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ABSTRACT

Bilevel optimization has witnessed a resurgence of interest, driven by its critical
role in trustworthy and efficient Al applications. Recent focus has been on finding
efficient methods with provable convergence guarantees. However, while many
prior works have established convergence to stationary points or local minima,
obtaining the global optimum of bilevel optimization remains an important yet open
problem. The difficulty lies in the fact that unlike many prior non-convex single-
level problems, bilevel problems often do not admit a “benign" landscape, and may
indeed have multiple spurious local solutions. Nevertheless, attaining the global
optimality is indispensable for ensuring reliability, safety, and cost-effectiveness,
particularly in high-stakes engineering applications that rely on bilevel optimization.
In this paper, we first explore the challenges of establishing a global convergence
theory for bilevel optimization, and present two sufficient conditions for global
convergence. We provide algorithm-dependent proofs to rigorously substantiate
these sufficient conditions on two specific bilevel learning scenarios: representation
learning and data hypercleaning (a.k.a. reweighting). Experiments corroborate the
theoretical findings, demonstrating convergence to global minimum in both cases.

1 INTRODUCTION

Bilevel optimization aims to handle two interconnected problems, where one problem is nested within
another (Bracken & McGill, [1973)). Recently, bilevel optimization has gained significant attention
due to their relevance in various machine learning, signal processing and wireless communication
applications, including hyperparameter optimization (Maclaurin et al., 2015} |[Franceschi et al., 2017
2018}, |[Pedregosal, [2016), meta-learning (Finn et al.| 2017)), representation learning (Arora et al.,
2020), reinforcement learning with human feedback (Stadie et al., 2020; Shen et al., 2024), continual
learning (Pham et al.,[2021; Borsos et al., 2020; Hao et al.,[2023)), adversarial learning (Zhang et al.|
2022;|Robey et al.,2024) and neural architecture search (Liu et al.,2019)); see recent survey (Liu et al.}
2021a; [Sinha et al.,2017). In this paper, we focus on the optimistic bilevel optimization problem as

Helgl( : flu,v), st S(u)=argmin g(u,v) (1
where both the upper-level objective function f : R% x R% — R and the lower-level objective
function g : R% x R% — R are continuously differentiable.

To tackle the above bilevel problems, various efficient algorithms have been proposed with rigorous
guarantees on iteration and sample complexity, but most of them are only guaranteed to converge
to the stationary points (Ji et al., 2021} (Chen et al., [2021} [Hong et al., 2023; |Dagréou et al., 2022}
Ghadimi & Wang| 2018}, [Kwon et al.| 2023) or locally optimal solution (Huang et al., 2022} Dempel
2019; [Chen et al.| [2023a) instead of the global optima. However, identifying the global optimal
solution for bilevel optimization is vital in various real-world applications where the quality of
solutions can have significant impacts. For instance, in policy-making (Dempe et al.|[2019)), energy
systems (Wu et al.,|2019; Razmara et al., 2016)), resource allocation (Gao et al.,2020; |Huang et al.,
2019} [Shi & Luol [2017)) and network design (Gao et al., 2005), globally optimal solutions can lead to
more cost-efficient and sustainable outcomes than local solutions. Furthermore, in high-stakes fields
like healthcare, law, and robotics, attaining global optima ensures that the Al models are aligned with
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human values with minimal risks of harmful generation (Modares et al., 2015} |[B1iyik et al.| [2022).
Thus, the goal of this paper is to study the global convergence (in contrast to convergence to local
optima) of bilevel optimization for certain (not all) machine learning applications.

1.1 OUR MAIN RESULTS

We summarize our main results to tackle the global optimality of bilevel optimization.
C1) The penalty reformulation of bilevel optimization has a more benign landscape.
Recent advances in bilevel optimization algorithms can be generally classified into two categories.

Nested approaches solve the problem () from its nested formulation F(u) := min,c s, f(u,v)
by optimizing first over one variable v and then over the order u; see e.g., (Ghadimi & Wang| 2018},
Ji et al.| 2021} [Hong et al.| 2023} (Chen et al., 2021).

Constrained approaches incorporate the optimality condition of the lower-level problem in (I)) as a
constraint in the upper-level problem and then optimize over u and v jointly; see e.g., (Sow et al.|
2022a;|L1u et al.| 20225 Kwon et al., 2023} 2024} |Chen et al., [2023a; |Shen et al., 2023)).

In this paper, we first investigate the loss landscape of the bilevel problem (T} through the lens of
nested and constrained bilevel reformulations, demonstrating that the constrained formulation is
easier to yield a benign landscape.

C2) Benign properties of the penalty reformulation ensure convergence to global optimum.

We analyze the landscape of the penalty reformulation of the constrained version of (I}, and derive two
sufficient conditions that ensure a favorable landscape for bilevel problems. These conditions, inspired
by practical applications, provide a stepping stone for global convergence of bilevel algorithms.

Specifically, we define the penalized objective as L, (u,v) := f(u,v) + v(g(u,v) — g*(u)), where
g*(u) := min, g(u,v) is the value function and v > 0 is a penalty constant, and generalize the
definition of the standard Polyak-Lojasiewicz (PL) condition to the two-variable case below.

Definition 1 (Joint and blockwise PL condition). L (u,v) satisfies joint PL with p; = O(v) if

VL, (u, 0)[|? > 201 (L (u, v) — IB%I L, (u,v)). )
In addition, L, (u,v) is said to be blockwise PL with (1, ., = O(7) if both of the followings hold

IVl (, 0)[|* > 2000 (L (1, v) — Hhin Ly (u,v)) (3a)

970 (0, 0) 2 2 20, (L 1,0) — min L (u,0)). (3b)

We use the term ‘benign landscape’ to represent penalty function L, (u, v) satisfying either of the
above conditions, or nested objective F(u) = min,cs(u) f(u, v) satisfying PL condition over u.

From benign landscape to global convergence. Under either of the above conditions, we establish
that the penalized bilevel gradient descent (PBGD) algorithm (Kwon et al.| {2023} |Shen et al., 2023}
Kwon et al.| 2024} |Chen et al.,|2023a)), a fully first-order method, globally converges to the optimal
solutions of (I)). Under the joint PL condition, updating (u, v) in a Jacobi manner (c.f. (7B)-(7c)) will
ensure the global convergence. Under the blockwise PL condition, updating » and v in a Gauss-Seidel
manner (c.f. (7d)—(7¢e)) ensures the global convergence.

C3) Two representative bilevel learning problems guarantee benign properties.

We validate two benign landscape conditions in Definition [I] through two representative bilevel
applications: representation learning and data hyper-cleaning (a.k.a. reweighting) with a least
squares loss, respectively. We rigorously prove that the loss surfaces reached by PBGD, when
employing a Jacobi update and a Gauss-Seidel update, respectively, adhere to the joint PL condition
and the blockwise PL condition throughout the optimization trajectory for these two problems. As a
result, we prove for the first time that PBGD converges to the global optimum for both problems.

Choice of problems and models. The particular choice of two bilevel applications exemplify two
different types of bilevel interactions between the upper and lower-level problems, are suited to
different update dynamics of PBGD. Compared with the landscape analysis of single-level problems,
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the uniqueness of the bilevel landscape lies in the intricate coupling structures between the upper-level
and lower-level problems. Recognizing this, it is evident that even analyzing the linear models can
capture the essence of the problem structure and exclude other confounding factors which might be
less relevant to the bilevel landscape analysis. Moreover, as a challenging yet important problem,
the global convergence analysis for single-level optimization also starts with linear models to gain
insights such as in matrix completion (Sun & Luo, 2016;|Ye & Dul 2021)), phrase retrieval (Ma et al.,
2018)), and linear neural networks (Xu et al.,[2023 [Zou et al.,[2020). Therefore, our efforts will be
put into understanding how coupling structure affects the bilevel landscape with a linear model.

1.2 RELATED WORKS

Stationary point and local convergence. The recent interest in developing efficient gradient-based
bilevel methods with nonasymptotic convergence guarantees has been stimulated by (Ghadimi &
‘Wangl 2018} J1 et al.| 2021} [Hong et al., |2023; |Chen et al., |2021). Based on different Hessian
inversion approximation techniques, these algorithms can be categorized into iterative differentiation
(Franceschi et al.| |2017; 2018} |Grazzi et al.,2020) and implicit differentiation-based approaches (Chen
et al.} 2021} |Ghadimi & Wangl 2018} Hong et al., 2023} |J1 et al.| 2021} |Pedregosa, [2016)). Recent
works have reformulated the bilevel optimization problem as a single-level constrained problem,
and solved it via the penalty-based gradient method (Shen et al.| 2023)); see also (Liu et al., 2022}
Kwon et al., |2023}; 2024} |Chen et al., 2023a; |Lu & Mei, [2023). While the nonasymptotic analysis
of stationary convergence has been extensively studied in bilevel optimization recently, finite-time
convergence guarantee for local minimum remains under-explored. Recently, (Huang et al., [2022)
and (Chen et al.,|2023a) have found the benefit of adding noise to gradient-based bilevel methods,
which helps them to efficiently escape from saddle points and converge to local minima. However,
none of them analyze the landscape and the convergence to global optimal solutions.

Global optimum convergence. In general, finding the global optimal solution for bilevel opti-
mization is NP-hard (Vicente et al.||1994])). Historically, globally convergent algorithms for bilevel
optimization (Glimiis & Floudas| 2001} [Muu & Quyl 2003)) were built upon the branch and bound
method, a globally convergent single-level algorithm. Despite its theoretical soundness, the branch
and bound method is generally inefficient due to its exhaustive search nature. Another line of research
focused on the bilevel problems with specific structures. A semi-definite relaxation method has been
introduced in (Jeyakumar et al.| 2016) for polynomial bilevel problems, and a dual reformulation
has been developed in (Wang et al.,[2007) for quadratic bilevel problems with a linear lower-level.
More recent efforts by (Wang et al.,|2021; [2022) solved Stackelberg prediction games with quadratic
regularized least squares problems at the lower level by applying semi-definite relaxation and spheri-
cal constraints. However, these methods are problem-specific and are not suitable for more complex
machine-learning scenarios, particularly where the lower-level problem presents multiple solutions.

1.3 NOVELTY AND TECHNICAL CHALLENGES
We highlight the novelty and technical challenges for the analysis in our work as follows.

T1) We carefully examine the challenges posed by the complex landscape of nested optimization
and the general non-additivity of PL functions (see Examples 1-5), underscoring the impor-
tance of analyzing the landscape of the penalized problem and the additivity properties of
specific PL functions. Even for the special case highlighted in Observation 2} the additivity
remains non-trivial due to differences in the strongly convex and matrix mappings.

T2) Global convergence under the generic benign landscape conditions in Definition [I]is still
insufficient for the two applications, even in the linear model case. This is because only local
PL and smoothness conditions are satisfied, with constants that vary along the optimization
trajectory of PBGD. By leveraging an induction-based proof and the advanced acute matrix
perturbation theory, we establish the boundedness of the local PL and smoothness constants
throughout the trajectory of PBGD, and thus this leads to the global convergence results
over the penalized objective L (u, v).

T3) To bridge the gap in achieving global convergence to the optimal solution of the original
bilevel problem for these two applications, we establish application-specific approximate
equivalence between the penalized problem and the original problem, relying solely on
local PL and local smoothness conditions, which has not yet been explored in the existing
literature. The conditions are also validated along the optimization trajectory of PBGD.
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Figure 1: Visualization of g(u, v), f(u, v), F(u) and L, (u, v) in Example In (b), f(u,v) is PL but
F(u) is distorted by S(u). In (c), saddle points exist for F(u), suggesting that F(u) is not PL. In (d),
the penalty objective L. (u, v) has better landscape because of additional dimension of v.

Notation. Let R, R>, R+, Z be the sets of real, nonnegative real, positive real and integer numbers.
For a given matrix A € RP*?, let \;(A) and 0;(A) be the i-th eigenvalue and singular value in
descending order, respectively. Denote 0ax(A) = 01(A), Omin(A) = Tmin{p,q} (A) and 0. (A) =
O max{i|o;(A)>0} as the maximal, minimal, and minimal nonzero singular values. Let A;; represent
the entry at the i-th row and j-th column of A. Let | A|| and || A||2 be the Frobenius and spectral
norms of A. Let 05 be 0 if > 0 and infinity otherwise. Let 1(-) denote the indicator function.

2 CHALLENGES AND TARGET OF CONVERGENCE

In this section, we will reveal the complicated landscape of the nested objective F(u) and then state
the target of global convergence.

2.1 CHALLENGES IN THE NESTED FORMULATION OF BILEVEL OPTIMIZATION

Establishing the global convergence for bilevel optimization algorithms is fundamentally challenging
because the nested bilevel objective F(u) exhibits different properties compared to the upper- and
lower-level objectives f(u,v) and g(u, v). This is primarily due to the distortion induced by S(u). To
gain some intuition on this distortion, consider the case where both upper and lower-level objectives
satisfy the PL condition jointly over (u, v): there exists i, 1y > 0 such that

IV (s 0)|* = 2405 (f (w,0) = min f (u, v)) and [|Vg(u, v)|* = 2ug(g(u, v) —min g(u,v). @)

The following example shows that the PL condition on both levels is not sufficient to guarantee the
PL condition over the bilevel objective F(u), even if the lower-level solution mapping S(u) is linear.

Example 1. Withu € R and v € R, consider the following upper and lower-level objectives
1 1
flu,v) = 3 (u—2sin(v))?* and g(u,v) = i(u — )%
We can verify that both f(u,v) and g(u,v) satisfy the joint PL condition in @) and the lower-level
problem parameterized by u yields the unique solution S(u) = u. However, the overall bilevel
function F(u) = f(u,S(u)) = & (u— 2sin(u))? violates the PL condition over u. The graph of F(u)
is shown in Figure[I|and the formal proof is deferred to Appendix|[C.1]

Similarly, joint convexity of both levels can not ensure the convexity of the bilevel objective F(u)
even if the lower-level solution is unique; see the Example d]in Appendix [C.3}

These suggest that the landscape of the nested bilevel objective F(u) can be easily distorted by the
lower-level solution mapping S(u), which we do not have the direct access to control.

2.2  SEEKING GLOBAL OPTIMUM VIA PENALTY REFORMULATION

To avoid directly dealing with S(u), some of recent works have focused on solving the bilevel
optimization (I)) from the perspective of constrained optimization, where the lower-level problem
is treated as a constraint of the upper-level problem; see e.g., (Kwon et al., 2023} |Shen et al.,
2023; Liu et al.} 2022; Mehra & Hamm| |2021; Kwon et al., |2024])) . Defining the value function as
g*(u) = min, g(u, v), the bilevel problem in (I)) can be equivalently reformulated as

r{tligl flu,v), st glu,v)—g"(u) <O0. ®)

An (€1, €2) optimal solution of the bilevel problem (T)) can then be defined as follows.
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Definition 2 (An (e;, €2) solution of bilevel problem). Given u* € R% v* € R, we say point
(u*,v*) is an (€1, €2) global solution to bilevel problem (1)) if g(u*,v*) — ¢*(u*) < €3 and for any
u € R4 v € R® satisfying g(u,v) — g*(u) < €2, we have f(u*,v*) < f(u,v) + €.

To find an (€1, €2) solution of (E]), one can resort to optimize its penalized problem (Shen et al., [2023)

min Ly (u,v) = f(u,v) +7(g(u,v) = g"(u))- (6)

It was shown in (Shen et al., 2023) that, the e-solution for (6]) with a penalty parameter v = 0(6’0'5)
is the (e, O(e)) solution for bilevel problem in Definition |2} Therefore, analyzing the landscape of
the penalized objective L., (u, v) also leads to the global convergence to an (e, €) solution of (3).

Benefits of L (u,v) instead of F(u).. Analyzing L,(u,v) bypasses the need to study the PL-
preserving property under composition in Section 2.1, making it easier to establish a benign landscape
property; see Figure |ll Besides, the continuity and differentiablity of ¢*(u) is generally easier
to be satisfied than that of S(u); see e.g., (Dontchev & Rockafellar, 2014, Example 3B.6). This
makes L. (u,v) more likely to be differentiable than F(u). On the other hand, as min,, L, (u,v) is
an equivalent-dimensional proxy of F(u) (Kwon et al.l 2024), L. (u, v) offers a high dimensional
approximation of F(u), smoothing out the ravine of F(u) in high-dimensional space; see Figure

3 GLOBAL CONVERGENCE CONDITION IN BILEVEL OPTIMIZATION

In this section, we will propose counterparts to the global convergence condition from single-level
optimization for bilevel optimization based on the penalized constrained formulation (6).

3.1 BENIGN LANDSCAPE CONDITIONS

To characterize the global convergence in bilevel optimization, we generalize the PL condition
(Karimi et al.,|2016), and define the joint PL and blockwise PL conditions of Lﬁy(u7 v) in Deﬁnition

Two ""bilevel PL" conditions. The joint PL condition in (2)) extends the standard PL condition to a
two-variable setting by treating (u,v) as a new single variable, while the blockwise PL condition in
(B) reflects the hierarchical structure of bilevel problems by treating the optimization over u and v as
separate blocks. For simplicity, we define condition (3a) for the whole space, but it is also sufficient
for global convergence if the condition holds only for v € arg min,, L, (u,v). It is also important
to note that the joint PL condition and the blockwise PL condition can not imply each other.

Rationale of two PL conditions. The two PL conditions correspond to bilevel problems with
isomorphic and heterogeneous levels, respectively. Specifically, in representation learning (Section
M), the upper-level and lower-level variables are model weights from different layers, maintaining
a similar nature; and in data hyper-cleaning (Section [3)), the lower-level variables are still model
weights, but the upper-level variables are the classification parameters for each sample, which is a
distinct type of variable from the model weights.

Following (Shen et al.,[2023;[Kwon et al.,[2024), if we choose v = (’)(6_0'5), the e-global convergence
to the penalized problem (6) implies the convergence to (¢, O(¢)) global solution of the bilevel
problem in Definition 2] Therefore, we can then focus on developing a globally convergent gradient-
based algorithm for the penalized problem L., (u, v) under the joint or blockwise PL condition.

3.2 A GLOBALLY CONVERGENT ALGORITHM: PENALTY-BASED BILEVEL GRADIENT DESCENT

We revisit the penalty-based bilevel gradient descent (PBGD) algorithm (Shen et al., [2023} [Kwon
et al.,[2023; 2024} (Chen et al., |2023a), a fully first-order method with provable stationary convergence.
We will demonstrate that PBGD reaches the global optimum when the benign conditions are satisfied.

As the name implies, PBGD employs gradient descent on the penalized objective (6). Thanks to the
Danskin type theorem (Nouiehed et al.,[2019), VL, (u, v) can be calculated by

Vb, (u,v) = Vi f(u,v) +7(Vug(u,v) = Vug(u, w)), Voly(u,v) = Vo fu,v) +7Vag(u, )

where w € S(u) is an auxiliary variable used for estimating V¢* (u). Therefore, at iteration k, PBGD
first updates w* to track S(u*) by T, step gradient descent on g(u*, -) initialized by w*:* = 0

wk,t-‘rl — wk‘,t _ 5vvg(uk‘7wk,t) (73)
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and update w**! = w* Tk, Then we update u* and v* via the gradient descent update on L., (u, v)
simultaneously that we term the Jacobi version if L, (u, v) is jointly PL; that is

uFH = b — o (Vo f (0, 0%) + 7 (Vug(u, 0F) = Vg, ) (76)
’Uk+1 = Uk — a(vvf(ukv Uk) + vag(uk> vk)) (7C)

or alternatingly that we term the Gauss-Seidel version if L (u, v) is blockwise PL (with v*:0 = 4°

as the initialization and v*+! = v*7* as the output); that is
Rt = Rt _ BV, f(uF 0P + AV g(uF o), t=1,2,- - Ty, (7d)
W = b — o (Vo f(uF, o) + 4 (Vug(uk, P — Vog(u”, wkﬂ))) . (7e)

The Jacobi and Gauss-Seidel versions of PBGD are summarized in Algorithm[T]and[2} respectively.

