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Abstract

This paper proposes a new neural network architecture by introducing an additional
dimension called height beyond width and depth. Neural network architectures
with height, width, and depth as hyper-parameters are called three-dimensional
architectures. It is shown that neural networks with three-dimensional architectures
are significantly more expressive than the ones with two-dimensional architectures
(those with only width and depth as hyper-parameters), e.g., standard fully con-
nected networks. The new network architecture is constructed recursively via a
nested structure, and hence we call a network with the new architecture nested net-
work (NestNet). A NestNet of height s is built with each hidden neuron activated
by a NestNet of height < s—1. When s = 1, a NestNet degenerates to a standard net-
work with a two-dimensional architecture. It is proved by construction that height-s
ReLU NestNets with O(n) parameters can approximate 1-Lipschitz continuous
functions on [0, 1]? with an error O(n~(**1)/?) while the optimal approximation
error of standard ReLU networks with O(n) parameters is O(n"*?). Further-
more, such a result is extended to generic continuous functions on [0, 1]¢ with
the approximation error characterized by the modulus of continuity. Finally, we
use numerical experimentation to show the advantages of the super-approximation
power of ReLLU NestNets.

1 Introduction

In this paper, we design a new neural network architecture by introducing one more dimension, called
height, in addition to width and depth in the characterization of dimensions of neural networks. We
call neural network architectures with height, width, and depth as hyper-parameters three-dimensional
architectures. It is proved by construction that neural networks with three-dimensional architectures
improve the approximation power significantly, compared to standard networks with two-dimensional
architectures (those with only width and depth as hyper-parameters). The approximation power of
standard neural networks has been widely studied in recent years. The optimality of the approximation
of standard fully-connected rectified linear unit (ReLLU) networks (e.g., see [35, 40, 49, 52]) implies
limited room for further improvements. This motivates us to design a new neural network architecture
by introducing an additional dimension of height beyond width and depth.
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We will focus on the ReLU (max{0, z}) activation function and use it to demonstrate our ideas. Our
new network architecture is constructed recursively via a nested structure, and hence we call a neural
network with the new architecture nested network (NestNet). A NestNet of height s is built with each
hidden neuron activated by a NestNet of height < s — 1. In the case of s = 1, a NestNet degenerates
to a standard network with a two-dimensional architecture. Let us use a simple example to explain
the height of a NestNet. We say a network is activated by o1, -+, g, if each hidden neuron of this
network is activated by one of p1,---, 0. Here, o1,--+, 0, are trainable functions mapping R to R.
Then, a network of height s > 2 can be regarded as a (o1, -+, 0, )-activated network, where g1, -, o
are (realized by) networks of height < s — 1. See an example of a height-2 network in Figure 1. The
network therein can be regarded as a (g1, 02)-activated network, where g; and g5 are (realized by)
networks of height 1 (i.e., standard networks). The number of parameters in the network of Figure 1
is the sum of the numbers of parameters in Ly, L1, L5 and 91, 02.
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Figure 1: An example of a network of height 2, where p; and g5 are (realized by) networks of height
1 (i.e., standard networks). Here, Ly, £, and L5 are affine linear maps.

We remark that a NestNet can be regarded as a sufficiently large standard network by expanding all
of its sub-network activation functions. We propose the nested network architecture since it shares
the parameters via repetitions of sub-network activation functions. In other words, a NestNet can
provide a special parameter-sharing scheme. This is the key reason why the NestNet has much better
approximation power than the standard network. If we regard the network in Figure 1 as a NestNet of
height 2, then the number of parameters is the sum of the numbers of parameters in Ly, L1, Lo and
01, 02. However, if we expand the network in Figure 1 to a large standard network, then the number
of parameters in p; and g2 will be added many times for computing the total number of parameters.

Next, let us discuss our new network architecture from the perspective of hyper-parameters. We call
the network architecture with only width as a hyper-parameter one-dimensional architecture. Its
depth and height are both equal to one. Neural networks with this type of architecture are generally
called shallow networks. See an example in Figure 2(a). We call the network architecture with
only width and depth as hyper-parameters two-dimensional architecture. Its height is equal to one.
Neural networks with this type of architecture are generally called deep networks. See an example
in Figure 2(b). We call the network architecture with height, width, and depth as hyper-parameters
three-dimensional architecture, which is proposed in this paper. Neural networks with this type of
architecture are called NestNets. See an example in Figure 2(c). One may refer to Table 1 for the
approximation power of networks with these three types of architectures discussed above.

Table 1: Comparison for the approximation error of 1-Lipschitz continuous functions on [0,1]%
approximated by ReLLU NestNets and standard ReLLU networks.

dimension(s) #parameters ~ approximation error remark reference
one-hidden-layer network  width varies (depth=height=1) O(n) ntford=1 linear combination
deep network width and depth vary (height=1) O(n) n2d composition [35, 40, 49, 52]
NestNet of height s width, depth, and height vary O(n) p-(s+1)/d nested composition this paper

Our main contributions are summarized as follows. We first propose a three-dimensional neural
network architecture by introducing one more dimension called height beyond width and depth. We
show that neural networks with three-dimensional architectures are significantly more expressive
than standard networks. In particular, we prove that height-s ReLU NestNets with O(n) parameters
can approximate 1-Lipschitz continuous functions on [0, 1]¢ with an error O(n~*1/?) which is
much better than the optimal error O(n"%/?) of standard ReLU networks with O(n) parameters. In
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Figure 2: Illustrations of neural networks with one-, two-, and three-dimensional architectures. (a)
One-dimensional case (width =3, depth =height=1). (b) Two-dimensional case (width=depth=3,
height=1). (c¢) Three-dimensional case (width = depth =height=23). (d) Zoom-in of an activation
function of the network in (c). The network in (d) can also be regarded as a network of height 2.

the case of s + 1 > d, the approximation error is bounded by (’)(n‘(5+1)/ 1) < O(n~1), which means
we overcome the curse of dimensionality. Furthermore, we extend our result to generic continuous
functions with the approximation error characterized by the modulus of continuity. See Theorem 2.1
and Corollary 2.2 for more details. Finally, we conduct simple experiments to show the numerical
advantages of the super-approximation power of ReLU NestNets.

The rest of this paper is organized as follows. In Section 2, we present the main results, provide the
ideas of proving them, and discuss related work. The detailed proofs of the main results are placed
in the appendix. Next, we conduct experiments to show the advantages of the super-approximation
power of ReLU NestNets in Section 3. Finally, Section 4 concludes this paper with a short discussion.

2 Main results and related work

In this section, we first present our main results and discuss the proof ideas. The detailed proofs of the
main results are placed in the appendix. Next, we discuss related work from multiple perspectives.

2.1 Main results

We use NN {n} for n, s € N to denote the set of functions realized by height-s ReL.U NestNets with
as most n parameters. We will give the mathematical definition of NN;{n}. We first discuss some
notations regarding affine linear maps. We use .Z to denote the set of all affine linear maps, i.e.,

L= {L: L(x)=Wxz+b, W eR™N peR2 4 dye N*}.
Let # L denote the number of parameters in L € .Z, i.e.,

#L=(dy+1)dy fL(x)=Wx+b for WeR™*% and beR%.

We use g = (01,, 0x) to denote an activation function vector, where g; : R — R is an activation
function for each i € {1,---, k}. When g = (01, -, 0% ) is applied to a vector input & = (21, -, 1),

i(x) = (o1(21), = ox(a)) forany @ = (w1, 2x) € RE.

Let set(g) denote the function set containing all entries (functions) in g. For example, if § =
(01,02, 03, 02, 01), then set(g) = {01, 02, 03}



To define NN{n} for n, s € N recursively, we first consider the degenerate case. Define
NNo{n} = {idg, ReLU} = NN, {0} forn,seN,

where idg : R — R is the identity map. That is, we regard the identity map and ReL.U as height-0
ReLU NestNets with n parameters or as height-s ReLU NestNets with O parameters.

Next, let us present the recursive step. For n, s € N*, a (vector-valued) function ¢ € AN, s{n} has the
following form:

¢=Lyogmo - 0Lyog oLy, (D
where Ly, -, L, € £ are affine linear maps. Moreover, Equation (1) satisfies the following two
conditions:

¢ Condition on activation functions:
m s—1
Uset(gi) :{le'"797‘} and 0j € UNM{TL]} forjzla“'aT' (2)
i=1 i=0

Here, g; is an activation function vector for each i € {1,---;m}. All entries in g1,*, §m
form an activation function set {o,--, 0, }. For each j € {1,---,r}, o, can be realized by a
height-i NestNet with < n; parameters for some i = 4; < s — 1. This condition means each
hidden neuron is activated by a NestNet of lower height.

* Condition on the number of parameters:

Tzn:#ﬁz + ZT:TLJ‘S’H,. 3)
i=0 j=1

This condition means the total number of parameters is no more than n. The total number of
parameters is calculated by adding two parts. The first one is the number of parameters in
affine linear maps Ly, -+, L£,,. The other part is the number of parameters in the activation
set {01, **, 0, } formed by the entries in activation function vectors g, -+, G-

Then, with two conditions in Equations (2) and (3), we can define NN, {n} for n,s € N* as follows:

NNs{n} = {d) d):ﬁmogmo o£10§1°£07 £O7"'7£m€$a Uset(gi):{glf"vgr}a
=1
s—1 m T
0j € UMNi{n;} forj=1,r, Y #Li+ ) n; Sn}.
=0 i=0 j=1

We remark that, in the definition above, m can be equal to 0. In this case, the function ¢ degenerates
to an affine linear map.

In the NestNet example in Figure 1, the function ¢ therein is in U,y NNV2{n} and the activation
function vectors g; and g, can be represented as

G1=(01, 02,01, 01) and go =02, 01, 01, 02, 02).

Moreover, the activation function set containing all entries in §; and g is a subset of U,,ey NN {n},

ie., {01,002} S Upen NN1{n}.

Let C([0,1]%) denote the set of continuous functions on [0, 1]%. By convention, the modulus of
continuity of a continuous function f € C([0,1]¢) is defined as

wi(r) =sup{|f(x) - F(W)|: |z ~yl2 <7, @,y €[0,1]"} foranyr>0.

Under these settings, we can find a function in ANV, {O(n)} to approximate f ¢ C([0,1]%) with an
approximation error O(w I (n~(s1)/ d)), as shown in the main theorem below.

Theorem 2.1. Given a continuous function f € C([0,1]9), for any n,s e N* and p € [1, 00], there
exists ¢ € NN{Cj,qa(n + 1)} such that

6= fller(r0.170y < 7\/3wf(n‘(s+1)/d),
where Cs 4 = 103d?(s + 7)% if p € [1,00) and Cy 4 = 1043d* (s + 7)2 if p = oo.



We remark that the constant C g in Theorem 2.1 is valid for all n € N*. As we shall see later, C 4
can be greatly reduced if one only cares about large n € N*. Generally, it is challenging to simplify
the approximation error in Theorem 2.1 to make it explicitly depend on n due to the complexity of
wy(-). However, the approximation error can be simplified to an explicit one depending on n in the
case of special target function spaces like Holder continuous function space. To be exact, if f is a
Holder continuous function on [0, 1]¢ of order « € (0, 1] with a Holder constant A > 0, then

[f(@) - f(y)l<Alz-y[5 forany 2,y <[0,1],
implying wy(r) < Ar® for any r > 0. This means we can get an exponentially small approximation
error TAV/dn~(*1*/? a5 shown in Corollary 2.2 below.

