816

E
"
zi

����
rX

k=1

zk > 0

#
� 2

⇡r
�u �v .

Proof. Simplify the expression. Observe that zk are i.i.d. random variables. The expectation is817

E[zk] = E[uv] = � (since E[u] = 0 = E[v]). Let S =
Pr

k=1 zk, and let pS(.) denote the PDF of S.818

The expectation is E[S] = r�, and the variance is V[S] = r
�
�2
u�

2
v + �2

�
.819

Due to the symmetry among the i.i.d. variables zk, the conditional expectation E[zi |S > ✓] is the820

same for all i 2 {1, . . . , r}. Let Q(✓) = E[zi |S > ✓]. By linearity of expectation, we have821

E[S |S > ✓] = E
"

rX

k=1

zk

����S > ✓

#
=

rX

k=1

E[zk |S > ✓] = r Q(✓) .

=) Q(✓) =
1

r
E[S |S > ✓] . (11)

Proof of lower bounds: general case lower bound ✓
r . Observe that822

E[S |S > ✓] =

R1
✓ s pS(s)dsR1
✓ pS(s)ds

(12)

�
R1
✓ ✓ pS(s)dsR1
✓ pS(s)ds

= ✓ .

Combining this with Eq. (11) shows the ✓/r lower bound.823

Proof of lower bounds: general case lower bound �. For this, we show E[S |S > ✓] is non-824

decreasing in ✓. Let h(✓) = E[S |S > ✓]. Using Eq. (12), its derivative is given by825

h0(✓) =
�✓ pS(✓)

R1
✓ pS(s)ds+ pS(✓)

R1
✓ s pS(s)ds

P(S > ✓)2

=
pS(✓)

P(S > ✓)2

Z 1

✓
(s� ✓)| {z }

�0

pS(s)ds � 0 . (13)

Thus E[S |S > ✓] is non-decreasing in ✓. In particular, E[S |S > ✓] � E[S] (i.e. the unconditional826

limit in the limit ✓ ! �1). Since E[S] = r�, using this in Eq. (11) shows the lower bound of �.827

Proof of lower bounds: the specific case of � = 0 and ✓ = 0. Since the distribution of zk is828

symmetric around zero, the distribution of S =
P

k zk is also symmetric around zero. Therefore,829

P(S > 0) = 1/2. Using this, we get830

E[S |S > 0] =

R1
0 s pS(s)ds

P(S > 0)
= 2

Z 1

0
s pS(s)ds . (14)
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Also, the expectation of the absolute value is E[|S|] =
R1
�1 |s| pS(s)ds. Due to symmetry (i.e.831

pS(�s) = pS(s)), we get832

E[|S|] =
Z 0

�1
(�s) pS(s)ds+

Z 1

0
s pS(s)ds = 2

Z 1

0
s pS(s)ds . (15)

Using Eq. (14) and Eq. (15), we get833

E[S |S > 0] = E[|S|] = E
"����

rX

k=1

zk

����

#

�(†) E[|z1|]
= E[|u1v1|] = E[|u1| |v1|] = E[|u1|]E[|v1|] (using independence)

= �u�v E[|a|]2 =
2

⇡
�u�v . (for a ⇠ N (0, 1))

Eq (†) holds intuitively. To formally show it, we invoke Lemma 3 (Whittle’s inequality) on the convex834

function �(x) = |x|. Using this with Eq. (11) gives the desired result.835

Proof of the upper bound. The probability density function of z = uv is given by836

fz(x) =
1

⇡�u�v

p
1� ⇢2

exp

✓
⇢x

�u�v(1� ⇢2)

◆
K0

✓
|x|

�u�v(1� ⇢2)

◆
,

where ⇢ = �/(�u�v) denotes the correlation factor. Note that |⇢| < 1 is ensured via � < �u�v837

in the lemma statement. The function K0(a|x|) is log-concave for a > 0. The term exp(bx) is838

log-linear (hence log-concave). The product of log-concave functions is log-concave. Thus, fz(x) is839

log-concave. Since S is a sum of r i.i.d. random variables with log-concave densities, S also has a840

log-concave density. We use Lemma 4 to get that E[S |S > ✓]  ✓ + e
p

r (�2
u�

2
v + �2) for ✓ � r�.841

For ✓ 2 [0, r�], we use the non-decreasing property of E[S |S > ✓] from Eq. (13). Plugging into842

Eq. (11) concludes the argument.843

Lemma 8. Consider Gaussian random variables x, y 2 Rr, such that844

✓
x
y

◆
⇠ N

✓
0,

✓
axIr axy Ir
axy Ir ayIr

◆◆
, with ax, ay > 0, axy � 0 .

For ✓ 2 R, define A(✓) := E
⇥
xy> |x>y > ✓

⇤
. It holds that A(✓) satisfies845

A(✓) = f(✓) Ir ,

where f(✓) is a scalar function of ✓ 2 R, such that846

max

⇢
axy,

✓

r

�
+ e

r
axay + a2xy

r
� f(✓) � max

⇢
axy,

✓

r

�
.

In the special case of axy = 0, it further holds that f(0) � 2
p
axay/⇡r.847

Proof. We first build an intuition for the quantity A(✓) 2 Rr⇥r. For ✓ = �1, A(✓) becomes the848

unconditional expectation, which is axy Ir according to the given covariance structure. As ✓ increases849

in R, we expect A(✓) to increase.850

A(✓) is diagonal. We first show that A(✓) is a diagonal matrix. The (i, j)-th entry is A(✓)ij =851

E[xiyj |Z > ✓], where Z = x>y =
Pr

l=1 xlyl. Consider the transformation Ti : R2r ! R2r that852

maps (x, y) to (x0, y0) where x0
l = xl for l 6= i, x0

i = �xi, and y0l = yl for l 6= i, y0i = �yi.853

First, note that Z 0 =
P

l 6=i xlyl + (�xi)(�yi) = Z. Hence the condition Z > ✓ is invariant854

under the transformation Ti. Second, due to independence and the block diagonal structure of the855

covariance, the overall joint density is a product of univariate Gaussians centered around zero. Due856

to the symmetry of a univariate Gaussian, the overall density is also invariant under Ti. Third, the857

entry xiyj becomes �xiyj under the transformation Ti. Due to this symmetry, we conclude that the858

off-diagonal entries are zero.859
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All the diagonal entries of A(✓) are equal by symmetry. The diagonal entries are A(✓)ii =860

E[xiyi |Z > ✓]. Let Zi = xiyi, meaning Z =
Pr

l=1 Zl. Due to the block diagonal structure on861

(x, y), each Zi is independent and identically distributed. Hence, A(✓)ii = A(✓)jj for any i, j 2 [r].862

Properties of f(✓). From the above two steps, we conclude that A(✓) = f(✓) Ir for some scalar863

function f : R! R. Using the trace trick, we see that864

f(✓) · Tr(Ir) = Tr
�
E[xy> |x>y > ✓]

�

=) f(✓) =
1

r
E[x>y |x>y > ✓] .

Since the covariances of x, y are scaled identity, each xiyi, i 2 [r] is identically distributed. This
distribution is akin to uv for u ⇠ N (0, ax), v ⇠ N (0, ay) with Cov(u, v) = axy . Hence865

f(✓) = E
"
u1v1

����
rX

i=1

uivi > ✓

#
,

for ui, vi i.i.d. according to the described distribution. Lemma 7 shows the required properties on866

this conditional expectation, showing the desired inequalities in the statement of this lemma.867

Lemma 9. Let x 2 Rd and ex 2 Red be jointly Gaussian vectors with mean zero and joint covariance868

matrix ⌃full which is positive definite. Consider MO,MT 2 Rd⇥ed, and assume rank(MO) � 2.869

Define �M := MT �MO, and for any matrix A 2 Rd⇥ed, define YA := x>Aex. For a real ✓ � 0,870

�E(✓) :=
��E[xex>I(YMT > ✓)]� E[xex>I(YMO > ✓)]

��
2
,

�P (✓) := |P{YMT > ✓}� P{YMO > ✓} | .