Algorithm 1 PBGD in Jacobi fashion Algorithm 2 PBGD in Gauss-Seidel fashion
1: Initialization {u®, v?, w°}, stepsizes {«, 3}, 1. Initialization {u®, 0% w®}, stepsizes {a, 3, B},
penalty constants -y penalty constants
2: fork=0to K —1do 2: fork=0to K —1do
3 initialize w*? = w? 3 fort=0to7T — 1do
4 fort =0to Ty —1do 4 update w**+1 by (7a)
5 update w**+1 by 5 end for
6: end for 6 fort =0toT —1do
7. setwhtl =k Tk 7: update v**+1 by (7d)
8:  update u* ! by 8 end for
9: update v**+1 by 9 update u**+1 by
10: end for 10: end for

To prove the convergence, we make the following assumptions; see also in (Shen et al., [2023; Kwon
et al.,[2024; |Ghadimi & Wang, [2018} |[Hong et al., 2023 (Chen et al., 2021} J1 et al., 2021).
Assumption 1. Assume f(u,v) and g(u,v) are £¢- and £ -smooth over (u,v), f(u,-) is £fo-
Lipschitz continuous over v, and g(u, -) is jig-PL over v.

The following theorem shows that PBGD is globally convergent to the bilevel problem with almost
linear convergence rate when the penalized problem has a benign landscape.

Theorem 1 (Global convergence of PBGD). Suppose Assumptionholds, then g*(u) is smooth with
Ly :=Ly(1 4 £y/2u,). Given a target accuracy €, we set v = O(e~ %), stepsizes B < -, inner

loop T, = O (log (726*1)). Then if L, (u,v) satisfies the joint PL condition @) with j1; > 0 and we

choose o < there exists e, = O(€) s.t. the iterates of PBGD in Algorithmsatisﬁes

1
Ly+v(Lg+Lg)’
S 0") = flu,0) < O((1 - aw)™) + O(e) and g(u™,v™) — min g(u”,v) < e, = O(e)

for any (u,v) with g(u,v) — g*(u) < e, = O(e).
Alternatively, if L, (u, v) satisfies the blockwise PL condition B) with fi,, pt, > 0, arg min, L, (u, v)

is independent of u and we choose the stepsizes B < m, a< Llﬁ where L == ({5 +v44)(1 +
(U +~Lg)/2410) + Ly, then the iterates of PBGD in Algorithm | satisfies

£, oK) = flu,0) < O((L - o)) + O(e) and g(uX,v¥ ) — ming(u¥ o) < c,
for any (u,v) with g(u,v) — g*(u) < e, = O(e).

Theorem [T]shows that, with properly selected stepsizes, PBGD employing either the Jacobi update
under the joint PL condition or the Gauss-Seidel update under the blockwise PL condition, converges
to an (O(e), O(€)) solution for the bilevel problem within O(K max T}) = O(log(e~!)?) iterations.
The proof of Theorem I]is provided in Appendix

Remark 1 (Other choices of algorithms). It is worth mentioning that other first-order bilevel
algorithms based on the penalty formulation (6), such as F2SA (Kwon et al., 202312024} |Chen et al.|
2023al) and BOME (Liu et al.| 2022)), could also have global convergence. We provided the global
convergence based on the PBGD algorithm (Shen et al.}|2023)) here as an example.

6
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3.3 ENSURING GLOBAL CONVERGENCE CONDITIONS

In this section, we will provide some key observations to help us establish the global convergence
conditions in Section[3.1} Let us first revisit the definition of the penalized objective

Additivity of PL functions holds? ObservationE]

L’Y(uav) = f(u7 1}) + W(Q(Uav) _g*(u))
joint PL & bqockwise PL Observation |1} joint PL & blockwise PL over v

We have the first observation on the landscape of g(u,v) — g*(u) over (u, v) and that over v.

Observation 1. Under Assumption|[l} g(u,v)—g*(u) is joint PL over (u,v) and blockwise PL over v.

Therefore, if the upper-level objective additionally satisfies joint PL or blockwise PL condition, then
whether L (u, v) satisfies joint PL or blockwise PL condition over v depends on the additivity of PL
functions. In general, the sum of two joint/blockwise PL functions is not necessarily a joint/blockwise
PL function. For the counterexamples in joint/blockwise PL condition, see Appendix[C.2]

The lack of the additivity of PL functions in general impedes the development of a unified global
convergence theory for bilevel problems. However, we highlight another key observation to establish
the PL condition of L., (u, v) for a special class of problem. This observation implies that a strongly
convex function composite with a linear mapping preserves the PL condition under additivity.

Observation 2. Let hy : R™ — R and hy : R™ — R be strongly convex functions with constant
w1 and jig, respectively. Given any matrix A € R™*4 B € R"*4 h,(Az) and hy(Bz) satisfy the
PL condition over z € R with constant j1,0.(A) and p20.(B), respectively. Moreover;, hy(Az) +
ha(Bz) satisfies the PL condition with constant min{p,02(A), uso?(B)}.

This observation is particularly valuable for analyzing global convergence in bilevel optimization
problems involving linear neural networks with strongly convex loss functions, such as the least
squares loss or cross-entropy loss within a bounded region.

Dealing with problem-specific challenges. In Sectionsdand[5] we will show how to use our bilevel
global convergence framework in two problems: representation learning and data hyper-cleaning. In
these two applications, we choose linear or bilinear models with least-squares losses. Although these
models are relatively simple, only local (non-uniform) versions of the joint PL and blockwise PL
conditions are satisfied due to the coupling within the linear network, and the local constants vary
with the algorithm’s iterations. Nevertheless, we will judiciously verify the joint PL condition and
blockwise PL condition along the optimization trajectory of PBGD by carefully bounding these
constants and establish the optimality equivalence of (I)) and (6) at the limit point of PBGD.

4 GLOBAL CONVERGENCE IN REPRESENTATION LEARNING

In representation learning, we are given a training dataset {x;,y;}, and a validation dataset
{Z, gji}fvz/l with data sample x;, Z; € R™ and label y;, 7; € R™. We aim to train a model capable of
excelling with unseen data by adjusting only the top layer’s weights W, while keeping the backbone
model W5 fixed. For simplicity, we consider the two-layer linear neural network and the mean square
loss in this paper, so the resultant bilevel problem can be formulated as

. 1 1
Fses 5 W = XV&IW1W2”2 , st §(Wi) = argmin 92 [|Yien — XtrnW1W2H2 ®)

Wi, WoeS(W1) 2 Wy
where Xy, = [21,- - ,a:N]T € RV X = [T1,-+- ,iN/]T € RN %™ are the training and
validation data matrix, Y, = [y1,- - ,yN]T € RYX™ Yo = [G1,- - ,:QN/]T € RNV'X" are the

training and validation label matrix and W; € R™*" W, € R"*" are the weight matrix. We
consider the overparameterized case with m > max{N, N’} so that S(W;) has multiple solutions.
We also assume the neural network is wide h > max{m, n} and Xy, Xya) are of full row rank[ﬂ

2 2
Let us denote Ly, (W1, Wa) = % Yien — Xeen WiW2 |7, Lya (W1, Wa) = % 1Yial — Xvat W1 Wa||
as the loss of two-layer linear neural network. We are interested in the scenario where the backbone

' Our theory also works for rank-deficient case by changing oumin (Xtrn ), Tmin (Xern ) t0 04 (Xtrn ), 04 (Xorn ).
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Figure 2: The landscape of F(W1) and L, (W1, Ws) with different penalty constant v = 0.1, 1, 50
in representation learning. The orange terrain is F(1¥;), while the blue surface is L, (W3, W>). The
black line is the trajectory of PBGD which converges to the global optimum of bilevel loss.

model, when learned from the validation dataset, also achieves a good fit on the training dataset.
This ensures that there are hidden patterns applicable across training and validation datasets so that
a generalizable backbone model exists. Note that although we employ a two-layer neural network
structure to model both the backbone and adaptation layer for representation learning, our analysis is
adaptable to multi-layer neural networks as well. To this end, we make the following assumption.

Assumption 2. Forany €1, €3 € R, there exists (W1, W) being the (€1, €2) solution to the bilevel
representation learning problem () such that Ly, (W7, W5) — minw, w, Leen (W1, W2) < €.

Assumption 2] ensures that the bilevel problem has at least one full-rank solution W so that is not
degenerate. We present some sufficient conditions for it in Appendix [FI}

To solve (), we resort to its penalized function as stated (6) with the upper-level function f(u,v) =
Lya1 (W7, W3), and the lower-level objective g(u, v) = L (W1, Wa), which is defined as

L, (W1, W3) := Lvat(W1, W2) + ¥(Leen (W1, Wa) — L, (W) 9
where L}

rn(W1) = minw, Ly (W1, Wa). Then we can run PBGD [l with (u, v, w) = (Wq, Wa, W3)
where W3 € R"*"™ is an axillary variable used to estimate the gradient of the value function.

To verify the global convergence condition ([2)), we first observe that both Ly (W7, W2) and
Liwn (W1, W) are in the form of a quadratic function composite with a linear mapping. More-
over, we find that L}, (W;) = 0 if Wy is of full row rank and W} will maintain full row rank
on the trajectory generated by PBGD, so that Ly, (W5, W) — L{,,,(W1) will be in the form of a
quadratic function composite with a linear mapping along the optimization trajectory. Therefore,
Observation 2| implies that L, (W1, W5) is a PL function. Figure [2{shows the landscape comparison
of F(W1) := minyw, cs(w,) Lvat(W1, W2) and L, (W71, W>) in representation learning. From Figure
it can be seen that the nested bilevel function F(17) is nonconvex and discontinuous, while the
penalized loss L (W7, W5) has a smoother landscape, effectively steering the weight matrix updated
by PBGD towards the global optimal solution. Formally, we have the following lemma.

Lemma 1 (Joint PL condition and descent lemma over trajectory). Let X, = [Xyai; \ﬁXtm] be the

concatenated data matrix. Then under Assumption if o2, (WF) > 0,02, (WF) >0, the joint PL
inequality holds with piy, = (02, (WF) + 02, (WE))o2(X.,), that is

min

VL (WA = 2 (L W W) — i L (W3, W2).
The descent lemma holds with Ly, defined in (51)) and ||8|| being the estimation error of VL (W)

e} . . a
Ly (WEEL W) < L WE WE) = (5 = a2Le) 9L, (W, W) 2 + (5 + 0L ) 4]
To this end, using the joint PL condition together with the standard descent lemma leads to one-step

contraction in the optimality gap of the penalized objective. Through induction, we can then establish
the lower bounds of o2, (WF) and o2, (WX), as well as the upper bounds of o2, (W}) and

min min max

o2 .. (W¥F). Consequently, these yield k-independent lower and upper bounds for z15, and Ly, which
enable us to demonstrate the almost linear convergence of PBGD.

Theorem 2 (Global convergence of PBGD for representation learning). Under Assumption[2|and
choose v = O(e795), Ty, = O(log(e™1)), there exists p = O(vy), L = O(v),a = O(y~1), such
that p,, > w, Ly, < L, and the iteration complexity of PBGD in Algorithm to achieve (¢, €) global
optimal point of the bilevel representation learning problem ) is O(log?(e™1)).

8
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5 GLOBAL CONVERGENCE IN DATA HYPER-CLEANING

Data hyper-cleaning aims to leverage a small, clean validation dataset to enhance the quality of
a larger training dataset, which may be hindered by some noisy or unreliable data points. This
process is widely used when the access to clean data is costly but the noisy data is not like in
recommendation systems (Wang et al., 2023; |Chen et al.,[2022). To do so, we are given a training
dataset {x;, y; }}¥, with data sample z; € R™ and label y; € R™, where each label may be corrupted.
We are also given the clean validation data {Z;, yz}z=1 to guide the training. Let u € RY be the
classification vector trained to label the noisy data and W € R™*™ be the model weight, the bilevel

problem of data hyper-cleaning is given by min, ey, wes(w) 3 Zf\il (; — ] W)2, st. S(u) =

arg miny, %vazl Y(ug)(y — =] W)? where U = [—a,u]V is used to avoid trivial solution
u; = —oo and ¢ (-) is the sigmoid function.

T . - 4T ‘ T
LetXtrn:[xla"'axN] G]RNxmaXval:[xla"'axN’] GRN Xmaiftrn:[yla"'ayN] S
RNX™ Yo = 01, , ¥ N,]T € RN " be the training and validation data and label matrix, ¥y (+)

denotes the diagnal matrix of element wise sigmoid function and /- denote the elementwise square
root operator. We can formulate the data hyper-cleaning problem as the following bilevel problem

1 1 2
min 3 1Yval — Xva1W||2, s.t. S(u) = argmin 3 H\/wN(u) (Yern — Xth)H . (10)
w

ueU, WeS(u)

Note that for data hyper-cleaning, where the primary concern involves the interaction between the
classification parameter » and the model weight W, we adopt a one-layer neural network structure for
simplicity in notations. Nonetheless, our results can also be extended to multi-layer linear networks.

We consider the overparameterized case with m > max{N, N'}. To model a corrupted training
setting, we assume the concatenate data matrix [Xya1; Xt:m] is rank-deficient so that the training and
validation objectives do not share a common weight minimizer, but there exists a parameter u* € U

such that the selected concatenated matrix [Xya1; /¥ (u*) X ] is nearly full rank by neglecting the
rows with small ¢(u;), meaning that rank ([ Xvai; v/¥n (u*) X)) = N + N — |{i : ¢
where ¢ > 0 is a threshold close to 0 and | - | denotes the cardinality of the set {i : ( ) < P}

Let us denote {ym(u, W) = 3|lv/¥n (w)(Yern — XeenW)||? and the value function in data hyper-
cleaning as £, (v) = miny Ztm(u W To solve (I0), we resort to its penalized reformulation

by (u, W) = Leat (W) + 5 (bien (1, W) = £ (w)- (11)

Then we can run PBGD 2| with (u, v, w) = (u, W, Z) where Z € R™*" is an axillary variable used
to estimate V£, (u). Since both £y, (W) and 4, (u, W) are in the form of strongly convex functions
composite with a linear mapping, ¢, (u, W) is blockwise PL with respect to W from Observation
To prove the blockwise PL condition over u, we first show that S(u) is independent of « and obtain
the form of ¢;,, (u) by plugging in the closed form of S(u), for which we defer the details in Lemma

[23]in Appendix [G.I] As a result, the penalized objective has the closed-form expression as

0, W) = LW Z W) [T = 2T WI2 = gL (X Xl # D] (12)
Thus the landscape of £ (u, W) over w is fully characterized by the sigmoid function, which is PL on
u € U. Consequently, ¢~ (u, W) is blockwise PL. We formalize our findings in the next lemma.

Lemma 2 (Blockwise PL condition). If X, X tm is a diagonal matrix, then for any u € U and
W, there exists L}, 117, = O() such that £ (u, W) is L -smooth and 11},-PL over W. Moreover,

Cy(u, W) is Ylyrn (W) smooth and ye(W)e (@ )(1 Y@ pI over u € U, where

e(W) = min { g7 — 2] W2 = |y P Kern Xs # 1) }

is defined as the lower bound of the positive mismatch in the training loss.

>0

Although the blockwise PL constant of £, (u, W) depends on W, we can derive a uniform positive
lower bound of 11, := minyey ¢(W. (u)) based on the acute matrix perturbation theory, and thus, we
can obtain the global convergence results for PBGD (Algorithm [2) on data hyper-cleaning problem.
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Figure 3: Relative errors at upper-level and lower-level in log scale of PBGD versus iteration K
under different y, where L}, = miny, w,esw,) Lvat(W1, Wa) and £}, = min, wes(u) fval(W).
(a)—(b) are for PBGD |I| in representation learning, and (c)-(d) are for PBGD |Z| in data hyper-cleaning.
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Figure 4: Relative errors in log scale of different methods under different stepsizes in representation
learning. (a)—(b) are ablation study for stepsizes «, 5 in PBGD, and (c)-(d) are for different methods.

Theorem 3 (Global convergence for data hyper-cleaning). Suppose [Xim; Xval][Xirn; Xval] is a
diagonal matrix. If the stepsizes in Algorithmsalisfy a< % =0(1/v), 8 < Li,ﬁ < L%,Tk =
O(log(e™1)), and i > 1, then the iteration complexity of PBGD in Algorithm IZ| to achieve (¢, ¢€)
global optimal point of the data hyper-cleaning problem (I0) is O(log(e~1)?).

6 NUMERICAL EXPERIMENTS AND CONCLUSIONS

We verify the global convergence property of PBGD for representation learning and data hyper-
cleaning with different penalty constant +; see results in Figure [3]and the detailed setup in Appendix
We also conduct ablation studies of stepsizes «, 5 for PBGD and test the performance of other
state-of-the-art fully first order bilevel methods (F2SA (Kwon et al.| 2023), BOME (Liu et al.,[2022)).
The results are shown in Figure[d We summarized empirical findings below.

Almost linear onvergence of PBGD. PBGD with proper stepsizes converges almost linearly to
the optimum of bilevel representation learning and data hyper-cleaning, which is aligned with the
convergence rate we obtained from Theorem 1-3.

Impact of  on optimality gap. Enlarging the penalty constant -y reduces the target optimality gap e,
consistent with Theorems 1-3, which establish that v is inversely propotional to the target error e.

Stepsize sensitivity. Stepsizes «, 5 of PBGD should be carefully chosen. Excessively large step sizes
may cause divergence, while small step sizes result in slow convergence. Theoretically, Theorems
1-3 provide an upper bound for o, 3 to guarantee the convergence of PBGD.

Convergence of penalty-based first-order bilevel methods. All tested first-order bilevel methods
(PBGD, F2SA, BOME) successfully converge to the global optimum in representation learning task
in an almost linear rate. This observation suggests that our local PL-based analysis can be extended
to other penalty reformulation-based algorithms.

Conclusion. In this paper, we proposed two benign landscape conditions for bilevel problems, tailored
to isomorphic and heterogeneous bilevel learning problems. We proved that PBGD, in either Jacobi
or Gauss-Seidel fashions, converges to the global optimal solution at an almost linear rate under these
conditions respectively. These global conditions were rigorously verified in representation learning
and data hyper-cleaning along the optimization trajectory of PBGD by local non-uniform analysis.
The global convergence property of PBGD over two applications is thus guaranteed. Numerical
results validate our theory and confirm that PBGD is globally convergent.