Corollary 2.2. Suppose f is a Holder continuous function on [0,1]? of order o € (0,1] with a

Hélder constant A > 0. For any n,s € N* and p € [1, 00|, there exists ¢ € /\/’NS{CS,d(n + 1)} such
that
|6 = fllLooagey < TAVdn-(s+De/d,

where Cy 4 = 103d?(s + 7)? if p € [1,00) and Oy 4 = 10743d% (s + 7)2 if p = oo.

In Corollary 2.2, if o = 1, i.e., f is a Lipschitz continuous function with a Lipschitz constant

A > 0, then the approximation error can be further simplified to A dn~(5*D/4_See Table 1 for the
comparison of the approximation error of 1-Lipschitz continuous functions on [0, 1]¢ approximated
by ReLU NestNets and standard ReL.U networks.

2.2 Sketch of proving Theorem 2.1

We will discuss how to prove Theorem 2.1. Given a target function f € C'([0,1]¢), the key point is
to construct an almost piecewise constant function realized by a ReLLU NestNet to approximate f
well except for a small region. Then we can get the desired result by dealing with the approximation
in this small region. We divide the sketch of proving Theorem 2.1 into three main steps.

1. First, we divide [0,1]¢ into a union of cubes {Qg}gec(0,1..x—1}+ and a small region € with

K = O(nt*D/?) Each Qg is associated with a representative xg € Qg for each vector index 3.
See Figure 3 for an illustration for K =4 and d = 2.

2. Next, we design a vector-valued function ®; () to map the whole cube Qg to its index 3 for
each 3. Here, ®, can be defined/constructed via

@1 (x) = [¢1(21), ¢1(22), -, ¢1(l’d)]T,

where each one-dimensional function ¢; is a step function outside a small region. We can
efficiently construct ReLU NestNets with the desired size to approximate such an almost step
function ¢; with sufficiently many “steps” by using the composition architecture of ReLU
NestNets. See the appendix for the detailed construction.

3. Finally, we need to construct a function ¢, realized by a ReLU NestNet to map 3 approximately
to f(zg) foreach B € {0,1,--, K — 1}?. Then we have

P20 ®1(x) = p2(B) » f(zg) ~ f(x) forany x € Qs and each 3,
implying
¢=pp0 @~ f on[0,1]NQ.
Then, we can get a good approximation on [0, 1]¢ by using Lemma 3.4 of our previous paper [24]
to deal with the approximation inside 2. We remark that, in the construction of ¢, : R? - R, we

only need to care about the values of ¢, at a set of K¢ points {0, 1,---, K — 1}%¢. As we shall see
later, this is the key point to ease the design of a ReLU NestNet with the desired size to realize ¢,.

See Figure 3 for an illustration of the above steps. Observe that in Figure 3, we have

() = 6 0 By (x) = 62(8) % f(wa) % f(a)

for any « € Qg and each B € {0, 1, -, K — 1}¢. That means ¢ - f is bounded by & + & on [0,1]4\Q.
For any « € Q3 and each 3, we have

lzg -al2 < VAIK = |f(zp) - f(2)| cwp(VA/K) = & <ws(Vd[K).



* g Q Qp P, (x)=0 A set of
d-dimensional indices:
Qo3 Q13 Qa3 Q33 for ¢ € Qﬁ B € {0 1. K - 1}d

Qo2 Q12 (%) Q32 \U/¢2(ﬂ) ~ f(wﬁ)
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Figure 3: An illustration of the ideas of constructing ¢ = ¢ o ®; to approximate f for K = 4 and
d = 2. Note that ¢ ~ f outside 2 since ¢(x) = P20 ®1(x) = p2(B) ~ f(xg) ~ f(x) forany x € Qg
and each B € {0, 1, K — 1},

The upper bound of & is determined by the construction of ¢, : RY - R. As stated previously, we
only need to care about the values of ¢ at a set of K¢ points {0,1,- K - 1}d c R?, which gives us

much freedom to control &7. As we shall see later, &7 can be bounded by O(w I (\/E/ K )) Therefore,
¢ — f is controlled by (’)(w‘f(\/a/ K)) outside €2, from which we deduce the desired approximation
error on [0,1]%\Q since K = O(n~(5*1)/4)_ Finally, by using Lemma 3.4 of our previous paper [24]
to deal with the approximation inside 2, we can get the desired approximation error on [0, 1]¢.

2.3 Related work

We first compare our results with existing ones from an approximation perspective. Next, we discuss
the parameter-sharing schemes of neural networks. Finally, we connect our NestNet architecture to
existing trainable activation functions.

Discussion from an approximation perspective

The study of the approximation power of deep neural networks has become an active topic in recent
years. This topic has been extensively studied from many perspectives, e.g., in terms of combinatorics
[27], topology [7], information theory [29], fat-shattering dimension [, 21], Vapnik-Chervonenkis
(VC) dimension [6, 14, 32], classical approximation theory [3, 4, 8, 9, 10, 11, 12, 13, 18, 22, 24, 25,
28, 34, 35, 38, 39,42, 48, 49, 52, 53], etc. To the best of our knowledge, the study of neural network
approximation has two main stages: shallow (one-hidden-layer) networks and deep networks.

In the early works of neural network approximation, the approximation power of shallow networks is
investigated. In particular, the universal approximation theorem [11, 17, 18], without approximation
error estimate, showed that a sufficiently large neural network can approximate a target function
in a certain function space arbitrarily well. For one-hidden-layer neural networks of width n and
sufficiently smooth functions, an asymptotic approximation error O(n~'/2) in the L?-norm is proved
in [4, 5], leveraging an idea that is similar to Monte Carlo sampling for high-dimensional integrals.

Recently, a large number of works focus on the study of deep neural networks. It is shown in
[35, 49, 52] that the optimal approximation error is @(n~2/%) by using ReLU networks with n
parameters to approximate 1-Lipschitz continuous functions on [0, 1]¢. This optimal approximation
error follows a natural question: How can we get a better approximation error? Generally, there
are two ideas to get better errors. The first one is to consider smaller function spaces, e.g., smooth
functions [24, 50] and band-limited functions [26]. The other one is to introduce new networks,
e.g., Floor-ReLLU networks [36], Floor-Exponential-Step (FLES) networks [37], and (Sin, ReLU,
2%)-activated networks [20].

This paper proposes a three-dimensional neural network architecture by introducing one more
dimension called height beyond width and depth. As shown in Theorem 2.1 and Corollary 2.2, neural
networks with three-dimensional architectures are significantly more expressive than the ones with
two-dimensional architectures. We will conduct experiments to explore the numerical properties of
NestNets in Section 3.



Discussion from a parameter-sharing perspective

As discussed previously, our NestNet architecture can be regarded as a sufficiently large standard
network architecture with a specific parameter-sharing scheme. Parameter-sharing schemes are
used in neural networks to control the overall number of parameters for reducing memory and
communication costs. There are two common parameter-sharing schemes for a neural network. The
first scheme is to share parameters in the same layer. A typical network example with this scheme is
the convolutional neural network (CNN). In CNN architectures, filters in a CNN layer are shared for
all channels, which means the parameters in the filters are shared. The second scheme is to share
parameters across different layers of networks, e.g., recurrent neural networks.

In the NestNet architecture, we share parameters via repetitions of sub-network activation functions.
Both of parameter-sharing schemes discussed just above are used in the NestNet architecture. The
nested architecture of NestNets gives us much freedom to determine how many parameters to share.
Beyond parameter-sharing schemes for a neural network, there are also parameter-sharing schemes
among different neural networks or models, especially for multi-task learning. One may refer to
[30, 33, 44, 45, 46, 51] for more discussion on parameter sharing in neural networks.

Connection to trainable activation functions

The key idea of trainable activation functions is to add a small number of trainable parameters to
existing activation functions. Let us present several existing trainable activation functions as follows.
A ReLU-like function is introduced in [15] by modifying the negative part of ReLU using a trainable

parameter c, i.e., the parametric ReLU (PReLU) is defined as PReLU(x) = {x ifz20 A variant

az ifx <0.
of ELU unit is introduced in [43] by adding two trainable parameters (3, > 0, i.e., the parametric
ELU (PELU) is given by PELU(z) := {g{pr(x )= 1) i?; i 8 Authors in [31] propose a type of
flexible ReLU (FReLU), which is defined via FReLU(x) := ReLU(x + ) + 8, where « and 3 are two
trainable parameters. One may refer to [2] for a survey of modern trainable activation functions. To
the best of our knowledge, most existing trainable activation functions can be regarded as parametric
variants of the original activation functions. That is, they are attained via parameterizing the original
activation functions with a small number of (typically 1 or 2) trainable parameters.

By contrast, activation functions in our NestNets are much more flexible. They can be (realized
by) either complicated or simple sub-NestNets. That is, we can freely determine the number of
parameters in the activation functions of NestNets. In other words, in NestNets, we can randomly
distribute the parameters in the affine linear maps and activation functions. In short, compared to the
networks with existing trainable activation functions, our NestNets are more flexible and have much
more freedom in the choice of activation functions.

3 Experimentation

In this section, we will conduct experiments as a proof of concept to explore the numerical properties
of ReLU NestNets. It is challenging to tune the hyper-parameters of large NestNets due to their
nested architectures. Thus, our experimentation focuses on relatively small NestNets of height
2 and we introduce a simple sub-network activation function g, which is realized by a trainable
one-hidden-layer ReLU network of width 3. To be exact, g is given by

o(z) =wi - (zwo + by) +b; forany z € R, 4)

where wg, w1, by € R? and by € R are trainable parameters. There are 10 parameters in g. The initial
settings for ¢ in our experiments are wy = (1,1,1), w; = (1,1,-1), by = (-0.2,-0.1,0.0), and
b1 = 0. We believe that NestNets can achieve good results in some real-world applications if proper
optimization algorithms are developed for NestNets. In this paper, we only consider two classification
problems: a synthetic classification problem based on the Archimedean spiral in Section 3.1 and an
image classification problem corresponding to a standard benchmark dataset Fashion-MNIST [47]
in Section 3.2. We remark that a classification function can be continuously extended to R¢ if each
class of samples are located in a bounded closed subset of R? and these subsets are pairwise disjoint.
That means we can apply our theory to classification problems.



3.1 Archimedean spiral

We will design a binary classification experiment by constructing two disjoint sets based on the
Archimedean spiral, which can be described by the equation 7 = a + b6 in polar coordinates (r, §) for
given a, b € R. Let us first define two curves (Archimedean spirals) as follows:

C; = {(gc,y) tx=r;cos0, y=r;sinf, r; = a; +b;0, 0 ¢ [O,SW]},

fori=0,1, where ag = 0, a; = 1, by = by = 1/m, and s = 30. To simplify the discussion below, we
normalize C; as C; € [0, 1]2, where C; is defined by

Ci = {(-’E,y) ‘T = ﬁ*_%a Y= 2(%:_2)_‘—%’ (5’77@’) E@;‘},
for ¢ = 0, 1. Then, we can define the two desired sets as follows:
Si={(wv): Vu=2)+ (-yP e, (,y) €Cif,

for i = 0, 1, where € = 0.005 in our experiments. See an illustration for Sy and S in Figure 4.
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Figure 4: An illustration for Sy and S;. Figure 5: A network architecture illustration.

To explore the numerical performance of NestNets, we design NestNets and standard networks to
classify samples in Sp U S1. We adopt four-hidden-layer fully connected network architecture of
width 20, 35, or 50. To make the optimization more stable, we add the layers of batch normalization
[19]. See Figure 5 for an illustration of the full network architecture. In Figure 5, FC and ActFun
are short of fully connected layer and activation function, respectively. ActFun is ReLU for standard
networks, while for NestNets, ActFun is the learnable sub-network activation function p given in
Equation (4).

