w7 A Additional Illustrations

758 In this section, we provide some useful illustrations. Figure E illustrates the corruption model

759 described in Assumptlon Flgurelllustrates the linear maps G, G used to generate the embeddings
from observed data (according to the model in Fig[@). Figure[6]accompanies Remark [A.T]

x € R4 x € R4

7 e R4

(a) Clean data (w.p. n): z ~ pz, z = z. (b) Corrupted data (w.p. 1 — n): 2,2z ~iid Pz-

Figure 4: Model for stochastic corruptions. In this work, the forward maps f, fare linear (refer to
Eq. (1)) and the latent distributions are Gaussians.

x € R4

Figure 5: On seeing multimodal data (z, z), linear maps G, G (learnable parameters) create the
embeddings that lie in R" (the knowledge of r, the true latent dimension, is assumed). The similarity

is measured with the inner product (Gz, GT).

— independent: A/ (0, o)
— correlated: MV (0, %)

Figure 6: Illustration of the joint distribution of (x, Z). The overall distribution is a mixture of two
zero mean Gaussians: the independent case (w.p. 1 — 1) and the correlated case (w.p. 7).

760

761 Remark A.l. The distribution of (x,7) € R4 from Section is a mixture of two zero-mean
762 Gaussians. With weight 1), the covariance matrix is X1 (for ¢ = 1, i.e. the clean case). With weight
763 1 — 1), the covariance is ¥ (for ¢ = 0). Figure[6|provides an illustration.

Y=

Uu +47 uu’ _|UUT+y'L, 0
uu’ [SLVANNTE L) Pl R 0 UUT +57'1;
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B Background

This section covers some useful background concepts.

B.1 Measuring the distance between subspaces

The concept of principal angles provides a geometrically intuitive way to measure the closeness
between two subspaces. Let X and ) be two r-dimensional subspaces within a larger Euclidean
space R<. There exist r principal angles 0 < 0; < 03 < --- < 60, < /2 that describe the relative
orientation of these subspaces.

* 61 represents the smallest possible angle between any two unit vectors x € X' and y € ).

* Subsequent angles 6, capture the minimum angles within directions orthogonal to those
defining the previous angles 61, ..., 0 _1.

* The cosines cos(6;) measure the alignment (1 means aligned, 0 means orthogonal within
that principal direction), while the sines sin(6;) measure the separation or angle.

To aggregate this information into a single distance metric, we often use the frobenius norm of the
sine of the principal angles, denoted || sin © (X, Y)|| . It is defined as

[ sin©(X, Y)||lr =

This metric provides an overall measure of the difference between the subspaces. It’s zero if and only
if X = Y (since all #; = 0), and it increases as the subspaces diverge.

Computing this metric relies on matrix operations involving orthonormal bases for the subspaces. Let
X € R " be a matrix whose columns form an orthonormal basis for X' (so X "X = I,.). Similarly,
let Y € R?*" be a matrix with orthonormal columns forming a basis for ). The distance metric
| sin ©(X, V)| r can be computed using X and Y via the following formula

[sin®(X, V)|lr = [|XIY||, -

Here, X | is any d x (d —r) matrix such that its columns form an orthonormal basis for the orthogonal
complement of X', denoted X'*. This means that the combined matrix [X X ] must be a d x d
orthogonal matrix. Notationally, we often just write || sin ©(X,Y)||r instead of using X', V.

C Lemmas

This section presents Lemmas used in the proofs. The first three Lemmas are standard results in the
literature, and we include them without proof.
Lemma 1 (Weyl’s Inequality). For matrices A, B € R™*", let p = min(m, n) and let o1 (M) >
ogo(M) > --- > 0,(M) > 0 denote the singular values for M € {A, B}. Then, forallj =1,...,p,
it holds that

|0j(A) —a;(B)| < [[A— B2
Lemma 2 (Wedin’s Theorem). Let A, A € R™*™ be matrices of the same size. Let r < min(m,n)
be the rank of both A, A, and let the SVDs be A = UXV T and A = UXVT. Let 5,.(A) > 0 denote
the r'"* singular value of A, and assume o,.(A) > ||A — A||a. Then it holds that:

sin©(0 U)H 1A~ Allr
ClE T g (A) - JA-All2
sin©(V V)H IA=Allr
CE T o, (A) - A - Al

Lemma 3 (Whittle’s Inequality). Let X1, Xo, ... be a sequence of independent random variables
such that: (i) E[X] = 0 for all k > 1, and (%) the distribution of each Xy, is symmetric about zero
(i.e., X}, and — Xy, have the same distribution). Let S,, = ZZ:1 Xy, be the partial sum (with Sg = 0).

20



790
791

794

804

805
806
807
808

809

810
811
812
813

If ¢ : R — R is a convex function such that $(0) = 0, then the sequence E[¢(S,,)] is non-decreasing

inn. That is, for alln > 1:
Lemma 4. Let X be a random variable with a log-concave density, mean px, and variance O'g(. It
holds that

EX|X >0|<0+eox, for0>ux.

Proof. Let m(z) = E[X — 2| X > z] be the mean residual life function. We want to bound
E[X|X > 0] = 0+ m(0) for § > ux. Due to log-concavity of X, m(x) is non-increasing (see,
eg, Bagnoli and Bergstrom [2} Theorem 6]). Since m(x) is non-increasing, m(0) < m(ux) =
E[X — pux|X > px]. We will now bound the conditional expectation for this case of 6 = ux.
LetY = X — ux. Then E[Y] = 0and V(Y) = 0%. m(ux) = E[Y|Y > 0] = %, where
Y+ =max(0,Y). We know E[Y ] < \/E[(Y)2] < \/E[Y2] = 0x. As for the denominator, we
know that for any random vanable X with a log concave densuy and mean px, P(X > px) > /e
(see, eg, Lovdsz and Vempala [20, Lemma 5.4]). Thus, m(ux) < i‘—/"e =cox.

Lemma 5. Let 2,y € R? and 7,57 € R be random vectors. Assume that the pair (z,T) is
independent of the pair (y, 7). Let A be a fixed d x d matrix and let 0 € R be a scalar threshold.
Define the events C, = {xT A% > 0} and C,, = {y" Ay > 0}. Assume that these events have
non-zero probability, i.e., P(Cy) > 0 and P(C,) > 0. Then the conditional expectation of the outer
product x| given both events Cy, and Cy factorizes as follows:

.
El27" [2"AZ>0, yTAy>0] =E [z |2 AT > 0] - <IE [Ty Ay > 0]) .

Proof. The definition of conditional expectation given multiple events is conditioning on their
intersection. Here I denotes the indicator function.
E[zy"Ic.ne, |

E[zy' |Cy,Cy] =E[2y' |C.NC,] = B(C. 1O,
T Y

The event C,, is determined solely by the random variables x and z. The event C,, is determined
solely by the random variables y and 3. By the initial assumption, the pair (z, Z) is independent of
the pair (y, y). Therefore, the event C,, is independent of the event C,,. This implies P(C, N C)) =

P(C;)P(Cy). Hence the denominator factorizes (and is non-zero since P(C;) > 0 and P(C) > 0).