10
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A ADDITIONAL RELAT

ED WORKS

Stationary point convergence. The recent interest in developing efficient gradient-based bilevel
methods and analyzing their nonasymptotic convergence rate has been stimulated by (Ghadimi &

Wang|, 2018}, [Ji et al.l 2021} Hong et all 2023} [Chen et all, 2021). Based on different Hessian

inversion approximation technig

(Franceschi et al., 2017; 2018},

ues, these algorithms can be categorized into iterative differentiation
Grazzi et al} 2020) and approximate implicit differentiation-based

approaches (Chen et al.,[2021}; |

hadimi & Wang, 2018}, [Hong et al., 2023}, Ji et al., 2021}, [Pedregosal,

[2016)). Later on, the research has been extended to variance reduction and momentum based methods

(Khanduri et all, 2021}, [Yang et all, 2021}, [Dagréou et al., 2022); warm-started algorithms (Arbel
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& Mairall 2022 L1 et al.l 2022} [Liu et al., 2023)); distributed approaches (Tarzanagh et al., 2022}
Lu et al.| [2022; [Yang et al.l |2022); and methods that are able to tackle with constrained (Xiao
et al.,|2023bj |Khanduri et al.} 2023} | Xu & Zhul 2023) or non-strongly-convex lower-level problem
(Xiao et al.,[2023a; [Liu et al., 2021bga; |(Chen et al., 2023b; |Sow et al.| [2022b)). Recent works have
reformulated the bilevel optimization problem as a single-level constrained problem, and solved it via
the penalty-based gradient method (Shen et al., |2023)); see also (Liu et al., |2022; |Kwon et al., 2023}
2024} |Chen et al.}|2023a} [Lu & Meil [2023). This method not only further enhanced the computational
efficiency by using only first-order information, but also broadened the applicability of the bilevel
framework to a wider class of problems. Nevertheless, none of these attempts the issue of global
optimum convergence.

B AUXILIARY LEMMAS

Additional Notations. Let matrix A € R™*". The range space of A is denoted as Ran(A) =
{Ay : y € R"}, while the null space of A is given by Ker(A) = {y € R™ : Ay = 0}. Let A;;
represent the element located at the i-th row and j-th column of matrix A. Let ||A|| and || A||> be
the Frobenius norm and spectral norm of A, respectively. B(A,r) := {A’ e RP*? | |A' — A|| < a}
denotes the closed ball with center A and radius a. Let § € R? be a point and S C R? be a set,
we define the distance of 0 to S as d(6,5) = inf{||0 — al| | a € S}. Let us denote ¢, (W) =

% IYirn — XthH2 v (W) = % [|Yoa — Xva1W||2 as the square loss.
Lemma 3 (Matrix Inequality).

(4, B) < [|A]l-[|BIl, (13)
21 AB| < || AI* + [1BI1%, (14)
IAB + CD|? < [020(A) + 020 (CO)] - [IBIP + | DJP] (15)
JAI2 + | BI? < 2|4 + BJ2, (16)
Omax(AB) < 0max(A)omax(B). (17)
Moreover, if A has full column rank and B # 0 or if A # 0 and B has full row rank, it holds that
Omin(AB) > 0min(A)0min(B) (18)

Lemma 4 ((Zou et al., 2020, Lemma B.3)). Ler A € RP*® be a rank-s matrix. Then for any
B € R%%9 we have
omin(A) || Bl| < [|[AB]| < omax(A)||BJ|-

Lemma 5. In representation learning, we consider the overparameterized wide neural network case
with m > max{N, N'}, h > max{m,n} and Xn, Xva are in full row rank. Therefore, we have,

min (W) =0, min Ly (Wi, Wa) =0, minfly (W) =0, min Ley(Wi,W3) =0
w Wl,Wz w W17W2
mv[i/n(étrn + ’7£val)(W) = Ml/ll{i‘f‘l@(l-trn + ’YLtrn)(Wh WQ)

holds for any ~. Moreover, for Wi with omin(W1) > 0, it holds that L{,,
mian Ltrn(Wh WQ) = 0

Lemma 6 ((Karimi et al., 2016, Theorem 2)). We say a function h(9) is up, PL if it satisfies
IVAO)* = 2u1(h(8) — h7)

where h* = min h(0). If h(0) is Ly,-Lipschitz smooth and PL in 0 with uy,, then it satisfies the error
bound condition with iy, i.e.

W) =

IVRO)| > und(6,S). (19)

where S = arg min h(6). Moreover, it also satisfies the quadratic growth condition with py, i.e.
hO) — h* > %d(a, S)2. (20)

where h* = min h(6). Conversely, if h(6) is Ly-Lipschitz smooth and satisfies the error bound
condition with uy, then it is PL in 0 with py, / Ly,.
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Lemma 7 ((Oymak & Soltanolkotabi, 2019, Theorem 5.2)). Suppose that h(6) is Ly, Lipschitz
smooth and jip, PL over 0. If we execute T-step gradient descent following 6171 = 0! — BV h(6?)
with § < L%L’ the output satisfies

h(0T) — min h(0) < (1 — Bun)" (R(6°) — min h(0))
Moreover, the iterates generated by gradient descent is bounded, i.e.

\/ 8(h(6) — min h(6,))

16 = boll <> 1641 — bsll, <

—0 Mh

The following lemma gives the gradient of the value function.

Lemma 8 ((Nouiehed et al., 2019, Lemma A.5)). Suppose g(u,v) is g PL over v and is {4 1-
Lipschitz smooth, then g* (u) is differentiable with the gradient

Vg*(u) = Vyug(u,v), Yv e S(u).
Moreover, g*(u) is Lg-smooth with Ly := £5(1 + £y /2p).
Lemma 9. If |6 || < 0 and oin(WF) > 0, 0min(WE) > 0, then the following inequalities hold
2{[(Vw, Ly (W, W) + 61) Vi, Ly (W, W3 |
< VL (WE, W5) + 02 + IV L (W, W) |2 1)
1T Lo (W, W)+ 8) Vo Ly (W W)

< zarnax(X’y)UmaX(Wk)(L (Wl ,W2 ) — L*) + 60max( Wl \/2O'max X,Y)(L,Y(Wlk, Wzk) - Li;)
(22)

S ( max(Wl ) max W2 \/2Umax X’Y)(L’Y(Wlk7 W2k) - L'*y) + 6UmaX(W2k) (23)

Proof: (1) holds from (T4) by letting A = Vi, L, (W, W§) + 6, and B = Vi, L, (W, W¥).

Note that when pin (WF) > 0, 01min (W) > 0, we have L, (WF, W§) = [W(Wlk, W) = £,(WF)
where £y = lya1 + Yltrn. Thus (22)) can be derived from

| (Vo Ly (W, WE) + 61) Vi, Ly (W, W3]

<V, Ly (W W) Vi, Ly (W, W3 || + 8[|V, Ly (W, W3
< Ve WRY W) T(WE)TVL (WR)| + 6 ||V, Ly (W, W3) |
< | Ve (WRYWHR TV (W) 4 6 [|[(W) T Ve, (WH)]|
< Omax (W) VL, (WF) 2 4 60max (WF) [ VL, (WH))

(a)
< 202, (X (Ly (WE WE) = L) + 60man (WE) /202,00 (X, ) (L (W, WE) - L)

where W* = WFW¥ and (a) holds because £, is o2, (X,)- smooth so that
ky[2 k @ i) k ik .
||V€ (W )” < 2Umax( "/)(e’Y(W ) 'y) 20rrlax(X7)(L7(Wl ) W2 ) - L'y) (24)

Likewise, we can derive (23] similarly by

(Ve Ly (W, W5) + 8) W3+ W Vi, L (W, W) |
|VW1 (Wi, WHHW§ H + 60 max (WF) + [WEVw, L, (WE, W3)||
|w (WY W) TWE| + 0max(W5) + W (W) VL, (WH)]
W) + Omax(W2)) [V (W) + 0max (W)

A——

max (

02 (WE) 020 (WE)) /2020 (X5 ) (Ly (WE, WE) = L5) o+ 60mas (W),

AR IA A IA
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Lemma 10 (Pseudoinverse of matrix product). For two real matrix My € R™*™ and My € R™*",
if My is a diagonal matrix and is invertible and MQMQT is diagonal, then we have (MlMg)Jr =
MM

Proof: According to (Greville, [1966, Theorem 2), (M My)t = MM = MJM;* holds if and
only if both M- f M;MyM, and M, M, MQM; are Hermitian matrix. As M; and M are real matrix,

it remains to prove that both M f My MyM," and M," M, M, MJ are symmetric. By the invertiability
of M 1,

MMy My M, = M7 My My M, = My M,
SO MfMlMgMQT is symmetric.

For M," M M2M2T , the starting point is a fact that diagonal matrix is commutative with diagonal
matrix. This is because for diagonal matrix A; and diagonal matrix Ao, it holds that

AAy = (A AT = (A2Ay) T = Aoy
where the last equation is due to the symmetricity of Ao A;.

Since both M IT M7 and M, M2T are diagonal matrix, we then have
M, My My MJ = My MIM My = (M, My My M) T

so that M 1T My M2M2T is also symmetric, which completes the proof.

Definition 3 ((Stewart, (1977, Acute matrix)). Let Py = AA', Pp = BB be the orthogonal
projection matrix onto the range space Ran(A) and Ran(B). We say matrix A € R"™*" and
B € R™*™ are acute if ||Py — Pg|| < 1. Moreover, a class of parameterized matrix family
{A(u)},u € U, is said to be acute if for any u*,u? € U, A(u') and A(u?) are acute.

Proposition 1 ((Stewart, [1977)). If A € R™*™ and B € R™*" are acute, then Ran(A) = Ran(B).

Lemma 11 ((Stewart, (1977, Theorem 2.5)). Matrix A € R™*"™ and B € R™*"™ are acute if and
only if

rank(A) = rank(B) = rank(P4BR4)

where Py = AAY, Ry = A A are the orthogonal projection matrix onto the column space Ran(A)
and the row space Ran(AT).

Lemma 12 (Rank equations (Gardner)). For A € R™*" B € RV*P C € RP*4, if A is full column
rank, and C'is full row rank, then it holds that

rank(AB) = rank(B), rank(BC) = rank(B).

Moreover, for any D € R™*", rank(D T D) = rank(D).

C PROOF FOR EXAMPLES [TIAND[3]
C.1 PROOF FOR ExaMPLE(]
The gradients of the two objectives in Example [I] can be computed as

u — 2sin(v) . RO
—2 (u — 2sin(v)) cos(v) ] d Vglu,v) [ —(u—v) ] )

Besides, also using the fact that min,, ,, f(u,v) = min, , g(u,v) = 0, we have

Vf(u,v) =

IV £ (u,0)]|? = (u — 2sin(v))® x (1 + 4cos(v)?)

>2 X %(u— 2sin(v))? = 2 x (f(u,v) —IZIIglf(u,’U))
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)

o 3 T2 Not convex|

oo

10%! . g(u,v) f(u,v) 10
6  m1y=S(u) 50 - ...;_SU) .

3 -50 0 50
v -50 .50 u u

(@) g(u,v) for Example (b) f(u,v) for Example (c) F(u) for ExampleH

Figure 5: Visualization of g(u,v), f(u,v) and F(u) in ExampleEl

V(o) =2 = o 2 4 5 (= 0" =4 (g(u0) = ming(u,0))

which suggests f(u,v) is 2-PL and g(u, v) is 1-PL. The lower-level solution set is earned by setting
u = v. In this way, the overall objective is F(u) = f(u,S(u)) = 3 (u—2sin(u))? and it is minimized
when u = 0. By calculating its gradient VF(u) = (v — 2sin(u )3(1 — 2cos(u)), we have

IVF(u)||? = (u — 2sin(u))?(1 — 2 cos(u))?.
Since (1 — 2cos(u))? = 0 when u = £ 4 2k, k € Z. Thus, there does not exist 4 > 0 such that
IVF(u)||? = (u — 2sin(u))?(1 — 2cos(u))? > 2u(F(u) — min F(u)) = p(u — 2sin(u))?
holds for any w. This means F(u) is not PL in w.
C.2 PL FUNCTIONS DO NOT PRESERVE PL CONDITION UNDER ADDITIVITY IN GENERAL
Let’s take a look at a similar example with Example|[T|that is joint PL at both levels.
Example 2. Withu € R and v € R, consider the following upper and lower-level objectives
flu,v) = % (u—sin(v))® and g(u,v) = %(u — )%,

We can verify that both f(u,v) and g(u,v) satisfy the joint PL condition in @) and the lower-level
problem parameterized by u yields the unique solution S(u) = u.

The following lemma shows that joint PL upper- and lower-level objectives can lead to non-joint PL
penalized objectives.

Lemma 13. In Example[2] the joint PL condition on both levels does not guarantee the joint PL
condition of L, (u,v); see also the landscape of the penalized function shown in Figure@

Proof: For Example as g*(u) = 0 for any wu, the gradient of L, (u, v) can be computed as

u— 2sin(v) + y(u — v)
-2 (u — 2sin(v)) cos(v) —y(u —v) |

On the other hand, L (v, v) is minimized when v = v = 0 with the minimal value 0. For any ~,

there exists (u, ¥) with 4 = 121—:, ¥ = 2 such that

L, (4, 7) = a — 2sin(?) + y(a — v) - 0 .
—2(u — 2sin()) cos(v) — y(a — ) 0
However, L, (@, 7) = 3( — 2sin(v))? + 3 (4 — ©)? > 0 = miny, L(@, ). This means that saddle
points (@, v) ex1st for any -y so that L, ( v% does not satisfy the joint PL condition.

VL, (u,v) = [

Similarly, the following example shows that blockwise PL conditions on upper and lower-level
objectives are also not sufficient to ensure the blockwise PL condition of L (u,v).
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Example 3. With u € R and v = [v1,v2] € R?, consider the bilevel problem with the following
blockwise PL upper-level objective f(u,v) and the blockwise PL lower-level objective g(u,v), i.e.,

flu,v) = % (% +u — sin(vQ))2 and  g(u,v) = % (u+ vy + sin(vz))?

where g*(u) = 0. However, the penalized loss function L, (u, v) is not blockwise PL. The landscape
of L, (u,v) when vi = 2 is shown in Figure

Proof: The gradients of two objectives in Example [3|can be computed as

% (% + v — Sin(vg)) (u+ v1 + sin(vz))
Vf(u,v)=| (%+ v —sin(v2)) and Vg(u,v) = | (u+ vy + sin(vy))
— (% + vy —sin(va)) cos(v2) (u + v1 + sin(vg)) cos(vz)

We first verify that both f(u, v) and g(u,v) are blockwise PL. As u, v1 —sin(vsy), v1 +cos(vy) spread

outin R, then both § +wv; —sin(vs) = 0 and u+wv; +sin(vy) = 0 always have a solution. Therefore,

we have min,, f(u,v) = min, f(u,v) = min, g(u,v) = min, g(u,v) = 0. On the other hand,

Vo f(u, 0)|2 = i (g o — sm(vg))2 > % x (f(u, v) - muinf(u,v))

Vo f(u,v)||? = (g + v — Sin(vg)>2 x (1 + cos?(vg)) > 2 x (f(u,v) - mvinf(u, v))

Vug(u,v)||* = (u+ vy + sin(vg))2 =2x (g(u,v) — m&ng(u, v))
Vog(u,v)||* = (u+v1 + Sin(vz))2 x (1 + cos?(vg)) > 2 x (f(u, v) — m&nf(u,v))

which suggests both f(u,v) and g(u,v) are blockwise PL.

For any ~, since g*(u) = 0, VL (u,v) = 0 gives the equation

1 1 1
(7 + 4> U+ <’Y + 2) v1 + (7 - 2) sin(vz) = 0. (25)

44-8v _ o .
—1711: V1 = 2,02 = 0 are solutions to 23),
8’y2+2

which yields two different objective values L., (v, v) = 0 and L (u,v) = Tynz- This means there

exists saddle points for L. (u, v) so that L, (u,v) is not blockwise PL over u. Same phenomenon
happens for v, suggesting that L, (u, v) is also not blockwise PL over w.

It can be verified that both u = v1 = v = 0and u =

1140 60

150 , 1120 300 - 200 50 100 0
£ 100 }

= 200 40
80

s o 100

40 0

150 T

100 < 5 |

0 )

~— 0
v 410 -10 u v

[ — —~
40 -0 0 -
w» ) v 0 a0 u

(a) vy = 0.5, Example b))y =1, Example (c)y = 0.5, Example dy=1, Example

-10 -10

Figure 6: Visualization of L (u, v) in Example and Saddle points exist for L, (u, v) in Example
Eland ExampleEI, suggesting that penalized objective does not satisfy the PL condition.

C.3 NONCONVEXITY OF F(u)

Example 4. Withu € R and v € R, consider the following upper and lower-level objectives
flu,v) =v and g(u,v) =e" + (u+v)

It is obvious that both f(u,v) and g(u,v) are jointly convex with regard to (u,v) and minimizing the
lower-level problem parameterized by u yields the unique solution S(u) = {v | 4(u +v)3 +e¥ = 0}.
However, the overall bilevel loss function F(u) = f(u,S(u)) = S(u) is not convex over u. A
visualization of F(u) = S(u) is shown in Figure
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Proof: Let us calculate the gradient and Hessian of f(u, v) and g(u, v) in Example 4] by

u+v)?
V() = [ X ] wnd Vo) = [TV
2 100 9 | 2w+ v)? 12(u+v)?
Vi 0) = l 00 1 and V7g(u,v) = l 12(u+v)? 12(u+v)? +e¥

From the Hessian, both f(u,v) and g(u, v) are convex because the determinants of all k£ x k submatrix
are nonnegative. Besides, the lower-level optimal solution set is obtained by letting 4(u-+v)?+e? = 0.
Since when fixing u, 4(u + v)3 + e? is strictly increasing with respect to v and spread out over
(—o0, 00), the solution set S(u) = {v | 4(u + v)* + e’ = 0} is unique and nonempty.

3

We will then prove F(u) is not convex by contradiction. We choose u = \/—% andu = /-7 —1,
then S(u) = {v | 4(u+v)> + e =0} = 0and S(@t) = {v | 4(@ + v)? + e = 0} = 1, so that

3,0):0 and F(a) = f(¢/-S —

Flu) = f({/ - ;- LD=1

Assume that F(u) is convex, and thus the function value F(u) at the medium point & = “£% =
3/_1, 3/ e __ ~

7\/#2 V=170 gatisfies F(@) < Path@ _ 1

4(u +v)3 + e¥ = 0. However, 4(u + v)3 + eV is strictly increasing and

3
N S AN
2

5 +ez =~ —0.07 <0.

which means there exists v < % such that

Au+v)> +e o1y =

So forany v < 1, 4( 4 v)3 + e’ < 0, which yields a contradiction, and thus, F(u) is not convex.

D PROOF OF THEOREM ]

Lemma 14 (Gradient bias). Under Assumption denoting d* = (u**t — u¥) /a, we have
22
272

[ = Vuly (u, 0F)|? <
Hg

(1= Bug) ™ (g(u”, ) — g* (uF)). (26)

Proof: First, according to Lemma|[8] Vg*(u) = V,g(u, v), Vv € S(u). By the update rule, the bias
comes from the inexactness of the value function’s gradient, i.e.

ds; = VaLs (u®,05) || = A[IVg* (u¥) = Vg(u®, w )| < Alyd(w*, SWh)). @7
According to Lemma([7]and Lemmal6] we have

d(wh !, S(uk))? < /%(1 = Brg) ™ (g, w’) — g7 (")

from which plugging into yields the conclusion.
D.1 PROOF UNDER THE JOINT PL CONDITION

From Lemma [8] we have the smoothness of ¢*(u) and thus L, (u,v). Therefore, by defining
d* = (uF*1 — u¥) /a and by Taylor expansion, we have

Ly (a1 0" ) <Ly (0, 07) + (Vb (u, 0%), = ) 4+ (VL (0, 0F), 05 = o)

b +~Wy+ L Ly +~(l,+ Ly)
+ f (29 g) ||uk+1_uk||2+ ! 29 g Hvk+1_vk”2
. lp+v(ly + Ly))a? .
<L) — oVl i o), ) - (0= SEIERNE Yoo, oty
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i (éf + ’Y(Zg + Lg))a
2

a a by +9(t, + Ly))a?
Ly, 0h) = SV a2 = (G = R g

§ k12
el

Cp+~y(Ly + Ly))a? a
(- R g )P + S = T P

(@)
< L (b 0h) = SVl (0, o) = SVl (b )P

22
avy l .
L(1 = Bug) ™ (g(u®, w°) — g* (u"))
Hg
koky & bk, 00 T k0 wi k
= Ly(w",0") = SlIVL, (w®, 00| +T(1*Bug) g w”) = g (u"))
g
® k ok k ok . ay’l iy k0 w( k
< Ly (o) = gLy (0, 0) — min Ly () + 2 (1= ) (g0 0) — g (0))
’ g
where (a) is because o < m and Lemma and (b) is because of the joint PL condition.