Before presenting the experiment results, let us present the hyper-parameters for training the networks
mentioned above. For each i € {0, 1}, we randomly choose 3 x 10° training samples and 3 x 10* test
samples in S; with label 7. Then, we use these 6 x 10° training samples to train the networks and use
these 6 x 10* test samples to compute the test accuracy. We use the cross-entropy loss function to
evaluate the loss between the networks and the target classification function. The number of epochs
and the batch size are set to 500 and 512, respectively. We adopt RAdam [23] as the optimization
method. In epochs 5(i — 1) + 1 to 5i for i = 1,2, -+, 100, the learning rate is 0.2 x 0.002 x 0.9°~* for
the parameters in o and 0.002 x 0.9°"! for all other parameters. We remark that all training (test)
samples are standardized before training, i.e., we rescale the samples to have a mean of 0 and a
standard deviation of 1.

Finally, let us present the experiment results to compare the numerical performances of NestNets
and standard networks. We adopt the average of test accuracies in the last 100 epochs as the target
test accuracy. As we can see from Table 2 and Figure 6, by adding 10 more parameters (stored in g),
NestNets achieve much better test accuracies than standard networks though slightly more training
time is required. In an “unfair” comparison, the test accuracy attained by the NestNet with 1.4 x 10°
parameters is still better than that of the standard network with 7.9 x 103 parameters. This numerically
verifies that the NestNet has much better approximation power than the standard network.

3.2 Fashion-MNIST

We will design convolutional neural network (CNN) architectures activated by ReLLU or the sub-
network activation function g given in Equation (4) to classify image samples in Fashion-MNIST [47].



Table 2: Test accuracy comparison.

width depth #parameters activation function training time test accuracy

standard network 20 4 1362 ReLU ~2532's 0.738290
NestNet 20 4 1362 + 10 sub-network (o) ~ 4016 s 0.873631
standard network 35 4 3957 ReLU ~ 2595 s 0.816048
NestNet 35 4 3957 + 10 sub-network (o) ~ 4104 s 0.995962
standard network 50 4 7902 ReLU ~ 2642 s 0.866118
NestNet 50 4 7902 + 10 sub-network (o) ~ 4218 s 0.999984

»
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accuracy

08 0.8 1
0.6 r 206 (( ;
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(a) Width =20. (b) Width =35. (c) Width=50.

Figure 6: Test accuracy over epochs.

This dataset consists of a training set of 6 x 10* samples and a test set of 10* samples. Each sample
is a 28 x 28 grayscale image, associated with a label from 10 classes. To compare the numerical
performances of NestNets and standard networks, we design a standard CNN architecture and a
NestNet architecture that is constructed by replacing a few activation functions of a standard CNN
network by the sub-network activation function p. For simplicity, we denote the standard CNN and
the NestNet as CNN1 and CNN2. To make the optimization more stable, we add the layers of dropout
[16, 41] and batch normalization [19]. See illustrations of CNN1 and CNN2 in Figure 7. We present
more details of them in Table 3.

(T O RGN e G O O O D ) e G

|

( J-(C_F¢_J—(BatchNorm}—(_Flatten J—(_ Dropout J—( MaxPool ] ) Fc_ J—(BatchNorm)—(_ Flatten J—( Dropout J—( MaxPool ]

l

(" Dropout )—(BatehNorm)—(__FC__J—(BatchNorm ) Softmax_J—~(_ Output | (" Dropout }(BatchNorm}~(___FC__}-~(BatehNorm)—( Softmax - Output ]

(a) CNN1. (b) CNN2.

Figure 7: Illustrations of CNN1 and CNN2. Conv and FC represent convolutional and fully connected
layers, respectively. CNN2 is indeed a NestNet of height 2.

Table 3: Details of CNN1 and CNN2.

activation function

layers output size of each layer ~ dropout batch normalization
CNNI1 CNN2
input € R?8%28 28 x 28
0 SubNet (p), 1x(26x26
Conv-1: 1x (3x3), 12 ReLU ReLU(f’) i x((26 y 26)) 12 x (26 x 26) yes
. . SubNet (0), 1x (24 x24)
Conv-2: 12 x (3 x 3), 12 ReLU ReLU. 11 x (24 x 24) 1728 (MaxPool & Flatten) 0.25 yes
. SubNet (o), 1
FC-1: 1728, 48 ReLU ReLU, a7 48 0.5 yes
FC-2: 48, 10 10 (Softmax) yes

output € R'?

Before presenting the numerical results, let us present the hyper-parameters for training two CNN
architectures above. We use the cross-entropy loss function to evaluate the loss between the CNNs
and the target classification function. The number of epochs and the batch size are set to 500 and 128,
respectively. We adopt RAdam [23] as the optimization method and the weight decay of the optimizer
is 0.0001. In epochs 5(i — 1) + 1 to 5i for i = 1,2,--, 100, the learning rate is 0.2 x 0.002 x 0.9~



for the parameters in o and 0.002 x 0.9°~! for all other parameters. All training (test) samples in the
Fashion-MNIST dataset are standardized in our experiment, i.e., we rescale all training (test) samples
to have a mean of 0 and a standard deviation of 1. In the settings above, we repeat the experiment
18 times and discard 3 top-performing and 3 bottom-performing trials by using the average of test
accuracy in the last 100 epochs as the performance criterion. For each epoch, we adopt the average of
test accuracies in the rest 12 trials as the target test accuracy.

Next, let us present the experiment results to compare the numerical performances of CNN1 and
CNN2. The test accuracy comparison of CNN1 and CNN2 is summarized in Table 4.

Table 4: Test accuracy comparison.

training time  largest accuracy  average of largest 100 accuracies — average accuracy in last 100 epochs
CNN1 ~5802's 0.925290 0.924796 0.924447
CNN2 ~ 7217 s 0.926620 0.926287 0.926032

For each of CNN1 and CNN2, we present the training time, the largest test accuracy, the average
of the largest 100 test accuracies, and the average of test accuracies in the last 100 epochs. For an
intuitive comparison, we also provide illustrations of the test accuracy over epochs for CNN1 and
CNN2 in Figure 8. As we can see from Table 4 and Figure 8, CNN2 performs better than CNN1
though slightly more training time and 10 more parameters are required. This numerically shows that
the NestNet is significantly more expressive than the standard network.

0.94 0.928
0.92 AP 0.926
= ' =
Z .00 Z 002 /\I'VIVV"V\[AM\/\/\I‘\/\AI\IMM"\I
g | g
0.83 NN 0.922 ONNI
CNN2 CNN2
0865 100 200 300 400 0920760 20 40 10 5
: 50 480 500
epoch epoch
(a) Epochs 1-400. (b) Epochs 401-500.

Figure 8: Test accuracy over epochs.

4 Conclusion

This paper proposes a three-dimensional neural network architecture by introducing one more
dimension called height beyond width and depth. We show by construction that neural networks with
three-dimensional architectures are significantly more expressive than the ones with two-dimensional
architectures. We use simple numerical examples to show the advantages of the super-approximation
power of ReLU NestNets, which is regarded as a proof of possibility. It would be of great interest to
further explore the numerical performance of NestNets to bridge our theoretical results to applications.
We believe that NestNets can be further developed and applied to real-world applications.

We remark that our analysis is limited to the ReLU activation function and the (H6lder) continuous
function space. It would be interesting to generalize our results to other activation functions (e.g.,
tanh and sigmoid functions) and other function spaces (e.g, Lebesgue and Sobolev spaces).
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A Proof of main theorem

In this section, we will prove the main theorem, Theorem 2.1, based on an auxiliary theorem,
Theorem A.1, which will be proved in Section B. Notations throughout this paper are summarized in
Section A.1.

A.1 Notations
Let us summarize all basic notations used in this paper as follows.

* Let R, Q, and Z denote the set of real numbers, rational numbers, and integers, respectively.

* Let N and N* denote the set of natural numbers and positive natural numbers, respectively.
Thatis, N* = {1,2,3,--} and N = N* J{0}.

» Forany z € R, let 2] :=max{n:n <z, neZ}and [z]:=min{n:n>z, neZ}.

* Let 15 be the indicator (characteristic) function of a set S, i.e., 1 g is equal to 1 on S and 0
outside S.

* The set difference of two sets A and B is denoted by A\B:={z:x € A, = ¢ B}.

* Matrices are denoted by bold uppercase letters. For instance, A € R”7*" is a real matrix
of size m x n and AT denotes the transpose of A. Vectors are denoted as bold lowercase

vy
letters. For example, v = [vy, -, vd]T = [ : ] € R? is a column vector.
Vg

» Forany p € [1, o), the p-norm (or /P-norm) of a vector & = [x1, 2o, -, 4]7 € R is defined
by
1/p
|2]p = |2]ev = (Jo1 [P + |z2l? + - + |za”) ™
In the case of p = oo,
|2]o = |2 = max {|z;] :i = 1,2,--,d}.

n2
Jj=ni

* Givenany K € N* and § € (0, &), define a trifling region ([0, 1]%, K, 4) of [0,1]% as
d K-1
Q([0,1]%, K,6) = {w: (21,22, 2a] € [0,1]%: 25 ¢ U ( —5,1’3)}. (5)
j=1 k=1

In particular, Q([0,1]%, K,§) = @ if K = 1. See Figure 9 for two examples of trifling
regions.

* By convention, ), aj = 0if ny > no, no matter what a; is for each j.

==

Q([0,1)%, K,0) for K =5 and d = 1 Q([0,1]", K,6) for K =4 and d =2
1.00

0.50

0.25

0.00

Figure 9: Two examples of trifling regions. (a) K =5,d=1. (b) K =4,d = 2.

« For a continuous piecewise linear function f(x), the x values where the slope changes are
typically called breakpoints.

* Let 0 : R — R denote the rectified linear unit (ReLU), i.e. o(z) = max{0,x} for any = € R.
max{0, 1}
With a slight abuse of notation, we define o : RY - R as o(x) = l : ] for any
max{0,z4}
x =[xy, ,2q]" e RL
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* Let NN {n} for n,s e N* denote the set of functions realized by height-s ReLU NestNets
with as most n parameters.

* A function ¢ realized by a ReLU network can be briefly described as follows:

T Wo, bo o T Wr_1,bra o T Wy, br
x=ho—F——h hy - —F——=hy h, —F——hp. = é(z),

where W; e RVi+1*Ni and b; € RN#+1 are the weight matrix and the bias vector in the i-th
affine linear transformation L£;, respectively, i.e.,

hi+1 = Wi Et + bz = ﬁz(ﬁz) fors = 07 1, ~~~,L,

and

hi = O'(hz) for ¢ = 1,2, L.
In particular, ¢ can be represented in a form of function compositions as follows
$=Lpooo - oLioooLy,

which has been illustrated in Figure 10.

N oy B

hiy
/ o hap
£ hipo oa \
T2 his o /
\ hay %A hay
hig

Wo, by
h #’@(M,Iz)

S
3

Q

Z ﬁ

3

=
8
&
&

&)
Q
ﬁ
Iﬂ/
Q

Wo, bo h ReLU ~ Wi, by ReLU
1

(Il-, Iz) Zo

Figure 10: An example of a ReLU network of width 5 and depth 2.

* The expression “a network of width /V and depth L” means

— The number of neurons in each hidden layer of this network (architecture) is no more
than V.

— The number of hidden layers of this network (architecture) is no more than L.