Now consider the numerator. Since C; and C,, are independent, Ie,nc, = Ic,lc,, which implies

Elzy Ic,ne,) =E[zy' Lo, Ic,] =E[zle,] - E[fle,]" ,
again, due to independence of the pairs. Hence the numerator also factorizes. O

Lemma 6. Let € R? and & € R? be random vectors such that their joint distribution is a

multivariate normal distribution with zero mean. Let A be a fixed d x d matrix, and consider
the conditioning event R = {(x,%) | x T AT > 0} for some threshold 0 € R. Assume that the
probability of this event is non-zero, i.e., P(R) > 0. Then

Elz |z "AZ > 0] =0,.

Proof. Let Z = (z,%) € R4+d, The joint probability density function of Z, denoted by p(Z),
corresponds to the N (0, X,5i,¢) distribution for some covariance matrix X;,i,,+. The conditional
expectation is defined as:

le‘p Z)dz fop(Z)dZ
pr YdZ P(R)

We focus on the numerator integral and show that it is zero owing to symmetry. First note that p(Z)

Elz|z'AT>0]=E[z|ZcR]=

is symmetric around the origin. That is, p(Z) = p(—Z) for all Z € R¥*9. Second, observe that
under the transformation Z + —Z, the condition becomes (—u) " A(—) > 6, which simplifies to
u" At > 6. Thus, the region R is symmetric with respect to the origin: Z € R <= —Z € R. [
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Lemma 7. Consider the random variable z := uv, where u, v are jointly Gaussian as

2
(Z) NN(O, (? ;)) . with0 < 02,02 and 0 < v < 0,0, .

v

Let {2z}, }}._, be r independent copies. The conditional expectation is upper and lower bounded as

For the specific case of v = 0 (i.e. u, v independent) and 6 = 0, a stronger lower bound is
E lzl i zE >0

k=1
Proof. Simplify the expression. Observe that z; are i.i.d. random variables. The expectation is
E[z,] = E[uv] = v (since E[u] = 0 = E[v]). Let S = Y, _, 2, and let pg(.) denote the PDF of S.
The expectation is E[S] = r+, and the variance is V[S] = r (6202 + ~7?).

T

0
sz. >0] zmax{’y,}forallﬂeR,
T

k=1

r 2] 2 52 2

sz>9]§max{’y,}+e wforezo.
r r

k=1

2
> — 0y 0y -
mr

Due to the symmetry among the i.i.d. variables zj, the conditional expectation E[z; | S > 6] is the
same forall i € {1,...,r}. Let Q(0) = E[z; | S > 6]. By linearity of expectation, we have

T

E[S|S>0]:]El2zk

k=1

S>9] :iE[zk|S>9] =rQ(0) .
k=1
— Q(G)z%E[S\S>9]. (11

Proof of lower bounds: general case lower bound g. Observe that

> d
E[S|§ > o) = Jo_sPs(e)ds (12)
/. o Ps(s)ds
- J," 0ps(s)ds _
o fg Ps (s)ds
Combining this with Eq. shows the ¢/r lower bound.
Proof of lower bounds: general case lower bound . For this, we show E[S|S > 0] is non-
decreasing in 0. Let h(6) = E[S | S > 6]. Using Eq. (12), its derivative is given by

_ —0ps(9) [y ps(s)ds +ps(0) [y~ sps(s)ds

W(®) P(S > 6)°
_ ps(9) >
_ W/e (s>—09)p5(s)ds >0, (13)

Thus E[S| S > 6] is non-decreasing in 6. In particular, E[S | S > 0] > E[S] (i.e. the unconditional
limit in the limit # — —o0). Since E[S] = 7, using this in Eq. shows the lower bound of 7.

Proof of lower bounds: the specific case of ¥ = 0 and § = 0. Since the distribution of zj, is
symmetric around zero, the distribution of S = ) & 2k 18 also symmetric around zero. Therefore,
P(S > 0) = /2. Using this, we get

E[S|S>O]W2/Ooosps(s)ds. (14)
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Also, the expectation of the absolute value is E[|S|] = [_|s|ps(s)ds. Due to symmetry (i.e.
ps(—s) = ps(s)), we get

0 ) (e’
E[|S]] = / (—s) ps(s)ds + / sps(s)ds = 2 / sps(s)ds (15)

—00 0 0

Using Eq. and Eq. (15), we get

E[S|S >0 =E[S]] =
>( [|Z1|]
= E[|u1v1|] = E[|u1]|v1]] = E[|lu|] E[|v1]] (using independence)
2
= 0,0, E[|a]]* = Z 0y0, . (fora ~ N(0,1))
™

Eq (1) holds intuitively. To formally show it, we invoke Lemma [3](Whittle’s inequality) on the convex
function ¢(z) = |z|. Using this with Eq. gives the desired result.

Proof of the upper bound. The probability density function of z = wwv is given by

B 1 T ||
fie) = TOWOu\/1 — p? P (ngv(l - p2)> Ko <‘7u0v(1 - pz)) ’

where p = v/(0,0,) denotes the correlation factor. Note that |p| < 1 is ensured via v < 0,0,
in the lemma statement. The function Ky (a|z|) is log-concave for @ > 0. The term exp(bz) is
log-linear (hence log-concave). The product of log-concave functions is log-concave. Thus, f,(x) is
log-concave. Since S is a sum of 7 i.i.d. random variables with log-concave densities, S also has a
log-concave density. We use Lemma@to getthat E[S|S > 6] <f0+e 202 +~2) for 0 > r.
For 9 E [0, 7], we use the non-decreasing property of E[S | S > 0] from Eq (13). Plugging into
Eq. (I1)) concludes the argument. O

Lemma 8. Consider Gaussian random variables x,y € R", such that

T xr IT .
() ( ( @y >>7 with az, ay > 0, agzy > 0.
azy L. ayl,

For 0 € R, define A(0) :=E [zy" |2 Ty > 0]. It holds that A(0) satisfies
A(0) = f(O) I,

where f(0) is a scalar function of 0 € R, such that

In the special case of a5y = 0, it further holds that f(0) > 2v/@zay/zr.

Proof. We first build an intuition for the quantity A(f) € R"*". For § = —oco, A(6) becomes the
unconditional expectation, which is a,, I,- according to the given covariance structure. As 6 increases
in R, we expect A (6) to increase.

A(0) is diagonal. We first show that A(6) is a diagonal matrix. The (4, j)-th entry is A(6);; =
Elz;y;| Z > 6], where Z = z "y = >_;_, x;;. Consider the transformation T; : R*" — R?" that
maps (z,y) to («',y") where x} = x; for | # i, x}, = —x;, and y] = y; for | # 4, y, = —y;.

First, note that Z' = 3, @iy + (—2:)(—y;) = Z. Hence the condition Z > @ is invariant
under the transformation 7;. Second, due to independence and the block diagonal structure of the
covariance, the overall joint density is a product of univariate Gaussians centered around zero. Due
to the symmetry of a univariate Gaussian, the overall density is also invariant under 7;. Third, the
entry x;y; becomes —x;y; under the transformation 7;. Due to this symmetry, we conclude that the
off-diagonal entries are zero.
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All the diagonal entries of A () are equal by symmetry. The diagonal entries are A(6);; =
Elz;y; | Z > 0]. Let Z; = x;y;, meaning Z = ZlT:1 Z;. Due to the block diagonal structure on
(x,y), each Z; is independent and identically distributed. Hence, A(6);; = A(0);; for any i, j € [r].
Properties of f(#). From the above two steps, we conclude that A (6) = f(0) I, for some scalar
function f : R — R. Using the trace trick, we see that
f(0)-Tr(X,) =Tr (Efzy " |z"y > 6])
1

— f(0) = ;E[:ﬂy |zTy >0].

