A Proof of the Lower Bounds

A.1 Lower Bound on the Exploration Cost: Proof of Theorem I|

Let us denote, for any model ;. € RX*M and agent m k}, = arg maxye[ k) uﬁwn (which is assumed
unique). Define the set of alternative models in R¥*M with respect to j :

Alt(p) = {A:3m, 3k %k A > Ae

where )\;’m = Yone[M] Wn,mAk,n for any arm k and agent mm . Assume that stopping time 7 is almost
surely finite under p for algorithm A. Let event &, {Elm ke + k2 } As algorithm A is d-correct,
it holds that P, (£,,) < § and Py (&,,) > 1 -4 for all )\ € Alt(u) . As this event belongs to the filtration
generated by all past observations up to the final stopping time 7, using Theorem 1 from [[15]] and
§ <1/2, it holds that

L me(ukm—ka)%log( 3)

7i5)

We first prove that, for any k,m , 7, > 0 . Indeed, if wy,, ,, # 0, it is possible to pick A that only
differs from p by the entry Ay ., , in such a way that arm k becomes optimal (or sub-optimal) for

user m . From Equation (3)), we get %Tk’m(ﬂk’m — Ak,m)? > 0 and the conclusion follows.

We now fix agent m and k # &, , and try to find a more informative alternative model A . We look
for it in a family of alternative models under which only arms k and k,;, are modified, for all agents,
in order to make arm k optimal for agent m . Given two nonnegative sequences (J,,)ne[as] and
(07, )ne[ar] » we define A = (Aps 5, )a such that

)\k’,n = Hk'n if & ¢ {ka k‘lr*n} 5
>\k,n = Hkn + 6n 5
/\k;‘n,n = Mkt .n 6;1 )
that satisfies
Y Wnm (0n+6,) 2 A, 4)

ne[M]

Now arm & is optimal for agent m. From Equation (3)),

62 )2
;Tk7n?n+;7'k;“n >log(24($)

Hence, it holds that

anjZk*nél)]~

8,87 @1) holds [ -

The infimum can be computed in closed form using constraint optimization. Introducing a Lagrange
multiplier A, from the KKT conditions, we get that, for any agent n ,

Tk:m(sn - /\wn,m =0 )
’
Thr n0p = AMWpm = 0,

(an’m(an""é ) Ak m) = 0.

Using furthermore that 7 ,, and 7+ ,, are positive,
/ !
Ak,mw"»m/Tkyn ’ Ak,mwn,m/Tktn,n
and J, = .
2 1 1 2 1 1
Zn’E[M] wn,7m (Tk,n’ + e ) Zn/s[M] wngm (Tk)n/ + Thk, n/ )

mon’

Op =

The conclusion follows by plugging these expressions to get the expression of the infimum.
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A.2  Regret Lower Bound: Proof of Theorem

Given a bandit instance p, we can consider two sets of possible changes of distributions: changes that
are allowed to change the distributions of optimal arms (k;,, ) ne[as]. and those that cannot

Alt(p) = {/\ = (Mem)iem € ROM :3m e (M), k£ K 0> NemWim > ZAkfn,nwn,m} ,

B(u)

Alt(,u) m {/\ = ()‘k,m)k,m € RKXM :Vme [M]v)‘kfn,m = /f('k;*”,m} .

For cumulative regret, the change-of-distribution lemma becomes an asymptotic result, stated below

Lemma 6. Fix p € RE*M - and let us consider \ € Alt(u). Then, for any € > 0, there exists
To = To(p, A\, &) , such that, for any T > T,

] (Mk,m - )\k:,m)Q
2

> Eu[Nim(T) >(1-¢)log(T) .
m,k

Proof. The proof uses a change-of-distribution, following a technique proposed by [[16]. Using the
data processing inequality, and letting H 7 be the observations available to the central server (which
sees all local rewards under our assumptions), we have that

KL (P77 PI7) 2 K1 (P,(E7),PA(Er))

where KL is the Kullback-Leibler divergence and PZ{T is the distribution of the observation under
the bandit model 1 , and 7 is any event. Using that

2
(ke = Aeam)”

KL (P PY7) = 3 B[Ny (T)] 5

k,m

together with the lower bound kl(p,q) > (1 - p)log(1/(1 - q)) - log(2), where kl is the binary
relative entropy and for any distributions p, ¢, yields

5 B[N (D222 5 (18, ) o

k,m

nn(sT)) ~1og(2)

We now pick the event
T
Er = {Nk,*n,T(T) < 5} ;
and use that &7 is very unlikely under p as for any v € (0,1) ,

T 2% ape EL[Ng (T (T
S Nj(T) 2 = | = 225k [N (D] 070 (T7)
kkx, 2

IFJ‘U'(E:T) :]PJIL( T T ’

and very likely under any A for which &, is suboptimal as, for any 7 € (0,1) ,

C2EA[Niz m(T)] o700 (T7)

- T T ’

where we exploit the fact that the algorithm is uniformly efficient (its regret and therefore its number of
sub-optimal draws is o(7") under any bandit model). The conclusion follows from some elementary

real analysis to prove that the right hand side of the inequality is larger than (1 - ¢)log(T') for T
large enough (how larger depends in a complex way of i, A, € and the algorithm). O

Pr(&r) =P (Nk;n,T(T) > %)

At this point, we would really like to select the alternative model A that leads to the tightest inequality
in Lemma@ For example, using Lemma below, we find that the best way to make an arm k # £,
better than £, consists in choosing

Ak Wnm/Eu [ Nin (T
)\k,7L(T):/ffk,n+ i : / #[2]6, ( )]7

Ymre[M] Eu [Ny ()]
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for any n € [M] and A, (T) = prr,, for any arm k" # k. However, this choice of alternative A
depends on T', hence we cannot apply Lemma|[6} which is asymptotic in 7" and holds for a fixed A .
We have to be careful to be able to exchange the lim inf over 7" and the infimum over alternatives in
the constraints, and we will be able to do so only for changes of measures that are restricted to B(u) .
R(T)
log(T)
lower bound trivially holds). By definition of the liminf , there exists a sequence (7} );ey such that