A.2 Detailed proof of Theorem 2.1

The key point of proving Theorem 2.1 is to construct a piecewise constant function to approximate
the target continuous function. However, ReLU NestNets are unable to approximate piecewise
constant functions well the continuity of ReLU NestNets. Thus, we introduce the trifling region
Q([0,1]¢, K, ), defined in Equation (5), and use ReLU NestNets to implement piecewise constant
functions outside the trifling region. To simplify the proof of Theorem 2.1, we introduce an auxiliary
theorem, Theorem A.1 below. It can be regarded as a weaker variant of Theorem 2.1, ignoring the
approximation in the trifling region.

Theorem A.1. Given a continuous function f € C([0,1]%), for any n,s € N*, there exists ¢ €
NN {355d% (s + 7)*(2n + 1)} such that ||| = ray < | f(0)] + wy(Vd) and

lp(x) - f(x)| < 6\/wa(n_(8+1)/d) for any x € [0,1]9\Q([0,1]%, K, 6),

- 1)/d ; ; . 1
where K = |n*D/?| and § is an arbitrary number in (0, 55 ].
The proof of Theorem A.1 can be found in Section B. By assuming Theorem A.1 is true, we can
easily prove Theorem 2.1 for the case p € [1, 00). To prove Theorem 2.1 for the case p = oo, we need
to control the approximation error in the trifling region. To this intent, we introduce a theorem to
handle the approximation inside the trifling region.
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Theorem A.2 (Lemma 3.11 of [52] or Lemma 3.4 of [24]). Givenanye >0, K € N*, and § € (0
assume f € C([0,1]%) and g : R? — R is a general function with

lg(z) - f(x)|<e forany z € [0,1]\Q([0,1]%, K, 4).

’BK]

Then
lp(x) — f(z)| <e+d-wsp(d) forany x e [0,1]%

where ¢ = ¢4 is defined by induction through ¢ = g and
Giv1 () = mid(¢; (x - Seir1), ¢i (), pi(x + dej1)) fori=0,1,-+,d-1,

where {e;}& | is the standard basis in R? and mid(-, -, ) is the function returning the middle value of
three inputs.

Now, let we prove Theorem 2.1 by assuming Theorem A.1 is true, the proof of which can be found in
Section B.

Proof of Theorem 2.1. We may assume f is not a constant function since it is a trivial case. Then
wy(r) > 0 for any > 0. Let us first consider the case p € [1, 00). Set K = |n(**1)/4]| and choose a
sufficiently small 6 € (0, 3 K] such that

Kdo(2]f(0)] + 2w (Vd)) = /"5 (2] £(0)] + wa(ﬂ))p
< (wf(n_(s“)/d))p.

By Theorem A.1, there exists
¢ € NN{355d°(s + T)*(2n + 1)} € NN,{355d°(s +7)* - 2(n+ 1)}
c NN {10°d*(s + 7)%(n + 1)}
such that ||| L (rey <[f(0)] + wy(Vd) and
[¢(@) - f ()] <6Vdw(n~ /) forany z € [0,1]1Q([0,1]%, K, 6).

Since || f| Lo ([0,174) < |f(0)] + wy(v/d) and the Lebesgue measure of Q([0,1]¢, K, §) is bounded
by K dd, we have

16~ IV t01109 = ooy ) 19@) = F@Pd+ [ 6(x) - f(2)da

[0,1]1\([0,1]4,K,0)

< Kas(217(0)] + 205 (VD) + (6vAeop (o1’
< (wf(n—(s+1)/d))p N (6\/wa(”_(3+1)/(1))1’ < (7\/C_lwf(n_(s+1)/d))p,

Hence, we have [|¢ — f| o (fo,1)¢) < TVdwg (n=(+D/).

Next, let us discuss the case p = oo. Set K = [n(**1)/?| and choose a sufficiently small € (0, -]

3K
such that
d-wys(d) < wf(n_(8+1)/d).

By Theorem A.1,
¢o € NN {355d°(s +7)*(2n +1)}

such that
|po(x) - f(z)] < 6\/wa(n7(s”)/d) for any € [0,1]7\Q([0,1]%, K, 5).
By Theorem A.2 with g = ¢ and ¢ = 6\/wa(n‘(s+1)/d) therein, we have
|o(x) - f(x)|<e+d-ws() < 7\/c_lwf(n7(s+1)/d) for any x € [0,1]%,
where ¢ = ¢ is defined by induction through
div1(x) = mid(gbi(;c —dei1), di(x), di(x + 6ei+1)) fori=0,1,---,d-1,
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where {e;}% | is the standard basis in R and mid(-,-,-) is the function returning the middle value of
three inputs.

It remains to estimate the number of parameters in the NestNet realizing ¢ = ¢4. By Lemma 3.1 of
[37], mid(-,-,-) can be realized by a ReLU network of width 14 and depth 2, and hence with at most
14 x (14 + 1) x (2 + 1) = 630 parameters.

By defining a vector-valued function ®; : RY - R? as

() = [do( - be1), do(). do(x +be1)]’  forany z ¢ RY,
we have ®¢ € NNV, {3?(355d(s + 7)?(2n + 1))}, implying
é1 = mid(-,-,) o By € NJ\/S{63O +3%(3550%(s + T)* (20 + 1))}
c NN {10(355d% (s +7)*(2n.+1) )},
Similarly, we have
b=y e /\/NS{1od(355d2(s +7)2(2n + 1))} c NNS{1od(355d2(s +7)2-2(n+ 1))}
c AN {10%3d% (s + )2 (n+ 1) }.

Thus, we finish the proof of Theorem 2.1.

B Proof of auxiliary theorem

We will prove the auxiliary theorem, Theorem A.1, in this section. We first present the key ideas
in Section B.1. Next, the detailed proof is presented in Section B.2, based on two propositions in
Section B.1, the proofs of which can be found in Sections C and D.

B.1 Key ideas of proving Theorem A.1

Our goal is to construct an almost piecewise constant function realized by a ReLU NestNet to
approximate the target function f € C'([0,1]?) well. The construction can be divided into three main
steps.

1. First, we divide [0, 1]¢ into a union of “important” cubes {Qp} (0,1, k-1 and the trifling

region Q([0,1]%, K,6), where K = O(n(s*1)/4). Each Qg is associated with a representative
3 € Qg for each vector index 3. See Figure 13 for illustrations.

2. Next, we design a vector-valued function ®; () to map the whole cube Qg to its index 3 for
each 3. Here, ®; can be defined/constructed via

& (z) = [61(21), d1(22), - d1(2a)],

where each one-dimensional function ¢; is a step function outside the trifling region and hence
can be realized by a ReLU NestNet.

3. The aim of the final step is essentially to solve a point fitting problem. We will construct a function
¢ realized by a ReLU NestNet to map 3 approximately to f(xg) for each 3. Then we have

P20 ®1(x) = Pp2(B) » f(xg) ~ f(x) forany x € Q3 and each 3,
implying
p=dao®y~f on[0,1]\Q([0,1]% K,0).

We remark that, in the construction of ¢», we only need to care about the values of ¢o sampled
inside the set {0,1,---, K — 1}, which is a key point to ease the design of a ReLU NestNet to
realize ¢ as we shall see later.
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Q((0,1]7, K, 6) for K =4 and d =2 P (x)=p A set of

Qg fi 0,1,2,3)? . . . .

2 for e ; d-dimensional indices:
* g for B€{0,1,2,3}>

1.00 for z € Qp Be{0,1,- K-1}¢
Qﬂ,3 Ql.f} Q2,3 Q&f}

0.75 * * * * ¢2(ﬁ) %f(mﬁ)
Qo2 | Q2 Qa2 Qs2
0501 % * * *
Qo | Qui | Qu | Qu A set of function values
0257 e g g at representatives:
Qoo | Qo | @20 | Qsp
T ——— {f(I,@) :Be {0,1,“‘,[(—1}‘1}

0.00 025 050  0.75 1.00

Figure 11: An illustration of the ideas of constructing the desired function ¢ = ¢, o ®;. Note that
¢ =~ f outside the trifling region since ¢(x) = ¢2 0 B1(x) = p2(B) » f(xg) ~ f(x) forany x € Qg
and each B € {0,1,---, K - 1}4.

Observe that in Figure 11, we have

6(@) = 620 1(2) = 62(8) ¥ f(wp) ¥ f()
for any « € ()g and each 3 € {0,1,---, K — 1}¢. That means ¢ — f is controlled by & + & on
[0,1]9\0([0,1]¢, K, §). Since |z - x|z < V/d/K for any = € Qg and each 3, & is bounded by
ws(Vd/K). As we shall see later, & can be bounded by O(wf(\/E/K)) by applying Proposi-
tion B.2. Therefore, ¢ — f is controlled by O(w F(Vd/K )) outside the trifling region, from which
we deduce the desired approximation error since K = O(n~(s*1/d),

Finally, we introduce two propositions to simplify the constructions of ®; and ¢, mentioned above.
We first show how to construct a ReLU network to implement a one-dimensional step function ¢, in
Proposition B.1 below. Then @, can be defined via

®(x) = [¢1(l’1)7 #1(x2), - ¢1(~M)]T for any x = [$17I27'”,Id]T eR?.

Proposition B.1. Given any n,r € N*, § € (0,1), and J € N* with J < 2", there exists ¢ €
NN, {36(r + 7)n} such that

¢(z)=|x| foranyxe JL__Jl[j, j+1-14]
§=0

and
o(x)=J foranyxel[J, J+1].

The construction of ¢- is mainly based on Proposition B.2 below, whose proof relies on the bit
extraction technique proposed in [0]. As we shall see later, some pre-processing is necessary for
meeting the requirements of applying Proposition B.2 to construct ¢5.

Proposition B.2. Given any € >0 and n,s € N*, assume y; > 0 for j =0,1,---,J — 1 are samples
with J < n**! and

|yj —yj,1| <e forj=1,2,---,J-1.
Then there exists ¢ € NN{350(s + 7)*(n + 1)} such that
(l) ‘(b(]) _yj| < 5f0rj = 07 17"'7J_ 1L
(ii) 0 < ¢(x) <max{y;:j=0,1,---,J -1} forany x € R.

The proofs of these two propositions can be found in Sections C and D. We will give the detailed
proof of Theorem A.1 in Section B.2.
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B.2 Detailed proof of Theorem A.1

We essentially construct an almost piecewise constant function realized by a ReLLU NestNet with
at most O(n) parameters to approximate f. We may assume f is not a constant function since

it is a trivial case. Then wy(r) > 0 for any r > 0. It is clear that |f(x) - f(0)| < w;(/d) for
any z € [0,1]%. By defining f = f — f(0) + ws(v/d), we have wz(r) = wy(r) for any r > 0 and
0 < f(z) < 2w (\/d) for any € [0,1].

Set K = |n(**1/4] and let § be an arbitrary number in (0, 57 ]. The proof can be divided into four
main steps as follows:

1. Divide [0,1]¢ into a union of sub-cubes {Qp}Bef0,1,,k-13¢ and the trifling region
Q([0,1]%, K, 5), and denote x as the vertex of Qg with minimum | - |; norm.

2. Construct a sub-network based on Proposition B.1 to implement a vector function ¥4
projecting the whole cube @) to the d-dimensional index 3 for each 3, i.e., ®1(x) = 3 for
all x € Q@.

3. Construct a sub-network to implement a function ¢, mapping the index 3 approximately to
f(xg). This core step can be further divided into three sub-steps:

3.1. Construct a sub-network to implement ¢ bijectively mapping the index set
{O,l,:u,K -1} to an auxiliary set A; ¢ {QJW 1= (),1,~~,2Kd} defined later.
See Figure 14 for an illustration.

3.2. Determine a continuous piecewise linear function g with a set of breakpoints A; U
Ag U {1}, where A, ¢ {QJW :7=0,1, ~-,2Kd} is a set defined later. Moreover, g
should satisfy two conditions: 1) the values of g at breakpoints in A4 is given based on
{f(zp)}p,ie., go1(B) = f(xp); 2) the values of g at breakpoints in Ay U {1} is
defined to reduce the variation of g, which is necessary for applying Proposition B.2.