Since the covariances of x, y are scaled identity, each x;y;,4 € [r] is identically distributed. This
distribution is akin to uwv for u ~ N (0, a,),v ~ N (0, ay) with Cov(u, v) = a,,. Hence

zr:ui’l}i > 9‘| s

i=1

f0) =E

U1v1

for w;, v; i.i.d. according to the described distribution. Lemma |7 shows the required properties on
this conditional expectation, showing the desired inequalities in the statement of this lemma. O

Lemma9. Let z € R and 7 € R? be Jointly Gaussian vectors with mean zero and joint covariance
matrix Yy which is positive definite. Consider Mo, My € R4%4 and assume rank(Mp) > 2.
Define AM := My — My, and for any matrix A € R4*?, define Ya := « " AZ. For areal § > 0,
AE(0) := || E[z7 " I(Yar, > 0)] — E[2Z " 1(Y, > 0)] ||,
AP(9) := |P{Ym, > 0} —P{Ym, > 6}] .

Then, there exist constants Cg (0, X fui1, Mo) > 0 and Cp(0, X 11, Mo) > 0 that depend on 6, the
covariance X 11, and Mo, such that:

AE(0) < Ce(0, % fui, Mo) [M7 — Mo, ,
AP(0) < Cp(0, X4, Mo) ||[M7z—Mpl|, .

Proof sketch. Let D(0) = I(Ym, > 0) — I(Ynm, > 0). If D(6) # 0, then 6 must lie between Y,

and Y. This implies Yy, — 0] < [Yam, — YMmo| = [Yam|- Thus, we have the pointwise bound
|ID(0)| < I(|Ym, — 0] < |Yam]). We first argue that there exists a constant C'4 (f) > 0 such that
E[l(IYmo = 0] < [Yam|)] < Ca(O) E[[Yam]] - (16)

Let po(y) denote the density of the random variable Yag,. If this density is bounded everywhere by
B, then P(|Yaa,| < [Yam | [Yaml) S B |Yanl. leading to E[I(|Ya,| < [Yam])] S BE[Yaml].
For the density po(y) to be bounded, the main consideration point is y = 0. This is because the
random variable Yjg, is a quadratic form as described, which can be singular at y = 0 (for example,
the degenerate case of Mo = 0 causes this). It is known that rank(IMq) > 2 is sufficient to ensure a
bounded density, leading to a finite 5.

1. Bounding A P(0): First rewrite
AP(0) = [E[D(9)]] < E[|D(0)] < E[I(|Y™m, — 0] < [Yam])] -

We use Eq. and the fact that |2 AMZ| < ||[AM]|, ||z|, [|Z]|, holds pointwise. Since
E[||z||, ||z||5] is bounded by constants that depend on the covariance X ¢, the upper bound on
AP(0) follows, with C'p (8, X f11, Mo) proportional to C'4 (6).

2. Bounding AE(6): The matrix inside the norm defining AE(#) is E[zZ " D(#)]. For an index k €
[d], 1 € [d], consider an element |E[2;Z,D(0)]| < E[|xx;||D(6)|]. Using | D(8)| < I(|Ynm, — 0] <
|Yam|), we have

Ellzez: | [DO)] < Eflzrz| I([Ya, — 0] < [Yaml)] -

Following a similar reasoning as the previous part and invoking Eq. (16)), since the moments of any
Gaussian raised to a finite power is bounded, each entry in the matrix of AE(#) is bounded. Hence
the upper bound on AE(6) holds, again with the constant proportional to C'4 (). O
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Lemma 10. Let z1, ..., x, € R? be n i.i.d. random vectors drawn from a Gaussian distribution
N(0,%), where Y. is a d x d positive definite covariance matrix, d > 1,n > 1. Let S be a random
subset of indices {1, ... ,n} generated by including each index j € {1, ... ,n} independently with
probability p € (0, 1]. Let n. = |S| denote the number of selected samples, and define the sample
covariance matrix for n, > 0 as ¥, = (1/n.) > ics Tix; . For a failure probability § € (0,1),
assume that np > 8log(2/9) holds. Then, with probability at least 1 — §, both n. > np/2 and the
sample covariance matrix of the selected data satisfies:

. d+log %
[£a. -3, s 1m /=22
2 np

Proof. Define ki, := [np —+/2np log(2/6)—‘. Note that ki, > np/2 due to the assumption. Let

A d+log i
Fi o= {ne < kmin} s F2 = ne > kmin and Hzn - 2”2 >[I, 4] S8

kmin

denote the failure events. A union bound over the two failure probabilities will give the desired result.
Below we bound the individual failure probabilities.

Bounding P(F;): Define Ag := +/2log(2/§)/(np), so that knin = [(1 — Ag)np]. Since we
assumed np > 8log(2/0), Ag < 0.5. By a standard Chernoff bound for binomial distributions,
P(n. < (1 — Ag)np) < exp(—npA2/2) = exp(—log(2/8)) = /2. Since kmin > (1 — Ag)np
(due to the ceil operation), it follows that P(F1) = P(n. < kmin) < P(n. < (1 — Ag)np) < 46/2.

Bounding P(F5): Using the law of total probability, we write

n
1
P(F)= > P Z > ] -3 > 2,

k=FKmin i€S,|S|=k

d+log 3
% ’I’Lc:k P(nCZk)
2

For any k > kpin, we have 1/\/% < 1/Vkmin. Thus, for k > kpin:

g H;Z”T - Fuuin

1 d+logi
P Hkaimj—EH2>HEQ\/k§ ne =k

And the right hand side is bounded by ¢/2 owing to standard matrix concentration results. So,
P(F2) <> p_p . (6/2)P(n.=k) <4/2. O

d+logs | ) .

> (1211
2

min

D A proof of Corollary/[]|

We present a proof of Corollary [I, which follows the proof presented in Nakada et al. [22] while
fixing some typos. Before diving into the proof, we make some remarks.

First, the result in Nakada et al. [22]] is for a general covariance on the signal, 3., and the noise, ¢,
whereas our setting is more restricted from Assumptions[IJand[2] This restriction is required for the
analysis of filtering in Theorem|[L. Second, the result in [22] is stated with probability 1 — O(1/n),
whereas we state it with probability 1 — exp(—d). Due to this, Corollary [1] as stated does not have a
log n factor inside the square root, unlike Nakada et al. [22, Theorem 3.1].

Third, there is a small subtle difference in the setting of [22] and ours. We use 7 to denote the
fixed probability of clean samples in Assumption [T, whereas Nakada et al. [22] use 7 to denote the
fraction of clean samples in the sampled dataset, which is a random quantity. Using n. to denote
the number of clean samples, we go through the additional step of controlling the error in |2c/n — 7],
which scales as 1/\/n, since this source of error is 1-dimensional. Fourth, the result in Nakada et al.
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[22| Theorem 3.1] is stated as min{+/r,.}. While it is true that the sin © metric can be at most /7,
the final step in the proof is the application Lemma 2, which requires a condition that translates to

n > (Yn?)max{d,d} (1 + v 1)(1 +5~1). And so this is how we state the result in Corollary |1 |:
which makes the stated upper bound always smaller than /7.

For clarity, we write the algorithm:

Input. X € R"*4 X e R r € Z, p e (0,00).