Subtracting both sides by min,, ,, L+ (u, v) yields

L, (w1 0P —min L (u,v) < (1 — o) (L (u¥, 0%) — min L, (u, v))

u,v

262
(= Bag) (g ) — g ()

€

Letting Ty, = log (Vz(g(uk’wo)_g* ("k))) and telescoping the above inequality yields

K—1
Ly (u®,0®) = minL, (u,v) < (1 — apy)® (L, (u®,0°) — min L, (u, v)) + Z (1 — aw)"O(ae)
" k=1

< (1 —am)® (L, (u®,v°) — min L, (u,v)) + O(e).
On the other hand, according to (Shen et al., 2023, Theorem 1) and denoting €, := g(uK , oK ) —

2
g* (u’f), we have for any €; and y > 27* = ef’%ugel_l, the following
< €+ €1 < 8e1(e+ €1)

=T Gony

& and f(u¥,0%) = f(u,0) < (1= am) (Lo (a°,0°) = minLy (u, ) + O(¢)

holds for any (u,v) satisfying g(u,v) — g*(u) < €,. The choice of e = O(+/€) gives e, = O(e)
and v = O(e~%?), which completes the proof.

D.2 PROOF UNDER THE BLOCKWISE PL CONDITION

Define L (u) = min, L (u,v) and S, (u) = argmin,, L, (u,v). According to Lemma Vg*(u) =
Vug(u,v),Yv € S(u). Since L, (u,v) is (¢5 4 v{4) smooth over v, then according to Lemmal8]
we also have VL (u) = V,L,(u,v),Vv € S,(u). Moreover, L3 (u) is L, smooth with L, :=
(by +9€g)(1+ (y +vLy)/2p00) + Lg. Also L% (u) is PL with 4, because L, (u, v) is blockwise PL
over u.

If we denote d¥ = (u*+! — u¥)/a, then by the update rule, the bias comes from the inexactness of
the value function’s gradient, i.e.

i = VL (WP)]| = IV f (u®, 0" ) = Vo f (¥, vy) | + 7 Vg, o) = Vg (u®, v,
+9]IVg(u®, w) = Vg (u®,v)|
< (Uy +7lg)d(WF, S, (uh)) + ylgd(w™ T, S (b))

where v, € S, (u¥),v € S(uF).
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According to Lemma[6]and Lemma[7} we have

, 2 *

At S £ 20 B gl ) - (1)
g

A

d(Uk+1,8'y(uk))2 < i(1 — BMU)Tk(LW(uk’ wO) - L’*Y(uk))

v

As a result, the bias of the gradient estimator can be bounded by

Ik — vz hy)2 < 2 G g (b ) — L (b))
4202
+ LQ«P#M@ﬂ@@hw%—gwwn. (28)
g

Therefore, by Taylor expansion and the smoothness of L (u), we have

* * * L
Lv(uk—i-l) < L,Y(Uk) + <VL7(uk),uk+1 _ uk> + ?’Y”uk+l _ uk||2

(o k ek ko Lr0? e

. @ . a a . L.o?
= L) — IV WP — a7 + SV k) — a2 + T

20(L5 + 759)2

v

(a) ~
< Ly () = SIVL ) + (1= Braa) ™ (L (u*, 0°) = L ()

20202 .
+ Tg(l - ﬂﬂg)Tk (g(uk7w0) -9 (uk))
g
® . i 20(s + 7L,)? ~ .
< L 04) = apa (15 0) — min Ly (uy0) + 2L 4 B L () - L)
20202

T (1= Bug) ™ (9t w”) — g7 ()
g
where (a) is because a < L% and Lemma and (b) is because of the PL condition of L* (u).
Subtracting both sides by min,, ,, L+ (u, v) yields
L (1) = min Ly, 0) < (1= agu) (L (u*) — min L (u, v))

b 2G4 L ) - L )

Lo
20202 . X
(= Bag) (gt w) — g7 ().
g
When u, = O(v), the last term is dominating over the second term. Letting T, =

€

L2 (u*th) — min Ly (u,0) < (1 — ovpra)* (L2 (u) — min L, (u,v))+ O(e)

log (%(Q(Uk’wo)fg*(uk))) and telescoping the above inequality yields

Combining with the results of
L., (u®, vF+t) — Lfy(uk) < O(e) and L, (a1, vk +2) — Lfy(uk'“) < Ofe)
we know that
Ly (u®, %) —min L, (u,v) < (1 — apy)® (L (u®,v1) — min L, (u,v)) + O(e)

)
u,v

On the other hand, according to (Shen et al., 2023, Theorem 1) and denoting €, := g(uK , oK ) —
2
g* (u’f), we have for any €; and y > 27* = Zf’%ﬂgel_l, the following
8
€y < <t 61* < 616(26 +e) and f(u,v™) — f(u,v) < (1 — am)® (L, (u®,0°) — min L, (u,v)) + O(e)
Y= t.0lg u,v

holds for any (u,v) satisfying g(u,v) — g*(u) < €,. The choice of ¢ = O(+/€) gives e, = O(e)
and v = O(e~9), which completes the proof.
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E PROOF OF OBSERVATIONS [TH2]

E.1 PROOF OF OBSERVATION[I]

Proof: The blockwise PL condition of v(g(u,v) — g*(u)) over v is obvious under Assumption
|I| because ¢g*(u) is independent of v. On the other hand, with Assumption [I} the gradient of
~v(g(u,v) — g*(u)) can be lower bounded by

IV (g(u,v) — g*(w)||> = ¥ Vug(u,v) = Vug* (@)||* + ¥*[|Veg(u,v)|?
> 72| Vyg(u, )2

2 (g, 0) - g ()
© i (g, v) — g7 () — miny(g(u, v) = g"(u)))

s

where (a) is because g(u, v) is g PL in v and (b) is due to min,, , v(g(u,v) — g*(u)) = 0.

E.2 PROOF OF OBSERVATION[Z]

The result that hq (Az) and ho(Bz) satisfy the PL condition is well-known; see e.g., (Karimi et al.,
2016, Appendix B). We will show hi(Az) + ho(Bz) satisfies the PL inequality. For arbitrary z1, 2,
we denote u; = Az, us = Azo,v1 = Bz1,v9 = Bzs. By the strong convexity of h; and hs, we
have

hi(Az) > hi(Az) + Vhi(ur) | (Azs — Azp) + %HAzl — Az?
ha(Bz2) > ha(Bz1) + Vha(vr) T (Bzz — Ba1) + 52| B2y — B

By the fact of Vhy(Az;) = ATVhy(u;) and Vhy(Bz;) = BT Vhy(v;) fori = 1,2, we get

hi(Az) > hy(Az) + Vi (Az1) T (20 — 21) + %nAzl — An|? (292)
ha(Bz2) > ha(B1) + Vha(B21) " (22 — 21) + 52| B2 — Bas (29b)
Letting zo = Projz.(z1) be the projection of z; onto the optimal solution set Z* =

argmin, hq(Az) + ho(Bz). Clearly, 2 is the solution of
1
min 5||z — 21]|?, s.t. Az = Az*, Bz = Bz* (30)

where z* € argmin, hy(Az) + ha(Bz) is an arbitrary optimal point. Strong duality holds for (30)
so that KKT conditions must hold at 25, i.e. there exists \; € R, Ay € R™ such that
2o—21+ AT A + BTy =0. (31)

Without loss of generality, we can consider only two cases: i) Ran(AT) = Ran(B"); and, ii)
Ran(AT) 1L Ran(BT). Otherwise, we can decompose Ran(BT) into the direct sum of two
orthogonal subspaces: one parallel and the other orthogonal to Ran(AT).

For Case i), it is clear that zp — 2; € Ran(A ") and z3 — z; € Ran(B") by (BI). Therefore, letting
C' = u02(A) + poo?(B) and adding (292) and (296) up yields

c’
hl(AZQ) + hQ(BZQ) > hl(Azl) + hz(BZl) + (Vhl(A,Zl) + VhQ(BZl))T(ZQ — Zl) + 7”21 — 22||2
C’
Z hl(Azl) + hg(BZl) + lein (Vhl(Azl) + th(B21))T(Z — 21) + ?HZ — 2’1H2
1
= hl(Azl) + h2(BZl) — @HVhl(AZl) + th(B21)H2 (32)

For Case ii), since AT\, BT Ay € Ran(AT) URan(BT) by (31), we have
21— 2 =AM\ + BT )y € Span(Ran(A") URan(B")).
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By definition, there is a finite number of orthogonal v; € Ran(AT) URan(B ") and of a; € R
so that z; — zo = ajvy + - -+ + ajvy. As each v, is either in Ran(AT) or Ran(B ") and they are

orthogonal, we have ||z; — 2o]|? = Zle lla;v;||? and we can focus on each of v; independently.

Let C = min{u,02(A), uao?(B)}, since v; € Ran(AT) URan(B"), we have that for each v;,
either || Aa;v;]|? > § ||a;vs]|? or || Bav;||> > $|la;v;|?. Therefore, adding (29a) and (296) yields

C
hl(AZQ) + hQ(BZQ) > hl(Azl) + hg(BZl) + (Vhl(Azl) + vh2(B2fl))T(22 — Zl) + 5”2’1 — 2’2”2
C
> hi(Az) + ho(Bz1) + mzin (Vhi(Az) + Vha(Bz)) (2 — 21) + §||z — 21|

1
= h1(Az) + ho(Bz) — 5||Vh1(Azl) + Vhy(Bz) || (33)

According to (32) and (B3), as hy(Azz) + ho(Bze) = min, hy(Az) + he(Bz) and C < C’, this
completes the proof.

F PROOF FOR REPRESENTATION LEARNING

In this section, we provide the proof of lemmas and theorems omitted for representation learning.

F.1 SUFFICIENT CONDITIONS FOR ASSUMPTION 2]

Assumption [2]ensures that the bilevel problem has at least one full-rank solution W;". Note that the
full rank solution W7 always exists for the single training or validation problem because the objective
value is solely dependent on the product W1 Ws. For any solution pair (W7, Ws), it is possible to
transform 7 into a full rank matrix W] by altering its kernel space components and simultaneously,
one can identify a corresponding matrix W5 that mirrors W5 within the range space of W and is
nullified within the kernel space of W3, such that Wy Wy = W W', In this sense, Assumption
[2] quantifies the singularity of solving two non-singular problems together. To get more sense of
Assumption 2] we present some sufficient conditions for it.

Lemma 15. Assumption 2 holds if one of the following conditions holds.
(a) (WY, W3) € argminy, v, Lvat(Wi, Wa) s.t. (W), Wy) € argminy, y, Leen (W1, Wa).
(b) The concatenated data matrix [ X a1; Xern] is of full row rank.

Proof: The condition in (a) indicates that (W}, W5') is a minimizer of the validation loss. Therefore,
for any Wy, W, we have Ly (W5, W5) < Lya (W1, Ws). Furthermore, we are given any €, €s.
Then for any W5 in the €2 lower-level optimal set, Lya (W5, W5') < Lyai(W1, Wa) < Lya (W1, Wa)+
€1 holds. Together with the €5 feasibility of (W5, W5) to the bilevel problem, it means (W7, Wy)
is an (€1, €2) solution to the bilevel problem. Moreover, since (W5*, W5') is also a minimizer of the
training loss, we have

L (W) = Lo (W5, W) = min Lo (Wi, Wa) =220 80 < ¢,
W1, Wa

which verifies Assumption 2}
For the condition in (b), it implies there exists

(W1*7 WQ*) € arg min (Lval(Wl7 Wg) + Ltm(Wh Wz))
2

1,

such that Lya (W5, W5') + Leen (W5, W5) = 0. Due to the nonnegativeness of both validation and
training loss, it must hold that Ly, (W5, W5) = Ly (W5, W5) = 0. This suggests (W5, W5)
is the joint minimizer of both training and validation loss, which satisfies condition (b), and thus,
Assumption[2]is verified.

Remark 2. Condition (a) says that the training and validation problem share at least a global
solution, situating us within the interpolating regime between training and validation. This means
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that minimizing the combined objective leads to a solution that simultaneously minimizes both
problems (Fan et al.| 2023)). In this case, the model trained from representation learning matches the
performance attained by optimizing both layers of model directly based on validation loss. Condition
(b) is a sufficient condition of Condition (a) and Condition (b) itself means there are no redundant
information contained in the training and validation set.

F.2 LANDSCAPE OF NESTED BILEVEL OBJECTIVE F(T})

According to the loss definition and the knowledge in linear algebra, we can derive the explicit form
of the bilevel objective in representation learning as shown in the following lemma.

Lemma 16 (Analytical form of F(1¥/7) and its nonconvexity). The bilevel objective for two layer
linear neural network representation learning in ) can be explicitly written as

1
F(Wl) = 5 ||A - (Xvalwl) (I - (Xtrnwl)T(XtrnW1)> b”2 (34)

with A = Yval - Xvalwl(XtrnWI)T}/trn and b = [(Xvalwl) (I - (Xtrnwl)T(Xtrnwl))]TA-
Moreover, F(W1) is nonconvex even when X = Xya) = Yirn = Yo = 1.

When Xy = Xyal = Yin = Yval = I, it is obvious that any invertible matrix W, and its inverse
Wy =W, 1 are the solutions to the bilevel problem (T)) as both upper and lower-level objective are
the same. In this sense, the above lemma indicates that the landscape of the bilevel objective is not
convex even in the trivial case. A possible explanation to this phenomenon is the discontinuity and

nonconvexity of the inverse operator VV{r at the rank-deficient point.

Proof: First, according to (Barata & Hussein, 2012} Theorem 6.1), the lower-level solution set of (§)
can be represented by

SW1) = {(XeenW1) Yorn + (I = (XeenW1) T (XeenW1)) b, Y0} = (Xpen W) Virn + Ker(XeenW1).
35)

Then YIW;, we aim to solve the following problem

1
min 2 [|4 = (X W) (I = (X W) (X W) 0] (36)

where A = Y, — Xva1W1(Xth1)Tth is fixed when W7 is given. Applying (Barata & Hussein,
2012} Theorem 6.1) to (36) again, we know (36) achieves minimal when

b= [(XeaW1) (I = (XeenW1)! (XernW7))] " A,
When Xtrn = Avyal = thrn = Yyal — I, we have

T
b= [Wl (I - Wle)] A=0, and A=Yy — XeaWi(XeenW1) Yirm = I — Wi W

Therefore, the bilevel objective has the form of F(W:) = || A[|? = & ||T — W, W/{||2. Without loose
of generality, we consider W; € R?*?2 and the objective value at two point

((3)5 ()

However, the function value at the median point does not satisfy the convexity condition, i.e.

(b(39) 5 (24) ()

As aresult, F(TV}) is not convex.

—_

X =4

N | =
N —
N | =
i
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F.3 PRELIMINARIES OF PENALTY REFORMULATION

Ideally, we want to solve the penalized problem (9) instead of the original bilevel representation
learning problem (8). However, the following lemma shows that Ly, (W71, -) is not Lipschitz smooth
and PL over W, uniformly for all W; € R™*"_ Therefore, the equivalence of the penalized problem
to the bilevel problem and the differentiability of lower-level value function L., (/) cannot be
established directly from (Shen et al.,[2023). In this section, we provide the complete proof of them.

Lemma 17 (Non-uniform smoothness and PL). The lower-level function Li,,(W71, -) is smooth with
de(Xtm) de(Wl) and PL with 0(XmW1). Moreover, if omin(W1) > 0, then Ly (W1, ) is

PL with Jml!l(Xtrn) mm(Wl)

Proof:  First, we know that h(W) = £||Yum — W]? is 1-strongly convex and 1-Lipschitz

smooth. Given matrix W7, then according to (Karimi et al.l 2016, Appendix B), Ly, (W1, Wa) =

h( X W1Ws) is in the form of strongly convex composite with a linear mapping so that it is

02(XtenW1)-PL over Wy, Also, Lyy(W1, Wa) = h(XunWiWa) is 02, (Xt W1)-Lipschitz

smooth over Wa. Therefore, the Lipschitz smoothness constant of Ly, (W7, -) can be upper bounded

by

XtrnWI)

X‘U"H) max(Wl)

Inax ( max (

where (a) comes from (I7). If W, and X,,, are full row rank, the PL constant is lower bounded by

)
Uf (XtrnWl) nnn(XtrnWl) Omin (Xtrn) mln(Wl)
where (b) is derived from (I8), X, # 0 and W is full row rank which is inferred from W is a fat
matrix with o, (W) > 0.

Definition 4 (e- solution of penalized problem). We say (W, W3) is an e- global solution to
penalized problem Q) if for any (W1, Wa), it holds that

L (Wl*,WQ*) <L (Wl,Wg) + €.
Theorem 4 (Relations of global solutions). Suppose Assumption 2| holds. Any €5 solution to the

penalized problem with +y is an (ea, €v) solution to the bilevel problem (8) for some €., = O(€3).

Conversely, for any €;, there exists v* = O(e] ) such that for any v > ~*, the global optimal
solution of bilevel problem (8) must be an €1 optimal solution of penalized problem with .

The above theorem shows that to ensure the penalized problem (9) is an (e, €) approximate solution
to the bilevel problem (), i.e. €, = O(e), one need to choose ez = O(y/€) and v = O(e~9%).

Proof: We will prove the relations through four steps.

Step 1:  First, we prove that under Assumption [2} there exists an (€7, €2) solution to the bilevel
representation learning problem (8)) with full rank W;.

Choose any (e1, €2) solution (W3, W) to the bilevel representation learning problem () that
satisfies Assumption [2| If W] is not full rank, then we can find full rank W; and W5 such that
W1 Wy = W W35 by the following process. By singular value decomposition, we can decompose
Y1 0

0

V = [V} V3] € R**%, Also, by assuming Rank(A) = 7, we know that U; € R™*" . V; € R**" and
¥ € R™*" are full rank submatrix. Therefore, W} can be decomposed by

Wi =USVT with ¥ = € R™*" and orthogonal matrix U = [U; U] € R™*™ and

S 0| W V1
Wi =1[U,U. =[U:2; 0 =U5 V'
=0t o vy (U131 0] Al 121V
and V5 is the orthogonal basis of Ker(W;). Furthermore, we can decompose Vo = [V3 V4] €

RMX(h=7) with V3 € R (m=7) n this way, we can construct W7 and W5 as

Wi =Wy + UV, = Ui sV, + UV, and Wy = ViV, Wy
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where W is of full row rank m. By Lemmal 50 Li. (W1) = 0. On the other hand, as the training and
validation losses only depend on the value of W; Wy and W1 Wy = W W5, we have
Lyal(W1, Wa) = Lual(W7, W3), Len (W1, Wa) = Leen (W7, W3).
Since (W7, W) satisfies Assumption[2]and Ly, (W1) = 0, we have
Lien (W1, Wa) — L3 (W1) = Lien (W1, Wa) = L (W, W3) < ea.