T E, [Ny (T,
lim inf R(T) = lim > Ay mw =0(p) .
T—oo log(T) i—oo me[ M ks log(T3)

We first assume that lim infp_, is finite, and call its value £(u) (this is fine as otherwise any

The fact that this sequence has a limit, and that the gaps are positive, implies that each sequence
(E.[Nk,m(T;)]/1og(T})),ey is bounded. Therefore, there must exist a subsequence, that we denote
(T})ien Of (T7)sen such that

E, [Ny . (T!
Vme[M],k+k,, i BNV (T9)]
i—>00 log(T{)

for some real values (cy,m ) ke[ i],me[M] > and, in particular,

E(:U/) = Z ;c,mckﬂn N

me[M],k+ky,

=Ckm

Now, it follows from Lemma 6|that, for any A € Alt(y) ,

— 2
lim inf 3 BNk (T)] (k= Abom)

>1.
Tooo i log(T) 2

But we have no idea about the behavior of the sequence (E,, [ Ny, m (T")]/10g(T')) pey for k = k-
this is why we have to consider only A € B(u) , for which we deduce that

lim Z ]Eu[Nk‘,M(E,)] (We,m - /\k,m)2
iveo T keks,  108(T7) 2

(Bkm = Mom)?
k.m 9

me[M],k+k?,
(the lim inf being the lowest value of the limit of any subsequence). This proves that

Op)zmin Y A crm,
€ me[M],kzkz,

under the constraints that ¢ = (C}g’m)k’m;k¢k:n belongs to the constraint set

_ 2
(Mk,m )\k,m) 21}.

C= {(Ck,m)k,m:kstk;n :VA e B(u), > ckm 5

me[ M, k#k?,

‘We now establish that

o)

k,m n:kzky Ckn 2

wo (D)’
Cc U {(Ck,n)k,m:k#k; : Z 2 < ki’ ,

by selecting some well chosen elements in B(u).

First, for every (m, k) € [M] = [K] such that k # k},, , for every § = (0p)n:kz+k , We define an
instance \° by )\i,n = fif.n + Op, for any n € [M] such that k # &k, , and )\im = [k, n Otherwise. We
observe that \° belongs to B(p) if

!
Z wn,m(sn > Ak,m ’
ne[ M]:k#ky

as this leads to ZHE[M] Wy, mAk,n > Zne[M] Wn,mAkx, n > and arm k., being sub-optimal in A% . For
allceC,

min Y Chna21.
8% nikant WnymOn2A, 4 ’
nkzkl, Wn, k,m ne[ M ]:k* k

m‘:o’m
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From Lemma[7} this leads to
w?z,m < (A;cm)2

2

ne[M]:kx #k Ck,n

Now we consider (m, k) € [M] x [K], such that k = k&, . In this case, we define an instance \° by
)\i* = kg dp, for any n € [M] such that k;, # k:, and )\i’n = lk,n Otherwise. We observe that

\° belongs to B(u) if

> WpmOn > min AL =AL
2 2 ) mo
ne[ MTk+k ke[ Kk 2k,

*

as this leads to ¥ ,,¢[a1] Wrm Ak n < MaXkres 3, Wi m [k n and arm k7 being sub-optimal in Ao
For any c € C,

62
min Z Chm— 21,

: A
g Zn:k:k; w">m6”_Ak;‘n,m niky 2k, 2

and Lemmal([7]leads to
w? (A
<

)2
n,m X ,m

m

ne[M:kx <ks, Chn 2

In conclusion, for ¢ € C , we proved that, for every (k,m) € [K] x [M],

w721,m < (A;c,m)z

- b
ne[MJ:kx+k Ckn 2

which proves the inclusion (§) and concludes the proof, as the minimum over a larger set is (poten-
tially) smaller.

Lemma 7. Let N be a set of indices, and (cy,)nen be all positive. The minimizer over 0 € RWVI of

52 . .
YneN Cna , under the constraint that 3,,cnr 0nWn,m > di, , satisfies

_ dmWnm/cn

V’ILEN, 671,—727

71.’771.

Zn’s/\f Cn)’

a2, w ,,
> ( 2 )
neN Cn

Lemma [7]is proven using classical techniques for solving constrained minimization problems.

and the minimum is equal to
-1

B Proof of Theorem 2

We recall the good event £ defined in Lemma First, the following lemma ensures the correctness
of Algorithm[TJon &, which holds with probability 1 — § from Lemma 3]

Lemma 8. On event £, when stopping, W-CPE-BAI outputs ke = k2

m for each agent m.

Proof. On event &, it is not possible that one agent m eliminates arm k;;, from its set B,, (r + 1) at
any round 7 ; otherwise, if j,, (1) € argmaxep,, () {1 (1) = Qjm (1)}, Gm(r) # k7, , then the
elimination criterion and event £ imply that 1. . < ,u;m(r) ., » Which is absurd. O

Then we upper bound the exploration cost when £ holds. We denote by R the (random) number of
rounds used by the algorithm, and, for all m € [M] and k # k;,, , by Ry, ,,, the (random) last round in
which £ is still a candidate arm for player m

Ry i=sup{r20:keBy,(r)} .
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By definition of Algorithmm, R = max,, maxgp: Ry m. We first provide upper bounds on Ry
and R. To achieve this, we introduce the following notation for any k € [K],m € [M],

Tho = Iin {r 20:4x27" <A} m} and "max = MaxX MaX I'g m, -
’ me[M] k+k},

The following upper bounds can be easily checked.

Lemma9. Vk,m,ry ., <log, (8/A;€m) and rmax <log, (8/A

mln) N

Using the fact that W-CPE-BALI is only halving the proxy gaps of arms that are not eliminated, we
can write down the value of the proxy gaps for these arms.