Output. G G € R¥*? (with rank = 7, since G € R"™*% G € R"*?) by minimizing Eq. (2).
Step 1: Reduction of loss. We show that

Lo(G,G) = —Tr (GSnéT) , (17)

where S,, denotes the cross covariance matrix of the data, given by (Eq. () rewritten)

1< _ =\ i
Sn:n_l;(i—x)<xi—x) GRdXd.

Proof. Expand the LHS as

n n

~ 1
GGG = g | & Z
J#i J#z
_(a) )
nin —1) Z (81 = sa)
=1 j=1
J#i
1
~n(n—1) Z , 4Sij —(n—l)ZSu
o) %

X)

|
3
3
|
»—~
™
™
»
.
|
S|
—
~M
&
~

where eq (a) holds because the overall sum over the n x n similarity matrix is the same whether
done over rows or columns.

For the RHS, we first rewrite S,, as
1 L ~T>
Z TiT; —NTT
n—1 (i—l

T
1 n B 1 n n B
5 (Ze) - (£ (£7)

nil@xigg)_ e (Sl e S

N E )

Sn

—(1-3) (Zx;T)_ (ST

i jFi

(Zx;T) - n_l Y wd]

A E)
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Using the above, we rewrite the RHS as

- 1 . 1 .
~Tr (GS,GT) = —Tr | (Z Gxim:GT> T | 222G G

i jF£e

1 g 1 .
=1 Z: ;Tr (GxixIGT) - (zl: Ty (GxixiTGT>>
| (Linearity of Trace)

ﬁ > (G, Giy) —i(Z(Gxi,éfi>>

i g '

K3

(Cyclic nature of Trace)

<Z 5n> . (Definition of s;;)

%

S|

1
" aln—1) ZZS” -

i g

Comparing the above to eq (X) concludes the proof. O
Step 2: Closed-form solution. We show that (Eq. (5) rewritten)

argmin £, (Gé) = {(Gé) ‘ GTG= % SVD, (Sn)} .

Hence, even though the optimization problem is non-convex, there is a closed-form solution, and
no optimization analysis is needed. In particular, the right singular vectors of G, G are determined
independent of the choice of p. This result is from Nakada et al. [22, Lemma 2.1].

Proof. Using Step 1’s result, we can write

min £,(G,G) = max Tr (Gsn(f) - g||GT(~}||% . (18)

G,G G,G
2
F

The optimization variables appear only in the second term. Since rank (GTC:}) = r, by the

The objective can be rewritten as

Sn

~ P — p Sy
(o)t [5] |ors -

_ HGT(N;_

2
F

Eckart-Young-Minsky Theorem, the solution is given by the best rank r approximation of S»/p. [

Step 3: Relating error to op-norm concentration of S,,. We show the below, where S,, concentrates
toS=nUUT.
|SVD, (S,) — S|l < 2S, - S| . (19)
Proof. By triangle inequality, we have
|SVD, (S,) — S| < [ISVD, (S,) — Sull + IS, — S]] -
And for the first term on the right hand side, we use

HSVDT (Sn) — SnH = 0r+1(Sn)
<O 0,1 (S) + S, — S|
S(H) ||Sn _ S|| .

In Eq. (1), we used Lemma and Eq. (1) holds because .11 (S) = 0, since S is rank 7. O
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Step 4: Concentration of S,,. We show that the following holds:

w.p. 1 —exp (fQ(maX{d7 J})) A DS \/Inax{d, d} (1 4+ (1+7571) |

(20)
n
Proof. We start with the expansion of S,,,
o= g Load] - =1 e - et 35S ]
" ”_1i:1 = i n—l)izljzl B
N i
sy
s

The main term that dictates the convergence is Sg} ). The term SSLQ) concentrates around zero (since

samples ¢ # j, i, € [n] are independent), and the rate of convergence is O(1/n) due to averaging
over n? terms, which is a higher order term. Let n. be a random variable that denotes the number of

clean data points. We expand the sum in S%l) below.

wa ZUzl TUT—I— Z Uzl

i1=n.+1
Jl J2
n
+ZUZZf +Z£Z~TUT+Z&5? :
i=1
K Ko K3

‘We control the error in each term separately. For terms Jo, K1.3, we need a result llke Nakada et al.
[22! Proposition C.1] in the simple case of X L X. For term J1, we need it for X = X.

The following two facts are going to be used multiple times. Here X, Y denote random quantities,
and all others are fixed quantities (matrices/vectors).

whp. |[X —A| <Ea, |Y —B||<Ep = whp. |[X+Y —(A+B)|<Es+Ep, 1)
whp. [|[X —A| < Ex = whp. [MXN — MAN|| < |M|||N||E . (22)

For the independent terms (.J2, K1.3), we will use the below generic result. For R% 52 ~N (0,%2;)
andR% >y ~ N(0,%,) and N i.i.d. draws from both, we have the below result from the application

of a Matrix-Bernstein result.
N
1 2] - |2yl
‘N; < \/N (t +log (dx + dy)) - (23)

For the dependent term (.J;), we will use the below. Let R% > z ~ A(0,%,) and N i.i.d. draws
from this. This is also known in the literature, for e.g., Bunea and Xiao [4, Theorem 2.2].

1

T
—g Ty — 2
‘Ni_l

Note that the above two concentration results are tighter than Nakada et al. [22} Proposition C.1] by a
factor of dimension, since the proposition has trace terms too, whereas only operator norms appear in
the above two equations. This manifests in Corollary [1|as stated being tighter than Nakada et al. [22}
Theorem 3.1] by a dimension factor inside the square root (since we avoided log n but did not incur
an additional dimension due to the failure probability of exp(—d)). Finally, since n. = Bin(n,n),
the ratio nc/n concentrates to 7, with the error described by Hoeffding’s inequality as

wp.1—e ",

t + log (d;)
—N

wp.1—e", S 12|l (24)

P (‘% — n‘ > e) < 2exp (—27’7,62) . (25)
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Using these results, we bound the individual terms of deviation. We first bound the independent terms
using Eq. with ¢ := max{d, d}. The choice of N is given with each setting. With probability
1 — exp(—Q(max{d, d})), the following hold:

Yo - 122 - max d,glv d1A—1
Ko o JIZ0 I ot @) s @} 5t N
n n n

Ko <H&WM“mMM@:¢mWMM4

=< (N :=n)
n n n

K, \/ el 1l } wax{d Ay N
n

é \/||E 2% max{d d} / max{d d} (N = n —n)
n o\

We now bound the dependent term using Eq. ( . We need some additional machinery to deal with
the random denominator, which we capture in Lemma[10, The requirement of np > log(1/6) in

the lemma translates to n > max{d.d}/,, since we have p := 1 and § := exp(— max{d, d}). As we
will see later, step 5 of the proof requires . > max{d.d}/;2, hence we will assume this requirement is
satisfied. With probability 1 — exp(—Q(max{d, d})), it holds:

Ji _uuT| < HUUTH max{d d} 26)
ne \
N Ji UUT \/7 /max{d d}
n
N Ji S UTT \/7 /max{d d} nc ol
n

For the concentration of m¢/n, we use Eq. (23) to get that with probability 1 — exp(—Q(max{d, J}))

‘E —77’ < max{d, c?} . 27)
n \ n

We now add all the error bounds. For the combined error from terms J; and Jo, since 1 < /a +
V1 —a < /2, the quantity /mc/n can be removed up to constants. Eq. follows. O