Then, there exist constants CE(✓,⌃full,MO) > 0 and CP (✓,⌃full,MO) > 0 that depend on ✓, the871

covariance ⌃full, and MO, such that:872

�E(✓)  CE(✓,⌃full,MO) kMT �MOk2 ,

�P (✓)  CP (✓,⌃full,MO) kMT �MOk2 .

Proof sketch. Let D(✓) = I(YMT > ✓)� I(YMO > ✓). If D(✓) 6= 0, then ✓ must lie between YMO873

and YMT . This implies |YMO � ✓|  |YMT � YMO | = |Y�M|. Thus, we have the pointwise bound874

|D(✓)|  I(|YMO � ✓|  |Y�M|). We first argue that there exists a constant CA(✓) > 0 such that875

E[I(|YMO � ✓|  |Y�M|)]  CA(✓)E [|Y�M|] . (16)

Let pO(y) denote the density of the random variable YMO . If this density is bounded everywhere by876

B, then P (|YMO |  |Y�M| | |Y�M|) . B |Y�M|, leading to E[I(|YMO |  |Y�M|)] . B E[|Y�M|].877

For the density pO(y) to be bounded, the main consideration point is y = 0. This is because the878

random variable YMO is a quadratic form as described, which can be singular at y = 0 (for example,879

the degenerate case of MO = 0 causes this). It is known that rank(MO) � 2 is sufficient to ensure a880

bounded density, leading to a finite B.881

1. Bounding �P (✓): First rewrite882

�P (✓) = |E[D(✓)]|  E[|D(✓)|]  E[I(|YMO � ✓|  |Y�M|)] .

We use Eq. (16) and the fact that
��x>�Mex

��  k�Mk2 kxk2 kexk2 holds pointwise. Since883

E[kxk2 kexk2] is bounded by constants that depend on the covariance ⌃full, the upper bound on884

�P (✓) follows, with CP (✓,⌃full,MO) proportional to CA(✓).885

2. Bounding �E(✓): The matrix inside the norm defining �E(✓) is E[xex>D(✓)]. For an index k 2
[d], l 2 [ed], consider an element |E[xkexlD(✓)]|  E[|xkexl| |D(✓)|]. Using |D(✓)|  I(|YMO � ✓| 
|Y�M|), we have

E[|xkexl| |D(✓)|]  E[|xkexl| I(|YMO � ✓|  |Y�M|)] .
Following a similar reasoning as the previous part and invoking Eq. (16), since the moments of any886

Gaussian raised to a finite power is bounded, each entry in the matrix of �E(✓) is bounded. Hence887

the upper bound on �E(✓) holds, again with the constant proportional to CA(✓).888
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Lemma 10. Let x1, . . . , xn 2 Rd be n i.i.d. random vectors drawn from a Gaussian distribution
N (0,⌃), where ⌃ is a d⇥ d positive definite covariance matrix, d � 1, n � 1. Let S be a random
subset of indices {1, . . . , n} generated by including each index j 2 {1, . . . , n} independently with
probability p 2 (0, 1]. Let nc = |S| denote the number of selected samples, and define the sample
covariance matrix for nc > 0 as ⌃̂nc = (1/nc)

P
i2S xix>

i . For a failure probability � 2 (0, 1),
assume that np > 8 log(2/�) holds. Then, with probability at least 1� �, both nc � np/2 and the
sample covariance matrix of the selected data satisfies:

���⌃̂nc � ⌃
���
2
. k⌃k2

s
d+ log 1

�

np
.

Proof. Define kmin :=
l
np�

p
2np log(2/�)

m
. Note that kmin � np/2 due to the assumption. Let889

F1 := {nc < kmin} , F2 :=

8
<

:nc � kmin and
���⌃̂nc � ⌃

���
2
> k⌃k2

s
d+ log 1

�

kmin

9
=

; .

denote the failure events. A union bound over the two failure probabilities will give the desired result.890

Below we bound the individual failure probabilities.891

Bounding P(F1): Define �0 :=
p
2 log(2/�)/(np), so that kmin = d(1��0)npe. Since we892

assumed np > 8 log(2/�), �0 < 0.5. By a standard Chernoff bound for binomial distributions,893

P(nc < (1 � �0)np)  exp(�np�2
0/2) = exp(� log(2/�)) = �/2. Since kmin � (1 � �0)np894

(due to the ceil operation), it follows that P(F1) = P(nc < kmin)  P(nc  (1��0)np)  �/2.895

Bounding P(F2): Using the law of total probability, we write

P(F2) =
nX

k=kmin

P

0

@

������
1

k

X

i2S,|S|=k

xix
>
i � ⌃

������
2

> k⌃k2

s
d+ log 1

�

kmin

������
nc = k

1

AP(nc = k)

For any k � kmin, we have 1/
p
k  1/

p
kmin. Thus, for k � kmin:896

P

0

@
����
1

k

X
xix

>
i � ⌃

����
2

> k⌃k2

s
d+ log 1

�

kmin

������
nc = k

1

A 

P

0

@
����
1

k

X
xix

>
i � ⌃

����
2

> k⌃k2

s
d+ log 1

�

k

������
nc = k

1

A .

And the right hand side is bounded by �/2 owing to standard matrix concentration results. So,897

P(F2) 
Pn

k=kmin
(�/2)P(nc = k)  �/2.898

D A proof of Corollary 1899

We present a proof of Corollary 1, which follows the proof presented in Nakada et al. [22] while900

fixing some typos. Before diving into the proof, we make some remarks.901

First, the result in Nakada et al. [22] is for a general covariance on the signal, ⌃z , and the noise, ⌃⇠,902

whereas our setting is more restricted from Assumptions 1 and 2. This restriction is required for the903

analysis of filtering in Theorem 1. Second, the result in [22] is stated with probability 1�O(1/n),904

whereas we state it with probability 1� exp(�d). Due to this, Corollary 1 as stated does not have a905

log n factor inside the square root, unlike Nakada et al. [22, Theorem 3.1].906

Third, there is a small subtle difference in the setting of [22] and ours. We use ⌘ to denote the907

fixed probability of clean samples in Assumption 1, whereas Nakada et al. [22] use ⌘ to denote the908

fraction of clean samples in the sampled dataset, which is a random quantity. Using nc to denote909

the number of clean samples, we go through the additional step of controlling the error in |nc/n� ⌘|,910

which scales as 1/pn, since this source of error is 1-dimensional. Fourth, the result in Nakada et al.911
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[22, Theorem 3.1] is stated as min{
p
r, .}. While it is true that the sin⇥ metric can be at most

p
r,912

the final step in the proof is the application Lemma 2, which requires a condition that translates to913

n & (1/⌘2)max{d, ed} (1 + ��1)(1 + e��1). And so this is how we state the result in Corollary 1,914

which makes the stated upper bound always smaller than
p
r.915

For clarity, we write the algorithm:916

Input. X 2 Rn⇥d, eX 2 Rn⇥ed, r 2 Z+, ⇢ 2 (0,1).917

Output. G> eG 2 Rd⇥ed (with rank = r, since G 2 Rr⇥d, eG 2 Rr⇥ed) by minimizing Eq. (2).918

Step 1: Reduction of loss. We show that919

L0(G, eG) = �Tr
⇣
GSn

eG>
⌘

, (17)

where Sn denotes the cross covariance matrix of the data, given by (Eq. (4) rewritten)920

Sn =
1

n� 1

nX

i=1

(xi � x)
⇣
exi � ex

⌘>
2 Rd⇥ed .

