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1. Introduction
Physics-Informed Neural Networks (PINNs) pro-

vide a mesh-free, physics-driven approach for solv-
ing partial differential equations by training neural
networks to satisfy governing equations and bound-
ary/initial conditions througha composite loss [1, 2, 3].
For electromagnetic modeling, however, PINNs can
be challenging in the time domain, especially in reso-
nant settings such as waves confined by perfect elec-
tric conductor (PEC) boundaries, where highly os-
cillatory dynamics and optimization pathologies can
lead to degraded accuracy and stability. Time-domain
Maxwell’s equations are a constrained hyperbolic sys-
tem: the curl equations drive time evolution while
Gauss laws enforce divergence constraints. In FDTD
on a Yee lattice, only the curl equations are advanced,
yet the staggered-grid discretization and compatible
operators help preserve the divergence constraints
up to numerical error [4, 5]. In contrast, Maxwell
PINNs typically minimize curl-residual losses at col-
location points, and they can be curl-consistent yet
violate Gauss-law divergence constraints, leading to
spurious artifacts, degraded resonant modes, and
slower convergence.
Most PINN studies for Maxwell problems focus on

the frequency domain [6, 7, 8, 9, 10], with relatively
fewer works in the time domain [11, 12, 13, 14]. Across
both settings, Gauss-law divergence constraints are
often not enforced explicitly, and their impact on
time-domain resonant simulations remains under-
explored. We address this gap with a divergence-
constrained PINN for time-domain Maxwell’s equa-
tions that augments the curl-residual loss with a di-
vergence regularization term. Experiments on 2D
PEC cavity simulation [15] show improved accuracy
and convergence for various divergence threshold
compared with an unconstrained baseline.

2. Methods
2.1 Time-Domain Governing Equations
The time-domain Maxwell’s equations [16] consist

of the curl equations, which are formulated as

∇ × E = −𝜇 𝜕𝑡H, (1)
∇ ×H = 𝜖 𝜕𝑡E + J, (2)

together with the Gauss-law (divergence) constraints

∇ · (𝜖E) = 𝜌, (3)
∇ · (𝜇H) = 0. (4)

E andH denote the electric andmagnetic fields, and 𝜌
and J denote the electric charge and current densities,

respectively. The curl equations (1)–(2) govern the
time evolution of the electromagnetic fields, while the
divergence equations (3)–(4) impose algebraic con-
straints that must be satisfied at all times. For source-
free regions, where 𝜌 = 0 and J = 0, the Gauss-law
constraints reduce to homogeneous divergence-free
conditions.

2.2 The Proposed Divergence-Constrained PINN
Here, we focus on a two-dimensional transverse-

magnetic (TM𝑧) reduction commonly used in a cavity.
Let the spatiotemporal coordinate be s = (𝑥,𝑦, 𝑡) ∈
Ω × [0,𝑇 ], where 𝑇 = 𝑑𝑡 ∗ 𝑛𝑚𝑎𝑥, 𝑑𝑡 (CFL time step)
meets the numerical courant stability condition, and
𝑛𝑚𝑎𝑥 is the total computational timestep.
Given a set of interior collocation points {s(𝑖 )

𝑓
}𝑁𝑓

𝑖=1,
we define the Maxwell (curl-form) residual vector as

rcurl (s;𝜃 ) =

𝑟1 (s;𝜃 )
𝑟2 (s;𝜃 )
𝑟3 (s;𝜃 )

 =


𝜇 𝜕𝑡𝐻𝑥 (s) + 𝜕𝑦𝐸𝑧 (s)
𝜇 𝜕𝑡𝐻𝑦 (s) − 𝜕𝑥𝐸𝑧 (s)

𝜖 𝜕𝑡𝐸𝑧 (s) − 𝜕𝑥𝐻𝑦 (s) + 𝜕𝑦𝐻𝑥 (s)

 .
(5)

where 𝜃 denotes trainable parameters in the PINN.
The corresponding physics loss due to the curl equa-
tions is the mean-squared residual

Lcurl (𝜃 ) =
1
𝑁𝑓

𝑁𝑓∑︁
𝑖=1




rcurl (s(𝑖 )𝑓
;𝜃 )




2
2
. (6)

In this work, we consider a source-free cavity prob-
lem with 𝜌 = 0 and J = 0, for which the divergence
constraints reduce to ∇ · E = 0 and ∇ · H = 0. To
mitigate this effect, we explicitly penalize divergence
violations by defining the divergence residual

𝑟div (s;𝜃 ) = ∇ · H(s) = 𝜕𝑥𝐻𝑥 (s) + 𝜕𝑦𝐻𝑦 (s). (7)

We impose this constraint at interior collocation
points and optionally also at initial-condition sam-
ples, which empirically reduces divergence errors
early in training and improves stability over time. The
divergence loss over interior points is

L (𝑓 )
div (𝜃 ) =

1
𝑁𝑓

𝑁𝑓∑︁
𝑖=1

���𝑟div (s(𝑖 )𝑓
;𝜃 ) − Φ

���2 , (8)

where Φ is the divergence threshold hyperparameter,
which is set to 0 by default. The total PINN loss is
a combination of the residual loss, initial condition
loss, boundary condition loss, and divergence loss.