Lemma 10. Vm e [M]and k € By, (7), A u(r) =27".

Using the important relationship between proxy gaps and the confidence width as established in
Lemmafd] we can further show that

Lemma 11. On &, forany m e [M ],k # k},, R m < Tkm -

Proof. Assume £ holds. For any suboptimal arm & for agent m, at round r = 7, if & ¢ By, (1),
then Ry, < 7. - Otherwise, if k € By, (r), then we know that &, € B,,, (), as event £ holds (see
the proof of Lemma ). Then

/:L;c,m(r) + Qk,m(’r) S(1) M;c,m + 2Qk,m(T)
<@) Mo + 280m (1) = g + 485 (1) = 284 1 (7)
<@3) :u;ﬁ,m + A;c,m - 2Zk,m(r) = .u;c;n,m - QZk,m(r)
S(l) ﬂ;c:n,m(T) + ijn,m(r) - QZk,m(T)
< i -Qim +2-277-2.27"
<@ max Al m(r) = (1)}

= (1) + Qi () < max {5 (1) = (1)}

where (1) is using that event £ holds ; (2) is using LemmaE] (3) is using the definition of 7 = ry, 1,
the fact that k € B,,,(r) and Lemmamand (4) is using that &, k7, € B,,(r) and Lemma[10} It follows
that k ¢ By, (7k,m + 1) and Ry, < 7'k im.

O

The previous lemma straightforwardly implies that
Corollary 1. R < rpayx < log,(8/A

mm) N

Moreover, it also permits to prove that, in the last round R, the proxy gaps are lower bounded by the
gaps.

Corollary 2. At final round R, and for any agent m and suboptimal (with respect to m) arm k + k,,,
if € holds,

~ 1
Ag.m(R) > gA;c,m

Proof. If R < 4, , by definition of 7 ,,, , we have that Ay, ,,(R) > /Ay, = (1/8)A] .
R > 1 m , we first observe that Ag m(R) = Ak m(Rk m) = (1/2)A;~C m(Rk,m —1) by deﬁmtlon of
the algorlthm (the gaps remaln frozen when an arm is eliminated, and they are halved otherwise). As
Riom — 1 <1 m by Lemma by definition of ry, ,, , it follows that

ANk (Riym = 1) > A,

and we conclude that A, ,,,(R) > (1/8)A% - O
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Note that, for any m € [M] , Ap n(R) = mingp: Aj.m(R) by Algorithm |1} Now, for any
me[M],ke[K], using Corollary and the fact that the proxy gaps are non-increasing between
two consecutive phases, we get

~ _ A/
Vke[K],Yme[M],Vr <R, Ng (1) > Ag i (R) > % _

Using Lemma 2] and the fact that proxy gaps are non-increasing, for any round r < R , the optimal
allocation ¢(r) € P* ((\/sz’m(r))k . ) satisfies

n

o tem (1) 32 ) by s
k,m k,m
where ' € P* (A’) , hence

max l )y tk,m(r)] < 32Ty () - (6)
r< k,m

For every k € [ K], m € [ M], we now introduce
r,’ctm :=sup{r < R:dym(r) 0},

so that ny ,, (R) = ngm (7}, ,,) - Using Lemma (12| stated below, and the fact that function s is
nondecreasing in each coefficient of its argument (see its definition in Lemma 3)),

teym (e ) B5 (e - (T 1)) + 1
treym (T ) B (e .(R)) + 1.

Lemma 12. For any k,m,r > 0, either dy (1) = 0, or ngm(r) = N (r — 1) + dim (1) <

tiom (1) Bs(ng,. (1)) + 1.

IN

nk,m(R) = nk,m(rllc,m)

IA

Proof. At fixed r > 0, for any set S € [ K| x [M], let us prove by induction on |S| > 1|Z|
Vk,m, dy. (1) 3= (A (1) = Ls ((k,m))),

nk,m (T - 1) + d;(;’m(’r)
Bs(ng,.(r = 1) + dy (1))
ordim(r)=0.

= V(k,m)eS, <ty (1)

At |S| =1 : Letusdenote S = {(k',m')} . If dis ny(r) = 0, then it is trivial. Otherwise,
ey o (1) < Xgoym di,m (1) , and then, by minimality of solution d(r) , at least one constraint
from the optimization problem of value 3. ,,, dy ., (1) has to be violated. For any (k,m) ¢ S , by
definition of d(r) and nondecreasingness of 35 ,

nk,m(r - 1) + d;g,m(r)

nk,m(T - 1) + dk,m(r)
te,m (1) Bs (e, (r = 1) + di,. (7))
tem (r)Bs(ng,.(r—1) + d;ﬁ,(r)) .

That means, necessarily the only constraint that is violated is the one on (k’,m’) . Using the
nondecreasingness of 35 :

v v

Nt e (7= 1) + s ()
tir e (1) Bs (e (7 = 1) + ), (7))
e (1) Bs (e (7 = 1) + . (7)) -

Combining the two ends of the inequality proves the claim.

nkrymr(r — ].) + dk/’m/(T) -1

IN A

"For any 2 € N™ | () := (max(0, m))mear] » and Ls is the indicator function of set S .
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At |S] > 1 : Atfixed (kK',m’) € S, we can apply the claim to S \ {(k’,m")}. Moreover, if
dir .ms (1) = 0, then the claim is proven. Otherwise, by appealing to the extremes,

N e (7= 1) + djr o (1) 2 s e (1) Bs (g (1 = 1) + dge (7)) -
Let us then consider the following allocation:
ij, m, gﬂn(’l“) = dk,m(r) - IL{(k/,mr)}((k,m)) .

It can be checked straightforwardly — using the nondecreasingness of 3s — that d”’ satisfies all required
constraints for any pair (k,m) € [K] x [M] , and that ¥, ., @}/ ., (1) = X 1 d,m (1) = 1, which,
by minimality of d , is absurd. Then the claim is proven for |\S| > 1 . Then Lemmais proven by
considering S = [K | x [M] .