With the fact that Lyay (W7, Wa) = Lea (W55, W5), we know (W7, W3) is also an (€1, €5) solution of
the bilevel representation learning problem and W is full row rank by the construction.

Step 2:  Next, we will prove that any e, solution to the penalized problem with v is an (eg, €,)
solution to the bilevel problem for some ¢.,. For any €5 solution of the penalized problem (W', W5'),
we can find Wy € arg minyy,esawy) [|[Ws — W || and

Unlax(WQ) - O'max(PrOjS(Wl'V)(WQ’Y)) S Umax(WQ’Y)~
Then we can derive the Lipschitz continuity of Ly, (W7, -) by

1 1
Lval(Wl’Y7 W;) - Lval(Wl’ya W2) - EHYVM - Xvalwl’YW;||2 - §||Yval - XvaleWQH2

1
§<2Yval - XV;L]Wl’Y(W; + WQ)a 7XvaIW1PY(W2’Y - W2)>

< LWL - W5

where L(’y) = (Umax(yval) + Umax(Xval)Umax(Wl’y)o’max(W;))UmaX(Xval)Umax(W;/)' So it fol-
lows

Lval(Wiyv W;) + W(Ltrn(ern W;) - Ltrn<W1’Y))
< Lya (WY, W2) + €2
< Loat(W7, W9) + L(v)||[Wy — Wa|| + €2
2
— L
O-*(XtrnW{y)

< Lva(W7, W) + (7)\/ Leen (W7, W) = Leen (W) + €2 (37)
where the first inequality comes from the definition of ey solution of penalized problem and
Lorn (W], Wa) — Lin (W7') = 0, and the last inequality is derived from the PL condition of L, (W)
and Lemmal[6] According to (37), we have either

2
Leen (W7, W) = Lo (W) < % (38)
or €3 < L(Leen (W7, W) — Lin (W7')) and thus
z(I-trn(VV7 WV) - Ltrn(WW)) < #LW) \/Ltrﬂ(WA/ WW) - Ltrn(WW)
2 1> 2 1 — U*(Xthf) 1> 2 1
which yields
8 L(y)\*
L m A/a ) — L rn 7)< 39
(V7 W3) = Ln(097) < e (F2) )
By choosing v = O(e; ) and noting that { L(7), 0. (X W7) } = 1), (38) and @) indicate that
262 8 2
= Lo (W) L < =0 (e3).
€y t (Wl 7W2 ) trn(Wl ) max { v O'* (Xtrnwl (62)

Moreover, for any (Wl, Wz) satisfying Ltm(l/Vl7 Wg) Lfm(Wl) < €5, it holds that
Lyat(W7, W) 4 5 (Leen (W1, W3) = Lin (W) < Leat(Wr, Wa) 4 (Leen (W1, Wa) — L, (W1)) + €2
and thus

Loat (W7, Wy) = Lyat (W1, Wa) < 4(Loen (W1, Wa) — L, (W7) — €y) +e2 < e

which indicates (W7, W) is (€2, ;) optimal solution of the bilevel problem. This concludes that
any e solution to the penalized problem is an (2, €,) solution to the bilevel problem.
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Step 3:  To prove the converse part, we first claim that for any €5, there exists an e solution to
the penalized problem with full rank W;, which is built on the previous two steps. Take the e
solution (W', WJ') of the penalized problem in the second step, it is an (€2, ;) optimal solution
of the bilevel problem. From the first step, we know there exists an (ez, €,) optimal solution of the
bilevel problem (W, W) with full rank W¢. Therefore, we have Ly, (W', WJ) = Ly (W, W5)
and the feasibility

Leen (W5, W) — L,

trn

(W) < e = Lua(W7, W5) - L

trn

(W)

Adding these two inequalities together, we have L., (W{, Ws) < L, (W', WJ'), which suggests that
(W, Ws) is also an e solution to the penalized problem. As W7 is full rank, we prove the claim.

Step4:  We will then prove the converse part, i.e. for any €;, there exists v* such that any global
solution of bilevel problem is an €; solution to the penalized problem for any v > ~*. Take any

global solution of bilevel problem and denote it as (W7, W5). According to the first step, we know
that there exists a global solution to the bilevel problem (W5, W) with full rank 5. Also there
exists an €; solution to the penalized problem (W7, W) with full rank W,'. Therefore, we can
restrict the bilevel and penalized problem on the following constrained sets

Wi ={Wi:r1 < omin(W1) < omax(W1) < Ri}, and Wy = {Ws : omax(W2) < Ra}

where 71 < min{cmin(W7), omin (W)} Ri > max{omax(W;), omax(W; )}, i = 1,2. In this
way, W, is a convex closed set while W is a closed but nonconvex set, and

min L, (W1, Ws) = min L, (Wy, Ws)
WieW,WaeWs, Wi,Wa

because the constrained sets include the minimizer of penalized problem. Also, Ly, (W71, +) is
uniformly Lipschitz continuous on Wy and Wh, and Ly, (W7, -) is uniformly smooth and PL on W
and W,. Adapted from (Shen et al., 2023, Theorem 1), there exists v* = 0(61_1) s.t. for any v > ~*,
we have[l

L, (W, W) < i L., (W, W-

(W, W3) < Wlewf?)lvfll/ﬁwz (Wi, Wa) + €
= min L’y(Wla WQ) + €1
Wi, Wa

Since L, (W1, Wa) = Ly (W1, Wa) = Lo (W5, W5) = L, (W;, Wy), we know (Wy, Wa) is an ¢
optimal point of the penalized problem, which concludes the proof.

The following lemma shows that L*(1¥7) is not differentiable at the whole space, but it is differentiable
for W, with lower and upper bounded singular value.

Lemma 18 (Danskin type theorem). Assume there exists r, R € R< such that for all Wy € Wy,
0 <7 < omin(W1) < omax(Wh) < R. Then L, , (W) is differentiable on W, with the gradient

trn

VL0Lin(W1) = Vi, Leen (Wh, W5, VW5 € S(Wh) with finite norm.
Moreover, VLY, (W1) =0 on W;.

trn

Proof: First, VIV, € Wi, without loss of generality, we can set Wi = (X W1) Vi € S(W71)
with finite {5 norm

(a) .
O'max(WQ*) - Omax((Xtrnwl)T}/trn) S amax((Xtrnwl) I )Umax(yrtrn)
O-max(yvtrn) O'max(thrn) O-max()/trn)

Umin(Xtrnwl) o Umin(Xtrn)Umin(Wl) o Umin(Xtrn)r

where (a) comes from o ax (A") = 1/0min (A" if omin (A7) > 0. The benefit of choosing W in
this way is to ensure Vyy, Ly (W1, W5) is Lipschitz continuous over W7, which can be proved by

HVWQ Ltm(Wla WQ*) - VVV2 Ltm(Wlla WQ*)HQ
- || - (Xtrnwl)—r(yjcrn - XtrnW1W2*) + (XtrnW{)T(Y;:rn - XtrnW{WQ*)HQ

2(Shen et al.} 2023, Theorem 1) only requires the convexity of W
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< [(Xern W) T Xen (W1 = W)W |12 + (W1 = W) T X,
< Ur2nax(Xtrn)amaX(Wl)UmaX(W;)HWI - W1/H
+ Umax(Xtrn)[Umax (}/trn) + Umax(Xtrn)amax(Wl/)o-max(Wz*)] HWI - Wll H
2 Xrn max an R max Xrn R
Umax( t )U ( t ) g ( t ) ):|||W1_W1/

Omin (Xtrn)r Omin (Xtrn)'r

where W1, W/ € Wj.

On the other hand, for any W; € Wj, as long as it does not belong to the boundary, we can find
a > 0 such that for any a < a, Wi + ad € W, holds for any unit direction d € R™*" Even for W,
at the boundary of W, one can slightly enlarge VV; by adjusting r and R correspondingly to ensure
the singular value of any W; € B(W7, a) is uniformly lower and upper bounded. Then based on the
Lipschitz continuity of Vyy, Ly (W1, W5) over W5 and W5 and the PL property of Ly, (W7, -), and
according to (Nouiehed et al.; 2019, Lemma A.3), there exist L > 0, for any 0 < a < a and any unit
direction d € R™*", one can choose W3 (a) € S(W; + ad) such that |W3 (a) — W5| < La. By
the Taylor expansion,

L (W1 + ad) — L}

trn trn

(Krn - XtrnW{WQ*)H2

+ Jmax(Xtrn)O—max(YVtrn> (1 +

(Wl) = Ltrn(Wl + ad7 WQ* (a)) - I—trn(Wh WQ*)

= aViy, Lun (W1, W3)d + Vi, Lo (Wi, W5) (W5 (a) = W3) + O(a?)

= aVyy, L (W1, W3)d + O(a?)
By the definition of directional derivative, we know

L* d) — L
I—E;(Wla d) — lim trn(Wl +a ) trn(Wl)
r—0t a

Since the above relationship holds for any direction d, then we get VL., (W1) = Vi, Lepn (W1, W3).

trn

In addition, the above discussion holds for any bounded W3, which yields the first part of the
conclusion. Moreover, as Vi, Ly (W1, W5) = Vil (WiWHW T = X1 Loen (WiW5)W5 T

and l,, (W1 W5) = minw, Ly (Wi, Wa) = 0 according to Lemma V\t/glget VL, (W) =
VWl Ltrn(Wla WQ*) = vW1 I—trn<W17 WQ*) =0.

Lemma 19. Under Assumption 2] for any € > 0, there exists an e-solution to the penalized problem
(W, Ws) with L;,, (W) = 0.

trn

= Vi, Len (W1, W35)d

Lemma([I9]is pivotal in ensuring that the penalized problem is well-posed. Otherwise, we encounter
the situation where the optimal weight (W5, W3') learned from the penalized method

Ltrn(Wl ) 7£ Wnll,ll/rll/2 Ltrn(Wh W2) - 0

This implies that the learned bottom layer weight fails to fit well on the training dataset — a scenario
we want to avoid. Without making assumption on the penalized problem, the well-poseness of it is
derived from the singularity assumption of the bilevel problem and their approximated equivalence.

Proof: Lemma[I9]is a side product of Theorem[4] According to Step 2-1 in the proof of Theorem
we know that for any e, there exists an e-solution to the penalized problem with full rank Wj.
Together with Lemma(5] we arrive at the conclusion.

F.4 PROOF OF THEOREM([]]

We restate Theorem|[I]and the descent lemma in the following theorem.
Theorem 5 (Local joint PL and smoothness). Suppose Assumptionholds, assume o2, (WF) >0,
o2. (W§) > 0 and denote X = [Xval; /7 Xten)- Then the descent lemma holds with Ly defined in
(1) and the local joint PL inequality holds with j, = (02, (WF) + o2, (Wi))o2(X,), ie.
VL, (W WP > 2p (L (W, W) = LY)
o a
Ly(Z1) < Ly (2%) = (5 = a®Le) VL, (29)) + (5 + L) 0]
where Z = (W1, Ws), ZF = (WF, W¥), a and LY = ming L, (Z). Moreover, one has

L,Y(Zk—H) — Li’; < (1 — oy + 2042Lk,uk) (L,Y(Zk) — Lf;) + (% + Ozsz) ||(5k||2

Proof: We first prove the local PL inequality by four steps.
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Step 1-1: Local PL inequality for L;,,, (1, W>) and L, (W1, Ws).  First, we know that h(W) =
£][Yen — W% is 1-strongly convex and 1-Lipschitz smooth. Given matrix W, then according
to (Karimi et al.| 2016, Appendix B), lin(W) = h(XnW) is in the form of strongly convex
composite w1th a linear mapping so that it is Uf (Xtm) PL over W. As X, is full rank, we have
02(Xtem) = 02, (Xten) and by (W) = h(X;nW) is 02, (X¢en)-PL over W. On the other hand,
we also have

min (

mmi/n Lipn (W) = Wnll’in2 Lien (W7, Wa) (40)
because
min gtrn(W) < étrn(Wl*WQ*) = min Ltrn(Wla WQ) (41)
w W1, Wa

where W, W5 = argminy, y, Lien (W1, W2). The reverse direction of holds true because for
any W* € arg miny, ¢y, (W), it can be decomposed to

Im m
]

O(hfm) xXm

Based on the above facts and denoting W = W; W5, we can prove the local PL property of L, over
(Wb W2) by
HVLtrn(WIvW2)”2 = vatrn(VV)VVJ”2 + ”VVl—FVZ‘crn(W/)||2

= [[Wa VLo (W) |12 + | W Veewn (W)

@ , 2 2 2
> O min (W2)[[VLen (W17 + 07050 (W) [[ Ve (W]

= (Oin (W1) + 0 (W) |V ez (W) |2

®

> 2( mm(W1> mm(WQ)) mm(XtrIl)(Ztrn(W) - Hé[i/l’lftrn(W))

(©)
> ( mln(Wl) mln(WQ)) mln(XtrIl)(Ltrﬂ(W17 WQ) - M;DIVI[I/ Ltrll(Wl? WQ))
1 2

(42)

where (a) comes from Lemma (b) is derived from £y, (W) is 02, (Xirn)-PL, and (c) is because
miny i, (W) = minw, w, Ly (W1, Wa). Similarly, for the validation loss, it holds that

HVLV&I(Wl ’W2 )H2 > 2( mln(Wl) + O-rnln(WQ)) mm(Xval)(Lval(Wla WQ) - ml‘% LV&I(Wh WQ))

1,VV2

Step 1-2: Local PL inequality for [“f (W1, Wa) =: Liat(W1, Wa) + YL (W1, Wa).
By noticing the fact that (fva + 7ura) (W) = 3[[¥y = X WP with Y5 = [V y/7¥ia] and
X, = [Xval; /7 Xten), we have

IV L (W1, Wo) |2 = [V (fvat + YEeun) W)W [ + W)V (Lt + Y Loan) (W)

2 20020 (W1) + 02 (W) (00, O (W2, W2) — iy T, W)

(43)
where (a) is derived similarly from the derivation of {@2).
Step 1-3: We then prove the relation of L. (W7, W5) and Ew (W1, W3) that
min L, (W, Ws) = min L, (W, Wy). (44)

Wl WQ ngW2
Since Len (W1, Wa) > 0, we know L}, (W1) = minyw, Ltn (W1, Wa) > 0, and thus
L’y(Wla WQ) - Lval(Wla WZ) + ’YLtrn(le WQ) 'YLtrn(Wl) S Lval(Wh WQ) + '}/Ltrn(le WZ)
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Taking the minimization over both sides yields

WI?,IVIII& Ly (Wy, Wa) < METVI‘I/Q(Lval(Wh Wa) + Lo (W1, Wa)) = WHll}VT‘l/z E'y(Wla Wa).  (45)

By Lemma for any e > 0, 3(Wy, Ws) is an e-solution of L. (W1, Wa) with L{,, (W) = 0, so
€+ Wmi&l/ L“/(Wla W2) > LW(WIE’ W26) = LVal(Wlsﬂ W26) + ’thrn(Wlev WZS)

1,W2

> . — . T
&?71%2(Lva1(W17 W2) + Lo (W1, W2)) nin, L, (W1, Wa)
holds for any €. Letting ¢ — 0, we get

min L, (W7, W3) > min L ~ (W1, Wy)
W1, Wa W1, Wa

Together with (@3)), @4) must hold true.
Step 1-4: Local PL property of L. (W5, W5).

VL (W1, W) [P = IV W)Wy + AVl (W)W, — VL
+ le—rvgval(w) +'YW1TV€trn( )”2

(W)|I?

trn

D NV L (WYWG 4 YV i (WYWS |2 + [[W] Vil (W) + AW, Vg (W) |2

= HV(Eval + 'Y‘gtrn)(W)WQT‘P + ||W1—|—V(€val + 7€trn)(W)||2

®

= 20020, (01) + o2 W2))o2(,) (L 093, 12) = iy T, 073, 2) )

2070 (W) + 020 (W) (X,)(Ly (W1, W) — i L (W3, W2))

= 24, (Ly (W1, W2) — nin L, (W1, W2))

where (a) comes from Lemma@ and (b) is derived from (@3), and (c) holds because of (@) and
Lf.,(W1) = 0 when omin (W1) >

Next, we will prove the descent lemma. Denoting Z* = (W, W¥), the update of PBGD can be
formulated as

ZH = ZF — (VL (ZF) 4 61) (46)
where §;, = (VL;‘m(Wlk) — Vw, Len (W, W5T1)). Let us denote
L, (1= )W+ sWF (1 — )WE + sW§H)
= v2 v (W = an(Vw, Ly (Z%) + 8), W5 — arVw, L, (Z"))

= viL (W RV (25) + 60), WE = anVu,[,(2"))
— V2L (Zk_m(VL +5k) 47)

then by second order Taylor expansion, we have

L,Y(ZkJrl) < E’Y(ZlﬁLl)

= L, (Z%) + (VL,(Z"), 21 — Z%) + /1(1 — &) (Zpy1 — Zy, H(R)(ZM = Z%)) drs
0

—

@) L,(Z*) — a(VL,(Z%), VL (Z%) + &) + /1(1 — &) {(Zy1 — Zy, H(R)(ZM — Z%)) drs
0

(%) Lry(Zk) - a||VL"/2(Zk)||2 + OZHC;kHZ _|_a2 /01(1 _ Iﬁ:) <VL7(Zk) —|—§k,H(KJ)(VL7(Zk) + 5k‘)>dﬂ
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c a||[VLL(Z®)12  alok|? !
Dz - DI Ay w24+ 6 [ - ) o H ()
0
(d) L Zk 2 ) 2 ‘ 1
< L»Y(Zk)— 01“V ’Y; )” +Ol||2kH +2a2 (HVL'y(Zk)||2+||6kH2)/ (1—H)Lkdli
0
a o
= L,(2") = (5 = a”Li) IVL(ZM)P + (5 + a2Le) [l (48)
where (a) is derived from (@6)), opin (WF) > 0, Lemmaand Lemma (b) holds because
lall® | lB1*  lla =0l _ [lal®* [la—b]?
by = — > —
(b =5-+5 2 <2 2
gr. in (c) is defined as m%, and (d) is earned by Lemma

Finally, according to (#8) and the local PL property of L. (W7, W), we have
a a
L (Z41) < L, (2%) = (5 = a®Le) VL, (292 + (5 + L) 10

o
S L,Y(Zk) - (a - 20{2Lk) /,Lk(L,Y(Zk) - L:) + (5 + OJQLk> ||6kH2

Subtracting both sides by L7 yields

Ly (25 = L < (1 — app + 202 L) (L, (Z%) — L2) + (% +a? L) [l]>.

We give the characteristic of Ly, the bound of (gx, H(k)gx), by showing (gi, H(0)gr) and
[{gr, (H(k) — H(0))gx)| are bounded subsequently. The upper bound of (g, H(0)gy) is adapted
from (Xu et al} 2024, Lemma D.1) as it is independent on the update direction, as long as gy, is
normalized.
Lemma 20 ((Xu et al., 2024, Lemma D.1)). Let g, = %ﬁ:%ig’;” and H (k) defined in &T), then
it holds that

(gx, H(0)gx)

1 d?
= —M
2L WE W) & a2 ),
< 1 (VO (A S A+ 2 ()2 AGs + m) ]
& ol
= VL EwE) 4 o2 WYV EeD g Al ot Tmad 2 oo
< (0, (02 W) + 2 (W) /202 (X (L (WL W) — L), )

To show the boundedness of |{gy, (H (k) — H(0))gx)|, we define the loss at the intermediate point
and the product of W — sa(Vyy, L (WF, W§) + 6;,) and WE — saVyy, L, (WF, W§) as follows.