3. Results and Discussions
Achieving higher precision and faster convergence
We compare the performance of the PINN without
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Table 1: Comparison between the PINN without (w/o)
and with (w/) the divergence constraint.

RL2E (%) 𝐸𝑧 𝐻𝑥 𝐻𝑦

w/o divergence 5.928 3.420 3.421
w/ divergence 4.188 3.169 3.130

Improvement 29.4% 7.3% 8.5%

MAE (%) 𝐸𝑧 𝐻𝑥 𝐻𝑦

w/o divergence 1.536 0.601 0.600
w/ divergence 1.067 0.569 0.568

Improvement 30.5% 5.3% 5.3%

Table 2: RL2E (%) of the 𝐸𝑧 predicted by the PINN
without (w/o) and with (w/) the divergence con-
straint under different timesteps.

𝑛𝑚𝑎𝑥 w/o w/ Improvement

100 3.435 2.246 34.6%
200 3.265 1.684 48.4%
300 4.329 2.874 33.6%
400 5.122 3.899 23.9%
500 5.928 4.188 29.4%
600 9.086 6.656 26.7%
700 48.085 26.120 45.7%

(w/o) and with (w/) the divergence constraint and re-
port the relative 𝐿2 error (RL2E) and mean absolute
error (MAE) of the 𝐸𝑧 𝐻𝑥 𝐻𝑦 components in Table 1.
We observe that the PINN with divergence achieves
lower RL2E and MAE for these three components,
particularly with significant relative improvements
of 29.4% and 30.5% in predicting 𝐸𝑧. In addition, we
plot RL2Eof the𝐸𝑧 component during training epochs
in Fig. 1 to justify that the proposed divergence con-
straint not only achieves prediction accuracy, but also
accelerates training convergence. We visualize the
ground truth, prediction errors of the PINN w/o or
w/ the divergence constraint in Fig. 2. It can be seen
that the constrained model achieves the lower pre-
diction errors, which proves the effectiveness of the
proposed divergence constraint.

Fig. 1: RL2E of the PINN without (w/o) and with (w/)
the divergence constraint during training epochs.

Enabling long-term predictions Table 2 shows the
RL2E of the 𝐸𝑧 predicted by the PINN without (w/o)

(a) (b) (c)

𝐸𝐸𝑧𝑧

𝐻𝐻𝑥𝑥

𝐻𝐻𝑦𝑦

Fig. 2: (a) Ground truth of 𝐸𝑧 ,𝐻𝑥 , and𝐻𝑦 (from top to
bottom) at 200 timesteps; the element-wise abso-
lute prediction error of the PINN without (b) and
with (c) the divergence constraint.

and with (w/) the divergence constraint under differ-
ent timesteps. Despite the increasing prediction diffi-
culty with larger timesteps, the PINNwith divergence
consistently achieves lower errors. Notably, it brings
a 45.7% reduction in error for the long-time domain
(700 timesteps), which indicates that our proposed
divergence constraint enables the PINN to achieve
long-term prediction capability.
The effect of the divergence threshold Fig. 3 shows
the results of the constrained PINN with different
divergence thresholds Φ. The lowest error occurs
at Φ = 1𝑒−4. This indicates that a strict divergence
constraint (i.e., 0 or 1𝑒−8) does not necessarily yield
optimal performance, and a slight relaxation of the
constraint probably achieves the best results.

Fig. 3: RL2E of the PINN with the divergence con-
straint under different thresholds.

4. Conclusion
We introduced a divergence-constrained PINN for

time-domain Maxwell’s equations by adding a Gauss-
law divergence penalty to the curl-residual loss. In
2D PEC cavity tests, this constraint reduced spuri-
ous artifacts and improved both accuracy and con-
vergence versus an unconstrained PINN, especially
for long-time predictions. The method is simple to
implement and extends naturally to 3D Maxwell and
other divergence-constrained equations.
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Appendix A. 2D PEC Cavity Electromagnetic Prob-
lem (TM𝑧)

1.1 Geometry and material model
We consider a two-dimensional rectangular per-

fectly electric conductor (PEC) cavity

Ω = [0, 𝐿𝑥 ] × [0, 𝐿𝑦], (A1)

filled with a homogeneous, isotropic medium with
constant permittivity 𝜖 and permeability 𝜇. Unless
otherwise stated, we use a dimensionless (natural-
unit) setting with 𝜖 = 𝜇 = 1, so that the wave speed is
𝑐 = 1/√𝜖𝜇 = 1.