3.3. Apply Proposition B.2 to construct a sub-network to implement a function 2 approxi-
mating g well on . A; U Ao U{1}. Then the desired function ¢ is given by ¢o = )9 0 1)q

satisfying ¢2(8) = 12 011(8) ~ g0 1 (B) = f(zp).

4. Construct the final network to implement the desired function ¢ via ¢ = ¢ 0 @1 + f(0) —
wy(v/d). Then we have ¢ o ®1(z) = ¢o(B) » f(x5) ~ f(z) for any = € Qp and
Be{0,1,-, K - 1}7, implying ¢(x) = ¢ o ®1(x) + f(0) - wp(Vd) ~ f(x) + f(0) -
wr(Vd) = ().

I1e o
Zoe .
- U g(a)
¢2°‘b1($)
Zje .
@1(z) = [¢1(21),+ $1(za)]" G2 =120

Figure 12: An illustration of the NestNet architecture realizing ¢ = ¢5 o ®1 + f(0) — wy(\/d). Here,

¢ is implemented via Proposition B.1; v; : R? — R is an affine linear function; v, is implemented
via Proposition B.2.

See Figure 12 for an illustration of the NestNet architecture realizing ¢ = ¢z o @1 + f(0) —wy(V/d).
The details of the steps mentioned above can be found below.

Step 1: Divide [0,1]% into {Qg} gefo.1,.--, k1) and ([0, 1]%, K, 6).
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Define x5 = 3/K and
Qﬁ = {13 = [x17x27'“axd]T € [07 1:|d ‘TG € [%) ﬁljz’—l _6'1{[37‘,§K72}]5 i= 172a"'7d}
for each d-dimensional index 3 = [B1, B2, -, B4]T € {0,1,---, K —1}%. Recall that Q([0,1]%, K, ) is

the trifling region defined in Equation (5). Apparently, xg = 8/ K is the vertex of ()g with minimum
| - I+ norm and

[07 1]d = ( Upe{0,1,-, K-1}4 Qﬁ) UQ([Q 1]d7 K,9).
See Figure 13 for illustrations.

Q([0,1]4, K,8) for K =4 and d =1 Q([0,1]%, K,0) for K =4 and d =2
Qg for B € {0,1,2,3} Qg for B € {0,1,2,3)
* xgfor B€{0,1,2,3} *x g for B €{0,1,2,3}

1.00
Qos || Quz || Q23 || Qa3

0.75 * * * *
* 6* 5* 6* Qoz | Qu2 | Qa2 | Qa2
) ) o @ 0.50] K K ke
Qo1 | Qui | Qa1 | Qs
0.25 * * * *
Qoo Quo - Q0 Qs
0.00 * * * *
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
(a) (b)

Figure 13: Tllustrations of 2([0,1]%, K,4), Qg, and z for B € {0,1,---, K — 1}, (a) K = 4 and
d=1.()K =4and d = 2.

Step 2: Construct ®; mapping x € (g to 3.

Note that
K=1=nG) 1 <ps < ()7 <40 = 92007 < 97 _ o,

where 77 = 2n. By Proposition B.1 with 7 = s and J = K —1 <27 =27 therein, there exists

d1 € NN {36(s + 7)7i} = NN {36(s + 7)(2n) } = NN {72(s + T)n}

such that Koo
b1(x) = x| foranyze |J [k, k+1-38]withd = KJ
k=0
and

bpr(z)=K -1 foranyze[K -1, K].
Define ¢1(2) = ¢1 (K ) for any = € R. Then, we have ¢, € NN {72(s + 7)n} and
pr(z) =k ifwe[£ Bl 15 g 0] fork=01, K-1.
It follows that ¢1 (x;) = f3; if & = [w1, 22, -+, 24]7 € Qg for each B = [B1, B2, -+, Ba]” .
By defining

& (x) = [¢1(21), d1(22), - ¢1(za)] forany @ = [z1, 29, 24]" € RY,

we have
®,(z)=B ifxeQs foreachBe{0,1,- K -1} (6)

Step 3: Construct ¢ mapping 3 approximately to f(a:,g)

The construction of the sub-network implementing ¢ is essentially based on Proposition B.2. To
meet the requirements of applying Proposition B.2, we first define two auxiliary sets .4; and A, as

A = {ﬁ+%:i:0,l,m,KUH—l and k:(),l,m,K—l}
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and

Ay = {K3—1 k20,1, K41 and k=0,1,, K - 1}.

Clearly,
AiuAsu {1} ={5kr:5=0,1,-,2K} and A nA=0.
See Figure 13 for an illustration of .4; and A,. Next, we further divide this step into three sub-steps.
Step 3.1: Construct ¢ bijectively mapping {0,1,---, K — 1}% to A;.
Inspired by the binary representation, we define

P1(x) L +d_1 Yi foran [ 17 e RY (7)
1) = 7 71 yx=[T1,T2, ", T4 .
2Kd S K

Then 1 is a linear function bijectively mapping the index set {0,1,---, K =1} to

{wl(ﬁ) Be {0,1,~~-,K— 1}d} - {2%‘1 +(§ I%l :Be {0717"'7K_ 1}d}
=1

- {W+% i=0,1, K%'-1 and k;:o,l,---,K—l} = A

Step 3.2: Construct g to satisfy g o 1, (3) = f(5) and to meet the requirements of applying
Proposition B.2.

Let g : [0,1] — R be a continuous piecewise linear function with a set of breakpoints
{542:5=0,1,-2K} = 4y u Ay U {1}.
Moreover, the values of g at these breakpoints are assigned as follows:
« At the breakpoint 1, let g(1) = f(1), where 1 = [1,1,---,1]7 e R%
* For the breakpoints in A; = {wl(ﬁ) :Be{0,1, K- l}d}, we set
g(wl(ﬁ)) = f(:cg) forany B¢ {0,1,--, K - l}d. (8)

* The values of g at the breakpoints in A5 are assigned to reduce the variation of g, which is a
requirement of applying Proposition B.2. Recall that

{Ks—l _512&7 ﬁ}gAlu{l} fori:1727'”7Kd_19

implying the values of g at ﬁ - % and ﬁ have been assigned in the previous

cases for. Thus, the values of g at the breakpoints in A5 can be successfully assigned

by letting g linear on each interval [ng,l - %, ﬁ] fori=1,2,--, K since Ay C

] See Figure 14 for an illustration.

UK‘H[ i K+l i
=1 Kd—l 2K‘l7 Kd—l

1 o A
Ay —
o {1} B
N \\
o [ B B ] | B B B J { BN BN BN J { 3 B B ] ®
0.00 0.25 0.50 0.75 1.00

Figure 14: An illustration of A;, As, {1}, and g for K =4 and d = 2.
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Apparently, such a function g exists. See Figure 14 for an illustration of g. It is easy to verify that
. . w~(\/3)
lo(5) - 93| < max {wp(¥), “TE2} <wr(E) = wp (%)

for j=1,2,---,2K%. Moreover, we have

0<g(5ks) <2wp(Vd) forj=0,1,- 2K

Step 3.3: Construct ¢, approximating g well on A; U Ay U {1}.
Observe that
2K = Q(Ln(”l)/dj)d <20t < (2n)" =7 where 71 = 2n.
By Proposition B.2 with y; = g(;?) and € = wf(g) > 0 therein, there exists
o € NN {350(s + 7)2(7 + 1) } = AV {350(s + 7)%(2n + 1)}

such that _ '
02(j) — 9(5a) <wr (M) forj=0,1,-,2K% -1
and

0 < ho(z) < Inax{g(%kd) 1j=0,1,-,2K% - 1} < wa(\/c_i) for any z € R.

By defining 15 (x) = 0o (2K %) for any = € R, we have
0 < ho(x) = (2K %) < 2wy (Vd) forany z e R )

and

o (52) = 9(522)] = [82(3) - 95| < wr (M) forj=0,1,--,2K% - 1. (10)

Let us end Step 3 by defining the desired function ¢ as ¢ = ¢ o ¢1. Recall that ¢, (B)=A; ¢
{ﬂj{d :j=0,1,--,2K% - 1}. Then, by Equations (8) and (10), we have

[62(8) - F(mg)| = [t22(11(8)) - 9(v1(8))| < wy (%2) (11)
for any 3 € {0, 1, -, K — 1}¢. Moreover, by Equation (9) and ¢ = 15 o /1, we have
0< da(x) = ho(P(x)) < 2wy (Vd) forany z € R%. (12)

Step 4: Construct the final network to implement the desired function ¢.
Define ¢ := ¢ 0 @ + f(0) - wy(\/d). By Equation (12), we have
0 < g 0 B () < 2wy (Vd)
for any = € R?, implying
F(0) ~wp(Vd) < ¢(@) = ¢ 0 B1(2) + f(0) ~ws (Vd) < £(0) +ws (V).
It follows that @] = (ra) < |f(0)] +wy(V/d).

Next, let us estimate the approximation error. Recall that f = f + f (0)-w f(\/c_i) and ¢ = g 0 P +
£(0) —w;(v/d). By Equations (6) and (11), for any & € Q5 and B € {0,1,--, K — 1}%, we have

(@) - d(@)| = [[(®) = $3 0 B1(@)| = |f(2) - 62(B)]
<|f(@) - F(zp)| + [ (zp) - 62(B)|
< Wf(g) +Wf(§) < wa(Z\/Enf(s“)/d),
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where the last inequality comes from the fact
K = [nCD/d] 5 n(+D/d 9 for n e N*.

Recall the fact wy(j-7) < j-wys(r) for any j € N* and r € [0,00). Therefore, for any x €
Uﬁe{O,l,-n,K—l}d Qﬁ:[ov 1]d\Q([07 ]-]dv K7 5), we have

lp(x) - f(z)| < 20Jf(2\/3n7(5+1)/d) < Q[Qﬂ]wf<n—(s+1)/d)
< 6\/;lwf(n_(s+1)/d).

()b (420 1(8) = (8) = 62 81 ()| ——————

D
Y
U

—
Block 1 Block 2 Block 3

Figure 15: An illustration of the final NestNet realizing ¢ = ¢3 0 @1 + f(0) — wy(\/d) for x =
(21,79, 24]" € Qg foreach B €{0,1,-, K — 1}4.

It remains to estimate the number of parameters in the NestNet realizing ¢, which is shown in
Figure 15. Recall that ¢; € ./\/./\/;{72(3 + 7)n}, w1 is an affine linear map, and 5 € N/\/S{35O(s +

7)2(2n + 1)} Therefore, ¢ = ¢g 0 ®1 + f(0) —w;(1/d) can be realized by a height-s NestNet with
at most

A(72(s+T)n) + (d+1) + 350(s +7)*(2n+1) +1 < 355d°(s+7)*(2n+1)
~— ~—
Block 1 Block 2 Block 3

parameters, which means we finish the proof of Theorem A.1.

C Proof of Proposition B.1

The key point of proving Proposition B.1 is the composition architecture of neural networks. To
simplify the proof, we first establish several lemmas for proving Proposition B.1 in Section C.1. Next,
we present the detailed proof of Proposition B.1 in Section C.2 based on the lemmas established in
Section C.1.

C.1 Lemmas for proving Proposition B.1

Lemma C.1. Given any n,r € N* and § € (0, ﬁ) with C(r,n) = [I;; Qn"’ there exists
¢ € NN.{(12r + 68)n} such that
on" 1

¢(z)=|z| foranyze |J [¢,0+1-C(r,n)-6]
=0

We will prove Lemma C.1 by induction. To simplify the proof, we introduce two lemmas for the base
case and the induction step.