O

By summing the upper bound on (1, (R) ) k,m over [ K] x[M], we can upper bound the exploration
cost 7 as

IA

T = Z nk,m(R) Z tk,m(T/;)m)ﬁ(;(’nk,.(R)) + KM
k,m k,m

< D tkm ()85 (T) + KM
k,m

< Y tem(r)BH () + KM
kmr<R

< RIPS%%( k%tk,m(r)]ﬁ*(T)JfKM

IN

log, (8/A! ) max [ Z tk,m(r)] B (r)+ KM
TS k,m

where we use Corollary [T]and introduce the quantity

B*(1) = Bs (t1p) = 2(gM (%) +2M1In(4+1n (T))) where Vn e [M],1p(n)=1.

Using Equation (6) and Lemmal[T}
7 < 32Ty (1) loga (8/Aluin) B (7) + KM < 32T (1) 10ga (8 Afnin ) B (1) + KM .
Therefore, 7 is upper bounded by
sup {n € N* : n < 32Ty, (1) logy (8/AL )8 (n) + KM} .
Applying Lemma 15 in [24] with
-1

A = (\/32T;V(,u)log2 (8/A;mn)) :
§

¢ " gM(KM) ’

b o= 4AM,

c = 4,

d = e (using Vn,log(n) <ne™t),
T is upper bounded by
T () = 32T5y (1) logs (8/ M) [ K+ 2000 (12 )

+4MIn (4 41,024 T () logi(g/A:’lin))Q (KM +2gur (&) +AM(2+ ﬁ))Q)] ,
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which satisfies 77 (1) < a + bln(c + drTw (1)) . Using that gas(z) = 2 + Mloglog(z) in the

regime of small values of § , we obtain that
T (1) = 3213y (1) 1og, (8/ Afnin) 10g(1/8) + 050 (log(1/6))

The upper bound on the communication cost follows from the upper bound on the number of phases

given in Corollary [I]

C Supplementary Lemmas and Proofs

We report here technical lemmas and their proofs, ordered by section.

C.1 Collaborative Best-Arm Identification

Lemma 13. Introducing the quantity

Ty (1) =  min > thym s.t. Yme [M] ke[K], >
te(®OIM (Y [KIx[M] neM] thn

it holds that Ty, (1) < Ty (1) < 2Ty (1) -

Proof. Let us denote by C and C the two constraint sets such that 7}, () = min {Z kmthem |t €C }
and Ty, (11) = min {th tem | € C~} . The inequality Ty, (1) < Ty, (12) is obtained by noticing
that C ¢ C. To prove the other inequality, we consider 7 € arg min {Z keom tem | T € @} . Then, for

any agentm € [M] ,arm k + k, |

1 1 1 w} 1 w}
wim(~ + — ):( ~n’m)+ ( L
nE%:W] 7 27”“7” 2Tk7*nv” 2 ns%/[] Tk,n 2 ne%\:/l] Tk, m
— —
S(A;c7m)2/2 g(A;;nym)2/2:=min{(A;c,ym)2/2|k:’¢k:,*n}
<( ;ym)Q /2.

Then 27 € C , therefore by minimality, Ty, (1) < 2Ty, (1) -

Lemma 14. Consider A ; A’ € (R*)S*M such that 7 € P*(A) and 7' € P*(A') . Then

(). If there exists o> 0 such that: Yk € [K],Vm e [M],alpm <A

1
Z T,;,m < g Z Tk,m -
k.m k,m

’
k,m’

(ii). If there exists 3 > 0 such that: Yk € [K],Ym e [M],A} | < BAg . Then
1
Eo ZTk’mS ZT];m.
B k,m k,m '

Proof. The proof follows from the fact that 7 and 7’ are minimal. In particular, to prove (ii), let

7 = 827, forany k € [K], m € [M] . Then, for any agent i and arm k,

Z mo_ Z mog ; < m
B2y 2 B8 2

v
ne[M] "k,n ne[M]

By minimality of 7 ,

Z Tkom < Z 'r,g’,m=52 Z 7']27m.
me[M me[M ne[M]

] ]

(i) similarly follows.
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C.2 A Near-Optimal Algorithm For Best Arm Identification

Lemma 15. Let us define
Bs(N) ~_—2(9M()+2 > In(4 +In(N, L)))
0 ' KM m=1 ’

for any N € (N*)M where
V6 €(0,1),9n(0) := MCI% (log(1/6)/M)

Vo >0,09 (z):= min g+ ,
2e(0.5,1) A
and Y\ € (0.5,1), ga(A) := 2XA = 2X1log(4N) +log(¢(2))) — 0.5log(1 - A)

where ( is the Riemann zeta function. Then, the good event

(1) = Hiom| < Qe (1)}

holds with probability larger than 1 - 4.

Proof. Using Proposition 24 from [23]] on M;c,m’ for any arm k and agent m, directly yields

5} M w2 §
P 3720, (1) =t > \| 2 (gM (W) + 2; In(4 + ln(nkn(r)))) ; nm_ | o

Npn (T)

(using the notation of the paper, consider p = py,. and ¢ = W. ,,,). Then all that is needed to conclude
is to apply a union bound on [K] x [ M]

P(E°) =P|Ime[M],3k € [K],3r 20, | 1 (r) = s pm| > \J 205 (nk. (1)) Z (r)

1)
RPN SR

C.3 Regret Lower Bound

Lemma 16. Introducing the quantity

~ K M M w A,m
Ciy (1) = anin % . ctmdN sit. V€ (K, Vime [M], 37 2wt < 0t

it holds that Cyy; (1) < Cry (1) < 4C5 (1) -

Proof. Let c and @ be the solutions to the optimization problems of C5;, (1) and Cjy, (1), respectively.
Note that, for any agent m , ¢, g+ = +o0o because, in the optimization problem related to the regret
lower bound, these terms do not contribute to the objective. The lower bound follows from the
definition of ¢ and the fact that (Cy ., ) k#kz, satisfy the same constraints as (Ck,m )m, k+kz -