Step 5: Relating singular vector recovery error to operator norm concentration. We will apply
Lemma 2 (a Davis-Kahan type result) to relate the sin © metric to the operator norm. Combining

Egs. (20), and (B)), we get that with probability 1 — exp(—Q(max{d, d})):
lore - tuor| < Vmax{d, Dty H0+5Y
p p n
The instantiation for Lemma |2 is as follows: A = %UfJT, A = GTG. Note that both A, A are
rank-r, and o,.(A) = 7/p. We get

(28)

)H HGTG UﬁTHF
~|GTG - 2UUT |,

sin © <1sv G'G (29)

Now we will use three things. First, for the numerator, we use | M ||p < y/rank(M)-||M]||2. Second,

for the denominator, we will need the additional condition of n > (1/n?) max{d, d}(1+~~1)(1+7~1)
to ensure the second term is at most half of the first term. This appears to have been missed by [22].
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Third, triangle inequality with the fact that Hsin S) <lsv(GTC~}), rsv(G)) H = 0 gives the final
F
result. To see this fact, write

G'G =Vg (ScUdUsgsg) Va
= V(;PSQTVC:;r . (Using SVD of the middle component)

Using the uniqueness of SVD, we get that 1sv (GTé) = Vg P and rsv <GT6}> = Vg Q. Since
P, @ are just orthogonal transforms, the subspace spanned by Vg and Vg P are the same, implying
| sin®(Veg, Vc,P) | = 0 (and analogously for Vg and V5 Q).

Combining Eqs. (28) and ([29) gives the desired result. Since the upper bound is valid for recovery of
both U and U, Corollary I as stated follows.

E A proof of Proposition 1]

Consider the following construction for the hard problem instance (lower bound): (i) the latent
dimension r = 1, and (47) the noise E: 0 (i.e. ¥ = 00), but £ # 0 (i.e. 7 is finite). This means the
following proof recovers the dy~* part from the max{d~y~*,d5 '} term in Proposition A similar
argument can be made for the case when ¢ = 0, E # 0, leading to the max over both errors.

Owing to = 1, this becomes a 1-dimensional vector recovery problem. Let u, u € R? denote the
vectors to recover. Upon seeing S,,, there is no error in estimating u since £ = 0, but there is error in
estimating u. To calculate this error, define u,, to be the top-left singular vector of S,,. Note that S,,
has only one non-zero singular value, since it fully lies on 1 in the right singular vector space (i.e.
S, v = 0 for any v L u). Hence

S, =|ISu]|-u,u’ . (30)

Step 0. Writing down S,,.

n
_ 1 ~T
= — T, — —— ;T
n 4 n — 1
=1 =1 j=1
%/_/ 3
R JFi

s

We expand S%l) below, using n. to denote the random variable denoting the clean samples. Note that

En. = nn. Similarly one can expand S{?), however, the error of S'2 will behave as O(Y/n) due to

averaging over n? samples, which is a higher order term in the overall rate. That is, the behavior (in

the large n regime) will be largely dictated by S%l)

n

s — Zx z; Z(ziu +&)(z) " + % Z (zu+&)(Za) ' .

=1 1=n.+1
As for the expectations, they are given by:

ne

1 ~r_ 1 = i
E |:S(1):| _ nE [Z Z?] uuT — EIE [n(] lluT — nuuT ,

i=1

E [Sf)} = 0 (since all random quantities are zero-mean and independent) .

Step 1. Decompose sin § metric. Our goal is a high probability lower bound on [sin §(u,,u)|,
where u,, is the random quantity. Note that

|sin O(u,,u)| = || (Id — uuT) unH . 31
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1004 To see this, note that LHS = 1/1 — (uTu, )2. Squaring both sides and expanding suffices.
1005 Step 2. Compute the metric for this case. Using Eq. in Eq. (31), we can write

|2 — uu’) S,uf
[1Sn]|

|sin O(u,,u)| = (32)

1006 Step 3. Computing the high probability bound. We will give high probability lower bound on the
1007 numerator and denominator of Eq. separately.
1008 Step 3.1. For the numerator: We first expand SSP as

1 Ne 1 n
S(l)fv:* Q1 - 2~i ~7,7,
STt n;(zu—&—zf ni:;lzzu—l—zg)

Ne

= (I;—uu")SMu= (I —uu') (i > uki+ % > Eifi)

i=1 i=ne+1
S A < Y
£ (Id uu ) (n;zg}) .

1009 Similarly, for Sg) we have

(Id — uuT) Sg,?)ﬁ = (Id — uuT) o 1 Z ZzJ@

1=1 j=1
J#i

i(Id—uuT) n= D) ZZZJQ

1=1 j=1
J#i

1010 Combining the two, we get

(Id—uuT)Snﬁ:(Id—uuT)< ! i(zi—z)(gi—§)>.

Wonp

1011 Now we want to compute a high confidence lower bound on the norm of the above. We first relate
1012 ||(I¢ — uu’) wy|| to |[wy||. This is because w,, is spherically symmetric, and (I; —uu') is a
1013 rank-(d — 1) matrix with all non-zero eigenvalues equal to one. We get

1T = v ") w || = [[wal| - /1= (uT,)°

1014 Now due to w,, being spherically symmetric, ||w,|| (the magnitude) and W,, (the direction) are
1015 independent random quantities. Further, W, is uniformly distributed on S?~1,

1016 For |
1017 smaller than /47" /n, for large d. Concretely, it holds that

[ 1
> -(ﬂ— 21n—\/§>. (33)
n 1)

1018 An appropriate choice of 6 = exp(—d/4), which results in

d~—1
wp. 1 —exp (—4/1), |wall 2 ‘/77 . (34)
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For the second term (with the direction W,,), this will be at least (1) with high probability, since

u ' W, will be large only with very small probability when then dimension d is big enough. Concretely,

it holds that
1
w.p. 1—2exp(~4/4), \/1— (uTw,)? > \E . (35)

Opverall, for the numerator, we conclude that

d~~1
—

w.p. 1 — cexp (—4/4) , Numerator > (36)

Step 3.2. For the denominator: We need a high confidence upper bound on ||S,,||. We can use
Matrix-Bernstein type analysis. Note that E[S,,] = 7 uti . And the deviation is dominated by

1 1
Sy —ES,~ = > zf{U +— > zZul!
n n® zi&ua + / Z;Z; ull
i€[n] i€[n(l1—mn)]

Again, the dominating term is the first one. This means that we only have to show high confidence
upper bound on [[(1/n) Y. z;&;|, and hence the problem has reduced to vector concentration instead
of matrix concentration. Analogous to Eq. (33), one can show

§\/71-<\/g+\/21nl> . (37)
n )

d~~1
n

n

% Z 2i&;

i=1

w.p. 1 -4,

Overall, using the triangle inequality, we have

w.p. 1 —exp(=4/), [|Sn < |[ES, | +2 (38)

=7
Step 4. Combined result: From 3.1 and 3.2, for n > 4d~v~"/»2 (so the high-conf UB for ||S,, || is 27),
d~~1

1
w.p. 1 — O (exp(—9/4)), |sinf(u,,u)| = 5 n

. (39)

F Characterizing the score distribution of the oracle

The bernoulli variable ¢ € {0,1} captures the status of clean/corrupted nature of a sample. We
first characterize the score distribution in both cases separately, and then create the relevant mixture
distribution using the proportions 1, 1 — 1 for clean, corrupted samples respectively.