1.2 TM𝑧 polarization and reduced Maxwell equations
Under the transverse-magnetic (TM𝑧) assumption,

the nonzero field components are

E(𝑥,𝑦, 𝑡) = (0, 0, 𝐸𝑧 (𝑥,𝑦, 𝑡)), (A2)
H(𝑥,𝑦, 𝑡) = (𝐻𝑥 (𝑥,𝑦, 𝑡), 𝐻𝑦 (𝑥,𝑦, 𝑡), 0). (A3)

For a source-free cavity (𝜌 = 0 and J = 0), the time-
domain Maxwell curl equations reduce to

𝜇 𝜕𝑡𝐻𝑥 + 𝜕𝑦𝐸𝑧 = 0, (A4)
𝜇 𝜕𝑡𝐻𝑦 − 𝜕𝑥𝐸𝑧 = 0, (A5)

𝜖 𝜕𝑡𝐸𝑧 − 𝜕𝑥𝐻𝑦 + 𝜕𝑦𝐻𝑥 = 0. (A6)
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A Gauss-law (divergence) constraint associated with
the magnetic field is

∇ · H = 𝜕𝑥𝐻𝑥 + 𝜕𝑦𝐻𝑦 = 0, (A7)

which corresponds to ∇ · B = 0 when B = 𝜇H and 𝜇 is
constant.
Eliminating H from (A4)–(A6) yields a scalar wave

equation for 𝐸𝑧:

𝜕𝑡𝑡𝐸𝑧 = 𝑐2
(
𝜕𝑥𝑥𝐸𝑧 + 𝜕𝑦𝑦𝐸𝑧

)
, 𝑐 =

1
√
𝜖𝜇

. (A8)

1.3 Boundary conditions (PEC cavity)
On a PEC boundary, the tangential electric field

vanishes:
n × E = 0 on 𝜕Ω, (A9)

where n is the outward unit normal. For TM𝑧 polar-
ization in 2D, this reduces to the Dirichlet condition

𝐸𝑧 (𝑥,𝑦, 𝑡) = 0, (𝑥,𝑦) ∈ 𝜕Ω, 𝑡 ∈ [0,𝑇 ] . (A10)

1.4 Initial condition
To excite a cavity eigenmode, we use a standing-

wave initial condition consistent with (A10). A conve-
nient consistent initialization is therefore

𝐸𝑧 (𝑥,𝑦, 0) = 𝐸0 sin(𝑘𝑥𝑥) sin(𝑘𝑦𝑦), (A11)
𝐻𝑥 (𝑥,𝑦, 0) = 0, (A12)
𝐻𝑦 (𝑥,𝑦, 0) = 0, (A13)

corresponding to a purely standing-wave electric field
at 𝑡 = 0, where 𝑘𝑥 and 𝑘𝑦 are the wave numbers along
𝑥 and 𝑦 directions.

Appendix B. Convergence Contributing to Long-
Time Simulation Capability

We plot the RL2E curve of the PINN without (w/o)
and with (w/) the divergence constraint under dif-
ferent timesteps in Fig. A1. It is consistent with the
conclusion obtained from the Table 2, justifying the
advantage of the proposed constraint that empowers
the PINN with longer prediction capability.

Appendix C. More Visualization Results

We providedmore visualization results in Fig. A2 and
Fig. A3, which shows the results at the initial time and
the 100 timesteps, respectively. It can be seen that
the constrained PINN consistently achieves the lower
prediction errors, demonstrating the effectiveness of
the proposed constraint.

Fig. A1: RL2E of the PINN without (w/o) and with
(w/) the divergence constraint under different
timesteps.

(a) (b) (c)

Fig. A2: (a) Ground truth of 𝐸𝑧, 𝐻𝑥 , and 𝐻𝑦 (from top
to bottom) at the initial time; the element-wise
absolute prediction error of the PINN without (b)
and with (c) the divergence constraint.

(a) (b) (c)

Fig. A3: (a) Ground truth of 𝐸𝑧, 𝐻𝑥 , and 𝐻𝑦 (from top
to bottom) at 100 timesteps; the element-wise ab-
solute prediction error of the PINN without (b)
and with (c) the divergence constraint.
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