
1 Appendix1

1.1 Proofs2

Before going on to Theorem 2.3, we first prove the easier Corollary 2.4.3

We want to show that given a lower bound of the optimal value, ∀s, f(s) ≤ B∞(v)(s), under the new4

operator Bf , the value function converges to the same optimal value function given by the Bellman5

operator B.6

Proof. Let v∗ be the fixed point and optimal value of the original Bellman operator: v∗ := B∞(v), v7

be any value function, and s any state.8

First, for the simple case of ∀s,where f(s) ≤ B(v)(s), the new operator backs off to the Bellman9

operator, and follows the convergence of the Bellman operator:10

|Bf (v)(s)− v∗(s)|
=|max(B(v)(s), f(s))− v∗(s)|
=|B(v)(s)− v∗(s)|
=|B(v)(s)− B(v∗)(s)|
≤γ||v − v∗||∞

Second, ∀s,where f(s) > B(v)(s),11

|Bf (v)(s)− v∗(s)|
=|max(B(v)(s), f(s))− v∗(s)|
=|f(s)− v∗(s)|
=v∗(s)− f(s) (because f lower bounds v∗ : v∗(s) ≥ f(s))
<v∗(s)− B(v)(s) (because f(s) > B(v)(s))
=|B(v)(s)− v∗(s)|
≤|B(v)(s)− v∗(s)|
=|B(v)(s)− B(v∗)(s)|
≤γ||v − v∗||∞

Therefore, the distance to the optimal value shrinks by γ with every application of Bf :12

||Bf (v)− v∗||∞ = maxs |Bf (v)(s)− v∗(s)| ≤ γ||v − v∗||∞.13

According to the definition of convergence to v∗, we need to find an N , such that ∀ϵ > 0, ∀v ̸= v∗,14

∀n > N, ||Bn
f (v)− v∗||∞ < ϵ.15

We can easily calculate that any N ≥ logγ
ϵ

||v−v∗||∞ (note, γ < 1) satisfies the condition, which16

concludes the proof that any value function v will converge to v∗ under the lower bounded Bellman17

operator Bf .18

Note, from the proof above, we can see that Bf converges faster than γ (the speed of Bellman19

contraction), when the lower bound is strictly above the Bellman value target, i.e. f(s) > B(v)(s).20

Now for Theorem 2.3: given the maximum achievable value Ḡv(s) and given that f(s) ≤ Ḡv(s), we21

want to show convergence to the optimal value.22

Proof. First, ∀s,where f(s) < B(v)(s), the value target backs off to the original Bellman target, and23

the distance to the optimal value shrinks at rate γ.24

Second, ∀s,where f(s) < v∗(s), it follows from Corollary 2.4 that the distance to the optimal value25

shrinks at rate γ.26

Last, we only need to prove for any s,where f(s) ≥ v∗(s) and f(s) ≥ B(v)(s), the distance to the27

optimal value still shrinks:28
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|Bf (v)(s)− v∗(s)|
=|max(B(v)(s), f(s))− v∗(s)|
=|f(s)− v∗(s)|
=f(s)− v∗(s)

≤Ḡv(s)− v∗(s)

According to the definition of Ḡv in Equation 3 of the main text:
= max

π∈�,n∈[1,+∞)
Gπ,v

n (s)− v∗(s)

Now suppose π′ and n(s) achieves the maximum bootstrapped value Ḡv(s):

=Gπ′,v
n(s)(s)− v∗(s)

According to the definition of n-step bootstrapped value Gπ,v
n (s) in Equation 2 of the main text:

=Eπ′
{r1 + γr2 + ...+ γn(s)−1rn(s) + γn(s)v(sn(s))} − v∗(s)

(The expectation above is over all possible n(s)-step trajectories of the given policy π′ and MDP.)
Suppose π∗ is the optimal policy, which achieves maximum value v∗ for any number of steps n and state s:

=Eπ′
{r1 + γr2 + ...+ γn(s)−1rn(s) + γn(s)v(sn(s))} − Eπ∗

{r1 + γr2 + ...+ γn(s)−1rn(s) + γn(s)v∗(sn(s))}

≤Eπ′
{r1 + γr2 + ...+ γn(s)−1rn(s) + γn(s)v(sn(s))} − Eπ′

{r1 + γr2 + ...+ γn(s)−1rn(s) + γn(s)v∗(sn(s))}
(Inequality holds because π∗ maximizes the expected n-step value bootstrapped with the optimal value v∗.

Thus, the expected value of a different policy, e.g. π′, bootstrapped with v∗ will be smaller or equal.)