M(s) = Ly (Wf — sa (Vw, Ly (W, WE) + 6k) , Wa — saV, L, (W, W3))
A(s) = W = sa ((Vw, Ly (W, W5) + 6c) Wy + WV, Ly (W, W5))
+ 5202 (Vi Ly (WE, W5) + 6k ) Vi, Ly (W, W)
where WF = Wlk WQI“ and £, = lya + YLirn. In this way, we have
M(0) = L“/(W1k7W2k)7 M(1) = I—v(Wlk—i_leQk—i_l)v and  M(s) = {,(A(s)).

Then establishing the bound of | H (x) — H(0)|| depends on the amount of || A(k) — A(0)|| because
H(x) = V2L, (M()) = V2L, (6, (A(x))).

Lemma 21. Forany k € [0, 1), if |6k || < & and oumin(WF) > 0, 0min(WE) > 0, then it holds that
1A(s) = AQO)[| < & (o7 (WF) + 020 (W) \/202 (X)) (Ly (W, W) — L)

max max

(X5)Tmax (W) (Ly (W, W) — L)

+ 0 max (W) + 20202

max

0200 ma (W) /202,00 () (L (W, W) — L), (50)

34



Published as a conference paper at ICLR 2025

Proof: According to the definition, we have
|A(k) = AO)[ = || =k (Vw, Ly (WE, W5) + 8) Wy + Wi Vi, L, (W, W3))
+120” (Vw, Ly (W, WE) + 6x) Vi, Ly (W, W5) |
< ko |[(Vw, Ly (W, WE) + 61) We + WEVw, L, (WF, W5
+ &2 || (Vwy Ly (W, WE) + 61) Vi, Ly (W, WE) ||

&3
S Ro ( max(Wl ) + Umax W2 \/2Jmax X’Y)(L’Y(Wlk7 WZk) - Lf;)

+ K00 max (Wy) + 2670 iax(Xv)amaX(Wk)(L'y(Wlk7 W) - LY)
+ 'ka & 60max Wl \/2Umax X’Y)(L’Y(W]{C7W2k) - Lf{)

Letting k < 1, we get the conclusion.
Lemma 22. Forany r € [0,1), let § := ||0x||, then it holds that

<gk7 H(H)gk> S 02 (X’Y)( max(Wl ) + U?nax(WQk)) + 3a50max( ’Y)O—maX(WQk)

max

+ (1 + 3aamax(X7)( max(Wl ) max \/QUmax Wlk’ Wk) - L*>
+ 3a20max< )6Umax Wl \/2Umax X’Y)<L’Y<Wl ’WQ) - Li‘;)
+ 607070 (X)) Tmax(WF) (Ly (W, W) = %) =: Ly, (51)

Proof: First, we observe that (g, H(x)gx) is the second-order directional derivative of L., with
respect to the update direction, i.e.

1 d?

(g, H(K)gr) = 2V, (WEWE) +6r7 T2 M(s+x) o (52)
For the directional derivative, we have
2
ds gz M +r) s=0
d2
= @
= i(Vﬂ (A(s + kK)) iA(s + K))
ds' 7 " ds =
= (VL (A(s + K)) d—QA(s + K)) + (iA(s + k), V2, (A(s + H))iA(S +K))
" ds? s=0 'ds T ds 5=0
QA+ 1)) LA o (X)L AGs + )2 (53)
- v ds? s=0 max A ds s=0

where (a) uses the fact that £, is 02, (X,,) smooth. Then we bound (V. (A(s + k)), %A(s +
K)) and || £ A(s + /-@)||2‘ as follows.
s=0 s=0

d2
(Vr(AGo ) A+ )]

= 2V, (A(K)), (le S (WEWE) + 61) Vi, Ly (W, WE))
—2<W (A(r)) = VE,(A(0)), 0 (Vw, Ly (W, W5) + 6x) Vi, Ly (W, W3))
+2(VL, (A0 )) 2 (Vw Ly (WF, WE) + 6k) Vi, Ly (WF, W)

[A(r) = AQO)II(Vw, Ly (W, W5) + 8) Vv Ly (W, W5 )|

(VL (A). A As)

On the other hand,

< 20&20'12110\)( (X"/)

(54)

s=0

d
~A 2‘
I A+ Rl
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= |l (Vw, Ly (W, WE) + 6) W3 + aW Vi, L, (W, W)
—2k0° (Vi Ly (WE, WE) + 61,) Vi, L, (WE, WE) ||
— &2 || (Y, Ly (W, WE) + 68) WE + WV, Ly (WE, WE)|)?
+ 4520 || (Vo Ly (WE, WE) 4 64) Vi, L, (WE, WE) ||
— 4k { (Vi Ly (W, WE) + 61) Vi, Ly (W, W5),
(Vw, Ly (W, W5) + 81) Wy + WiV, Ly (W, W)
< I AGIZ|_ anat || (Vi Ly (WE WE) +6) Vo, Ly (7, W)
— 4k (Vi Ly (W, W5) + 61) Vi, L, (W, W),
(Vo Ly (W, WE) + 6) W + WV, L, (W, W5)) (55)
Plugging (54) and (33) into (53), we get

&2
—M
7e (s+ k) -

< 2002, (X,)[[A(r) = AO)|(Vows Ly (WE, W) + 60 Vira L (W, W) |
d? d
+ (Ve (AW)), 75 AG) |+ o2 (K)ZAGI|
2
+ 4’€2 ! Iznax(X'Y) || (VW1 L’Y(Wlkﬂ W2k) + 676) VWz L’Y(Wlk’ W2k)H
4’%0‘3 r2nax(X"/) <(VW1 L’Y(W{C’ WQk) + 6/6) VWQ L’Y(Wlkv WQk)v
(Vua Ly (WE, WE) + 60) WE + WAV, L (WE, W)

< 0202, (5[ A(x) = A VL, (WE, W) +

+ U?nax(XW)(o—?nax(Wlk) + Jr2nax(W2k)) + \/2Ur2nax(X’Y>(["/(Wlk7 W2k) - Lf/) a2||VL’Y(W1k7 WZk) + 6’@H2

+ 4620 030 (X)) T (W) (Ly (W, W) = L)V Ly (W, W) + 6|2

2520102, (X360 (W) 202,00 (X ) (Ly (WE, WE) — L) VL (WE, W) + 632

+ 2'%0[ max(X’Y) ( max(Wl ) + amax W2 \/2amax X’Y)(L’Y(Wlk7 WQk) - Liky)HVL’Y(Wlk? WZk) + 5[@”2
+ 2k0” max( 7)5UmaX(W2 )HVL'y(Wl ) W2 )+ 5k||2

where the last inequality follows from Lemma [9]and (9). Plugging the above bound and the bound
of [|[A(k) — A(0)] in (30) into (32)) and note that < 1, we obtain that

1 a
a?||VLy (W, WE) + 6,2 ds?
S agrgnax(X’Y) ( max(Wl ) + Jmax W2 \/2Jmax ’Y)(L’Y(Wlk’ W2k> - Liky)

+ Oé(so—max(X’Y)O—maX(WQ ) + 20& lnax(X’Y)JmaX(Wk)(L’Y(Wlk7 W2k) - Lj{y)

(gr, H(K)gr) = M(s+ k)

s=0

02002, (X, )T (W) 202,00 (X ) (L (WE, W) — L)

+ Ul?nax(X’Y)( max(Wl ) + UmaX(WQ + \/2Umax X“/)(LW(Wlk7 WQk) - Lj;)
+ 4& max(X’Y)amaX(Wk)( (Wl ) W2 ) - ’y)

+ 204 max( )6Umax Wl \/2Umax X )(L (Wlk’W2k) - Li:/)

+ 2aamaX(XV) ( max(Wl ) Omax W2 \/2Umax X’Y)(L’Y(Wlk7 WQk) - L'ﬂ;)
+ 2a0max( )50maX(W2 )
r2nax(X’Y)( max(Wl ) + O-?nax(WQk)) + 30(50'“”)(( ’Y)O'm&X(WQk)

=0
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+ (1 + 3a0mdx<X7)( de(Wl ) de \/ZUmdx (Wl ’Wk) - L*)
+ 302021 (X;) 00 max (W}) ¢2amdx () (Ly (W, W) - L)
+ 60 max(Xv)UmaX<Wk>( ’Y(WI 7W2 ) — L:)

which completes the proof.

F.5 PROOF OF THEOREM[Z]

We restate Theorem [2]in a formal way as follows.

Theorem 6 (Almost linear convergence rate). Suppose that Assumption |2\ holds, letting o be the
smallest positive solution of the following equation of «

B0 s (X)) (Ly (WY, WE) = L) = (1 — exp(—v/a@))(c1 + e2(2 — exp(va)))o(X,).  (56)

If the above equation does not have a positive solution, set cy = oo. Similarly, let as be the positive
solution of aL = 1 with L defined in (64). Moreover, let oz < (log(2 + %))2 Then for any

0 < a < min{ay,az,a3} and 0 < B < g, there exists T = O(logy + loge™! + K) such that
§< min{\/a“Z(L”(W{)’WQO)_L:) 0(61/4)} and

3

252 2 (x
(2046 clexp(va) + 2a26% + 3707y exp(;/a)crmax( 7)) K
acyexp(y/a)o2, (X .
S 2 p(\/zjl) ( 'Y) (LV(W{]’ WO) _ L’y) . (57)
Therefore, when v = O(e™%%), u = O( ), L = O( ) a = O(y~Y), we have au = O(1)
and to achieve the (¢, €) stationary point, i.e. Ly (WF ,Wzk) miny, w, Lvai(W1, Wa) < € and
Leen (WF, WE) — minyy, Lo (W1, Wa) < ¢, one need KT = O(log(e~1)?) iterations.

Proof: Denote W* = W{W¥ and Dy, = (WF)TWFE — (WE)TWF as the imbalanced matrix. We
will prove this theorem by induction. Define the following properties as

B Ly (WL W) — L < (1= ) (LW W) — L) + 29
k) w1 g Umin(Wk+1) S Umax(Wk+1) S w

P (
Pa

Qaco ex @)o? X *

* P3(k): | D1 — Dol < 22222V (X0) (| (W9, W) — L)
Py

(e142c2(1—exp(v/@))) o2 (X )
k): ¢ +2¢5(1 = exp(Va)) < o, (W) < 0 (W) < dhexp(Va), i =1,2

where ¢; = ¢} + ¢2, c2 = ¢} + c3. Suppose that the above properties hold at iteration 0, - - - , k — 1,
we aim to prove that Py (k), P2 (k), P3(k), P4(k) hold recursively.

Step 1: P (k) holds.  If we can prove the following uniform bounds of the local PL, smoothness
constants and the lower-level error

pre >y, L <L, [0 <6 (58)
then it holds that
1— (677973 + 2042Lkﬂk =1- ,uk(a - 2042Lk) and (% + OéQLk) ||5k||2 < (; + L) (52
(a) (®) 3062
<1—pla-— 2042Lk) < 3041
©)
<1-— % (59)

where (a) comes from a < 1 < Lik, (b) and (c) are due to o < ;- and Ly, < L. Then according to
Theorem I} we get the conclusion.
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Next, we start to prove (38). According to P4(k — 1), the lower bound of s, is earned by
HE = ( mln(Wl ) mln(W2 )) (X’Y) 2 (Cl + 62(2 - eXp(\/a))) UE(X’Y) =i p (60)
where ¢; = ¢f + ¢? and ¢y = ¢} + 3. We then prove the upper bound of |6 ||. By definition,

1881 = VIV, Leen (W, W) = Vi, L (W)
< 0 Umax(Xtrn) max(Wl )dlSt(WkJrl? ( 1]{:))

Jrznin X rn 012nin Wk !

< 20k (Ko (W) (1 - Zpaf el ALY (L W 9) — L (W)
0-12nin(X rn U?‘ﬂin Wk) g

S 27 max(Xtrn) maX(WI ) ( 0_2 (ernio_g ] <(I/V11k>) Ltrn(Wlk7 W??)

where the first inequality is due to the Lipschitz continuity of Li., (W, ), the second inequality
comes from Lemmaand Lemma According to Py(k — 1), omax(WT), 0min (WF) is upper and
lower bounded, so the upper bound of ||dx|| < ¢ exists and it exponentially decreases with 7.

Finally, we prove the upper bound of Ly. As L, (W}, W) = L, (WF, W¥) when o (WF) > 0,
according to the definition, it holds that

Lk @ U?‘ﬂax(X’Y)( max(Wl ) + U?nax(WQk)) + 3Oé(so'max( ’Y)UmaX(W;)

(1 + 3a0mux(XV)( max(Wl ) + Um'}x W2 \/2Um'1x (Wl 7W2 ) - Lfy)
302021 (X3 )50 max (WF) 202, (X,) (L (W, W) — L)
+ 60207050 (X5 ) Oimax (W) (L (W, W) — L), (61)
Therefore, to prove the upper bound of L, we need the following upper bounds
) 4 Palk=1)
max(Wl ) + Umax(WQ ) < C2 eXp(\/a)
LD g o 300 S ap,
LW WH) -1, < (1= SORL W) - L) + == Y- )
k=0
ap . 362
(1 - ?) (L (WO, W) —L2) + e (62)
(a)
<L) L (©3)

Py(k—-1) . Pao(k—1

2 )
Thax (W) < T dhexp(va),  omax(WF) < wa,  |I6] <6

W9)—L

where (a) comes from ¢ < \/ 2 (Ly (W 2 Plugging the above upper bounds to (61)), we get

3

Li < 0 (X5)e2 exp(Va) + Badoy,, (X5)y/ c2 exp(Va)

(1 + 3aamax (X C2 eXp \/2UII13X (Wl ) W2 ) - Li’;)
+ 302021, (X561 €2 exp ¢2omax L, (WF Wh) - L)
+ 6& max(X"/) Q(L’Y(Wl ’W2) - L’y) =: L. (64)

After obtaining the bounds for juy, |0k ||, Ly, P1(k) holds because of Theorem [I]and (59).

Step 2: Po(k) holds.  Since (fya) + Vlirn) (W) is 02, (X )-Lipschitz smooth, we have

max

2
ax (X
(e + 7)) < (B + ) (W) + (Va4 3 (), W1 =1 Tl s e
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Setting W = W* € arg minyy, (¢ya + Vi) (W) yields
02 ax(X5)

(Zval + ’Ygtrn)(Wk+1) mW (gval + ’ygtrn)( ) + max2 HWk+1 - W*HQ
and thus
2
%(X’Y)Hwk-i_l -wr H2 < (byar + 'Vgtrn)(W]H_l) - mwi/n(gval + Ylern ) (W)

= L (Wi Wyt —Wniuvrll/QL (W1, W)

= LW Wyt — L
Also, (byal + Yl ) (W) is 02(X,)-PL, so the quadratic growth condition with holds by Lemma|§|

20 (X)W = W2 < (Gyat + Ylorn) (W) = min(uar + Ylirn) (W) = Ly (W1 W) = L]

where W* = arg minyy carg miny, (o) () W5 = W%, As a result, we have
UmaX(WkJrl) = Omax (Wk+1 -W*+ W*)
< O (W) - [ — 7
< Omax (W) + W — w7

* 1 k+1 k+1 *
Samax (W )+\/2O'3()(»Y)(L’Y(Wl 7W2 )_LA/)

(] 1
< Omax (W*) + \/W(LW(W97WS) - I—:;) =i W2

where the first inequality is derived from the Weyl’s inequality. Similarly, the lower bound of singular
value is achieved by the Weyl’s inequality

i (W) = g (W51 — 17 1 17°)
> omin (W) = [[WH — W5
> oin (W5) = W — W

. 1
> omin (W) — \/W(Lv(wfa wy) —L3).

As the singular value is always nonnegative, we can define a lower bound

1
wy = lomin (W*) — \/QUE(X'V)(LV(WIO’ Wy) — Lx) (65)
+

which is strict positive when initializing W, W close to the optimal.
Step 3: P3(k) holds.  Denoting W* = W{W¥, (., = lya1 + V{4 and utilizing the PBGD update
WEH = W — a(VL,(WRYWE)T +6,) and Wit = Wh — o(WF) TV, (WF)  (66)
we can expand the difference of imbalance matrix as follows
Dy = Dy = W Wt — Wt b Tt — (Wi TW o+ (W) TW
= (WF = a(VEWHWE)T +8,)) " (WF = a(Te,(WH(WE)T +6))
— (W = a(WH) TV, W) T (W5 = a(Wh)TVE, (W) — (W5 TWE + (Wh) W}
= —2a(W) (VL (W) (WE) T +6) + a*(VE, (Wk)(Wz )T+ 8) T (Ve (WH)(W5) T+ 6r)
20 (W) T8, (WH) T WE — o (W) TV, (W) T (W) 98, (W)
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= —2a(W{) " dp + (VL (WH)(W5) T +81) T (VL (WE)(W5) T + 6k)
—a? (W) T8, (W) (W) Tve, (7))
Taking the norm of both sides yields
1Dk1 = Dill < 2000 max (W) + o[V L, (W) (Wg) T+ 6c]|? + o[ (W) T Ve, (W)

< 2000 max (W) + 20% (07,0 (W) [VE, (WE)|[* +6%) + 0?0, (W) [V, (WH)] |2

max

= 2000 max(WT) +20%6° + a® (207, (W5) + 0 (W) IV L, (W) |2

< 2064/ ¢y exp(Va) + 20°6% + 207 ¢y exp(v) o, (X ) (Ly (W, W5) — L)

@
< 2a64/chexp(Va) + 20252

k 2
+2atesexp(vV@rt0) ((1- ) Lo - 1)+ 5 @)

where the third inequality is due to P4(k — 1) and £, is 02,,. (X.,) Lipschitz smooth.

max

As a result, it follows

k

IDk41 = Doll <D |1 Dwtr = Dall
k=0

k
@ Z 2084/ ¢k exp(va) + 20252
k=0

k
apNk 352
+ Y 20 ep(v () ((1- %) o) 1) + )
k=0

252 2
= (ZO‘(SWJr 20267 4 2002 eXp(\/a)gm"(X”)> K

1
4 2 (X
+ QC2 eXp(\/a)Umax( ’Y) (L
1
dacy CXp(\/a)O-IQnax(X’Y)
~ (a1t 22— exp(va))) oF(X)
where the last inequality holds by (37) and (60).

’Y(Wlov WQO) - Lf{)

Step 4: P,(k) holds.  According to (Xu et al, [2023] Appendix C), the initial weights can be
bounded by

c% < O'min(Wlo) < O'max<W{)) < C%
& < in(WE) < O (WD) <
and the singular values of weight matrix can be bounded by the imbalance matrix
b = ¢} — 2||Dis1 — Dol < Omin(WiH") < Omax(WFT) < ¢ + | Diga — Dol| = by,
b = cf —2||Dyy1 — Dyl < Umin(Wszrl) < Umax(W2k+1) < & + | Dit1 — Dol| = b}
Moreover, we have
bi, = cb + || Dys1 — Dol
< i + 50[62 eXp(\/a)O'IQUax(X’Y)
c
=2 (e1 +2e2(1 — exp(va))) 02(X,)

; ot (e b (2 — ox o) o2 c2 exp(va)
<d+(1 p(—Va)) (c1 + c2(2 — exp(vV))) 02(X,) X (&1 1 22 — exp(va)) o2(X,)
< exp(vVa)ch
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where the first inequality holds due to P3(k), and the second inequality holds because of the condition
(B6). Since b + 2b, = ¢t + 2c4 and b, < exp(y/@)ch, P4(k) holds because

¢i +2¢5(1 - exp(va)) < b < Umin(Wik+1) < UmaX(Wik+1) < by, < exp(va)cs.
Therefore, the iterates of PBGD satisfy
€

* ap k * 05
Lvtwh) - < (1= 9 ) -+ o (S5,

Together with Theorem|[I]and Theorem[d] we arrive at the conclusion.