Before the calculations, we state some Lemmas that will be used.
Lemma 11. Let X be distributed as N (0, Q). For a fixed matrix A, it holds:

E[XTAX]=Tr(AQ) ,
VIXTAX] = ;Tr<(A +AT)Q(A+AT) Q) :
Lemma 12. Let X be distributed as N'(0,9), and X be distributed as N'(0,Q). Let X, X be
independent of each other. For a fixed matrix A, it holds:
EXTAX] =0,
VIXTAX] = Tr (QA()AT) :

Consider a block matrix X given as below
A B
X = .
p)
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Lemma 13. For a block matrix X given as above, it holds that
Tr(X) = Tr(A) + Tr(D) .
Lemma 14. For a block matrix X given as above, with A, D are square matrices, it holds that

X2 — A? +BC AB+BD
| CA+DC CB+D?

Case 0: Corrupted samples (¢ = 0 case). Let Zy = {S’ (2, ; Uu") | ¢ = 0}, with distribution Dj.
This (scalar) random variable is equlvalent to X TUUT X, where X, X are independent and follow

X ~N(0,UUT +49711), X ~ NV (O, UUT +75°! Ig). This is in-line with RemarkE We
invoke Lemma|[T2]to get the first two moments.

1. Mean: 0.
2. Variance: 7 (1 4+~ 1) (1+771).

VMmmm'ﬁ<uHJT+711@‘UﬁT (07 +5'1y) ﬁUT>
:JH(UT(UUT+qr1u)U ﬁT(ﬁﬁT+§”I@'ﬁ)
= TT((IT +97'L) (I + 5—1IT)> .

3. Tails: Since X, X are independent, the tails are described by the quadratic form on two
independent Gaussians. This random variable is (7) symmetric, and (4¢) uni-modal, and the
tails decay exponentially.

Case 1: Clean samples (c = 1 case). Let Z; 4 {S(z,%;UUT) | ¢ = 1}, with distribution D;.
This random variable is equivalent to X ' BX, where X = [z,Z]" follows X ~ N (0,%;) (refer
to Remark [A.T); and B is a block matrix given as below. We invoke Lemmal|IT to get the first two
moments.

0d><d Uﬁ—r
0 0

B =

dxd dxd ‘|(d+c‘lv)><(d+cﬁlv)

1. Mean: r.
Mean = Tr(BX,)

.
(| T )
=Tr(UU") =Te(I,) =1r. (Using Lemmal|T3)

2. Variance: r + 7 (1 +~4~ 1) (1 +771).

mew:ﬁ(B+BTZMB+BUE)
- T, 2
:ﬂ< uu’T UU' +57'UuuT >
UU’ +47'0U" uu’
L T2
UuU’ +T,T .
- Tr< +T1 Ty T TG ] ) (Using Lemma|T4)
= Tr(L.) + Tr(T1Ts) . (Using Lemma([T3)
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3. Tails: Since X, X are dependent, the tails are described by the quadratic form on two
dependent Gaussians. The tails decay exponentially, and are described by the Hanson-
Wright inequality. A similar calculation as the variance provides the exact parameters, and
the inequality becomes:

22
T+ @+ H)A+571)

V2! }) . (40)

Vr(l+ 1+ H(T+571)

P(|Zy —EZ1| > t) Sexp (—cmin{
T

G A proof of Theorem ]

In this section, we present a proof of Theorem [I. We first define some additional notation. For the
orthonormal matrix U, let U € R (d=7) denote the completion of the orthonormal basis. That
is, the matrix Ugy = [U U] € R¥*? s such that U, Uy = Iy = U Uy, Similarly define
INJJ_ S RJX(J_T).

Recall that we have n samples of the form {(z;,%;)};_,, i.i.d from the mixture distribution (with
n, 1 — n ratios for clean, corrupted respectively). Let nt samples be used to train the teacher, and
let N = nr — n samples be used to train the student. Let pr, p be the respective regularization
parameters, and let (Gt, Gt), (G, G) denote the respective embedding matrices at the solution of
Eq. (2). Consider a general threshold 6 € R that is used to filter the dataset based on the teacher
scores. Note that we have ensured that € is independent of the NV samples to be filtered, since it
depends only on the nt samples used for teacher training. For the teacher, from Corollary[T] we know

that with probability 1 — exp(—Q(max{d, d})):

HGTT(ET Myt
pr

(41)

S -
PT nr

1 \/maX{d, d} poly(y~1,51)
Here (G, CN-}T) are random quantities that depend on the nr samples used. For the rest of the analysis,
we will assume them to be fixed (since they don’t depend on the randomness of the remaining N
samples). Finally, we will give a high probability guarantee that will use the confidence bound in
Eq. as one of the terms in the combined error bound.

We now study the student with data filtering. Define My := G G+, the matrix used for scoring

the samples. Also denote by Mg := (/pr) UUT the oracle scoring matrix (note the scaling factor).
From the teacher guarantee, it holds that Mt — Mg as nt — oo. Recall that the scoring function is
S(z,7;M) = T M 7, and a sample (z, 7) is selected/retained iff S(z,7; Mr) > 6.

We define certain quantities that will be central to the analysis. Akin to Eq. (), we define the
empirical cross-covariance matrix of the data after selection in Eq. . Let nge 1(6) be the number
of samples selected, which is a random variable with E[ns 1(8)] = N Pr(). Let Iy 1(6) C [N]
denote the indices of the points selected. That is, i € I 1(0) < S(z;,%;; M) > 0. Similarly,
define nge1,0(0) and I1,0(¢). Construct the empirical cross-covariance matrix for the filtered dataset:

Snr(f) = — S (- w(0)) (@- _5(9))T . (42)

nsel,T(e) -1 1€ I, 7(0)

Qn,1(0)

To analyze its asymptotic limit, we define S(6) as the limit of the cross-covariance, for both the
teacher and the oracle. Similarly, let P(6) denote the probability mass of data that is retained (also in
the limit of n — o0), for both the teacher and the oracle. These are described in Eqs (43), (44).

St(0) =E [22" | S(z,7;Mr) > 0] € R4 Pr(@) =P{S(z,7;My) >0} ;  (43)
So(0) =E [22" | S(z,7;Mo) > 0] € R Po(0) = P{S(z,7; Mo) > 0} .  (44)
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Note that St(0), So(0) are the limits of Sy 1(0),Sn,0(f) as N — oo. The threshold § — —oo
recovers the no filtering case, i.e. both Sy 1(6), Sn,0(0) approach S . We will now follow proof
steps similar to Section|D. Steps 1 and 2 hold for a general cross covariance matrix, and can be used
directly. Steps 3 and 4 are concerned with the limit of S,,(#) as n — oo, and how it concentrates
around the limit. These steps will change significantly. Finally, we will be able to reuse Lemma 2] for
step 5. We detail each of these proof steps below.

Step 1. The unregularized contrastive loss objective on the ng v(#) samples is equivalent to
Lo(G,G) = —Tr (G Sn1(0) éT) . 45)

This follows the exact same proof steps as in Section [D.
Step 2. The solution to the p-regularized minimization problem is given by
~ ~ ~ 1
argmin £, (G, G) - { (G, G) ( G'G = - s, (SN,T(G))} : (46)
G,G p
This also follows the exact same proof steps as in Section[D.