Proof. Expand the LHS as921

L0(G, eG) =
1

2n(n� 1)

0

BB@
nX

i=1

0

BB@
nX

j=1
j 6=i

(sij � sii) +
nX

j=1
j 6=i

(sji � sii)

1

CCA

1

CCA

=(a) 1

n(n� 1)

0

BB@
nX
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0

BB@
nX

j=1
j 6=i

(sij � sii)

1
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1
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=
1

n(n� 1)

0

@
X

i

X

j 6=i

sij � (n� 1)
X

i

sii

1

A

=
1

n(n� 1)

0

@
X

i

X

j 6=i

sij

1

A� 1

n

 
X

i

sii

!
, (X)

where eq (a) holds because the overall sum over the n ⇥ n similarity matrix is the same whether922

done over rows or columns.923

For the RHS, we first rewrite Sn as924

Sn =
1

n� 1

 
nX

i=1

xiex>
i � nxex>

!

=
1

n� 1

 
nX
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xiex>
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!
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n(n� 1)

 
nX

i=1

xi

! 
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@
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xiex>
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✓
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xiex>
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n(n� 1)
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@
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xiex>
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@
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xiex>
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Using the above, we rewrite the RHS as925

�Tr
⇣
GSn

eG>
⌘
= �Tr

0

@ 1

n

 
X

i

Gxiex>
i
eG>

!
� 1

n(n� 1)

0

@
X

i

X

j 6=i

Gxiex>
j
eG>

1

A

1

A

=
1

n(n� 1)

0

@
X

i

X

j 6=i

Tr
⇣
Gxiex>

j
eG>
⌘
1

A� 1

n

 
X

i

Tr
⇣
Gxiex>

i
eG>
⌘!

(Linearity of Trace)

=
1

n(n� 1)

0

@
X

i

X

j 6=i

hGxi, eGexji

1

A� 1

n

 
X

i

hGxi, eGexii
!

(Cyclic nature of Trace)

=
1

n(n� 1)

0

@
X

i

X

j 6=i

sij

1

A� 1

n

 
X

i

sii

!
. (Definition of sij)

Comparing the above to eq (X) concludes the proof.926

Step 2: Closed-form solution. We show that (Eq. (5) rewritten)927

argmin
G,eG

L⇢

⇣
G, eG

⌘
=

⇢⇣
G, eG

⌘ ��� G> eG =
1

⇢
SVDr (Sn)

�
.

Hence, even though the optimization problem is non-convex, there is a closed-form solution, and928

no optimization analysis is needed. In particular, the right singular vectors of G, eG are determined929

independent of the choice of ⇢. This result is from Nakada et al. [22, Lemma 2.1].930

Proof. Using Step 1’s result, we can write931

min
G,eG

L⇢(G, eG) ⌘ max
G,eG

Tr
⇣
GSn

eG>
⌘
� ⇢

2
kG> eGk2F . (18)

The objective can be rewritten as932

Tr
⇣
GSn

eG>
⌘
� ⇢

2
kG> eGk2F =

⇢

2

 ����
Sn

⇢

����
2

F

�
����G

> eG� Sn

⇢

����
2

F

!
.

The optimization variables appear only in the second term. Since rank
⇣
G> eG

⌘
= r, by the933

Eckart-Young-Minsky Theorem, the solution is given by the best rank r approximation of Sn/⇢.934

Step 3: Relating error to op-norm concentration of Sn. We show the below, where Sn concentrates935

to S = ⌘UeU>.936

kSVDr (Sn)� Sk  2 kSn � Sk . (19)

Proof. By triangle inequality, we have937

kSVDr (Sn)� Sk  kSVDr (Sn)� Snk+ kSn � Sk .

And for the first term on the right hand side, we use938

kSVDr (Sn)� Snk = �r+1 (Sn)

(†) �r+1 (S) + kSn � Sk
(††) kSn � Sk .

In Eq. (†), we used Lemma 1, and Eq. (††) holds because �r+1 (S) = 0, since S is rank r.939
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Step 4: Concentration of Sn. We show that the following holds:940

w.p. 1� exp
⇣
�⌦(max{d, ed})

⌘
, kSn � Sk .

s
max{d, ed} (1 + ��1)(1 + e��1)

n
. (20)

Proof. We start with the expansion of Sn,941

Sn =
1

n� 1

nX

i=1

xiex>
i �

n

n� 1
xex>

=
1

n

nX

i=1

xiex>
i

| {z }
S(1)

n

� 1

n(n� 1)

nX

i=1

nX

j=1
j 6=i

xiex>
j

| {z }
S(2)

n

.

The main term that dictates the convergence is S(1)
n . The term S(2)

n concentrates around zero (since942

samples i 6= j, i, j 2 [n] are independent), and the rate of convergence is eO(1/n) due to averaging943

over n2 terms, which is a higher order term. Let nc be a random variable that denotes the number of944

clean data points. We expand the sum in S(1)
n below.945

nX

i=1

xiex>
i =

ncX

i=1

Uziez>i eU>

| {z }
J1

+
nX

i=nc+1

Uziez>i eU>

| {z }
J2

+
nX

i=1

Uzie⇠>i
| {z }

K1

+
nX

i=1

⇠iez>i eU>

| {z }
K2

+
nX

i=1

⇠ie⇠>i
| {z }

K3

.

We control the error in each term separately. For terms J2,K1:3, we need a result like Nakada et al.946

[22, Proposition C.1] in the simple case of X ? eX . For term J1, we need it for X = eX .947

The following two facts are going to be used multiple times. Here X,Y denote random quantities,948

and all others are fixed quantities (matrices/vectors).949

w.h.p. kX �Ak  EA, kY �Bk  EB =) w.h.p. kX + Y � (A+B)k  EA + EB , (21)
w.h.p. kX �Ak  EA =) w.h.p. kMXN �MANk  kMkkNkEA . (22)

For the independent terms (J2,K1:3), we will use the below generic result. For Rdx 3 x ⇠ N (0,⌃x)950

and Rdy 3 y ⇠ N (0,⌃y) and N i.i.d. draws from both, we have the below result from the application951

of a Matrix-Bernstein result.952

w.p. 1� e�t,

�����
1

N

NX

i=1

xiy
>
i

����� .
r
k⌃xk · k⌃yk

N
(t+ log (dx + dy)) . (23)

For the dependent term (J1), we will use the below. Let Rdx 3 x ⇠ N (0,⌃x) and N i.i.d. draws
from this. This is also known in the literature, for e.g., Bunea and Xiao [4, Theorem 2.2].953

w.p. 1� e�t,

�����
1

N

NX

i=1

xix
>
i � ⌃x

����� . k⌃xk
r

t+ log (dx)

N
. (24)

Note that the above two concentration results are tighter than Nakada et al. [22, Proposition C.1] by a954

factor of dimension, since the proposition has trace terms too, whereas only operator norms appear in955

the above two equations. This manifests in Corollary 1 as stated being tighter than Nakada et al. [22,956