Next, we prove the upper bound on Cy;, (1) . For any k € [K] , define S; = {m : k = k},} and
Sp={m:k % k,} (note that for any k € [K'], {S;;, Sy} is a partition of [M]). For k € [K] and
me Sy, let ck’m =2¢k m - Fork e [K] and m € S, let c?c’m = c}mm, where

1 w’?l m (A;f m)2
¢ € arg min Z ZTkmAkmSthe[ l,me[M], ) /<=0
Te(R¥)FM = 1meS; nesS; Tk,n 4
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2
w2 (Af,)?
M o < okml . We

Note that ¢}, ., satisfy the same constraints as Gy, ,,,: Yk € [K],m e [M],¥,_1 g <

thus have

M

/
Z Ck7mAk,7n
m=

M=
Mz
w2
3

1<
M

ke
Il
[
I
—
=
Il
[u
—

K
’ ’
ck7mAkam + Z Z Ck,mAkJn

1 meSy, k=1 meSy;

M=

ko
Il

K

K
= Z Z Ck),mA;q’m+ Z Z C;»mAk’m

k=1 meSy k=1meSf

K
= 20 (W) + Y D Chm

k=1 mGS;
ACw (1) -

IA

The first inequality holds by minimality of ¢ . To prove the second inequality, for all m € [M] , let
us define Cg:",m =2 Y sk, Chom » and ¢, = oo for k # k, . Note that ¢ satisfy the constraints

in the definition of ¢! . Thus, by minimality of ¢! , and using the fact that, for any m € [M] ,

A;C:n’m = Mingap: Afmm , we have

K K
Z Z ckm k,m < Z Z
k=1 58* k=1 S
K
Yy (zcj,m) ”
k=1k,meS; \j#k}
= 22 Z Cl,m ,m
klmESk
< 22 Z Ck,m
k=1 meSy
= 203 (p),

which completes the proof.

D Extension to Top-N Identification

A generalization of the best arm identification problem is Top-N identification, which is the problem
of finding the N optimal arms (for mixed rewards) for each agent. For any model 1 € RX*M | weight
matrix W e [0, 1] | such that ' = uW , any agent m , and positive integer N < K , let us
define[]

N
S* = k K ’ > ,/ = r ’ .
m { € [ ] | Hi,m kI/Igl[&[)((] K m e [a;((] %/[] Wn,m k!, }

In this case, an algorithm for Top-N identification returns at the end of the exploration phase a set of
N arms denoted S, for agent m . -correctness is defined as follows

8We define operation max’" such that maxjyg f (i) is the N th (without multiplicity) greatest value in set
{f (%) : i € S} for any function f : S — R.
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P, (Vme[M],SnCSp)>1-4.

Note that there might be more than N arms in a given set S;;,,m € [M] . Similarly to best arm
identification, we also assume here that the set of top- N arms is unique — that is, for any m, |S»,| = N .

Lower Bound for Top-/N Identification For Top-NV identification, one can prove, similarly to the
proof of Theorem I]— using Lemma 1 in [28]] to define the set of alternative models — the following
result, which is valid for Gaussian rewards with fixed variance o = 1 , and any weight matrix W
such that all diagonal coefficients are positive,

Theorem 4. Let 11 be a fixed matrix of means in RE*M | For any 6 € (0,1/2] , let A be a §-correct
algorithm under which each agent communicates each reward to the central server after it is observed,
and let us denote for any k € [K],m e [M], Tgm = Ef [Nim(T)] , where T is the stopping time.
Foranyme [M],k ¢ S;,,1 €S}, , denoting u' = uW, it holds that

2
o (1 U (= i)
Dw |
Tk,n Ti,n 210g(1/(245))
and therefore Exp ,(A) > Ny, () log (ﬁ) , where

Niy (@) :== min > tkom
EERIM () e[K ][ M]

2
* * 1 1 /1'," B Im

5.1 Vm7k ¢ Sm(,u')7l € Sm(,u)v Z w’?b m +— < M

ne[M] ’ tk,n tl,n 2

Proof. As mentioned, let us use Lemma 1 from [28] to define the set of alternative models to y in
Top-N identification. If, for any agent m, S}, (1) is the set of its top-V arms (of size V') with respect
to mixed rewards, then

Alt(p) = {Xe RFM :3m, S (1) ¢ SN}
= {NeRTM:3m, 3k £S5, (1), 3 € 57, (1) N > Al )

where )\jwn = Ve[ M] Wn,mAk,n for any arm k and agent m . If we assume that stopping time 7 is
almost surely finite under p for algorithm A , then let event £, := {Elm R ( u)} . Using the

d-correctness of algorithm A, where 6 < 1/2 , by Theorem 1 from [L3]],

1
5 2 T = M) 2 log( ™
k.m

)
246/
Similarly to the best arm identification case, we can show that, since all diagonal coefficients of W
are positive, for any k € [K],m € [M], 7 m > 0 . Consider now a fixed agent m, and two arms
k¢ Sy (), leSy, (). We will build an alternative model ), similar enough to p, where only arms
k and [ are modified for all agents, such that [ ¢ S (\) and k € S}, (A) . The procedure is similar to
what we did in best arm identification. Given two nonnegative sequences (0 ) nefar] and (97, ) near]»
we define A = (A n ) e[ k] Such that

)\k’,n = Hk'n if &’ ¢ {kvl} )
knm = Hent 611 5

/
ln ,U/l,n _5n )

and which satisfies

(A;c,m - /”L;C,WL) - ()\;,’m - :u;,m) = Z Wn,m (67! + 5;) 2 ﬂ';,m - :u;fm : (8)
ne[M]

From Equation (7),

52 (5/ )2
i f nl n L
5,6’:%1])holds [zn: Tk, 2 * ZTZ’ 2

n
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Solving this constrained optimization problem yields the following solution

(/Jf,m - M;¢7m)wn,m/7-l,n

zn’e[M] w’?b’,'m (1/7—]6,71' + l/Tl,n’) '

(KL m = e ) Wim [ The,n

517, =
Z"IE[M] w'r2L’,m (1/7—]@7”’ + 1/7—[,“')

and &/, =

We conclude similarly to the best arm identification case. O

Note that we retrieve the same bound as for the case NV =1 (i.e., best arm identification).