Step 3. This step changes from Section|D. We use the following:
ISVDy (Sn,1(0)) — So(O)]| < ors1 (So(6)) +2([Snr(0) — So(O)] - (47)

By triangle inequality, we have
ISVD,. (Sn,1(0)) — So(O)]| < [ISVD, (Sn,7(0)) — Snr(0)]| + Snr(0) —So(0)] -
And for the first term on the right hand side, we use
|SVD, (Sn1(6)) — Sn.x(6)l] = 0,11 (Sw,r(6))
<M 0,11 (S0(0)) + [Swa(0) = So(0)]] .
where we used Lemma [I]in Eq (}).

Step 3’. Analysis of Sp(#): The main difference in Eq. and Eq. is the term 0,11 (So(0)).
This additional step of the proof analyzes the properties of So(6). In particular, we will show that
So(#) is rank-r, and hence 0,11 (So(#)) = 0. Additionally, we establish upper and lower bounds on
the singular values of So(6) that will be used later in the proof. From Eq. (4)), we simplify to write

%}
/"] b
where (z, ) is drawn from the mixture model: 7 - N'(0,%1) + (1 — ) - N(0,%¢). To simplify

notation, define 6 := (6p1) /. From the conditioning event, it seems that U Tz and U'Zisa good
‘basis’ for a decomposition. Pre-multiply and post-multiply to recover this basis for the 22 | term

inside the expectation as

So(6) =E {:@T |2TUU "7 >

SQ(Q) = UquUfTuH E {mgT |.1‘TUI~JT$E > 9 ﬁfuuﬂf—ruu
N—_—— N—_——
:Id :IJ
rXr rx(d—r)
UTe)UTH)"  (UT2)(ULF)T
(Ulz)(U'2)"  (Ul2)(Ul2)"

= U E | (UTx)T(fJTf) >0 I~JfTun .

(d—r)xr (d—r)x (d—r)

Call the top left entry in this decomposition to be the ‘dominant’, and the other three as ‘non-
dominant’. We will show the non-dominant entries will be zero. The following reparametrization
makes things cleaner.

Ulz=:+U"¢, Ula=Ul¢; U'z=24+U"¢, Ulz=U¢.
~—— ~—— \:./ ~——
€ = £ g1
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Let’s further simplify the expressions with another transformation. The subscripts S, N denote the
signal (containing some noise) and noise part.

rs < 2+e€E, TN €1 Tg < 2+€&, Ty €L .
~— ~— ~— ~—
€R €Rd-r E€R" cRi—r

Due to the diagonal structure of ¥¢, X & we infer the distributions as

1 1 ~ 1 ~ 1
e~N (0, Ir) , €1 N (O, I(dr)) 5 e~N (O, NI,-) , €L~ N (0, ~I(J—r)> .
v v v v

And crucially, due to the diagonal structure of X¢, Eg, we infer that {e,¢ ,&,& } are all mutually

independent, and independent of z, z. This entails that the transformed vector is Gaussian with mean
zero and covariance given as below.

s (14141, 0 0(1,) 0

TN - (/) Lia—r) 0 0

A et Bl IS S AL o (49)
Ty . . . W) L

The above is for the corrupted case (w.p. 1 — 7). In the clean case (w.p. 7)), the blue entries change to
I, due to the relation of z = Z. Our E[.] notation includes the expectation over this randomness along
with the randomness of x, Z. Denote by €y and 2, the covariances of the signal part, i.e. (xg,Zg) in
these two cases:

_ (A+Y9) L 0 (A1) I, I,
o := ( 0 (1+1/7) I,,) AU ( I (14 1/7) Ir) : (49)

Overall, under the transformation, the expectation simplifies to

~T ~T

.Z‘SIES stl‘N

So(0) = U E e -
O( ) full [(xng CCN$E)

T4Tg > é] U, - (50)

Due to xy, Ty being independent of all other entries via Eq. (@8)), and since the conditioning event
in Eq. (50) only involves x g, T s, we conclude that the non-dominant entries in the expectation will

be zero. Hence we are left with the simplified rank-r form for the d x d matrix:

So(e) =UE [xsf—sr |£L'—Sr55 > 9:| 6T =U (’17 . E(ﬂcs,fﬁs)'\//\/(O,Ql) |:£C5'§:5lv— |(E:5|v—55 > 0}

+ (1 — n)'E(a:s,fis)NN(O,Qo) |:.CCS%—Sr |l’—srfs > 9:| ) GT .

We will now use Lemma|g to simplify both the terms above. Note that 24, Q2 satisfy the lemma’s
requirement of the block diagonal covariance.

So(0) =U (nfi(O) L+ (1—n) fo(L)U" = (nf1(0) + (1 —n) fo(d)) UTT, (51

where the following conditions hold on f7, fy (converting back from 6 to 6):

max{1, 0er)/nr} + e \/((1+v’1)(1+571)+1)/r > f1(8) > max{L, (0rr)/n+} ,

max{0, 0r1)/nr} + e \/((1+V71)(1+571))/r > fo(0) > max{0, 9rr)/nr} .

Using the above equations, and the special case of § = 0 in Lemmal|8] we conclude:

AO21, fo(0) 2 =TT+, 52

N 1 1
fi <2m> >1, fo <2m> 23 (53)

We will use these inequalities in step 5.
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Step 4. Concentration of Sy () to Sp(6): We break this into subparts as below.

Step 4.1. Concentration of Sy 1(6) to St(6): Using the below substeps, we show that with probability
1 — exp(—Q(max{d, d})):

ISn.1(0) —St(0)| < \/max{d’ d]}vp;ifg_lﬁ_l) +0 (NPlT(9)> ) (54)

Step 4.1.A. Replacing the random denominator: We follow an argument similar to Eqgs. 26)-(27).
The application of Lemma [E is on the joint vector [z, Z], and we apply the lemma on both the

Gaussian components of the mixture. The failure probability is 6 = exp(— max{d, d}) and the
selection probability is p = Pr(f). This allows us to deal with the deterministic quantity N Pr(6) in
the denominator instead of the random ng 1(6). Here we use L(6) to denote the asymptotic limit of

N pT(e —Qu.1(6), which we characterize in Step 4.1.C. With probability 1 — exp(—Q(max{d, d})):

1
nsel,T(e) -1

max{d, d}
N Pr(9)

Qur(6) = L(0) Qua(0) - L<9>H T

Step 4.1.B. The centered vs un-centered version: We have that

W ) (xi—f(ﬁ))(%i—i(a)f:

1€ e, 1(0)

1 ~T 1 ~T
> wE - > D> wid
NPT(G 1€ L1, 7(0) NPT(Q) (N PT(G) B 1) 1€ L1, 1(0) 5€ L, T(0)
Jj#i

The second term on the right hand side concentrates to £ [:cyjr |2TMrZ >0,y " Mry > 9} , where
(z,) and (y,y) are i.i.d. from the joint mixture distribution. This expectation is zero, which we

formally characterize in Lemmasand|§| The rate of concentration is O (m) , due to averaging
over (N Pr(6))? terms, and is hence a higher order term.