Theorem 3.1] by a dimension factor inside the square root (since we avoided log n but did not incur957

an additional dimension due to the failure probability of exp(�d)). Finally, since nc = Bin(n, ⌘),958

the ratio nc/n concentrates to ⌘, with the error described by Hoeffding’s inequality as959

P
⇣���

nc

n
� ⌘
��� � ✏

⌘
 2 exp

�
�2n✏2

�
. (25)
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Using these results, we bound the individual terms of deviation. We first bound the independent terms960

using Eq. (23) with t := max{d, ed}. The choice of N is given with each setting. With probability961

1� exp(�⌦(max{d, ed})), the following hold:962

����
K1

n

���� .

s
k⌃zk · k⌃e⇠k ·max{d, ed}

n
=

s
max{d, ed} e��1

n
, (N := n)

����
K2

n

���� .

s
k⌃zk · k⌃⇠k ·max{d, ed}

n
=

s
max{d, ed} ��1

n
, (N := n)

����
K3

n

���� .

s
k⌃⇠k · k⌃e⇠k ·max{d, ed}

n
=

s
max{d, ed} ��1 e��1

n
, (N := n)

����
J2
n

���� .
r
1� nc

n
·

s
k⌃zk2 ·max{d, ed}

n
=

r
1� nc

n
·

s
max{d, ed}

n
. (N := n� nc)

We now bound the dependent term using Eq. (24). We need some additional machinery to deal with963

the random denominator, which we capture in Lemma 10. The requirement of np & log(1/�) in964

the lemma translates to n & max{d,ed}/⌘, since we have p := ⌘ and � := exp(�max{d, ed}). As we965

will see later, step 5 of the proof requires n & max{d,ed}/⌘2, hence we will assume this requirement is966

satisfied. With probability 1� exp(�⌦(max{d, ed})), it holds:967

����
J1
nc
�UeU>

���� .
���UeU>

��� ·

s
max{d, ed}

n⌘
(26)

=)
����
J1
n
� nc

n
UeU>

���� . nc

n

r
1

⌘
·

s
max{d, ed}

n

=)
����
J1
n
� ⌘UeU>

���� . nc

n

r
1

⌘
·

s
max{d, ed}

n
+
���
nc

n
� ⌘
��� .

For the concentration of nc/n, we use Eq. (25) to get that with probability 1� exp(�⌦(max{d, ed})):968

���
nc

n
� ⌘
��� .

s
max{d, ed}

n
. (27)

We now add all the error bounds. For the combined error from terms J1 and J2, since 1 
p
a +969 p

1� a 
p
2, the quantity

p
nc/n can be removed up to constants. Eq. (20) follows.970

Step 5: Relating singular vector recovery error to operator norm concentration. We will apply971

Lemma 2 (a Davis-Kahan type result) to relate the sin⇥ metric to the operator norm. Combining972

Eqs. (20), (19) and (5), we get that with probability 1� exp(�⌦(max{d, ed})):973

����G
> eG� ⌘

⇢
UeU>

���� . 1

⇢

s
max{d, ed} (1 + ��1)(1 + e��1)

n
. (28)

The instantiation for Lemma 2 is as follows: A = ⌘
⇢U

eU>, Â = G> eG. Note that both A, Â are974

rank-r, and �r(A) = ⌘/⇢. We get975

���sin⇥
⇣
lsv(G> eG),U

⌘���
F


kG> eG� ⌘
⇢U

eU>kF
⌘
⇢ � kG> eG� ⌘

⇢U
eU>k2

. (29)

Now we will use three things. First, for the numerator, we use kMkF 
p
rank(M) ·kMk2. Second,976

for the denominator, we will need the additional condition of n & (1/⌘2)max{d, ed}(1+��1)(1+e��1)977

to ensure the second term is at most half of the first term. This appears to have been missed by [22].978
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Third, triangle inequality with the fact that
���sin⇥

⇣
lsv(G> eG), rsv(G)

⌘���
F

= 0 gives the final979

result. To see this fact, write980

G> eG = VG

�
⌃GU>

GUeG⌃eG
�
V >

eG

= VGPSQ>V >
eG . (Using SVD of the middle component)

Using the uniqueness of SVD, we get that lsv
⇣
G> eG

⌘
= VGP and rsv

⇣
G> eG

⌘
= VeGQ. Since981

P,Q are just orthogonal transforms, the subspace spanned by VG and VGP are the same, implying982

k sin⇥(VG, VGP )kF = 0 (and analogously for VeG and VeGQ).983

Combining Eqs. (28) and (29) gives the desired result. Since the upper bound is valid for recovery of984

both U and eU, Corollary 1 as stated follows.985

E A proof of Proposition 1986

Consider the following construction for the hard problem instance (lower bound): (i) the latent987

dimension r = 1, and (ii) the noise e⇠ = 0 (i.e. e� =1), but ⇠ 6= 0 (i.e. � is finite). This means the988

following proof recovers the d��1 part from the max{d ��1, ed e��1} term in Proposition 1. A similar989

argument can be made for the case when ⇠ = 0, e⇠ 6= 0, leading to the max over both errors.990

Owing to r = 1, this becomes a 1-dimensional vector recovery problem. Let u, eu 2 Rd denote the991

vectors to recover. Upon seeing Sn, there is no error in estimating eu since e⇠ = 0, but there is error in992

estimating u. To calculate this error, define un to be the top-left singular vector of Sn. Note that Sn993

has only one non-zero singular value, since it fully lies on eu in the right singular vector space (i.e.994

Snv = 0 for any v ? eu). Hence995

Sn = kSnk · uneu> . (30)

Step 0. Writing down Sn.996

Sn =
1
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xiex>
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xiex>
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1

CCA

| {z }
S(2)

n

.

We expand S(1)
n below, using nc to denote the random variable denoting the clean samples. Note that997

Enc = ⌘n. Similarly one can expand S(2)
n , however, the error of S(2)

n will behave as O(1/n) due to998

averaging over n2 samples, which is a higher order term in the overall rate. That is, the behavior (in999

the large n regime) will be largely dictated by S(1)
n .1000

S(1)
n =

1

n

nX

i=1

xiex>
i =

1

n

ncX

i=1

(ziu+ ⇠i)(zieu)> +
1

n

nX

i=nc+1

(ziu+ ⇠i)(ezieu)> .

As for the expectations, they are given by:1001

E
h
S(1)
n

i
=

1

n
E
"

ncX

i=1

z2i

#
ueu> =

1

n
E [nc]ueu> = ⌘ ueu> ,

E
h
S(2)
n

i
= 0 (since all random quantities are zero-mean and independent) .

Step 1. Decompose sin ✓ metric. Our goal is a high probability lower bound on |sin ✓(un,u)|,1002

where un is the random quantity. Note that1003

|sin ✓(un,u)| =
���Id � uu>�un

�� . (31)
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To see this, note that LHS =
q
1� (u>un)

2. Squaring both sides and expanding suffices.1004

Step 2. Compute the metric for this case. Using Eq. (30) in Eq. (31), we can write1005

|sin ✓(un,u)| =
���Id � uu>�Sneu

��
kSnk

. (32)

Step 3. Computing the high probability bound. We will give high probability lower bound on the1006

numerator and denominator of Eq. (32) separately.1007

Step 3.1. For the numerator: We first expand S(1)
n as1008

S(1)
n eu =
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n
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1

n

nX
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nX
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!

d
=
�
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nX
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!
.

Similarly, for S(2)
n we have1009

�
Id � uu>�S(2)

n eu =
�
Id � uu>�
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Combining the two, we get1010

�
Id � uu>�Sneu =

�
Id � uu>�

 
1

n� 1

nX

i=1

(zi � z)
�
⇠i � ⇠

�
!

| {z }
wn

.