G PROOF FOR DATA HYPER-CLEANING

We provide the omitted proof of lemmas and theorems for data hyper-cleaning.

G.1 INDEPENDENCE OF THE LOWER-LEVEL SOLUTION SET S(u)

Lemma 23. If XthtTm is a diagonal matrix, then for any u, S(u) that is independent of u and thus

1
Errn(u) = 5 H V 1/’N(U) (I - XtrnXtTm) Yim

2 1N ) ;
= 3 vl (X XLJit #1) . (68)

Proof: According to (Barata & Hussein,[2012] Theorem 6.1), one of the lower-level solutions W*
of (T0) should satisfy

W* = (\/¢N7(U))(trn)T V ¢N(U)th

D XN ) N () Yirn
== (Xtrn)TYtrn (69)

where (a) holds because 4/ (u) is invertiable for any u € U and Lemma Therefore,

N 1
Ltrn(u) = 5 H V wN(U) (I - XtTHXtTrn) thrn

2 1N ) :
=3 > () |yl P ([ Xeen X is # 1)
=1

where [ X X, 15 denotes the element of matrix [ X X, ] at the position (i, 7).

Remark 3. Lemma suggests that the (¢, 0) solution to the bilevel problem is meaningless since
the static lower-level solution set makes the bilevel objective in (I0) independent of u. This is also
aligned with the observation that the model achieved by data reweighting is independent of data
weight when the training dataset is linear independent (Zhai et al.|, | 2023, Theorem 1). However, the
e-lower-level solution relies on u (the rationale is detailed below). This could also explain the reason
why solving bilevel problem by nested approach to the (e,0) stationary point has accuracy drop over
the (¢, €) stationary point attained by penalized method in the data hyper-cleaning task (Xiao et al.|
2023b).

Explanation of Remark 3} The gradient of lower-level objective can be computed as

Vi buan (o1, W) = =5 (Vi () Xirn) VN () Yoo — Ko V)

1
= _§XtTrn¢N(u)(th = XemW)
1 N
= 3 2 vl W - ). a0
i=1

When the weight of i-th sample v (u;) is close to 0, i-th sample minimally influences the lower-level
optimization. Ideally, the optimal response weight which fits the dataset excluding the i-th sample,
will also perform approximately well on the weighted objective.
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To see it, let u? = (U, , U, —i, U, ,u) with —u at the i-th position and @ elsewhere. We
can then choose the minimal norm solution W (u?) € arg minW 3 i HxTW y; ||? such that

Dk Ty (x W —y; 1) = 0. According to Lemrna L W (u') € argminy; 5 ZH&Z ||;ETW yj—'—H is
also solution to 5 3=, ¥(u;)||lz] W =y ||? so that Z#zw(u])xj(x W —y) = 0. By (70),

Vv oo (', W (u)) = @xi@ W) — y7)

holds for any ¢. Taking the norm yields
( u) :
IV loen (u, W ()| = i (2 W (u') = )|

which is very small because 1)(—1) is close to 0 and ||z;(z] W (u’) — y," )| is bounded. According
to the PL property of the training loss, we know the function value gap £, (u?, W (u?)) — €5, (u?) is
also small enough, suggesting that W (u?) is an e-solution of lower-level for some e.

Lemma 24. If [Xim; Xval][Xom; Xvalll is a diagonal matrix, then for any u and »,
arg minyy £~ (u, W) is independent of u.

Proof: The proof follows that of Lemmaby replacing Xy, with [Xin; Xall-

G.2 PROOF OF LEMMA 2} LOCAL BLOCKWISE PL AND SMOOTHNESS

We first restate Lemma[2]in a formal way as follows.

Lemma 25 (Local blockwise PL and smoothness of £~ (u, W)). If X¢n X I is a diagonal matrix,
then for any w € U and any W, the penalized objective &,(u W) is L7 -smooth and p7),-PL over W,
where the constants are defined as

Mw =0y (XvalXle + ’Y(l - ’(/}( ))XtrnXtrn) ) LZ) = U?nax (X\LIXVBJ + ’yw(a)X‘;nXtrﬂ) .

Similarly, the lower-level objective Uiy, (u, W) is Ly,-smooth and pi,,-PL over W, with the constants
Hw = Oy ((1 - 'l/)( ))XtInXtrn) ) L'w = O'mmx ((1 - 11[}( ))Xt—[nXtrn) .

oreover, U, is Yirn smooth and 15 wid-—yin 2—PL over u € U, where we define
M 0 (u, W O (W h and LEW)%( i(l (@)

(W) = min {ly — o] W2 = lyil[ 22 ([Xen Xfiali # 1) }

as the lower bound of the positive mismatch in the training loss. If there is no positive mismatch, we
can set ¢(W) to any positive number.

>0

Proof: We first show that Sigmoid function % (u;) is 1 (u)(1 — v(%))? PL and 1 smooth over u;,
where u; is the i-th element in u. According to the definition, the gradient of the Sigmoid function
can be computed as Vi) (u;) = 9 (u;)(1 — ¥ (u;)), and its Hessian has the form of

V(i) = 9 (ui) (1= () + (ug) (= (i) (1 = 9 (ui)))

= (ui) (1 — 9 (u)? — 9 (ui) (1 — ¢ (u;))

= (i) (1 = P(ui)) (1 = 2¢(us)) <1 (71)
which validates the 1 smoothness. On the other hand,

IV (un)[* = 9 (ui)* (1 = $(w;))?

= {_afgi{l@iﬁ(uz)(l — (i)} (us)

> min{y(—a)(1 - ¥(~a))*, (@) (1 - (@))*}v(u;)

> min{y (@) (1 — (@), ¥(a)(1 — (@)} (u:)

> () (1 = (@) *)(u;) (72)
> () (1 — (@) ((us) — min ()
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where the third inequality holds since ¢(—u) = 1 — (@), the fourth inequality comes from @ > 0
so that (@) > 1 — (@), and the last inequality follows from min,,, )(u;) = 0. This proves that

(u;) is (i) (1 — 9(%))? PL when u; € [—u, ).

Recall that the penalized objective can be written as

0w, W) = LW WZM ) [l = 2T W1 = P2 (X X # 1))

Therefore, the gradient of L, (u, W) satisfies

[Vl (u, W)||? = vawe u, W)l

- i |39t [l = 2 WIE = il 22 (Xeen X # 1)] H
=1

9 N

= S [l T WIE P (X X # 1)

@2 5 T2

2 2 S w0~ )00 [l T W~ P o XL # 1)
el )p(a)(1 -

Y

_ > (0 (u, W) — Lyar(W))
> 2 WUV ¢ (W) mint, (0, 1)) (73)

where the last inequality holds from min, L (u, W) = Lyu(W). This shows £, (u, W) is
VC(WW@Z(I_M@))Q PL over u. The Hessian of £.,(u, W) can be calculated by

1926, (u, W) —iﬂgwwn [l = &7 W12 = s |22 ([ Xern XJenli # 1] |
i=1

N
~
< 5 2 IV )llly! — =W
i=1

0o |

N
< I3y = &I WP = At (W) (74)
=1

which indicates €., (u, W) is v&¢n (W) smooth over w.

For the property over W, we can use the matrix form of the objective and define
~ 1
(W) i= 5 You = XeaW[* 4+ 2 H\/wN J Vion = Xl = 5 1¥5 ) = X, )17

where X, (u) = [Xva1; VYN (1) Xn]| and Y, (0) = [Yoar; /70N (u th

Then according to (Karimi et al., 2016, Appendix B), £, (W) is 02 2% (X, (u)) smooth and o2( X, (u))
PL. Since

N

0y, W) = (W) = h(u) with h(u) = —2 > 0 (us) [yl *L([Xeen X i # 1)

\
|

where h(u) is independent of W, we have £, (u, W) is ,2 (X, (u)) smooth over W and

nax

I¥w b (W2 = [VE(W) 2 = 202X, (w) (W) = mainZ, (W)
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@ 9202(X, (u) (&Y(u, W) = min £, (u, W)) (75)

indicating that £, (u, W) is 2(X, (u)) PL over W. On the other hand, we have

X’Y(U)TX’Y( ) Xval "thrn\/’-)//(/)T [ :;N Xtrn ]

= ‘—’l;leal + rthrn’(/}N(u>Xtrn-
As o(+) is strictly increasing and ¥(—u) = 1 — ¥ (u), we have (1 — ()] < ¥n(u) < ¢ (@)l and

X\—fl;leal + ’Y(l - w( ))Xt—lr—nXtTn < X’Y(u)TX’Y( ) XvaIXVal + wa(ﬂ)XtrnXtrn'

Moreover, the definition of X, (u) suggests that it is of constant rank when u € I. In this way, the
singular value of the data matrix will be bounded by

a'f(X ( )) > 0y (XTleal + '7(1 - w< ))XtrnXtm) = Iu;yu (76)
sznax(X'y(u)) < Omax (Xvaleal + (1) trnXtrn) =: L}, )
which means /., (u, W) is uniformly smooth over W with L., and is uniformly PL over W with fi,,.

Similarly, the lower-level objective £, (u, W) is uniformly smooth over W with L,, and PL over W
with p,, which are defined as

Hw = (1 - ¢(7)) (XtrnXtrn) Ly = Omax (XtrnXtrn) :

G.3 LIPSCHITZ CONTINUITY OF SOLUTION TO THE PENALIZED PROBLEM

Lemma 26. There exists W (u) € argmin £, (u, W) such that W (u) is Ly, Lipschitz continuous
over u where Ly, = O(1). Moreover, |[W (u)|| < Ly, = O(1).

Proof: This result can be deduced from a general result under the PL condition and the smoothness
of fy(u, -), as demonstrated by (Nouiehed et al., 2019, Lemma A.3). Given that fw(u, -) is a squared
loss composite with a linear mapping —- a specific case of a PL function — we aim to separately
derive the Lipschitz continuity of the solution set for clarity and simplicity.

Let Wi (u) = Xy (u)TY, (u ) be the minimal norm solution of minyy £, (u, W), where X, (u) =
Xval; VYUN (1) Xirn] and Yy (1) = [Yaar; /YN (1) Yien]. According to (76) and (77), we have
1 1 1
1 ()2 < < =0(y2)

@) Vi
X5 (uh)T = X, (u?)T)] < V2max {|| X, (u)[I3, | X ()3} | X5 (u') — X, (u?)]
V2 1y u?
< WHXW(U ) — X5 (u?)]]

gﬁﬁM%W%WWM&m

< ﬁﬁll\/zbzv(ul) — VN (0?) 2| Xewn |

© NG
2104/1 — ()
(d)
9 V2
2ul/1 — (1)

VA X el (uh) = o (u?)|2

1
VX emllllu! —u?ll = O(y72)Ju’ — |

where (a) results from (Stewart 1977 Theorem 3.3), (b) is derived from the deﬁnition of X, (u), and
(c) is because /a — Vb = f—Hf and the bound of /¥ (u}) + /¥ (u}) > 21/1 — (a), Vi and (d)
comes from the 1-Lischitz continuity of the Sigmoid function ().
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Similarly, we can derive the bound for Y, (u) as

||Y’Y(u)||2 = UmaX(Y’Y(u)) S \/UmaX(YvalY al +71/}( ) trnY:Ern) = O(’Y%)

1Y, () = Y, ()| Y A (Vo @) — v/n (62)) Vi |

®) HYtrn” 1
< el [ut —u?| = O(vF)[ut —w?|].
2\/1- ¢ (1)

where (a) comes from the definition and (b) is derlved from the Lipschitz continuity of Sigmoid
function, || AB|| < || Al|2||B|| and /a — Vb = As a result, for any u! and v2, it holds that

f+f
W3 () = W3 ()| < 11 () 2] Y5 (u) = Y5 ()] + 1Y () [l2]] X5 (') = X ()]

\/TYHY'trnH \/Q’YUmdx val al +'Yw( ) trnYVtrn)”X H H 1 2”
= = trn u —u|l.
2/ (1 — ¢(U)) 2l/1 — ()
Let us denote
2 Umax va + 7;[}( ) }/trn)
* Y an Y Vi l 1 0 trn
Ly, = — YWl Y . |Xell = 01)  (78)

i —b(@) 20/ 1 —(a)
then W7 (u) is Ly, Lipschitz continuous on u.

Besides, the boundedness of W7 (u) can be earned by
W3 @)l < 1X5 ()M 2)1Y5 ()| < max{n, N+ N"}Xy (w) " [l2][Ys (u) ]2

max{n N+NI}\/Jmax val a1+’Y¢( ) trnYZErn)
<

< : Ly,
V ,U/w

G.4 GLOBAL SOLUTION RELATIONS IN DATA HYPER-CLEANING

Based on the smoothness and PL of ¢, (u, W) over W, we are expected to analyze the approximate
behavior of the penalized problem to the bilevel hyper-cleaning problem (10). Since upper-level
problem is not Lipschitz continuous globally, the result in (Shen et al., 2023)) can not be applied
directly. In light of Remark 3] we only focus on whether €5 solution of the penalized problem can
recover some approximate solution of the bilevel problem in the following lemma.

Theorem 7. For any v and any €o, suppose that there exists an €5 solution (w, W) to the ~y-penalized
problem which has bounded norm ||W|| < R and R is independent of v and . For such €s
solution (u, W), there exists v* = O(e; ") such that for any v > ~*, (u, W) is also an (2, ¢,)
solution to the bilevel problem for some €, < %

Similar to the representation learning, to ensure the penalized problem (1) is an e-approximate
solution to the bilevel data hyper-cleaning problem (I0), i.e. ¢, = O(e), one need to choose
€1 = O(y/€) and set the penalty parameter v = O(e~%). Therefore, if we can verify the iterates
generates by PBGD achieves e-solution of the penalized problem and are bounded with radius
independent of v and u, then PBGD can converge to some approximate solution of bilevel problem.

Proof: Given ~, we first prove the Lipschitz continuity of the upper-level objective (validation loss)
at the lower-level solution set, i.e. for any €5 solution (u, W) of y-penalized problem with ||W|| < R,
let W, = arg miny, lim(u, W), then we have [[W, || = || Projs ) (W)[| < [[W]| < R and

gval(W) - gval(Wu) = §||Yva,1 - XvalWH2 - EHyval - XvaIWuH2

1
§<2yva1 - Xval(W + Wu)7 Xval(W - Wu)>

= (Ivarll + 1 Xvar [ WD [ X val [ — W |

Y
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> - (”YvalH + ”Xval”R) ||Xval||||W - WUH

Yoar [+ Xvar | R)? | Xval |2

2 €1

Then by choosing v* = a
Eval(W) + ’Y* (Etm (u7 W) - g‘:rn (u)) - Eval(Wu)

, it follows that

> — (| Vear| + [| Xvatl|R) [ Xvatll|W = Woall 57 (Corn(tt, W) = £ (w)
PawY "

> = (¥l 4+ [ Xvatl| R) [ Xl WV = W |+ E2 W — |

. P Y™ 2
> min — (Yot + | Xvatl|R) | Xvarl|2 + 22

Z€R+ 2
2
_ (Wl + 1 Xvalll R) [ Xvatl® (79)
2y

According to the definition of €5 stationary point of v penalized problem, we have

Lot (W) + v (lorn (u, W) — €5, (1)) < luat(Wa) + 5 (Leen (u, Wa) — €5, (w)) + €2
S gval(Wu) + €2

(] . x
< gval(W) +7 (éml(u, W) - étrn(u)) + €1 + €.
Substracting £y,1 (W) from both sides and rearraging yields

€1 + €2
(u) < 7=
when v > ~*. Then for any (v', W’) satisfying £y, (u/, W) — €5, (') < €, it holds that
Loat(W) + 7 (Loen (u, W) = £ (0) < Luat(W) + 4 (Loen (0, W) — £, (1)) + €2
Rearraging terms yields
Lyt (W) < Ly (W) 4+ 3l (W, W) = L (W) — €) + €2 < byt (W) + €2

which means (u, W) is an (eg, €,) solution to bilevel problem.

€y = Lipn (u, W) — 4§

trn

G.5 PARAMETERIZED DATA AND LABEL MATRIX FAMILY ARE ACUTE

Lemma 27. For u € U, data matrix family {X.,(u),u € U} is acute, and {Y, (u),u € U} is acute.
Therefore, Ran(X (u)) remains the same for v € U and so does Ran(Y, (u)).

Proof: For any u, we can write X, (u) and Y, (u) as

I Xval
ol = [ Ton (W) ] l Xiom

According to Lemma it is obvious that rank (X, (u)) = rank([Xyai; Xtﬂ and rank (Y, (u)) =

Yval
Y;:rn

Yo (u)

, Yw<u>=[f

rank([Yvar; Yien]), which verifies the constant rank condition in Lemma To show the acute
property, we need to further prove that for any u! and u?, if we denote A = X, (u') and B = X, (u?),
then rank(A) = rank(PaBR4) with P4 = AAT and Ry = ATA.

To do so, we first notice that, there exists a diagonal matrix A such that B = A A where

I
A= l o () ox () ] |

Then we can write

rank(PaBR,) = rank(AATAAATA) @ rank(AATAA) (80)
where (a) is because AATA = A. Furthermore, by singular value decomposition, we can decompose
A =UZVT with ¥ = (2):1 0 e RWWHN)xm “and orthogonal matrix U = [U; U] €

46



Published as a conference paper at ICLR 2025

RVFNOX(N+N) and V' = [V} V] € R™*™. Also, by denoting rank(A) = r, we know that
Uy, € RVHEN)Xr 17 ¢ Rm*T and 3, € R™ " are full rank. Thus, A can be decomposed by

1 0 17 174
A=[U U Ll =S 0] L | =Us
(U1 Us] 0 0 vy [U1%1 0] vy 121 Vq
Besides, based on linear algebra knowledge, AT = Vi X *U;". In this way, we can further write

rank(P4BR4) & rank(AATAA) = mnk(UlUlT AU V)
@ rank (U, AUY) © rank((vVAU;) TVAU,)
\/>U1) @ rank(U;) = r = rank(A) (81)

where (a) is derived from Lemma. with full column rank U; and full row rank V1 ,El, (b) is
because A is a nonsmgular diagonal matrlx (c) and (d) come from Lemma@ Combining (80) and
(31) w1th Lemma L we know A = X, (u') and B = X, (u?) are acute. Due to the arbitrary ch01ces
of ul,u? € U, the family {X, (u),u € U} is acute, Wthh also holds for {Y,, (u),u € U}. By the
acute matrices in Proposition [I] the range space remains the same, which completes the proof.