Step 4.1.C. Analysis of the fixed-denominator un-centered version: The selected samples satisfy
the property of being i.i.d from the conditional law of the selection rule. Using a Matrix-Bernstein

concentration result (Egs. and (24)), it follows that with probability 1 — exp(—Q(max{d, d})):

1 T max{d,d} poly(y~1,5-1)
z;z; —St(0)|| < .
N Pr(6) z-g%(a) () \/ N Pr(6)

Step 4.2. Error between teacher and oracle: We show that ||St(6) — So(#)]| scales proportionally to
Mt — Mo||, and the latter is precisely bounded by Eq. (41). To simplify the conditional expectation
in Sp(0), St(0), define Eg(0), E1(0) as:

Eo(0) :=E [2Z" I(z ' MoZ > 0)| <= So(0) = Eo(®)/py(0) ; (55)

Er(0) :=E [27 I(z"M1Z > 0)] <= St(f) = E(0)/p0) . (56)
where I(.) denotes the indicator. Let AE(0) := Er(0) — Eo(0) and AP(0) := Pr(0) — Po(0). Also
define AI(6; 2, %) := [(x T M1Z > 6) — I(x " MoZ > ). Then, we write
Er(0) Eo(0)
Pr(6)  FPo(0)
Eo(0) + AE(0)) Po(0) — Eo(9) (Po(f) + AP(6))

Pr(0) Po(0)
_AE() AP(9) Eolh)
Pr0)  Pr(0) Po(f)
——

So(9)

[a—————

S1(0) — So(0) =

—~
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1
= [ISt(0) = So(9)]], < RXO) (IAE@)[l, + [AP@)] - [So(0)l,) -

We will now bound ||AE(6)||, and |[AP(#)] in terms of || Mt — Mog||,. Recall that (x, ) follow the
mixture distribution (Remark [A.T). Decomposing the expectations and probabilities into respective
mixtures, we get

AE(0) = nEaono.) (22T AL(0;2,7) | + (1= 1) E@amnon,) (27 AL0;2,7)]
AP(@) = nE(z,E)NN(O,Xh) [AH(Q, €, f)] + (1 — 77) E(w,i)wN(O,ZO) [A]I(Q, X, 5)] .
From the above, since both 1, 1 — 7 are smaller than 1, we get that
[AE@0)]l, < [AEL(0)]l, + [[AE(0)]l, , |AP(0)] < |APL(0)] + [AP(6)] ,

where the subscripts 1, 0 denote the fully clean, corrupted cases respectively i.e. n = 1,7 = 0
respectively). Lemma[9 captures the general form of this, and we invoke this lemma on both the
clean data (with covariance ¥;) and the noisy data (with covariance ¥). We get

So(0)

11(6) = So(0), S 190312 M~ Mol 57)

Step 4.3. Analysis of Pr(0) and Py (6): We first characterize the relationship between Pr () and
Py (0). Using step 4.2, we have Pr(0) > Po(0) — |[AP(6)]. In step 5 we will show that the latter
term will be small, and we will be able to use, for instance, Pr(6) > (1/2)Po ().

Next, we show that Py(#) is ‘large enough’ for the choices of 8 € {0, 71/2p: }, and we will use these
fixed points in Step 5. Recall from Section [@, due to the mixture distribution, the below holds. Here
we have accounted for the scaling factor in the definition of Mg.

Po(0) =n Py (T) +(1—-n) P (?}T) . (58)

In step 5, we will consider the fixed points € {0,77/2p:}, and so we need lower bounds on
Py(0), Py(v/2) and P;(0), Py(r/2). We state them below:
Py(0) 205, Pi(0)>1—1/e, (59)
Po(r/2) >0, Pi(/2) >21—1/e. (60)
For Py(.), we have lower bounds 0.5 (due to symmetry) and O (trivially). For P;(.), we characterize
the tails in Eq. (0)), which hold for r > 1+ (1 +~~1)(1 +771).
Step 5. Final guarantee via application of Lemma [2: Using Egs. and in Eq. with
Eq. (46), and combining the guarantee from Eq. (41)), with probability 1 — exp(—Q(max{d, d})):

~ 1 1 max{d, 67} poly(y=1,771)
G'G--So(0)| -
H P O( )H ~ (\/ NPT(9>

, 500, ¢ mas{l B p (3 (L) )
PT PT(€> nr NPT(9> '
We set nt = n/2, and so N = n — nt = n/2 (as in Algorithm |I). For pr, we note that it can be
chosen arbitrarily large to reduce the second term in the error above. This is because any pr > 0 will
allow the teacher parameters Gr, G- to recover the subspace spanned by U, U respectively, but a
large choice of pr will make the operator norm small. This does not cause the filtering to change,
since the threshold 6 changes multiplicatively with pr (effectively scaling the picture in Figure[2).

The condition of n > n% max{d, d}(1 +~1)(1 +7 1) is inherited from Corollary(to be able to

use eq (41)). The additional condition on n, from the application of Lemma[2]to the above equation
(similar to Eq. ), results in a larger factor than /52, hence is already satisfied.

Now we apply Lemma2]on the above equation, and follow the argument similar to step 5 in Section[D.
An additional factor of /T appears due to the norm being the chordal distance (frobenius norm).
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Using Eq. and Eq. (58), we get that with probability 1 — exp(—Q(max{d, d})), the error
ERR (G, C-}> is upper bounded (up to constants) by:

1 \/r max{d, d} poly(y~—1,7-1) .
[nf1(8) + (1 =) fo(6)] /n Py (9r1/n) + (1 — ) Py (9r1/n) n

Finally, we plug in the values 6 € {0, 77/2p} to recover the terms Tp, Tp 5 as stated in Theorem |:
Using Eq. (52) and (59), the scaling term of the error above becomes

1
R T B (A e (e U
Using Eq. and (60] , the scaling term of the error above becomes
1 1
[+ (1—n) (1/2)] \/1f1/e

The above describes both regimes of behavior, and why an extra factor of r appears in the term 7y,
compared to the term Ty 5, in Theorem [T} This concludes the argument.

H Discussion on the potential of robust statistics for the analysis of filtering

An initial instinct based on Figure [2]is to use ideas from robust statistics. As discussed in Remark|[6.T,
we can expect D and D; to be well-separated, which means there will exist some 6 € R (a reasonable
guess is 6 ~ 7/2) such that the selected data is mostly clean. After filtering, the picture resembles
the robust statistics setting: an « corruption on the clean distribution for some small . This is a
reasonable approach overall, but has two shortcomings. First, this approach will not achieve zero
error as n — 0o. We are shooting for f(n) - 1//n which is better than !/\/n 4+ g(n), since the latter
is non-zero even when n — oo. This approach will end up getting the latter. This is because the
canonical rate in robust statistics is \/9/n. + «. Under filtering, ng and « are functions of 6. One
can determine the optimal € to balance the tradeoff, but to get a final rate of the form f(n) - 1/v/n,
this will require some conditions on n,n (possibly 1 bigger than a threshold, and n smaller than a
threshold). Since our case has stochastic corruption which is weaker than adversarial corruption,
we can expect to prove something for all n and all n. Second, this approach performs a “reductive"”
operation of treating data as only clean v/s corrupted, and assuming the corrupted part provides no
signal. This is a closely linked argument to the first one above. The crucial observation is that the
right tail of the corrupted data (i.e. Dy in Figure [2) actually provides ‘close to clean’” samples. This
is because these just happened to be samples such that the z, z — albeit independently sampled in a
high-dimensional space — happened to have a high inner product (small angle). Our adopted approach,
based on the conditional properties of the Gaussian distribution, formalizes this intuition that the
right tail of Dy also provides signal.
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