Now we want to compute a high confidence lower bound on the norm of the above. We first relate1011 ���Id � uu>�wn

�� to kwnk. This is because wn is spherically symmetric, and
�
Id � uu>� is a1012

rank-(d� 1) matrix with all non-zero eigenvalues equal to one. We get1013

���Id � uu>�wn

�� = kwnk ·
q
1� (u>ŵn)

2 .

Now due to wn being spherically symmetric, kwnk (the magnitude) and ŵn (the direction) are1014

independent random quantities. Further, ŵn is uniformly distributed on Sd�1.1015

For kwnk, we will use sharp Gaussian concentration. The intuition is that kwnk cannot be too1016

smaller than
p

d ��1/n, for large d. Concretely, it holds that1017

w.p. 1� �,

�����
1

n� 1

nX

i=1

(zi � z̄)
�
⇠i � ⇠̄

�
����� �

r
��1

n
·
 
p
d�

r
2 ln

1

�
�
p
2

!
. (33)

An appropriate choice of � = exp(�d/4), which results in1018

w.p. 1� exp (�d/4) , kwnk &
r

d ��1

n
. (34)
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For the second term (with the direction ŵn), this will be at least ⌦(1) with high probability, since1019

u>ŵn will be large only with very small probability when then dimension d is big enough. Concretely,1020

it holds that1021

w.p. 1� 2 exp (�d/4) ,
q
1� (u>ŵn)

2 �
r

1

2
. (35)

Overall, for the numerator, we conclude that1022

w.p. 1� c exp (�d/4) , Numerator &
r

d ��1

n
. (36)

Step 3.2. For the denominator: We need a high confidence upper bound on kSnk. We can use1023

Matrix-Bernstein type analysis. Note that E[Sn] = ⌘ ueu>. And the deviation is dominated by1024

Sn � ESn ⇡
1

n

X

i2[n]

zi⇠ieu> +
1

n

X

i2[n(1�⌘)]

zieziueu> .

Again, the dominating term is the first one. This means that we only have to show high confidence1025

upper bound on k(1/n)
P

i zi⇠ik, and hence the problem has reduced to vector concentration instead1026

of matrix concentration. Analogous to Eq. (33), one can show1027

w.p. 1� �,

�����
1

n

nX

i=1

zi⇠i

����� 
r

��1

n
·
 
p
d+

r
2 ln

1

�

!
. (37)

Overall, using the triangle inequality, we have1028

w.p. 1� exp(�d/4), kSnk  kESnk| {z }
=⌘

+2

r
d ��1

n
. (38)

Step 4. Combined result: From 3.1 and 3.2, for n � 4d ��1/⌘2 (so the high-conf UB for kSnk is 2⌘),1029

w.p. 1�O (exp(�d/4)) , |sin ✓(un,u)| &
1

⌘

r
d ��1

n
. (39)

F Characterizing the score distribution of the oracle1030

The bernoulli variable c 2 {0, 1} captures the status of clean/corrupted nature of a sample. We1031

first characterize the score distribution in both cases separately, and then create the relevant mixture1032

distribution using the proportions ⌘, 1� ⌘ for clean, corrupted samples respectively.1033

Before the calculations, we state some Lemmas that will be used.1034

Lemma 11. Let X be distributed as N (0,⌦). For a fixed matrix A, it holds:1035

E[X>AX] = Tr (A⌦) ,

V[X>AX] =
1

2
Tr

✓�
A+A>�⌦

�
A+A>�⌦

◆
.

Lemma 12. Let X be distributed as N (0,⌦), and eX be distributed as N (0, e⌦). Let X, eX be1036

independent of each other. For a fixed matrix A, it holds:1037

E[X>A eX] = 0 ,

V[X>A eX] = Tr
⇣
⌦Ae⌦A>

⌘
.

Consider a block matrix X given as below1038

X =


A B
C D

�
.
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Lemma 13. For a block matrix X given as above, it holds that1039

Tr(X) = Tr(A) + Tr(D) .

Lemma 14. For a block matrix X given as above, with A,D are square matrices, it holds that1040

X2 =


A2 +BC AB+BD
CA+DC CB+D2

�
.

Case 0: Corrupted samples (c = 0 case). Let Z0
d
= {S(x, ex;UeU>) | c = 0}, with distribution D0.1041

This (scalar) random variable is equivalent to X>UeU> eX , where X, eX are independent and follow1042

X ⇠ N
�
0,UU> + ��1 Id

�
, eX ⇠ N

⇣
0, eUeU> + e��1 Ied

⌘
. This is in-line with Remark A.1. We1043

invoke Lemma 12 to get the first two moments.1044

1. Mean: 0.1045

2. Variance: r (1 + ��1)(1 + e��1).1046

Variance = Tr

✓�
UU> + ��1 Id

�
UeU>

⇣
eUeU> + e��1 Ied

⌘
eUU>

◆

= Tr

✓
U> �UU> + ��1 Id

�
U eU>

⇣
eUeU> + e��1 Ied

⌘
eU
◆

= Tr

✓�
Ir + ��1Ir

� �
Ir + e��1Ir

�◆
.

3. Tails: Since X, eX are independent, the tails are described by the quadratic form on two1047

independent Gaussians. This random variable is (i) symmetric, and (ii) uni-modal, and the1048

tails decay exponentially.1049

Case 1: Clean samples (c = 1 case). Let Z1
d
= {S(x, ex;UeU>) | c = 1}, with distribution D1.1050

This random variable is equivalent to X>BX , where X = [x, ex]> follows X ⇠ N (0,⌃1) (refer1051

to Remark A.1); and B is a block matrix given as below. We invoke Lemma 11 to get the first two1052

moments.1053

B =

"
0d⇥d UeU>

0ed⇥d 0ed⇥ed

#

(d+ed)⇥(d+ed)

1. Mean: r.1054

Mean = Tr(B⌃1)

= Tr(


UU> .

. 0

�
)

= Tr(UU>) = Tr(Ir) = r . (Using Lemma 13)

2. Variance: r + r (1 + ��1)(1 + e��1).1055

Variance =
1

2
Tr

✓�
B+B>�⌃1

�
B+B>�⌃1

◆

=
1

2
Tr

✓
2

6664
UU>

T1z }| {
UeU> + e��1UeU>

eUU> + ��1 eUU>
| {z }

T2

eUeU>

3

7775

2

◆

=
1

2
Tr

✓"
UU> +T1T2 .