First, we introduce the following lemma for the base case of proving Lemma C.1.

Lemma C.2. Given anyn € N* and § € (0,1), there exists a function ¢ realized by a ReLU network
of width 4 and depth 4n — 1 such that

¢(z) =|z| foranyxe 261[6, £+1-94].
=0
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Proof. Set § =27"¢ and define
o(z-1+6)-o(x-1

Clearly, ¢¢ can be realized by a one-hidden-layer ReLU network of width 2. Moreover, we have
~1+d)-o(z-1) 0-0 =
(w=1+d)=o@=1) _0-0_ 4, c0,1-7]

for x € R.

do(x) =7

0
and _ _
bol) = U(x—1+5l—o(x—1) _ (x—l+§l—(m—l) 1 ifze[1,2-5].
5 1]
By fixing
21 21 _
ze J[40+1-6]= U [4 +1-2"0],
=0 £=0

we have |x] € {0,1,---,2™ — 1}, implying that | 2| can be represented as

n-1 )
lz] =) 22" forzg, 21, 2n-1 € {0,1}.

=0

Then, for j = 0,1,-+,n — 1, we have ¥.7_ 2,2 + 1 < 2;27 + £770 2% +1 < 2,29 + 29, implying

‘T_Z?:_jlﬂ 2" c [QJJ_Z?;_lerl 72 [JUJ‘*'l—QHSJ—Z?:_le 22° [ D 228 T z2'41-2"F
237 237 ’ 27 - 27 ’ 27

E[Zj,2j+1— ]

27 27

c [zjzj zj2j+2j72"8v] =

It follows that )
z—zzfjlﬂ 22"

¢0(T) =z; forj=0,1,-,n-1

Therefore, the desired function ¢ can be realized by the network in Figure 16.

—0O—0E—0E—0~0 B (J—0—0)
Figure 16: An illustration of the NestNet realizing ¢. Here, ¢ represent an one-hidden-layer ReLU
network of width 2.

Clearly,
271
¢(z) =|z] foranyze |J[¢ 0+1-6].
£=0
Moreover, ¢ can be realized by a ReLU network of width 1 + 2+ 1 =4 anddepth (1+1+1)+ (1 +
1+1+1)(n-1)=4n- 1. Hence, we finish the proof of Lemma C.2. O

Next, we introduce the following lemma for the induction step of proving Lemma C.1.

Lemma C.3. Given any n, s, e N* and & ¢ (0, ziar). if g € NN (R} satisfying
2n° 1
g(z)=|z| foranyze [J [{ £+1-4].
=0

Then there exists ¢ € NNy41 {ﬁ +12n — 7} such that

s+1

. s+1
¢(x) =|x] foranyxe [J [(,€+1-2" 4]
£=0
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Proof. By setting m = 2"" we have m” = (Q”S)n = 2(nm — on™ apq

m~—1
g(x) =|x] foranyxze |J[¢ 0+1-46]. (13)
=0
By fixing
27LS+171 oi1 m"L71
ze |J [6e+1-2" 4]= U [4, L+1-m"d],
£=0 £=0

we have |x] € {0,1,---,m™ — 1}, implying that | x| can be represented as

= Z zim"  for zg, 21, 2p-1 €{0,1,-;m - 1}.
=0

Then, for j =0,1,---,n — 1, we have

-1
Zz,m +1<zjm7+2(m Dym' +1=z;m’ +m?,
=0 =0

implying

i W SETL [lzJ—z:‘;ﬂlzimi lz]+1-m"5-37 0 2 m"]

md mJ ’ mJ

mi ’ mJ

_ [ ZLO zim’® 23:0 zimi+1—m”5:|

N

J J J n
Zjm zjm’+m’-m" 9§ [ ) ) _ ]
[mj ; pooe Clzj, 2z +1-4|.

It follows that . )
() =2 forj=0,1,n -1,

Therefore, the desired function ¢ can be realized by the network in Figure 17.

Flgure 17: An illustration of the NestNet reahzmg ¢. Here, g is regarded as an activation function.

Clearly,
m"-1 277/'”1_1 s+1
¢(x) =|z| foranyze |J [(,0+1-m"0]= |J [(L+1-2" 4]
£=0 =0

Moreover, the fact g € NN {7} implies that ¢ can be realized by a height-(s + 1) NestNet with at
most

1+1D)2+(2+1)3+(3+1)3(n-2)+(3+1) + m =n+12n-7
outer network 9
parameters. Hence, we finish the proof of Lemma C.3. O

With Lemmas C.2 and C.3 in hand, we are ready to prove Lemma C.1.

Proof of Lemma C.1. We will use the mathematical induction to prove Lemma C.1. First, we consider
the base case r = 1. By Lemma C.2, there exists a function ¢ realized by a ReL.U network of width 4
and depth 4n — 1 such that
on_1 n_
¢(z) =|z] foranyze |J[(,0+1-6]c J[L +1-C(r,n)-6] withr=1.
£=0 £=0
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Moreover, the network realizing ¢ has at most (4 + 1)4((4n — 1) + 1) = 80n parameters, implying
¢ € NN1{80n} € NN1{(12r + 68)n} for r = 1. Thus, the base case r = 1 is proved.

Next, assume Lemma C.1 holds for r = s € N*. We need to show it is also true for = s + 1. By the
induction hypothesis, there exists g € AN, S{(125 + 68)n} such that
27" 1
g(x)=|z| foranyze [J [{, £+1-C(s,n)-6].
£=0

By Lemma C.3 with 7 = (125 + 68)n therein and setting 8 = C'(s,n) - 8, there exists

¢ e NN {m+12n -7} c NN 1 {(125+68)n +12n -7} c /\/Nsﬂ{(m(s +1) + 68)n}

such that
2n5+1 -1 s+1~
¢(x) =|z| foranyze |J [¢,0+1-2" 4]
£=0
Observe that
s+1 -~ s+1 s+1 S [3 s+l k3
25 =2"" Cs,m) -6 =27 (T]27) 6= ([127) - 0=C(s +1,m) 6.

i=1 i=1
It follows that

2ns+1 1

¢(x)=|z| foranyze |J [{,0+1-C(s+1,n)-4].
£=0

Thus, Lemma C.1 is proved for the case r = s + 1, which means we finish the induction step. Hence,
by the principle of induction, we complete the proof of Lemma C.1. O

C.2 Detailed proof of Proposition B.1

Set C(r,n) =TT, 27" and 3 = C(fAn) e (0, C(i ) ). By Lemma C.1, there exists ¢o € NN {(12r +
68)n} such that

T

¢o(z) =|xz| foranyz e 2’U71[€, (+1-C(r,n)-8] = 2U1[€, £+1-90].
=0

=0

It follows from .J < 2™ that

¢o(z) = |x| foranyz e JLj[j, j+1-4].
7=0

Set
M+J
5

M = d M=
IEE}%H'%(@' an

Then, for any z € [J, J + 1], we have
po(z) + Mo(z—(J-68))>-M+Ms=-M+(M+J)=J,

implying
min{¢0(x) + Mo(z-(J-9)), J} =J

Moreover, for any x € Uf;ol [J, j +1-6], we have a(a: -(J- 5)) = 0, implying
min {¢0(x) +Mo(z - (J-9)), J} = min{¢0(x), J} = min{[xJ, J} =|z|.
Therefore, by defining

J
o(x) = min{¢o(x) +Ma(x— (J—é)), J} for any x € Uo[j,j+ 1 —6~]1{jg,1}],
P
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”<(a(,(1) + Mo(z — (J — 5))) 45 ,/)
// [,,(, (d0@) + Motz — (7 ) 7,1)]\)
/ [mm {m,(..) + Moz = (7 - n)). ,7} = Q»(.I)]
~ n((mv') + Mote— (- 4)) - J)
-
[n( (Q,“<,.> } Mo(z— (J 5))) | J)]

Block 1 Block 2

Figure 18: An illustration of the network realizing ¢ for any x € Uszo [ Jyj+1-0-Te J_l}] based
on the fact min{a, b} = 2 (o (a +b) - o(-a-b) - o(a-b) - o(-a+b)).

we have
J-1

¢(x) =|z| foranyze | J[j,j+1-0]
7=0
and
¢(x)=J foranyxe[J, J+1].

Moreover, ¢ can be realized by the network in Figure 18. The fact ¢ € J\/M.{(12r + 68)n} implies
that ¢ can be realized by a height-r NestNet with at most

3((12r+68)n) + (2+ 1A+ (4+1) < 36(r+T)n

Block 1 Block 2

parameters. So we finish the proof of Proposition B.1.

D Proof of Proposition B.2

The key idea of proving Proposition B.2 is the bit extraction technique proposed in [6]. First, we
establish several lemmas for proving Proposition B.2 and give their proofs in Section D.1 except for
Lemma D.2, the proof of which is placed in Section D.3 since it is complicated. Next, we present the
detailed proof of Proposition B.2 in Section D.2 based on the lemmas established in Section D.1.

D.1 Lemmas for proving Proposition B.2

To simplify the proof of Proposition B.2, we establish several lemmas as the intermediate step. We
first establish a lemma to show that any continuous piecewise linear functions on R can be realized
by one-hidden-layer ReLU networks.

Lemma D.1. Given any p € N¥, any continuous piecewise linear function on R with at most p
breakpoints can be realized by a one-hidden-layer ReLU network of width p + 1.

Proof. We will use the mathematical induction to prove Lemma D.1. First, we consider the base
case p = 1. Suppose f : R - R is a continuous piecewise linear function on R with at most p = 1
breakpoints. Then there exist a1, a2, zo € R such that

f(z) = {a1($—xo) + f(xo) if x>0

as(xo—x) + f(xg) if z<mp.

Thus, f(x) = a10(x — xq) + aso(xg — ) + f(xo) for any x € R, implying f can be realized by a
one-hidden-layer ReLU network of width 2 = p + 1 for p = 1. Hence, Lemma D.1 is proved for the
case p = 1.

Now, assume Lemma D.1 holds for p = k € N*, we would like to show it is also true for p = k + 1.
Suppose f : R — R is a continuous piecewise linear function on with at most k + 1 breakpoints. We
may assume the biggest breakpoint of f is x since it is trivial for the case that f has no breakpoint.
Denote the slopes of the linear pieces left and right next to zo by a; and as, respectively. Define

fx)=f(z)-(aza—ar)o(x—-xzo) foranyzxeR.
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Then f has at most k breakpoints. By the induction hypothesis, f can be realized by a one-hidden-
layer ReLU network of width k + 1. Thus, there exist wo_j, bg,j, w1, 5,b1 for j =1,2,---,k + 1 such

that
k+1

flz) = > wy jo(wojx+bg;)+by forany z eR.
j=1

Therefore, for any x € R, we have

k+1

f(x)=(ag-ay)o(x—x0)+ f(z) =(ag—ay)o(x—xp) + 2-:1 wy jo(wo;x +bo,j) + b1,

implying f can be realized by a one-hidden-layer ReLU network of width k +2=(k+1)+1=p+1
for p = k + 1. Thus, we finish the induction process. Therefore, by the principle of induction, we
complete the proof of Lemma D.1. [

Next, we establish a lemma to extract the sum of n® bits via a height-s NestNet with O(n) parameters.

Lemma D.2. Given any n,s € N*, there exists ¢ € ./\/NS{57(5 +7)%(n+ 1)} such that: For any
01,02,,0,s € {0,1}, we have

k
¢(k +bin0.01050,:) = > 0, fork=0,1,-n". (14)
/=1

The proof of Lemma D.2 is complicated and hence is placed in Section D.3. Then, based on
Lemma D.2, we establish a new lemma, Lemma D.3 below, which is a key intermediate conclusion
to prove Proposition B.2.