Relaxed Lower Bound Problem for Top-V Identification For Top-N identification, let us define

N ! / : *
Ve m. AN =] ke k) P m T P if k¢ .55,
s My Sk m o™ / N+1 / h :
, P~ MAX e[ 5] Mker m otherwise ,

and Ny, () the value of problem P* (((A;Nm)Q/Q)k ) . The set of constraints N :=

’ 7 2
{t|Vme[M],Vk¢S,*n,VleS;I,ani,m( L )SW} is included in the set of

tk,n tin
~ ’LU2 (A;N )2
constraints N := 1 ¢| Vm € [M], ¥k € [K], &, 7 < 2m} - indeed, if ¢ € A’ , then for any
me[M], and any k ¢ S}, ,
2 ) o
w 1 1 _
Vie Sy, , ngxwim(+)sw
n Ukn n T \tkn tin 92
N
’U}’?L,m (:u’;c,m - ,u/;’m)Q (,UJ;C/I”I’L — IHan,G[K] u;@/7m)2 (AkNm)z
= Z < min - _ .
e tkn  1eSh 9 9 5

2 'N 2
wn,'m < (Al,'m)
2

Similarly, for any agent m and [ € S}, (1), one can check that Y, == <

T ,hence t € N
Then Ny, (1) > Ny (p) -

Algorithm for Top- N identification Algorithm I|can then easily be adapted to Top-N identifica-
tion, with the following changes (the full algorithm is described in Algorithm 2)

1. Replace the stopping criterion (and the condition for the update of proxy gaps (A (7)) k.m at
round r) with
Vme[M],|Bn(r)| <N,

2. Replace the elimination criterion with

By (r+1) < {k € By (r) | :u’;e,m + Qlam(r) 2 g{\‘%( ) (M;Am - Qim@(r))} :
1€Bm (7 ’

/

Remark 2. Note that the proxy gap Zk,m(r) no longer tracks the value of gap A,%m form €
[M],ke[K],but AN and that on N = 1, this algorithm exactly coincides with Algorithm

k,m

Analysis of Algorithm First, such an algorithm is indeed d-correct on event £ (the same as
defined for Algorithm [I)). Otherwise, for some agent m , there would be an arm [ € S, which is
eliminated at round r from B,,(r + 1) . But, on event £ , Lemma [3| implies that, for any r > 0 ,

me[M],and (i,7) € [K]?,

ﬂ;,m(r) - ﬂ;,m,(r) + Qi,m(r) + Qjﬂ”(r) 2 :u’;,m - /L;,m 2 ﬂg,m(r) - ﬂ;,m (T) - Qi,m(’r) - Qjﬂn(r) .
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Algorithm 2 Weighted Collaborative Phased Elimination for Top-/V identification (W-CPE-Top V)
Input: § € (0,1), M agents, K arms, matrix W, N € [ K]
Initialize r < 0, V&, m, A 1, (0) < 1,1k, (0) < 1, Ym, B, (0) < [K]
Draw each arm k by each agent m once

repeat
# Central server

B(r) < Umea] Bm ()
Compute t(r) < P* ((\/iﬁkm(r))k m)
For all k € [ K], compute

Ngm (r—1) + di,
"Bs(ng.(r-1)+d

(dk,m(T))me[M] < arg ;ilNiAn/[ ;dm s.t. Vm e [M] ) > tgm(r)

Send to each agent m (dk, m (7)) k,m and dimax = MaXye[nr] Lpe[x] Whn(T)

# Agent m

Sample arm & € B(1) dj (1) times, so that 1y, (1) = g m (r — 1) + djg i, (1)

Remain idle for diax = X ke[ k] d,m () rounds

Send to the server empirical mean fix (1) = Xycn, . (r) Xk,m(8)/1k,m(r) for any k € [K]

# Central server

Compute the empirical mixed means (fij, ,,,(7))k,m based on (fik,m (7)) k,m and W
/I Update set of candidate best arms for each user

form=1to M do

B(re1)« {k B | )+ Qa1 2 il (3, (0) - nj,m(r))}
’ jeBm (r
end for
/I Update the gap estimates
For all k,m, Ay (7 +1) « Ay (1) x (1/2)1FEBm (DA B (r+1)>N)
r<r+1
until Vm € [M],|B,,(r)| < N
Output: {k € B,,(r) :me[M]}

Then, combining the right-hand inequality for j = [ with the elimination criterion

N

IRX L ~ i 2 mj\éx A;m r _A,m ) = Qim (1) = Qum (7
ie[K]'u%’m Hi,m ie[K](u’ () e, () , () 1 ())
N
= max A;mr _A,mr _QimT _QmT >0,
K&ﬂﬂqKﬁu, (1) = 2 (1) = Qi (1) = Qi (7))

which is absurd because [ € S}, . Then, let us consider the following notation, for any m € [M] ,
kESh

Ry i=sup{r >0:k € By, (r)} and ry,, := min {r >0: 48, (r) < A;f’vm} .