. T2T1 + eUeU>

#◆
(Using Lemma 14)

= Tr(Ir) + Tr(T1T2) . (Using Lemma 13)
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3. Tails: Since X, eX are dependent, the tails are described by the quadratic form on two1056

dependent Gaussians. The tails decay exponentially, and are described by the Hanson-1057

Wright inequality. A similar calculation as the variance provides the exact parameters, and1058

the inequality becomes:1059

P (|Z1 � EZ1| > t) . exp

 
� cmin

⇢
2 t2

r (1 + (1 + ��1)(1 + e��1))
,

p
2 tp

r (1 + (1 + ��1)(1 + e��1))

�!
. (40)

G A proof of Theorem 11060

In this section, we present a proof of Theorem 1. We first define some additional notation. For the1061

orthonormal matrix U, let U? 2 Rd⇥(d�r) denote the completion of the orthonormal basis. That1062

is, the matrix Ufull = [U U?] 2 Rd⇥d is such that U>
fullUfull = Id = UfullU>

full. Similarly define1063

eU? 2 Red⇥(ed�r).1064

Recall that we have n samples of the form {(xi, exi)}ni=1, i.i.d from the mixture distribution (with1065

⌘, 1 � ⌘ ratios for clean, corrupted respectively). Let nT samples be used to train the teacher, and1066

let N = nT � n samples be used to train the student. Let ⇢T, ⇢ be the respective regularization1067

parameters, and let (GT, eGT), (G, eG) denote the respective embedding matrices at the solution of1068

Eq. (2). Consider a general threshold ✓ 2 R that is used to filter the dataset based on the teacher1069

scores. Note that we have ensured that ✓ is independent of the N samples to be filtered, since it1070

depends only on the nT samples used for teacher training. For the teacher, from Corollary 1, we know1071

that with probability 1� exp(�⌦(max{d, ed})):1072

����G
>
T
eGT �

⌘

⇢T
UeU>

���� 
1

⇢T

s
max{d, ed} poly(��1, e��1)

nT
. (41)

Here (GT, eGT) are random quantities that depend on the nT samples used. For the rest of the analysis,1073

we will assume them to be fixed (since they don’t depend on the randomness of the remaining N1074

samples). Finally, we will give a high probability guarantee that will use the confidence bound in1075

Eq. (41) as one of the terms in the combined error bound.1076

We now study the student with data filtering. Define MT := G>
T
eGT, the matrix used for scoring1077

the samples. Also denote by MO := (⌘/⇢T)UeU> the oracle scoring matrix (note the scaling factor).1078

From the teacher guarantee, it holds that MT !MO as nT !1. Recall that the scoring function is1079

S(x, ex;M) = x>M ex, and a sample (x, ex) is selected/retained iff S(x, ex;MT) > ✓.1080

We define certain quantities that will be central to the analysis. Akin to Eq. (4), we define the1081

empirical cross-covariance matrix of the data after selection in Eq. (42). Let nsel,T(✓) be the number1082

of samples selected, which is a random variable with E[nsel,T(✓)] = N PT(✓). Let Isel,T(✓) ✓ [N ]1083

denote the indices of the points selected. That is, i 2 Isel,T(✓) () S(xi, exi;MT) > ✓. Similarly,1084

define nsel,O(✓) and Isel,O(✓). Construct the empirical cross-covariance matrix for the filtered dataset:1085

SN,T(✓) :=
1

nsel,T(✓)� 1

X

i2Isel,T(✓)

(xi � x(✓))
⇣
exi � ex(✓)

⌘>

| {z }
QN,T(✓)

. (42)

To analyze its asymptotic limit, we define S(✓) as the limit of the cross-covariance, for both the1086

teacher and the oracle. Similarly, let P (✓) denote the probability mass of data that is retained (also in1087

the limit of n!1), for both the teacher and the oracle. These are described in Eqs (43), (44).1088

ST(✓) = E
⇥
xex> ��S(x, ex;MT) > ✓

⇤
2 Rd⇥ed , PT(✓) = P {S(x, ex;MT) > ✓} ; (43)

SO(✓) = E
⇥
xex> ��S(x, ex;MO) > ✓

⇤
2 Rd⇥ed , PO(✓) = P {S(x, ex;MO) > ✓} . (44)
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Note that ST(✓),SO(✓) are the limits of SN,T(✓),SN,O(✓) as N ! 1. The threshold ✓ ! �11089

recovers the no filtering case, i.e. both SN,T(✓), SN,O(✓) approach SN . We will now follow proof1090

steps similar to Section D. Steps 1 and 2 hold for a general cross covariance matrix, and can be used1091

directly. Steps 3 and 4 are concerned with the limit of Sn(✓) as n ! 1, and how it concentrates1092

around the limit. These steps will change significantly. Finally, we will be able to reuse Lemma 2 for1093

step 5. We detail each of these proof steps below.1094

Step 1. The unregularized contrastive loss objective on the nsel,T(✓) samples is equivalent to1095

L0(G, eG) = �Tr
⇣
GSN,T(✓) eG>

⌘
. (45)

This follows the exact same proof steps as in Section D.1096

Step 2. The solution to the ⇢-regularized minimization problem is given by1097

argmin
G,eG

L⇢

⇣
G, eG

⌘
=

⇢⇣
G, eG

⌘ ��� G> eG =
1

⇢
SVDr (SN,T(✓))

�
. (46)

This also follows the exact same proof steps as in Section D.1098

Step 3. This step changes from Section D. We use the following:1099

kSVDr (SN,T(✓))� SO(✓)k  �r+1 (SO(✓)) + 2 kSN,T(✓)� SO(✓)k . (47)

By triangle inequality, we have1100

kSVDr (SN,T(✓))� SO(✓)k  kSVDr (SN,T(✓))� SN,T(✓)k+ kSN,T(✓)� SO(✓)k .

And for the first term on the right hand side, we use1101

kSVDr (SN,T(✓))� SN,T(✓)k = �r+1 (SN,T(✓))

(†) �r+1 (SO(✓)) + kSN,T(✓)� SO(✓)k ,

where we used Lemma 1 in Eq (†).1102

Step 3’. Analysis of SO(✓): The main difference in Eq. (19) and Eq. (47) is the term �r+1(SO(✓)).1103

This additional step of the proof analyzes the properties of SO(✓). In particular, we will show that1104

SO(✓) is rank-r, and hence �r+1(SO(✓)) = 0. Additionally, we establish upper and lower bounds on1105

the singular values of SO(✓) that will be used later in the proof. From Eq. (44), we simplify to write1106

SO(✓) = E

xex> ��x>UeU>ex >

✓⇢T

⌘

�
,

where (x, ex) is drawn from the mixture model: ⌘ · N (0,⌃1) + (1 � ⌘) · N (0,⌃0). To simplify1107

notation, define ✓̈ := (✓⇢T)/⌘. From the conditioning event, it seems that U>x and eU>ex is a good1108

‘basis’ for a decomposition. Pre-multiply and post-multiply to recover this basis for the xex> term1109

inside the expectation as1110

SO(✓) = UfullU
>
full| {z }

=Id

E
h
xex> ��x>UeU>ex > ✓̈

i
eUfull eU>

full| {z }
=I ed

= Ufull E

2

66664

0

BBBB@

r⇥rz }| {
(U>x)(eU>ex)>

r⇥(ed�r)
z }| {
(U>x)(eU>

?ex)>

(U>
?x)(eU>ex)>| {z }
(d�r)⇥r

(U>
?x)(eU>

?ex)>| {z }
(d�r)⇥(ed�r)

1

CCCCA

����� (U
>x)>(eU>ex) > ✓̈

3

77775
eU>

full .

Call the top left entry in this decomposition to be the ‘dominant’, and the other three as ‘non-1111

dominant’. We will show the non-dominant entries will be zero. The following reparametrization1112

makes things cleaner.1113

U>x = z +U>⇠|{z}
"

, U>
?x = U>

?⇠|{z}
"?

; eU>ex = ez + eU>e⇠|{z}
e"

, eU>
?ex = eU>

?
e⇠|{z}

e"?

.
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Let’s further simplify the expressions with another transformation. The subscripts S,N denote the1114

signal (containing some noise) and noise part.1115

xS|{z}
2Rr

 z + ", xN|{z}
2Rd�r

 "? ; exS|{z}
2Rr

 ez + e", exN|{z}
2R ed�r

 e"? .