=γn(s)Eπ′
{v(sn(s))− v∗(sn(s))}

≤γn(s)Eπ′
|v(sn(s))− v∗(sn(s))|

=γn(s)
∑
sn(s)

{pπ
′
(sn(s)|s)× |v(sn(s))− v∗(sn(s))|}

≤γn(s) max
s

|v(s)− v∗(s)|

≤γmins n(s) max
s

|v(s)− v∗(s)|

=γmins n(s)||v − v∗||∞

This means in the case of overestimated bootstrap values, the new operator promises to shrink at a29

rate of γmins n(s), and overall, the new operator will at least shrink at a rate of γ.30

Note, from the proof above, we can see that when the lower bound overestimates, i.e. f(s) ≥ v∗(s),31

Bf converges at a speed of γmins n(s), which could be faster than γ, the speed of Bellman contraction.32

These proofs work for stochastic MDPs, because we treat trajectory rewards and states as random33

variables conditioned on the MDP and the policy. The proofs work for action values as well, by34

simply replacing the value function above v(s) with the action value q(s, a), and the value lower35

bound f(s) with the action value lower bound f(s, a).36

π′ in theory can be different for different state s, so that when unrolling from state s0 for a few steps37

into si, it still follows π′(s0), instead of π′(si). However, it’s easy to prove (by contradiction) that38

there exists a single policy π′ which achieves the maximum achievable value (as long as ties are split39

deterministically).40

1.2 Experiment Setups41

We experiment on three sets of tasks with different input characteristics and control difficulty. Some42

of the tasks are not goal conditioned, so only lower bounding with empirical discounted return is43

available. Some of them are goal conditioned, so both empirical discounted return and hindsight44

relabeling with discounted goal return as lower bound are available.45
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1.2.1 Atari games46

We experiment on the classical Atari games with image input to test using discounted episodic return47

to lower bound value target. We picked the popular games Breakout, Seaquest, Space Invaders (these48

three were used for hyperparameter tuning by Mnih et al. (2013)), Atlantis, Frostbite and Q*bert49

(these three were highlighted in (He et al., 2017)), and randomly sampled another 11 games from the50

total 56. As with prior work (Mnih et al., 2013; Oh et al., 2018), we evaluate on the deterministic51

versions of the games (NoFrameskip-v4) with actions repeated for a fixed four frames and each game52

started with up to 30 random noop steps before handing to the agent. Each episode of the games53

is capped at 10,000 time steps, with the last time step having discount 0.99 when the time limit is54

reached, i.e. resetting the game without ending the episode. For a regular game end after losing all55

lives, the episode ends, i.e. last step discount is 0. Because the games are episodic, both lb-DR and56

lb-b-nstep methods can be applied.57

1.2.2 Fetch Push, Slide and PickAndPlace58

The FetchEnv tasks (Plappert et al., 2018) are goal conditioned tasks with a robotic arm moving59

objects on a table. Robot states and object position serve as input. The agent outputs continuous60

actions taking the form of relative positions to move to. A PID controller translates the relative61

position actions into the exact torque applied at each joint. Rewards are sparse and goal-conditioned,62

with -1 for non-goal states and 0 for goal states.63

By default the FetchEnv tasks are non-episodic. They reset every 50 steps, but all steps including the64

step right before task reset have the same positive discount (Andrychowicz et al., 2017). As explained65

in Section 3.1, to use episodic discounted return as lower bound, we can make them episodic by66

adding a gym wrapper around the environment to end an episode after its goal is achieved, and67

reset the task. When a goal is not reached within 50 steps, we just reset the task without ending the68

episode, as is done in the original FetchEnv, and such experience is not used in value target lower69

bounding.1 This also changes the nature of the tasks, so the agent does not have to stay at the goal70

state indefinitely, but instead only needs to reach the goal position as fast as possible. This makes the71

episodic FetchEnv tasks slightly easier to train than the original tasks, because the agent only needs72

to reach the goal state quickly, instead of having to reach and stay at the goal position indefinitely.73

(There are ways to avoid changing the desired behavior by e.g. including agent’s speed into the goal74

state or requiring the agent to stay at the goal position for several time steps before ending the episode.75

This seems orthogonal to the main idea here, and is not included in this work.)76

We experiment on both the original/non-episodic FetchEnv tasks (with lb-b-nstep methods) and the77

episodic FetchEnv tasks (with lb-DR and lb-GD methods).78

Compared with the Atari games, the inputs are simpler, no longer image based, but the control task is79

continuous, under realistic physical simulation and harder.80

1.2.3 Pioneer Push and Reach tasks81

This is a set of challenging goal reaching and object pushing tasks for the physically simulated car82

Pioneer 2dx. The car is 0.4 meter long. Objects and goal positions are randomly initialized between83

0.5 meter to 1 meter of each other inside a 10 meter by 10 meter flat space. Inputs are the car and84

object states and the goal positions, and actions are the forces applied on the two driving wheels.85

For the Pioneer Push task, the car has to push a block to within 0.5 meter of the 2 dimensional goal86

position indicated by a small red dot on the ground. For the Pioneer Push and Reach task, the car has87

to first push the object to the goal location (red dot) and then drive to a separate goal position (red ball88

in the air); the goal is achieved when the concatenation of the two goal locations (for Push and for89

Reach) is within 0.5 of the concatenated achieved positions (of the block and the car) in L2-distance.90

These tasks are episodic with sparse goal reward, and we only test the lb-GD and lb-DR+GD methods91

on them with HER as baseline. (TD3 without HER takes too long to train.)92

1Fujita et al. (2020) chose to end episodes when either a maximum of T time steps is reached or the goal is
reached, and provided the agent with the number of timesteps since episode start as input to the agent, so that the
agent is aware of the approaching episode end.
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Figure 1: The Pioneer Push task and the Push and Reach task.