Note that the random number of rounds used by _Algorithm is then RY =
MaAX e[ M) maxkj\; g+ Rkm . Itis easy to prove that Lemma 4| and Lemma |10] still hold in Algo-

rithm[2] An equivalent result to Lemma[TT]can be shown

Lemma 17. On event £ , foranyme [M],k ¢S}, , Rim < r,i\fm .
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Proof. Forany m e [M] ,k ¢S}, , 7 =rgm,if k ¢ By (r) , then the claim is true. Otherwise, if
k€ B,,(r) , then

ﬂi‘m(r) + ka(r) S(1) :u;c,m + 2Qk,m(r)
<(2) ,U;c om T 4zk,m(7ﬂ) - 2Zk,m(7')

N X N A
< 28k (1) = = 20Akm
@) WX~ 2B (7) =) 10X 1]~ 28 (1)

<) mifix (25,1 (1) = Qi (1) + 294 1 (1)) = 28k (r)

1€By, (1)
Then
. N ~
u;cym(r) + Qe (1) <2 erélazc ) ( m (1) = Qi m(r) + 27, m(r)) 20k (1)
< nifx (A5 (1) = Qi (1)) + 2 nifx A (1) = 284 (1)
B 7f€BnL(7) L i€Bm (T
N
= [ _Qim 2'2_T_2'2_Ta
@ ax (i (r) = Qim(r) +
= ﬂ;€7m(r) + Qe m(r) < max ( 7m(7°) - Qi)m(r)) .

i€By, (1)

where (1) is using by using event & ; (2) is using Lemma; (3) uses r = rﬁm and k¢ S;,; (4)is
using event £, and, forall [ € S}, [ € B,,,(r) ; (5) holds because Lemma[L0]is still valid and then, for
all j € By, (r), Aj () =277 . Then k is eliminated from B,, (r) at round at most r = rk , hence
Riom TR - O

Using this result, the sample complexity analysis is the same as for best arm identification, which
yields

Theorem 5. With probability 1 — §, Algorithm 2| outputs the Top-N arms for each agent using a total
number of samples no greater than

sup{n € N* s n < 32Ny (1) logy (8/ Al )6 (n) + KM} |
where 3*(n) = Bs(nl[a) -

and we can use the same tools as in best arm identification to get an explicit upper bound depending
on Ny (k) -

E Experimental study

The general weighted collaboration bandit framework has not been studied prior to this work. We
investigate its performance in the special case of federated learning with personallzatlon [31], which
corresponds to choosing weight matrices of the form w,, ,, = al(n =m) + === for any pair of
agents (n,m). In this special case, we propose a baselme for weighted collaboratlve best arm
identification which is a natural counterpart of the regret algorithm proposed by [31]], and compare it
to our W-CPE-BAI algorithm.

E.1 A Simple BAI Algorithm Inspired by PF-UCB

We state below as Algorithm [3] a straightforward adaptation of the PF-UCB algorithm in [30] to
personalized federated best arm identification (BAI) ; meaning that only weight matrices of the
form wy, ,, = al(n =m) + <= for any pair of agents (n,m) are considered. The original regret
algorithm uses phased ehmlnatlons designed for each agent to identify their best arm together with
exploitation : when all best arms have been found, or when some agent is waiting for others to
finish their own exploration rounds, agents keep playing their empirical best arm. To turn this into a
d-correct BAI algorithm, we remove the exploration rounds ; keep the same sampling rule within each
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phase (in which the number of samples from each arm is proportional to some rate function f(r)) ;
and calibrate the size of the confidence intervals used to perform eliminations slightly differently,
introducing for any ¢ € (0, 1) function

V1> 0, B,(6) = \J 210%(%‘?(%)7"5/5) .

where F'(r) = ¥ _; f(p), for some 3 > 1. In practice, we use § = 2.

Algorithm[3] that we refer to as PF-UCB-BAL, follows the same general structure as our algorithm,
with the notable difference that the number of samples of an arm k € B,,,(r) in phase r is fixed in
advance. Under PF-UCB-BAI, when arm k is still in the active set B(r), agent m

* performs global exploration to sample it @ , (r) := [(1 - ) f(r)] times
* and additionally performs local exploration to sample it di,m(r) = [aM f(r)] extra times
if furthermore k € B, (1) .
Overall, dy, . (7) = dj () + di . (r) =[(1=a)f(r)]1(k € B(r)) + [aM f(r)]1 (k € B, (1))

k,m
new samples from arm k are collected by agent m during phase r in order to update its estimate
fi,m () —the average of all available ny, ., () samples for arm k obtained by agent m— which is sent
to the central server.

The mixed mean of each arm (k, m) can then be computed by the server as

) )+ S ).

and sent back to each agent. We note that, in [30], they propose that the server computes the average
fir(r) = 37 Y M | fi.m (1) across agents, and sends this value to each agent, who can then obtain
[t (1) 3= tfie (1) + (1 = )ik () -

Arm k is eliminated from the active set B,, (r) of agent m if

() + Bo(0) < max (j51u(r) = B(5))

for the confidence parameter B,.(d). In the original algorithm, B,.(§) is replaced by some function
of r and T', however a simple adaptation of Lemma 1 in [30]] (adding a union bound on r € N) yields
the following result. Indeed, the original result crucially exploits the sampling rule, which we did not
change.

(1) 1= (¢

Lemma 18. Event
G:={VreN*VYme[M],Vk e By(r),
holds with probability 1 - 6.

ﬂ;e,m(r) - :u;c,m| < Br(a)}

On the good event G introduced in Lemma observe that arm &, can never be eliminated from the

set B,,,(r), therefore it has to be the guess k,, that agent m outputs. This proves that Algorithm
is d-correct for pure exploration for the special case of federated bandit with personalization. This
algorithm can therefore serve as a baseline to be compared to our proposal in this particular case.