G.6 MONOTONICITY OF LOSS FUNCTIONS

Lemma 28. Given u',u? € U and assuming u* < u? in the sense that u} < u? for any i, then
i)y — o Wiuh|® < @)y —=f Wi @w?)|?
ly:" =2 W )] < g™ — 2" Wy ()]
where {x;,y;} are training data samples and {x),,y,} are validation data samples. Moreover,
lyal P L([(Xemn X lals # 1) < lly” — 2l W2 ()],
Proof: For a matrix A, we denote A; as the i-th row of A. For any u € U, we have
ly =2 Wi)|? = lly — ! W3 (w)f?
= ||yz - szX’y( )TY'Y(“>H2
= || (Yirn — XtrnXi(u)Y“/(u))i”Q
=77 (u) THI(Y5 () — X () XT ()Y () () |1
=77 (i) (= X (w) X3 ()Y () vy 12
=7 (us) T Projrancx, () (Y (W) (v |12 (82)
Then for u' < w2, it holds that
ly =2 W3 uh)I? = v~ (ud) " I Projrancx, s (Yo (u' ) vn I

7 () Projanx, - (Y (@) (v I
= )T X ()X ) () v
< ) — X (0 X)) () v
=5 1) = X KDY, () v P ¢

»(u3) .
= ST WP
where (a) is because Ran(X, (u')) = Ran(X,,(u?)) from Lemma. 27] (b) is because each element
in Y, (u') is no greater than Y-, (u?). For the validation loss, it can be proved similarly, while the only
difference is the fact that

lye™ = 2T W () = (1Y (1) = X (u) X () Yy ()i
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without magnitude of v~ !¢ (u;)~! because Y, (u) and X, (u) do not have such magnitude on
validation data points.

Finally, as ltpn (u, W) — £5,,,(u) > 0 holds for any u € U and W, we have

N
23w [l =2 W1 = L X X # D] 2 0
i=1

holds for any v € Y. Then letting u be the vector which equals to @ at -th position and equals to —u
elsewhere and taking © — oo, we know

ly = 2 WP = |yl P ([ Xem Xdra)s # 1) > 0
holds for any i and 1. Taking W = W>(u) yields the conclusion.

Lemma 29. If [Xiun; Xvat] [Xeen; Xvat] ! is diagonal matrix, 07 (w) is uniformly PL over u € U with
Ly and is uniformly smooth over u € U with L,, and the constants are defined as

(@)1= () ming lyi|*
4

N
i = OW); Lu=3 Y lwl?=00.  #3)
=1

Moreover, the gradient of U%,(u) is also bounded by L., i.e. ||V, 0% (u) | < Ly.

Proof: Since ¢ (u, -) is smooth and PL, according to (Nouiehed et al., 2019, Lemma A.5), we know
€3 (u) = miny £, (u, W) is smooth with the gradient

VO (u) = Viuly(u, W), VW e argwrfnin Ly(u, W) = argwl/nin 0y (u, W).

We write the minimal-norm optimal solution of penalized problem as W (u) € arg miny, £+ (u, W).
Plugging W (u) into (73), we know

IV @I = 19ty gy 2 = O 0O

c * u 'L_L — l_l, 2
_7 (W,y( ))¢(2)(1 Y(u)) (ﬁ;(u)*nﬁjnﬁv(u))

ye(W (w)y (@) (11 (a))*
1

(€ (u, W3 (u)) — min £, (u, W3 (u)))

u

[\

which suggests that V% (u) is PL over u € U. Besides, letting ug =

[@,- - , ], we have
(W () = min { 1" — & W3 @)~ PL(Xeen Xl £ D}

= min {14 ) " (T = X ()X ()Y () v 2 = P (X Xli 7 1)}
< min {5 () (= X () X @)Y (@) v 2
= min {71 46(0:) ™ ) Projanx, (V2 (1) (v |12}
) y(-a)
(@)

where (a) comes from

b (us) T = X () X ()Y () (v I = 19l P L ([(Kern X )i # 1) > 0

>0

>0

miin {llyf - SU;FW;(_UO)H2}>O =0(1) (84)

if and only if 74 () | (7 — X, (u) X3 ()5 () v [ > 0 and [Xem X])i = 1, () is
due to Lemma This means E;(u) is uniformly PL over u € U/ with constant
y(a) (1 — (@))? ming {||y,| — 2] W (—uo)||*}
[y = 2l =0 — O(~). (85)

4
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Moreover, V2 (., (u/, W) at W = W2 (u) can be upper bounded by

uvﬁﬁxucw¢uom::§fﬂgvﬂw@4>M%T—xiwqown2—nwn%uuam xtali 2 )]

A
N2
Mz

Iv26 ) [T = 2T Wi @I = P X Xali # 1)

<.
Il

IN
|2
.MZ

@
I
-

[ny? — o W @) = Iyl Xirn X s # 1)]

[llys" = W3 (w)]?]

IN
o2
i

.>
Il
_

—~

M=

<

a)
% ol = & W3 (o) (86)

1
—

where (a) comes from similar derivation as of (84). Similarly, for any W = aW., (u!)+(1—a)W, (u?)
where a € [0, 1], V2,,,£., (u/, W) can be bounded by

V2w ey (uWII—Z\!Ww zi(y, — ] W)

=1

S’yilxi(y? —z{ W)

= VZ iy — ] (@W,(uh) + (1 = )W, (u?))]

< av; iy — 2! Wa ()] + (1 - 0)72 iy — = Wa(u®))|
< Wz]j: lzilllly — 2] W (uo)ll = O(y). (87)

Together (86) and (87) indicate that £% (u) is smooth because for any u', u* € RY, it holds that
IVl (u') = Vil (u?)
= [Vauly (u!, W3 (uh)) = Vuly (u?, W (u?))
< Vuly (uh, W3 (u')) = Vily (u? 7W7 W+ [Vl (u?, W3 (uh)) = Vil (u?, W3 (u?))]

(a) .
< IVaey (!, W () [l — | + 1V, (1, WO IS (u) = W ()]

®) ~ N ) N
< I3l = T W o) Pllat =+ S sl — o W (o) | Eill? — o]

i=1 i=1

where (a) comes from the mean value theorem with v’ = au' + (1 — a)u® and W' = bW (u') +

(1 — b)Wz(u?) for some a,b € [0,1], and (b) holds from (86) and (87). Therefore, we can define the
smoothness constant of 7, as

N N
,7 * * *
=5 2wl =2 Wiuo)|* +4 Y llzillly — 2 WS (uo) | L3, = O(). (88)
i=1 -

Besides the bounded Hessian, the gradient of £, (u, W (u)) is also bounded by L,, because
VWl ()| = [Vl (u, W7 (u))|
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- i |29t [107 = 2T W3 @I = 1P Xorn Xl £ 1]

< 7Zuw ()l [lly” = 2T W3 @)1 = gl 22 ([(Xewn Xfali # 1)

N |

IA
b2
‘Mz i

N
o — =T W2 )?] € %ZH% 2l W (wo)|l” < L. (89)

i=1

where (a) can be obtained by (86).

G.7 GRADIENT ESTIMATION ERROR
Lemma 30. The gradient estimator has the bounded error

[V (1) = 7 (Vilen (uF, W) — Vol (u®, Z5H1)) ||

%;(ZO) +C(W°) W) (1= Bpa) ™72 (90)

<~ <C(Z°)

where B, = min{ 31 iy, Bap, }-

Proof: Let Z' = Projg,«)(Z""), we know || Z'|| < ||Z**!|| and thus,

”vgtrn( ) - vuetrn(ukazk+1)‘| (a) ||v gtrn(u Z) Vugtrn(ukazk+1)||

1
iszui)(l\y? — 2] Z')? = |ly — ol ZM?)

IN

N
1
5 ll2s = ] (2 + ZMY)|la] (2 = 254

i=1

Iyz |+ sl Z5F D (2, S () D

N
Z lyall + il 25 D llill | 2" = Z*+1|
N

where (a) results from the Danskin type theorem (Nouiehed et all [2019, Lemma A.5) that
Vi (W) = Vilun(ub, Z), VZ € S(u¥). Then according to Lemmas [6] and [7} at each itera-
tion k, we have

80y (ub, Z0) (@) 80yen (29
125 < 28— 20 4 2% < 1129 + \/tf) 2201+ ,/tu” ©2)

and

d(Z5 L, S(uF))? = d(ZMT, S(uk))? < = (étm(uk, Z8T) = min b (", Z))

w

2(1 — ﬂ#w)T k k0 : k
S T (étrn(u 7Z ) - HlZIH étrn(u 7Z))
_ 2(1 - ﬁﬂw)T

L (gtrn(uka ZO) - mZin gtrn (uk7 Z))

(? 2(1 - B/Lw)Tgtrn(Zo)
B Hw

(93)
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where (a) and (b) hold because miny fy,, (u*, Z) > 0 and 1 (u) < 1. Plugging ©2), (93) into ©T)

and defining C'(2°) = S, (lyill + [|]| (| 2°]] + / 22222)) ;. we obtain that

2040 (29)

Haw

IV € (u*) = Veern (¥, ZM41)| < C(2°) (1= Brpa) 2. (94)

Similarly, if we define £+, (u, W) = Lya1 (W) +Ylirn (u, W) and E; (u) = miny £ (u, W), as £, (u, )
is also smooth and PL, the gradient estimator of Z; can be also bounded by

2, (")

w

IV 8 (u*) — Vol (uF, WHE || < yC(W) (1 — Bopi) "2 (95)

We then define ¢% (u) := minw £, (u, W) and since £, (u, W) = Oy (u, W) — L, (u), we have
0 (u) = min € (u, W) = min £, (u, W) = i, (u) = F(w) = 40 (u)

and thus €% (u) is differentiable and V3 (u) = Vg:( ) =YV (w).

Therefore, the gradient estimator of the penalized objective £Z, can be bounded by
1965 (u) = (Vubn (0, W) = Vb (uF, 2540)) |
< NIV (u*) = Vuly (uF, W |+ A VE (uF) = Vi (u®, 25|

204 (29 wo
) (1 )2 4 50w 2B

<5 <c<20> 2l 1 cwo) %”/EZUWO)> (1 A"

<4C(Z°) (1 — Bop)™/?

where [, = min{ﬂl,uun 52/‘%}'

G.8 PROOF OF THEOREM[3]

Proof: We first prove the error bound condition of £ (u) over the constraint u € U. We denote
ci(w) =y — 2] Wi @)|* = il *1([Xen X[ )i # 1) (96)

so that €3 (u) := Lya(W5 (u)) + 3 va:l ¥(u;)ci(w). Since £ (u, -) is uniformly PL, so the gradient
of £, (u) can be calculated by the Danskin type theorem as

Vil (w) = 20 [l =l Wi @) = Iy P2 (X XLli # 1)
= ) (1= (o) [l =l W5 @) = L Xura X )i # 1)
= Jtb(u) (1= tb(us))ei(u) > 0

which means £ (u) is non-decreasing and (projected) gradient flow will never fluctuate, i.e. ubtl <
u* holds for any k. In this way, the projection operator is effective at most at the end point. If
£ (u) attains minimum for some u € intl, then c;(u) = 0. In this case, iterates generated by
projected gradient descent converge to minyey €% (u) = min, £% (u) because the projection operator
is ineffective along the trajectory.

If é’;(u) attains minimum on the boundary v € U/, we will then prove the sequence generated by
projected gradient descent will still converge to min,ey 7, (u) by contradiction. It is clear that
limg o0 E;(uk) < mingey E;(u) can not hold because u* € U. Therefore, without loose of general-
ity, we assume that limy, o 7, (uF) > ming,ey €7 (u). Then according to the non-decreasing property
of £3(u), we know limy, _, u® > — so that the projection operator is ineffective at any iteration
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K. By smoothness and denoting ﬁéfy(uk) = (Vulien (uF, W) — Vol (W, ZF1)) 07 =
min Efy(u) for any k < K,

* * * — OCQLu )%
£, ) < 6 () + (V85 (uF), ~a Ve (Wh)) + |9 )2

* * oL

<L (") = af| VE (uP)]P +
o?L
2

()P + (Ve (uF), Ve (k) + Ve (uF))

+ =V (uF) + w;(uk), Ve (uh) — V(b))
(a)
< 05 (uh) — | VO (M) +

(®) *( k * 0k * — %/ k w p* (. k
€ (1) — apa(E5 () — ) + aLy(@+ DIV () — TE b))

5P+ el + 2) |V (u¥) = VE (b))

< 0 (u) — apa (£ ()~ £)

+aL,(a+2)y <C(W°) C(Z°%) | /= 26““ ) (1= Buw)™? 97

where (a) comes from the Cauchy-Swartz inequality, ||V£5 ()| < L, in Lemma L oL, <1and
||V (uh)]| = [[u* = Projy, (uk - awi;(uk)) | < 2a

(b) results from blockwise PL condition, and (c) is derived from (90| . Subtracting f* from the both
sides of (97), we get

W) = 2 < (1— ap) (€ () - £)

[20,(W°) /2
+ aL, (i + < c(wo) c(2% bin(Z ) 1 — Buw)?/2.
’ll)

(98)
Telescoping (98) from k& = 1 to K yields
* (. K * K/px/ k «
C(u) = 0 < (1= apa) S () — )
L,(1+2u)y (C(WO)\/W +C(29 W)
(1-p

i

+

)2 (99)

Taking K — oo, we know limy,_, o % (u*) = min €% (u) < minyey £ (u) which yields a contradic-
tion to limy, .00 €% (u¥) > miny ey €% (). In conclusion, choosing v = O(°%), and to achieve the
e-stationary point of the penalized objective, we can set 7' = O(loge~!) and K = O(loge™1).

Besides, according to Lemma 26| the minimum norm solution W>(u) = argminy, £, (u, W) is
bounded by L, = O(1). Moreover, according to (Oymak & Soltanolkotabi, 2019), GD on linear
regression converges to the closest minimizer to the initialization. Therefore, the iterates of PBGD
satisfies

IWE( < (W = Projyys sy (WOl + | Projyys e (WO < O() (A = Bpu) 2 + L,
where the bound is 1ndependent of . Then according to Theoremm the e-stationary point of the pe-

nalized objective with v = O(e%-%) recovers an (e, €) optimal point of the bilevel problem. Therefore,
the iteration complexity of PBGD to achieve an (¢, €) optimal pointis TK = O((loge™1)?).

H NUMERICAL EXPERIMENTS

In this section, we provide numerical results for global convergence of PBGD in representation
learning and data hyper-cleaning.
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H.1 REPRESENTATION LEARNING

Considering the overparameterized and wide neural network case, we choose N = 30, N’ = 20, m =
40,n = 10, h = 300. First, we respectively generate data matrix Xy, € RV*™ X . € RN xm
from Gaussian distribution NV(5,0.01) and A/(—3,0.01) to model different cluster of data. Then we
generate optimal W, € R™*" T/5 € R"*"™ from Gaussian distribution A/(0,0.01) and A/(2,0.01),
respectively. Moroever, we generate the optimal weight under validation dataset Wi € R"*" by
W5 ~ N (W5 ,0.001). This ensures that ||W5 — W5 || is not too large with high probability, satisfying
Assumption |2 Finally, we use W}, W3, W5 to generate the label matrix. For the bottom layer, we
want both training label and validation clean label finds the shared optimal weight W7*, However, for

the adaptation layer, they should exhibit distinct behaviors due to the different clusters. Specifically,
the training labels should find the optimal weight W5, while the validation label should find the

optimal validation adaptation weight ﬁé* Inspired by this, we generate the label matrix by

Yirn ~ N (X WiW3,0.01), Yo ~ N (Xeen W5 W, 0.01).

We test the PBGD in Algorithm [T]on this synthetic representation learning problem and plot the upper-
level and lower-level relative error versus iteration in Figure[3] We measure upper-level relative error
by Lyal (W1, Wa) — L}, where LY, = minw, w,esw,) Lval(W1, W2), and lower-level relative error
is measured by Ly, (W7, Wa) —Lf,,,(W7). By the closed form of Lf., (/1) in Lemma lower-level

trn trn

relative error is accessible. On the other hand, LY, ~ L.a(W{, W5) because W5 € S(W7) is
feasible and ||WW5 — W5|| < € so that Ly, (W7, W5 is closed to the unconstrained minimal value
Lva1 (W5, W3') which is also small. As Ly, (W5, W5) is only an estimate of L, there exists cases

val?
where Lo (W1, Wa) — Lyt (W7, W5') < 0, so in practice, we use |Lya1 (W1, Wa) — Lya (W5, W3]
to estimate the upper-level relative error. Since the convergence of lower-level relative error suggests

Wy — W3, the convergence of upper-level relative error will indicate that W; — W7

We select the best stepsizes «, 5 and the number of inner loop T, = T by grid search. It can be
observed from Figure [3]that PBGD converges almost at a linear rate to a certain accuracy, and the
relative error decreases as y increases. The fluctuation in the upper-level error near convergence
is due to the global convergence result in Theorem (1| not being strictly decreasing because of the
O(e) error at each step. When upper-level and lower-level relative errors are sufficiently small, the
additional O(e) error has larger impact, leading to a slight increase in error. However, the final error
remains small, around 10~® when K and 7 is large enough. This validates Theoremthat by setting
v large enough, PBGD globally converges to a target accuracy determined by -y at almost linear rate.

The fluctuation in the upper-level error near convergence in representation learning is due to the
global convergence result in Theorem not being strictly decreasing because of the O(¢) error at
each step. When upper-level and lower-level errors are sufficiently small, the additional O(¢) error
has larger impact, leading to a slight increase in error. However, the final error remains small, around
10~° when K and 7 is large as v = 10, 500. This validates Theoremthat by setting y large enough,
PBGD globally converges to a target accuracy e inversely determined by + at almost linear rate.

H.2 DATA HYPER-CLEANING

Considering the overparameterized linear regression with a small clean validation dataset and a large
dirty training dataset, we choose N = 100, N’ = 10, = 200,n = 10. First, we respectively
generate data matrix X, € RV*™ X ) € RV 'Xm from Gaussian distribution N/ (5,0.01) and
N (—3,0.01) to model different cluster of data. Then we generate optimal clean weight W* € R™>™
from Gaussian distribution A/(1,0.01) and generate the clean label matrix for validation dataset as
Yoal ~ N (Xya1W*,0.001). For the training label matrix, we first generate optimal classification
parameters t(u;) ~ Bernoulli(0.2) and then generate the label matrix as

Yirn ~ N (X W*,0.01) + ¥(u) © N(10, 10)

where ¥ (u) = [p(u1); 9 (uz); - - ;¥ (un)] and © denotes the Hadamard product. This ensures the
training dataset is polluted with probability 0.2.

We run PBGD in Algorithm [2] on this synthetic data hyper-cleaning problem and plot the upper-level
and lower-level relative errors versus iteration in Figure [3] We measure the lower-level relative
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error by lien (u, W) — €5, (u) with closed form in Lemma 23|and the upper-level relative error by
lyal (W) — L5, where £3,, = min, wes(u) fval(W). We estimate £5,; ~ minyy Ly (W) = Lea (W)
because there exists u such that the selected data matrix /¥y (u) X is almost full rank so that
selected training dataset and validation dataset share a joint minimizer W*.

We select the best stepsizes «, 3, 8 and the number of inner loop T, = T by grid search. It can
be observed from Figure [3|that PBGD converges almost at a linear rate to a certain accuracy, and
the relative error, especially at the lower level, decreases as  increases. The final error remains
small, around 10~° when K and v is large enough. This coincides with our Theoremthat PBGD
globally converges to a target accuracy inversely determined by ~y at almost linear rate. Furthermore,
the lower-level relative error is more sensitive to the choice of «, as noted in Theorem E], where the
lower-level relative error € is inversely related to .
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