Due to the diagonal structure of ⌃⇠,⌃e⇠, we infer the distributions as1116

" ⇠ N
✓
0,

1

�
Ir

◆
, "? ⇠ N

✓
0,

1

�
I(d�r)

◆
; e" ⇠ N

✓
0,

1

e� Ir
◆
, e"? ⇠ N

✓
0,

1

e� I(ed�r)

◆
.

And crucially, due to the diagonal structure of ⌃⇠,⌃e⇠, we infer that {", "?, e", e"?} are all mutually1117

independent, and independent of z, ez. This entails that the transformed vector is Gaussian with mean1118

zero and covariance given as below.1119

0

BB@

xS

xN

exS

exN

1

CCA ⇠ N

0

BBB@
0,

0

BBB@

(1 + 1/�) Ir 0 0 (Ir) 0
. (1/�) I(d�r) 0 0

. (.) . (1 + 1/e�) Ir 0
. . . (1/e�) I(ed�r)

1

CCCA

1

CCCA
. (48)

The above is for the corrupted case (w.p. 1� ⌘). In the clean case (w.p. ⌘), the blue entries change to1120

Ir due to the relation of z = ez. Our E[.] notation includes the expectation over this randomness along1121

with the randomness of x, ex. Denote by ⌦0 and ⌦1 the covariances of the signal part, i.e. (xS , exS) in1122

these two cases:1123

⌦0 :=

✓
(1 + 1/�) Ir 0

0 (1 + 1/e�) Ir

◆
, ⌦1 :=

✓
(1 + 1/�) Ir Ir

Ir (1 + 1/e�) Ir

◆
. (49)

Overall, under the transformation, the expectation simplifies to1124

SO(✓) = Ufull E
"✓

xSex>
S xSex>

N

xNex>
S xNex>

N

◆ �����x
>
S exS > ✓̈

#
eU>

full . (50)

Due to xN , exN being independent of all other entries via Eq. (48), and since the conditioning event1125

in Eq. (50) only involves xS , exS , we conclude that the non-dominant entries in the expectation will1126

be zero. Hence we are left with the simplified rank-r form for the d⇥ ed matrix:1127

SO(✓) = UE
h
xSex>

S |x>
S exS > ✓̈

i
eU> = U

✓
⌘ · E(xS ,exS)⇠N (0,⌦1)

h
xSex>

S |x>
S exS > ✓̈

i

+ (1� ⌘)·E(xS ,exS)⇠N (0,⌦0)

h
xSex>

S |x>
S exS > ✓̈

i◆
eU> .

We will now use Lemma 8 to simplify both the terms above. Note that ⌦1,⌦0 satisfy the lemma’s1128

requirement of the block diagonal covariance.1129

SO(✓) = U
�
⌘ f1(✓) Ir + (1� ⌘) f0(✓) Ir

� eU> =
�
⌘ f1(✓) + (1� ⌘) f0(✓)

�
UeU> , (51)

where the following conditions hold on f1, f0 (converting back from ✓̈ to ✓):1130

max{1, (✓⇢T)/⌘ r}+ e
q
((1+��1)(1+e��1)+1)/r � f1(✓) � max{1, (✓⇢T)/⌘ r} ,

max{0, (✓⇢T)/⌘ r}+ e
q
((1+��1)(1+e��1))/r � f0(✓) � max{0, (✓⇢T)/⌘ r} .

Using the above equations, and the special case of ✓ = 0 in Lemma 8, we conclude:1131

f1(0) � 1, f0(0) �
2

⇡r
·
p
(1 + ��1)(1 + e��1) , (52)

f1

✓
r⌘

2⇢T

◆
� 1, f0

✓
r⌘

2⇢T

◆
� 1

2
. (53)

We will use these inequalities in step 5.1132
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Step 4. Concentration of SN,T(✓) to SO(✓): We break this into subparts as below.1133

Step 4.1. Concentration of SN,T(✓) to ST(✓): Using the below substeps, we show that with probability1134

1� exp(�⌦(max{d, ed})):1135

kSN,T(✓)� ST(✓)k 

s
max{d, ed} poly(��1, e��1)

N PT(✓)
+ eO

✓
1

N PT(✓)

◆
. (54)

Step 4.1.A. Replacing the random denominator: We follow an argument similar to Eqs. (26)-(27).1136

The application of Lemma 10 is on the joint vector [x, ex], and we apply the lemma on both the1137

Gaussian components of the mixture. The failure probability is � = exp(�max{d, ed}) and the1138

selection probability is p = PT(✓). This allows us to deal with the deterministic quantity N PT(✓) in1139

the denominator instead of the random nsel,T(✓). Here we use L(✓) to denote the asymptotic limit of1140

1
N PT(✓)�1QN,T(✓), which we characterize in Step 4.1.C. With probability 1�exp(�⌦(max{d, ed})):1141

����
1

nsel,T(✓)� 1
QN,T(✓)� L(✓)

���� 
����

1

N PT(✓)� 1
QN,T(✓)� L(✓)

����+

s
max{d, ed}
N PT(✓)

.

Step 4.1.B. The centered vs un-centered version: We have that1142

1

N PT(✓)� 1

X

i2Isel,T(✓)

(xi � x(✓))
⇣
exi � ex(✓)

⌘>
=

1

N PT(✓)

X

i2Isel,T(✓)

xiex>
i �

1

N PT(✓) (N PT(✓)� 1)

X

i2Isel,T(✓)

X

j2Isel,T(✓)

j 6=i

xiex>
j .

The second term on the right hand side concentrates to E
⇥
xey> | x>MT ex > ✓, y>MT ey > ✓

⇤
, where1143

(x, ex) and (y, ey) are i.i.d. from the joint mixture distribution. This expectation is zero, which we1144

formally characterize in Lemmas 5 and 6. The rate of concentration is eO
⇣

1
N PT(✓)

⌘
, due to averaging1145

over (N PT(✓))
2 terms, and is hence a higher order term.1146

Step 4.1.C. Analysis of the fixed-denominator un-centered version: The selected samples satisfy1147

the property of being i.i.d from the conditional law of the selection rule. Using a Matrix-Bernstein1148

concentration result (Eqs. (23) and (24)), it follows that with probability 1� exp(�⌦(max{d, ed})):1149
������

1

N PT(✓)

X

i2Isel,T(✓)

xiex>
i � ST(✓)

������
.

s
max{d, ed} poly(��1, e��1)

N PT(✓)
.

Step 4.2. Error between teacher and oracle: We show that kST(✓)� SO(✓)k scales proportionally to1150

kMT�MOk, and the latter is precisely bounded by Eq. (41). To simplify the conditional expectation1151

in SO(✓),ST(✓), define EO(✓), ET(✓) as:1152

EO(✓) := E
⇥
xex> I(x>MOex > ✓)

⇤
() SO(✓) = EO(✓)/PO(✓) ; (55)

ET(✓) := E
⇥
xex> I(x>MTex > ✓)

⇤
() ST(✓) = ET(✓)/PT(✓) . (56)

where I(.) denotes the indicator. Let �E(✓) := ET(✓)�EO(✓) and �P (✓) := PT(✓)�PO(✓). Also1153

define �I(✓;x, ex) := I(x>MTex > ✓)� I(x>MOex > ✓). Then, we write1154

ST(✓)� SO(✓) =
ET(✓)

PT(✓)
� EO(✓)

PO(✓)

=
(EO(✓) +�E(✓))PO(✓)�EO(✓) (PO(✓) +�P (✓))

PT(✓)PO(✓)

=
�E(✓)

PT(✓)
� �P (✓)

PT(✓)
· EO(✓)

PO(✓)| {z }
SO(✓)

.
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=) kST(✓)� SO(✓)k2 
1

PT(✓)
(k�E(✓)k2 + |�P (✓)| · kSO(✓)k2) .