We can also upper bound the sample complexity of this algorithm. Indeed, on event G, like in the
analysis of PF-UCB in [30]], we can upper bound the number of rounds where arm k is sampled by
agent m by py == inf{r: B.(0) <A} /4}. When f(p) = 27, one can prove that

e lo(1)6)
& 1) O(M(A;C,mv) '

Summing the (deterministic) global and local exploration cost over rounds, arms and agents, yields
an exploration cost of order

1-a a 1
7 (k%:q l(minns[m(%m)?) : (m%n W)] o (5)) '
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Algorithm 3 PF-UCB-BAI

Input: 6 € (0,1), M agents, K arms, matrix W.
f(r): sampling effort in phase r, B,.(4): size of the confidence intervals in phase 7.
Initialize < 0 , Yk, 1, 0 1n (0) < 0, Ym, By (0) < [K], km < 0.
repeat
# Central server
if | B,,(r)| = 1 then
ki, < the unique arm in B, (r)
B (r)=92
end if
B(T) - Ume[]M] Bm('f')
for ke B(r),me[M]do
dm (1) = [(1=a) f(r)]+[aM f(r)]1 (k€ Bn(r))
end for
Send to each agent m (dy.,m (7)) k,m and dmax = MaXpe[ar] Le[ ] Dn(T)

# Agent m

Sample arm k € B(1) dj (1) times, so that ng m (1) = ngm (r — 1) + dig m (1)

Remain idle for dmax = X ke[ ] dk,m (1) rounds

Send to the server empirical mean jig 1, (7) = X scp, . () Xbym (8)/1k,m (1) for any k € [ K]

# Central server
Compute the empirical mixed means (/i ,,, (7)) k,m based on (fig,m (7))k,m and W
/I Update set of candidate best arms for each user

for m=1to M do

Bp(r+1) < {k € B (1) | flie,m (1) + Br(0) 2 pax ) (ﬂ;,m("ﬂ) - Br((s))}
j€Bm (r
end for
r<r+1
until |B(r)| =@

Output: {k,, : m € [M]}

E.2 Numerical experiments

As we did throughout the paper, we consider Gaussian bandits with fixed variance o2 = 1. We denote
7 the average number of communication rounds across the R iterations of an experiment ; ¢ the
average exploration cost of the considered algorithm across the R iterations ; § the empirical error
frequency across the R iterations. # and ¢ are reported + their standard deviation rounded up to the

closest integer, except for &, which is rounded up to the 2" decimal place.

We consider a synthetic instance with K = 6 arms, M = 3 agents, for R = 100 iterations. In order to
generate randomly this instance, we sampled at random K x M values xy, ., from the distribution
N(0,1) , and set i, m = T1,m/|2] 7 ,[|and tested if the associated A, satisfied A’ > 0.05 . We
repeated this sampling until this condition was fulfilled.

Comparison to PF-UCB-BAI Our first experiment is to compare our Algorithm [I] with the PF-
UCB-BAI baseline described above. For PFE-UCB-BAI we use a phase length f(p) := 27 log(1/6) for
p > 0. For both algorithms, we set § = 0.1 and experiment with « € {0.4,0.5,0.6,0.7}. Results are
reported on the left-most table in Table([I] In terms of communication cost, W-CPE-BAI (Algorithm|[T)
improves considerably over the baseline. Depending on the value « € [0,1] (the closer it is to 1,
the less agents have to communicate in order to get good estimates of their mixed expected reward)
W-CPE-BAI improves or has an exploration cost which is similar to the baseline, up to a constant
lower than 2.

%|| - | # is the Frobenius norm for matrices.
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Table 1: Personalized collaborative BAI with varying o € {0.4,0.5,0.6,0.7} ; the most ef-
ficient algorithm in terms of exploration cost is in bold type , all algorithms yield § = 0

up to the 5™ decimal place (top table). Personalized collaborative BAI with varying § €
{0.00001, 0.0001, 0.001,0.01,0.05,0.1} ; ratios are rounded up to the 1% decimal place.

ALGORITHM 7 ¢ 1)
0.4 W-CPE-BAI 5+ 0 87,918+ 8,634 0.00 ¢ é c* /e
PF-UCB-BAI  12+0 109,822+ 30,335 0.00
0.1 75,094+ 7,596 1,104 68.0
0.5 W-CPE-BAI 5+ 0 75,094+ 7,596 0.00 o.05 75,992+ 8,468 1,639 46.4
PF-UCB-BAI 110 73,561+17,239 0.00 .01 80,457+ 8,838 2,875 28.0
0.6 W-CPE-BAI  5:0  78334:7,983 0.0 0001 ~ 110,888+31,613 4,643 23.9
PF-UCB-BAI  11+0 55,812+ 14,793 0.00 0-0001 = 91,692+9.121 6,411 14.3
0.00001 96,942+ 9,885 8,180 11.9

0.7  W-CPE-BAI 50 76,817+ 10,953  0.00
PF-UCB-BAI 10+0 45,765+ 9,591 0.00

Comparison to an oracle algorithm Our second experiment is to assess the asymptotic optimality
(up to some logarithmic factors) of our algorithm. In order to estimate the scaling in 7*(-), we have

implemented an oracle algorithm which has access to the true gaps ((A;m) L m) and can compute the

associated 17}, (1t). Then we compare the average exploration cost ¢ with ¢* := [TJV (1) log (ﬁﬂ ,
for § € {0.00001, 0.0001,0.001,0.01,0.05,0.1} , and « = 0.5 . We reported the associated results in
the right-most table in Table We can notice that, as ¢ decreases, the ratio é/c* also decreases. As
predicted by our upper bound in Theorem 2} W-CPE-BAI does not attain asymptotic optimality even
for small values of 4, but has a scaling to Ty}, (1) log ( 21—46) which decreases as § goes to 0.

Numerical considerations These experiments were run on a personal computer (configuration:
processor Intel Core i7-8750H, 12 cores @2.20GHz, RAM 16GB). In order to solve the optimization
problem defining the oracle ¢(r), we used CVXPy [9] 1], with the commercial solver MOSEK [27]
tuned to default parameters. To compute the number of samples (di (') )k, m,r, We used the optimize
module from SciPy [33]. In our experiments with this implementation of W-CPE-BAI, we found that
when the instance is too hard —meaning that the associated A! ; is small- the optimization part is
subject to numerical approximation errors, which prevents the computation of the oracle allocation.
This might however be mitigated by online optimization approaches, such as in [8§]].
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