These tasks take longer time to accomplish, and also take longer time to train than the FetchEnv tasks.93

Some of the reasons are the force based wheel control instead of the higher level position control,94

and the arena space being much larger than just a tabletop.95

1.3 Hyperparameters96

Table 1 lists the hyperparameters of the baseline algorithms. For FetchEnv, they follow published97

work (Plappert et al., 2018). For Atari and Pioneer tasks, they are tuned using one set of random98

seeds and after keeping the hyperparameters fixed, trained with a different set of random seeds and99

evaluated. Value target lower bounding has no parameter, and we did not re-tune any parameters of100

the baseline RL algorithms for value target lower bounding. When comparing lb-b-nstep methods101

with other n-step methods, we simply use the same n as the other baselines.102

For the Atari games, the original DQN setup with only one training environment takes too long to103

train so we decided to tune SAC as baseline and found it to outperform published Actor-Critic results104

(Oh et al., 2018) and our tuned DDQN (results in Appendix 1.6).105

For Pioneer Push and PushReach tasks, TD3 is used, (we simply equip DDPG with two critics for106

clipped double Q learning (Fujimoto et al., 2018)), which works better than DDPG with one critic.107
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Table 1: Hyperparameters for all the tasks
Hyperparameters\Tasks Atari (SAC) FetchEnv (DDPG) Pioneer (TD3)
Parallel environments 30 38 30
Unrolls per train iteration 8 50 100
Updates per train iteration 4 40 40
Mini-batch size 500 5,000 5,000
Training updates per target
network update

20 40 40

Target update weight 0.95 0.95 0.95
Discount per time step 0.99 0.98 0.99
Initial collect steps 100,000 10,000 10,000
Total training time steps 12 million (x4 envi-

ronment frames)
2 million Push: 5 million,

PushReach: 14 mil
Max steps before task reset 10,000 50 Push: 100,

PushReach: 200
Replay buffer size 1 million 2 million 6 million
Adam optimizer learn ratea 5e−4 1e−3 1e−3

Network structure conv((32, 8, 4), (64,
4, 2), (64, 3, 1)) +
fc(512)b

fc(256, 256, 256) fc(256, 256, 256)

Number of critics 2 1 2
ϵ-greedy for evaluation 0.05 0.3 0.3
Evaluation interval in train
iters

1000 40 200

Evaluation episodes 100 200 100
Life loss as terminalc Yes n/a n/a
Action repeat 4 n/a n/a
Image scaling [-1, 1] n/a n/a
Frame stacking 4 n/a n/a
Reward clipping [-1, 1] n/a n/a
SAC target entropy calculatedd n/a n/a
Hindsight percentage n/a 80% 50%
Observation normalizatione No Yes No
TD-lambda: λ 0.95 0.95 n/a
n-step bootstrap: n 3 2 n/a

a Adam ϵ̂ = 1e−7 for all tasks.
b Netowrk structure for Atari follows DDQN (van Hasselt et al., 2015).
c Life loss in Atari games is treated as a terminal state in training, following EfficientZero (Ye et al., 2021).
d The SAC target entropy is set to the entropy of uniformly distributing 0.1 probability mass across all but one
actions.
e Observations are normalized to have zero mean and unit variance based on the statistics of the training
observations, and we found the normalization to be critical in reproducing HER results on FetchEnv.
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1.4 Results108

Applying lower bounding (e.g. lb-DR) on different baseline algorithms e.g. DDPG or SAC results in109

different treatment methods. Since we always compare treatment with its corresponding baseline,110

throughout the paper, we simply call the treatment lb-DR etc. without mentioning the baseline111

algorithm.112

1.4.1 lb-DR (episodic return) vs baseline SAC/DDPG113

Figure 2 compares lower bounding with discounted return (lb-DR) against SAC or DDPG baseline114

on 17 sampled Atari games and the episodic FetchEnv tasks.115

For 16 out of the 17 Atari games, lower bounding with episodic discounted return (lb-DR) performs116

at least as well as the baseline, often much better. On more than half of the Atari games and on the117

Fetch PickAndPlace task, there are large gains in both sample ef�ciency and �nal performance. On118

FetchPush and a few of the Atari games (Alien, Bank Heist and Fishing Derby), there is about 70%119

sample ef�ciency gain with similar converged performance. Among all the 20 tasks, only 1 task120

(Atari Breakout) shows lb-DR underperforming the baseline.121

1.4.1.1 Value learning plots122

This section presents plots of learned value and how often value is improved by the proposed methods,123

in order to show the effect of lower bounding on value improvement.124

Figure 3 shows the fraction of training experience where lb-DR value target is greater than the125

Bellman target from SAC/DDPG on the 17 Atari games and the episodic FetchEnv tasks (without126

hindsight). They correlate well with actual performance (Figure 2) and with how value is learning127

(Figure 4).128
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