We will now bound k�E(✓)k2 and |�P (✓)| in terms of kMT �MOk2. Recall that (x, ex) follow the1155

mixture distribution (Remark A.1). Decomposing the expectations and probabilities into respective1156

mixtures, we get1157

�E(✓) = ⌘ E(x,ex)⇠N (0,⌃1)

⇥
xex>�I(✓;x, ex)

⇤
+ (1� ⌘)E(x,ex)⇠N (0,⌃0)

⇥
xex>�I(✓;x, ex)

⇤
,

�P (✓) = ⌘ E(x,ex)⇠N (0,⌃1) [�I(✓;x, ex) ] + (1� ⌘)E(x,ex)⇠N (0,⌃0) [�I(✓;x, ex) ] .

From the above, since both ⌘, 1� ⌘ are smaller than 1, we get that1158

k�E(✓)k2  k�E1(✓)k2 + k�E0(✓)k2 , |�P (✓)|  |�P1(✓)|+ |�P0(✓)| ,

where the subscripts 1, 0 denote the fully clean, corrupted cases respectively (i.e. ⌘ = 1, ⌘ = 01159

respectively). Lemma 9 captures the general form of this, and we invoke this lemma on both the1160

clean data (with covariance ⌃1) and the noisy data (with covariance ⌃0). We get1161

kST(✓)� SO(✓)k2 . kSO(✓)k2
PT(✓)

kMT �MOk2 . (57)

Step 4.3. Analysis of PT(✓) and PO(✓): We first characterize the relationship between PT(✓) and1162

PO(✓). Using step 4.2, we have PT(✓) � PO(✓) � |�P (✓)|. In step 5 we will show that the latter1163

term will be small, and we will be able to use, for instance, PT(✓) � (1/2)PO(✓).1164

Next, we show that PO(✓) is ‘large enough’ for the choices of ✓ 2 {0, r⌘/2⇢T}, and we will use these1165

fixed points in Step 5. Recall from Section 6.2, due to the mixture distribution, the below holds. Here1166

we have accounted for the scaling factor in the definition of MO.1167

PO(✓) = ⌘ P1

✓
✓⇢T

⌘

◆
+ (1� ⌘)P0

✓
✓⇢T

⌘

◆
. (58)

In step 5, we will consider the fixed points ✓ 2 {0, r⌘/2⇢T}, and so we need lower bounds on1168

P0(0), P0(r/2) and P1(0), P1(r/2). We state them below:1169

P0(0) � 0.5 , P1(0) � 1� 1/e , (59)
P0(r/2) � 0 , P1(r/2) � 1� 1/e . (60)

For P0(.), we have lower bounds 0.5 (due to symmetry) and 0 (trivially). For P1(.), we characterize1170

the tails in Eq. (40), which hold for r & 1 + (1 + ��1)(1 + e��1).1171

Step 5. Final guarantee via application of Lemma 2: Using Eqs. (54) and (57) in Eq. (47) with1172

Eq. (46), and combining the guarantee from Eq. (41), with probability 1� exp(�⌦(max{d, ed})):1173

����G
> eG� 1

⇢
SO(✓)

���� . 1

⇢

 s
max{d, ed} poly(��1, e��1)

N PT(✓)

+
kSO(✓)k2
⇢T PT(✓)

s
max{d, ed} poly(��1, e��1)

nT
+ eO

✓
1

N PT(✓)

◆!
.

We set nT = n/2, and so N = n � nT = n/2 (as in Algorithm 1). For ⇢T, we note that it can be1174

chosen arbitrarily large to reduce the second term in the error above. This is because any ⇢T > 0 will1175

allow the teacher parameters GT, eGT to recover the subspace spanned by U, eU respectively, but a1176

large choice of ⇢T will make the operator norm small. This does not cause the filtering to change,1177

since the threshold ✓ changes multiplicatively with ⇢T (effectively scaling the picture in Figure 2).1178

The condition of n & 1
⌘2 max{d, ed}(1 + ��1)(1 + e��1) is inherited from Corollary 1 (to be able to1179

use eq (41)). The additional condition on n, from the application of Lemma 2 to the above equation1180

(similar to Eq. (29)), results in a larger factor than 1/⌘2, hence is already satisfied.1181

Now we apply Lemma 2 on the above equation, and follow the argument similar to step 5 in Section D.1182

An additional factor of
p
r appears due to the norm being the chordal distance (frobenius norm).1183
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Using Eq. (51) and Eq. (58), we get that with probability 1 � exp(�⌦(max{d, ed})), the error1184

ERR
⇣
G, eG

⌘
is upper bounded (up to constants) by:1185

1

[⌘f1(✓) + (1� ⌘)f0(✓)]
p
⌘ P1 (✓⇢T/⌘) + (1� ⌘)P0 (✓⇢T/⌘)

s
r max{d, ed} poly(��1, e��1)

n
.

Finally, we plug in the values ✓ 2 {0, ⌘r/2⇢T} to recover the terms T0, T0.5 as stated in Theorem 1.1186

Using Eq. (52) and (59), the scaling term of the error above becomes1187

1

[⌘ + (1� ⌘) (2/⇡r)] ·
p
⌘ (1� 1/e) + (1� ⌘) (1/2)

. r for any ⌘ 2 (0, 1] .

Using Eq. (53) and (60), the scaling term of the error above becomes1188

1

[⌘ + (1� ⌘) (1/2)] ·
p
⌘ (1� 1/e)

. 1
p
⌘
.

The above describes both regimes of behavior, and why an extra factor of r appears in the term T0,1189

compared to the term T0.5, in Theorem 1. This concludes the argument.1190

H Discussion on the potential of robust statistics for the analysis of filtering1191

An initial instinct based on Figure 2 is to use ideas from robust statistics. As discussed in Remark 6.1,1192

we can expect D0 and D1 to be well-separated, which means there will exist some ✓ 2 R (a reasonable1193

guess is ✓ ⇡ r/2) such that the selected data is mostly clean. After filtering, the picture resembles1194

the robust statistics setting: an ↵ corruption on the clean distribution for some small ↵. This is a1195

reasonable approach overall, but has two shortcomings. First, this approach will not achieve zero1196

error as n!1. We are shooting for f(⌘) · 1/pn which is better than 1/pn + g(⌘), since the latter1197

is non-zero even when n ! 1. This approach will end up getting the latter. This is because the1198

canonical rate in robust statistics is
p

d/nsel + ↵. Under filtering, nsel and ↵ are functions of ✓. One1199

can determine the optimal ✓ to balance the tradeoff, but to get a final rate of the form f(⌘) · 1/pn,1200

this will require some conditions on n, ⌘ (possibly ⌘ bigger than a threshold, and n smaller than a1201

threshold). Since our case has stochastic corruption which is weaker than adversarial corruption,1202

we can expect to prove something for all n and all ⌘. Second, this approach performs a “reductive"1203

operation of treating data as only clean v/s corrupted, and assuming the corrupted part provides no1204

signal. This is a closely linked argument to the first one above. The crucial observation is that the1205

right tail of the corrupted data (i.e. D0 in Figure 2) actually provides ‘close to clean’ samples. This1206

is because these just happened to be samples such that the z, ez – albeit independently sampled in a1207

high-dimensional space – happened to have a high inner product (small angle). Our adopted approach,1208

based on the conditional properties of the Gaussian distribution, formalizes this intuition that the1209

right tail of D0 also provides signal.1210
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