Lemma D.3. Givenanyn,s e N* and 6, ;€ {0,1} fori=0,1,--n-1and £=0,1,---,m—1, where
m =n®, there exists ¢ € NN {58(s + 7)*(n + 1)} such that

k
¢(j)=>.0;¢ forj=0,1,-nm-1,
£=0

where (i,k) is the unique index pair satisfying j = im + k with i € {0,1,--n -1} and k €
(0,1, m—1}.

Proof. We first construct a network to extract the unique index pair (¢, k) from j € {0,1,---,nm — 1}
with the following condition

j=im+k withie{0,1,--n—1}and ke {0,1,---,m—1}.
There exists a continuous piecewise linear function ¢, with 2n breakpoints such that

n—1

¢1(x) = x| foranyze [J[l, £+1-6] withd = 5.
=0

By Lemma D.1, ¢, can be realized by a one-hidden-layer ReLU network of width 2n + 1. Moreover,
for any j € {0,1,---,nm — 1}, we have

or(E)=1E1=i and j-mei(L)=j-mi=k,
where (¢,k) is the unique index pair satisfying j = im + k with ¢ € {0,1,--n— 1} and k «
{0,1,---,m - 1}. By defining

®,(z) = [ x _(b;]((ﬁ()%) ] for any z > 0,

we have

: o1(:) [ i ] .

P = . m’ = forj=0,1,---,;nm -1,
1(9) [;—mm(;) koo

where (i, k) is the unique index pair satisfying j = ém+k with ¢ € {0,1,---;n-1} and k € {0, 1,---,m—

1}. Moreover, @ can be realized by a one-hidden-layer ReLU network of width 2(2n+1)+1 = 4n+3.

Hence, the network realizing ®1 has at most (1+1)(4n+3) + ((4n +3)+1)2 = 16n + 14 parameters.
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Define
Zi = bin0.9i700,;71~~~0¢_,m_1 for ¢ = O, 1, Y 1.

There exists a continuous piecewise linear function gAZ;Q with n breakpoints such that
$a(i) =2z fori=0,1,--n-1
By Lemma D.1, b3 can be realized by a one-hidden-layer ReLU network of width n + 1.

By Lemma D.2, there exists ¢3 € N./\/S{57(s +7)%(n+ 1)} such that: For any £1,&5,+++,&ps € {0,1},
we have

k
¢3(k+bin0.&1&xEns) = D& fork=1,2,-,n"
/=1

It follows from m = n® that, for any &g, &1, -+, Em-1 € {0, 1}, we have

k k-1
¢3(k+bin0.8o&1+Em-1) = 2, &1 = 2. & fork=1,2,-,m,
=1 =0

implying .
¢3(k+1+bin0.£&1Em-1) = Z & fork=0,1,---,m-1.
£=0

Then, fori=0,1,--,n—1and k=0,1,---,m — 1, we have

_ k
¢3(k +1+ ¢2(7,)) = ¢2(k +1+ Zz) = ¢3(l€ +1+ bin0.91700i71---917m_1) = Z 97;7@.
£=0

By defining B
¢2(z,y) =y+1+¢p2(x) foranyx,ye[0,00)
and ¢ = ¢3 o g o ®1, we have

k
0(3) = ¢30 620 ®1(j) = b3 0 P2(i. k) = s (k+ 1+ 42(i)) = 3 Ois
£=0
for j = 0,1,---,mm — 1, where (i,k) is the unique index pair satisfying j = im + k with i €
{0,1,-,n—-1}and k€ {0,1,---;m —1}.

It remains to estimate the number of parameters in the NestNet realizing ¢ = ¢3 o ¢ o ®1. Observe
that ¢o can be realized by a one-hidden-layer ReLU network of width (n + 1) + 1 = n + 2. Then, the

network realizing ¢, has at most (2 + 1)(n +2) + ((n +2)+ 1) = 4n + 9 parameters. Therefore, ¢
can be realized by a height-s NestNet with at most

(16n+14) + (4n+9) +57(s + T)*(n+ 1) < 58(s + 7)*(n + 1)
—_— S —m —
L:31 @2 ?3

parameters, which means we complete the proof of Lemma D.3. O

D.2 Detailed proof of Proposition B.2

We may assume .J = mn = n**! with m = n® since we can set yy_1 = ¥s = = = Ymn_1 if J < mn.
Define
aj=|yj/e|] forj=0,1,---;nm—1.
Our goal is to construct a function ¢ such that ¢(j) = a;e for j =0,1,---,nm - 1.
Fori=0,1,---,n -1, we define
b= 0 for/=0
Y7 @it = Gimaea for£=1,2,,m-1.

Since |y; — y;-1| < € for all j, we have |a; — aj_1| < 1. It follows that b; o € {-1,0,1} for ¢ =
0,1,-,nm-1and ¢=0,1,--,m - 1. Hence, there exist ¢; € {0,1} and d; ¢ € {0, 1} such that

big=cipe—diy fori=0,1,-,n-1land?=0,1,---,m~1.
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Since any j € {0,1,---,nm — 1} can be uniquely indexed as j = im + k with ¢ € {0,1,---,n— 1} and
ke{0,1,---,m—1}, we have

k k k

aj = Qimak = Qim + O (Qimeat = Qim0-1) = Qim + Y bio = Qi + Y by
=1 =1 =0

k k
= Qim + Y, Ciu— ., dig.
=0 =0

There exists a continuous piecewise linear function ¢, with 2n breakpoints such that
¢1(x) = azy, forany z € [im,im+m-1]andi=0,1,---,n—1.

Then, we have
(bl(j):ai'm forj:O,1,~~~,nm—1,

where (i,k) is the unique index pair satisfying j = im + k with ¢ € {0,1,-n— 1} and k ¢
{0,1,---,m - 1}. By Lemma D.1, ¢; can be realized by a one-hidden-layer ReLU network of width
2n + 1.

By Lemma D.3, there exist ¢o, ¢3 € NNV {58(s + 7)*(n + 1)} such that

k k
¢2(j): Zciye and ¢3(]): Zdi7€ forj:0a17"'anm_1a
2=0 =0
where (¢,k) is the unique index pair satisfying j = im + k with ¢ € {0,1,-n— 1} and k ¢
{0,1,-,m-1}.

Hence, by indexing j € {0,1,---,nm-1} as j =im+k fori = {0,1,-,n—1} and k € {0,1,---,m—1},
we have

k k
aj = aim+ Y cio—y dip=d1(5) +2(5) - ¢3(j)-

£=0 £=0

By defining
o(z) = (¢1 () + d2(x) + ¢3(m))5 for any x € R,

we have ;5(]) =ajeforj=0,1,--,nm~-1and gcan be realized by the height-s NestNet in Figure 19.

(20— [010) + 20} —— (616 + 02) + 82092 = s = 30))
7 _—

e

¢ 7 i
a ()
S
Block 1 Block 2 Block 3

Figure 19: An illustration of the NestNet realizing aforj =0,1,---,J-1.

In Figure 19, Block 1 or 3 has at most
3(58(s+ ) (n+1)) = 174(s + ) (n +1)
parameters; Block 2 is of width (2n + 1) + 2 = 2n + 3 and depth 1, and hence has at most
(2+1)(2n+3)+((2n+3)+1)2=10n+17
parameters. Then, & can be realized by a height-s ReL.U NestNet with at most
2(174(s +7)*(n+1)) +10n + 17 =349(s + 7)*(n + 1)
parameters. Note that o may not be bounded. Thus, we define

¥(z) = min {a(z), M} for any z € R,

31



where
M =max{y;:j=0,1,--,nm—1}.

Then, the desired function ¢ can be define via ¢ = 1) o q~$ Clearly,
0<¢(z) <M =max{y;:j=0,1,---,J -1} foranyzeR.
It follows from 0 < a;e = |y;/ele <y; < M for j =0,1,--,J — 1 that
6(j) = ¥ 0 6(j) = v(aje) = min{o(ase), M} = aje,
implying

[6G) = v3] = lage = u5] = |Lws/ele - 3| = |lws/e] - yi/e|e <.

It remains to show that ¢ can be realized by a height-s ReLU NestNet with the desired size. Clearly,
1) can be realized by the network in Figure 20, which is of width 4 and depth 2.

+\f

/ \.
sj - M) /
n( —o(@) + M)

Figure 20: An illustration of the network realizing ) based on the fact min{a, b} = %(J(a +b) -
o(-a-b)-o(a-b)-o(-a+b)).

Therefore, ¢ can be realized by a height-s ReLLU NestNet with at most
349(s + T)*(n+1) + (4 + 1)4(2+1) <350(s + 7)*(n + 1)

parameters. Hence, we finish the proof of Proposition B.2.

D.3 Proof of Lemma D.2 for Proposition B.2

We will use the mathematical induction to prove Lemma D.2. To this end, we introduce two lemmas
for the base case and the induction step.

Lemma D.4. Given any n € N*, there exists a function ¢ realized by a ReLU network with 128n+294
parameters such that: For any 01,05, -,0,, € {0,1}, we have

k
¢(k +bin0.01 050 )Z fork=0,1,--,n. (15)

Lemma D.5. Given any n,r,7 € N*, if g € NN, {7} satisfying

P
g(p+bin0.51&&pr ) = Z §; forany&1,&a,+,&nr €{0,1} andp=0,1,-n",  (16)

then there exists ¢ € N/\/}H{ﬁ +114(r +7)(n + 1)} such that: For any 01,032,601 € {0,1}, we
have

k

¢(k+bin0.0192 nr+1) Z fork=0,1,---,n"*%
The proofs of Lemmas D.4 and D.5 can be found in Sections D.3.1 and D.3.2, respectively. We
remark that the function ¢ in Lemma D.5 is independent of 61, 05, -+, 6,,,,. The proof of Lemma D.2

mainly relies on Lemma D.4 and repeated applications of Lemma D.5. The details can be found
below.
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Proof of Lemma D.2. We will use the mathematical induction to prove Lemma D.2. First, let us
consider the base case s = 1. By Lemma D .4, there exists a function realized by a ReLU network
with 128n + 294 parameters such that: For any 6y, 6, ---,6,, € {0,1}, we have

k
¢(k +bin0.0105--6,) = > 0, fork=0,1,-,n.
£=1

That means Equation (14) holds for s = 1. Moreover, ¢ can also be regarded as a height-1 ReLU
NestNet with 128n + 294 < 57(s + 7)?(n + 1) parameters for s = 1, which means Lemma D.2 is
proved for the case s = 1.

Next, assume Lemma D.2 holds for s = r € N*. We need to show that it is also true for s = r + 1 by
applying Lemma D.5. By the induction hypothesis, there exists

g€ NN {57(r +7)*(n + 1)}
such that: For any &1,&a, -+, &, € {0, 1}, we have
g(k +bin0.&1 5, ) = fj 6, fork=0,1,--n"
=1
It follows from m = n" that

p
g(p+b1n051£2€m) = 257 for any §1a§27"'a€m € {05 1} andp =0,1,--,m,
i

which means g satisfies Equation (16). Then, by Lemma D.5 with m = n" and @ = 57(r + 7)*(n + 1)
therein, there exists

¢ e NNT+1{ﬁ+ 114(r +7)(n + 1)}
such that: For any 01,605, -+, 0., € {0, 1}, we have

M=

¢(k+bin0~9192“'9nm) =>» 0, fork=0,1,---,nm.

=1

It follows from m = n" that, for any 6,65, --,0,,~+1 € {0, 1}, we have
k
¢(k +bin0.01020,r1) = > 0 fork=0,1,-,n"",
=1
which means Equation (14) holds for s = r + 1. Moreover, we have
A+114(r+7)(n+1) =57(r + 7)*(n+ 1) + 114(r + 7)(n + 1)
=57(n+ 1)((r + )2 +2(r + 7))
<57(n+1)((r+7)+ 1) =57((r+ 1)+ 7)(n+1).
This implies that
6 ¢ NN {7+ 114(r + T)(n+ 1)} € AN {57((r+ 1) + ) (n+ n}.

Thus, we prove Lemma D.2 for the case s = r + 1, which means we finish the induction step. Hence,
by the principle of induction, we complete the proof of Lemma D.2.

D.3.1 Proof of Lemma D.4 for Lemma D.2

To simplify the proof of Lemma D.4, we introduce the following lemma.
Lemma D.6. Given any n € N*, there exists a function ¢ realized by a ReLU network of width T and
depth 2n + 1 such that: For any 01,03,--+,0,, € {0,1}, we have

k
G(bin0.6162+-0,, k) = "6, fork=0,1,-n.
£=1
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Lemma D.6 is the Lemma 3.5 of [35]. The detailed proof can be found therein. With Lemma D.6 in
hand, we are ready to prove Lemma D.4.

Proof of Lemma D.4. By Lemma D.6, there exists a function ¢, realized by a ReLU network of
width 7 and depth 2n + 1 such that: For any 61, 05,---,0,, € {0,1}, we have

¢o(bin0.0102--0,, k) = > 0 fork=1,2,--n

I

The equation above is not true for £ = 0. We will construct ¢, such that
k
$2(bin0.0102--0,, k) = > 0, fork=0,1,-n
=1
To this end, we first set
M = max{|¢o(z, y)| : 2 € [0,1], y € [0,n]}
and define

¢1(z,y) = min {M + ¢o(z,y), 2My} forany x € [0,1] and y € [0, n].

- "((M +o0(@,y)) + 2My>
V 0(T
.// < ( (M + 00w m)) - my)]\)\
[min {1+ ol ), 2019} = on(, y)]
.\)w n((!ll+(bo(l y)) Zl{y) 7
( (M + o) + 2My)]

Figure 21: An illustration of the network realizing ¢ for any x € [0,1] and y € [0, n] based on the
fact min{a, b} = (a(a +b)-oc(-a-b)-c(a-b)-o(-a+ b))

As we can see from Figure 21, ¢, can be realized by a ReLU network of width max{7,4} = 7 and
depth (2n + 1) + 2 = 2n + 3. Moreover, we have

¢1(bin0_0102...9m k) = min {M + ¢0(bin0.9192...0n, k), QMIC}
(M +XF 0, fork=1,2,n
o for k = 0.

Define
62(x.y) = o(61(x,y) ~ M) foranyz < [0,1] and y € [0, 00).

Then, ¢ can be realized by a ReLU network of width 7 and depth (2n + 3) + 1 = 2n + 4. Moreover,
we have

¢2(bin0.0102--0,,, k) = o(¢1(bin0.0105--6,,, k) — M)

— 0(2156:195):2?:19[ fork=1,2,---,n
" le(-M)=0 for k = 0.

That is,

k
$2(bin0.0105--0,, k) = > 0, fork=0,1,--n
=1

Next, we will construct W to extract k and bin0.6,65---8,, from k + bin0.6,65---6,,. It is easy to
construct a continuous piecewise linear function ¢ : R — R with 2n breakpoints satisfying

n-1
Y(z) =|z] foranyze J[{, £+1-5]withd=2"".
=0

34



By Lemma D.1 with p = 2n therein, ¢ can be realized by a one-hidden-layer ReLU network of width
2n + 1. By defining

W(x):= [x ;ébx()x)] = [a(xq)p(—;)b(m)] for any x € [0, 00).

Then, ¥ can be realized by a one-hidden-layer ReLU network of width 1 + 2(2n + 1) = 4n + 3. That
means, the network realizing ¥ has at most

(1+1)(4n+3) +((4n+3) +1)2=16n+14
parameters. Moreover, for any 01, 65,6, € {0,1} and k = 0,1,---,n, we have
Y(k+bin0.6165--0,,) = |k +bin0.61 650, | = k,
implying

\I’(k +b11’1091929n) _ I:k +b1n0.9192~~~9n - 1/}(]{3 +b1n0.9192---0n)]

’(/J(k‘ + b1n091929n)
_ b1n001629n
= L .

Finally, the desired function ¢ can be defined via ¢ = o o ¥. Clearly, the network realizing ¢- is of
width 7 and depth 2n + 4, and hence has at most

(7+1)7((2n+4) + 1) = 56(2n + 5)
parameters, implying ¢ can be realized by a ReLU network with at most
56(2n +5) + (16n + 14) = 128n + 294
parameters. Moreover, for any 01, 65,6, € {0,1} and k = 0,1,---,n, we have
¢(k +bin0.6105---0,,) = ¢2 o ¥(k + bin0.6,62---6,,)
= ¢o(bin0.01 6540, k) = i@g.
=1

Thus, we finish the proof of Lemma D.4. O

D.3.2 Proof of Lemma D.5 for Lemma D.2

The key idea of proving Lemma D.5 is to construct a network with n blocks, each of which extracts
the sum of n” bits via g. Then the whole network can extract the sum of n"*! bits as we expect.

To simplify our notation, we set m = n”. Given any nm binary bits 6, € {0,1} for £ =1,2,---, nm,
we divide these nm bits into n classes according to their indices, where the ¢-th class is composed
of m bits 0,41, **, Qimem fori =0,1,---,n — 1. We will show how to extract the m bits of the i-th
class, stored in bin0.6;,,,+1**0im+m.-

First, let us show how to construct a network to extract k and bin 0.0165---0,,,,, from k + 0.0105---0,,,.
By setting 77 = 2n and Proposition B.1 with J = 2" therein, there exists

G e NN {36(r + T)7T} = NN, {36(r + 7)(2n) } = NN, {72(r + T)n}
such that

J-1
G(z) =|z] foranyze |J[(,¢+1-46].
£=0
Observe that

J_]_:?”ffr:2(271)7'_1222(717')_1:22m_1:4m_12m22nm'

It follows from bin 0.6 65---0,,,,, <1 —-27"" =1 - § that

nm J-1
k+bin0.6102+0,, € | J[£,0+1-6]c U4, £+1-46]
=0 £=0
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for k=0,1,---,nm. Thus, we have

G(k+bin0.0105---0,,) =k fork=0,1,---, nm. 17)
It is easy to verify that
2m 1
2™ 0in0.0;p11-Onm € |J [,+1-6] fori=0,1,-,n-1.
£=0

Since 2™ —1=2"" -1<2@"" _1=J -1, we have
(2™ - bin0.0im11Onm) = [2™ -bin0.0ips1-Opm|  fori=0,1,---,n—-1.

Therefore, for¢=0,1,---,n — 1, we have
[27 - bin0.05m+1°Onm | _g(2™-bin0.0im11-0nm)

bin O-Him+1 o 'eim+m =

2m 2m
and
Bin 0.0+ 1)me 1 Grm = 2m(bin0.0im+1~-9nm - bin0.91m+1~~0im+m)
omfre A G(2™ -bin 0.0, 11 Onim )
=2 (b1n0.91m+1---9nm - om )
By defining
b1 () = 9(27”“7) and () = 2" (2 - 9(2m"3)) = (o) - g(zmx)) for z > 0,
we have
bin0.0;m+1-Oimam = ¢1 (bln 001m+19nm) (18)
and
bin0. 0(1+1)m+1 ¢2 (blno 91m+1 Gnm) (19)

for any i € {0,1,---,n — 1}. Moreover, ¢; can be realized by a one-hidden-layer g-activated network
of width 1; ¢ can be realized by a one-hidden-layer (o, g)-activated network of width 2.

Define
¢3(z) =min{o(z —im), m} foranyreRandi=0,1,--,n—-1.

For any k € {1,2,---,nm}, there exist k € {0,1,--,n — 1} and ky € {1,2,---,;m} such that k =

kim + ko. Then we have
m ifi<k -1

¢3,:(k) =min{o(k-im), m} =<ke ifi=4ky (20)

0 ifi>k +1.

Observe that

(1,2, k} ={1,2, kym + ko }
k-1

:( U {im+j=j=1,2,---7m})U{k;1m+j:j:1,27--~,k2}.
i=1

It follows that
k k1m+k2 1*1 m
UEETEDS (zamﬂ)+zeklm”+o
¢=1 =0 \j=1 7=1
kl—l m k‘l k}z n—1 0
= ( Z 91m+]) Z ( Z 91m+]) + Z ( Z 9im+j)
=0 \ j=1 i=ky =1 i=k1+1 \ j=1
k1-1 [ ¢3,:(k) ki f ¢3,i(k) n-1 ¢3,i(k) 1)
= ( 0im+j)+ Z( Z 9im+j)+ ( Z 9im+j)
=0 j=1 i=ky j=1 i=k1+1 j=1
n—1

(% o)
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for k € {1,2,---,nm}, where the second to last equality comes from Equation (20). It is easy to verify
that Equation (21) also holds for k£ = 0, i.e.,

0 n—1 0
3 0-0= 5 (50 5 (75 )
=1 i=0 \ j=1 i=0 \ j=1
Therefore, we have
k n-1 ( ¢3,i(k)
Z 0, = Z ( Qimﬂ-) forany k € {0,1,---,nm}. (22)
=1 i=0 \ j=1
Fix i € {0,1,---,n — 1}. By setting p = ¢3 ;(k) € {0,1,--,m} and &; = 0,4 for j =1,2,---,m in
Equation (16), we have
#3,i (k)
9(#3,i(k) +bin0.0ims10ime2Oimam) = >, Oimaj- (23)

With Equations (17), (18), (19), (22), and (23) in hand, we are ready to construct the desired function
¢, which can be realized by the NestNet in Figure 22. Clearly, we have

k
@(k +bin0.01-0,,) = > 0 fork=0,1,-,nm.
=1

Note that nm = n-n" = n"*1. Then we have

k
¢(k+bin0.01+0,001) = > 0, fork=0,1,-,n"*",
/=1

Figure 22: An illustration of the NestNet realizing ¢ based on Equations (17), (18), (19), (22), and
(23). Here, g and g are regarded as activation functions.

It remains to estimate the number of parameters in the NestNet realizing ¢. Recall that ¢; can
be realized by a one-hidden-layer g-activated network of width 1 and ¢, can be realized by a
one-hidden-layer (o, §)-activated network of width 2.

Observe that
min{a, b} = (o(a +b)—o(-a-b)-o(a-b)-o(-a+b)) foranya,beR.
As we can see from Figure 23, ¢3 ; can be realized by a o-activated network of width 4 and depth 2

foreachie{0,1,---,n—1}.
Ul im) +m
.—»M mm a(r im), m} E3 Os.;(z)]

Figure 23: An illustration of ¢3,¢ foreachie {0,1,--,n—1}.

Thus, the network in Figure 22 can be regarded as a (o, g, §)-activated network of width 2+ 1 + 1 +
1+4+1=10and depth 2 + (2 + 1)n = 3n + 2. Recall that g € NN,.{7i} and G € NN,.{72(r + T)n}.
This implies that ¢ can be realized by a height-(r + 1) NestNet with at most
(10+1)10((3n+2)+1) + A + 72(r+7)n < A+ 114(r+7)(n+1)
inad ———
outer network g g
parameters, which means we finish the proof of Lemma D.5.
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