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A Strongly log-concave distributions

We also formally define the class of strongly log-concave distributions, which is the class that our
target marginal D* is allowed to belong to, and collect some useful properties of such distributions.
We will state the definition for isotropic D* (i.e. with mean 0 and covariance I) for simplicity.

Definition A.1 (Strongly log-concave distribution, see e.g. [SW14, Def 2.8]). We say an isotropic
distribution D* on R¢ is strongly log-concave if the logarithm of its density ¢ is a strongly concave
function. Equivalently, g can be written as

q(x) = 7(X)7x21(x) (A.1)

for some log-concave function r and some constant x > 0, where ~,.2; denotes the density of the
spherical Gaussian N'(0, x21).

Proposition A.2 (see e.g. [SW14]). Let D* be an isotropic strongly log-concave distribution on R?
with density q.

(a) Any orthogonal projection of D* onto a subspace is also strongly log-concave.
(b) There exist constants U, R such that q(x) < U for all x, and q(x) > 1/U for all ||x|| < R.
(c) There exist constants U’ and & such that q(x) < U'v,21(x) for all x.

(d) There exist constants K1, Ko such that for any o € [0,1] and any v € S 1, P[|{v,x)| <
0'} S (Kla, KQO').

(e) There exists a constant K3 such that for any k € N, E[|(v,x)|F] < (K3k)*/2.

(f) Leta = (v, ..., aq) € ZL, be a multi-index with total degree || = Y-, a; = k, and let
x® = [, 2. There exists a constant K4 such that for any such o, E[|x®|] < (K4k)*/2,

For (a), see e.g. [SW14, Thm 3.7]. The other properties follow readily from Eq. (A.1), which allows
us to treat the density as subgaussian.

A key structural fact that we will need about strongly log-concave distributions is that approximately
matching moments of degree at most O(1/72) with such a D* is sufficient to fool any function of a
constant number of halfspaces up to an additive 7.

Proposition A.3 (Variant of [GKK23, Thm 5.6]). Let p be a fixed constant, and let F be the class of
all functions of p halfspaces mapping R? to {£1} of the form

f(x) =g (sign((v',x) + 61),...,sign((v?,x) + 0,)) (A2)

for some g : {£1}P — {£1} and weights vi € S¥1. Let D* be any target marginal such that
for every i, the projection (v',x) has subgaussian tails and is anticoncentrated: (a) P[|(v*,x)| >
t] < exp(—O(t?)), and (b) for any interval [a, b, P[(vi,x) € [a,b]] < O(|b — a|). Let D be any
distribution such that for all monomials x* = [[, x®* of total degree |a| =", o; <k,

clal ||
<
B (d\/E )
for some sufficiently small constant c (in particular, it suffices to have d=°%) moment closeness for

every a). Then
~ /(1
Ifnea}( D*[ﬁ *Ig[f]’ <0 (\/E) .

Note that this is a variant of the original statement of [GKK?23, Thm 5.6], which requires that the 1D
projection of D* along any direction satisfy suitable concentration and anticoncentration. Indeed, an
inspection of their proof reveals that it suffices to verify these properties for projections only along
the directions {vi}ie[p] as opposed to all directions. This is because to fool a function f of the form
above, their proof only analyzes the projected distribution ((v*,x), ..., (v?,x)) on R, and requires
only concentration and anticoncentration for each individual projection (v*, x).

|Ex] - Eix*]
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B Proofs for Section 3

B.1 Proof of Proposition 3.1

Our plan is to apply Proposition A.3. To do so, we must verify that D‘*T satisfies the assumptions
required. In particular, it suffices to verify that the 1D projection along any direction orthogonal to w
has subgaussian tails and is anticoncentrated. Let v € S?~! be any direction that is orthogonal to w.
By Proposition A.2(d), we may assume that Pp-[T] > Q(o).

To verify subgaussian tails, we must show that for any ¢, Pp-_ [[{v,x)] > t] < exp(—Ct?) for some

constant C. The main fact we use is Proposition A.2(c), i.e. that any strongly log-concave density is
pointwise upper bounded by a Gaussian density times a constant. Write

Pp«[(v,x) >t and (w,x) € [—0, 0]
B vl > 1) = = e o] .

The claim now follows from the fact that the numerator is upper bounded by a constant times the
corresponding probability under a Gaussian density, which is at most O(exp(—C’t?)o) for some
constant C”, and that the denominator is (o).

To check anticoncentration, for any interval [a, b], write

Pp«[{v,x) € [a,b] and (w,x) € [—0,0]]
F v e et =y e S e ool

After projecting onto span(v, w) (an operation that preserves logconcavity), the numerator is the
probability mass under a rectangle with side lengths |b — a| and 20, which is at most O(o|b — a|) as
by Proposition A.2(b) the density is pointwise upper bounded by a constant. The claim follows since
the denominator is (o).

Now we are ready to apply Proposition A.3. We see that if D|7 matches moments of degree at most k&
with D up to an additive slack of d~°*), then | Ep-[f | T] — Ep[f | T]| < O(1/Vk). Rewriting
in terms of 7 gives the theorem.

B.2 Proof of Proposition 3.2
The tester T3 does the following:
1. Forall a € Z%, with |a| = k:
(a) Compute the corresponding moment E(y ). p X := ﬁ Y owes X

(b) If |E(x )~ [x*] — Ex~p+ [x*]| > - then reject.
2. If all the checks above passed, accept.

First, we claim that for some absolute constant C,, if the tester above accepts, we have
Ex,y)~p[((v,x))*] < (C1k)*/? for any v € S?~1. To show this, we first recall that by Proposi-
tion A.2(e) it is the case that Ex )~ p- [((v,x))*] < (K3k)*/2. But we have

E v,x)¥ - E v, x))k]| < E [x%- E [x*

RGN N CENED I IR
< d*. max E [x*]- E [x°%]|<1

a:lal=k |(x,y)~D x~D*

Together with the bound Eq ,op-[((v,x))*] < (K3k)¥/2, the above implies that
E (x,y)~p[({v,x))*] < (C1k)*/? for some constant C;.

Ch

Now, we need to show that if the elements of S are choseni.i.d. from D*, and | S| > (d’“, (log %) k)

then the tester above accepts with probability at least 1 —d. Consider any specific multi-index o € Z%O
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with |a| = k. Now, by Proposition A.2(f) we have the following:

2log(1/6)
2log(1/6) ) 2log(1/6)—¢
o o < o . o
xr\]ED* |:<X ZNED* [Z }) :| B g <X"I‘ED* (X ) ) (ZNED* [Z ])
2log(1/6)
< (K4ék)ék/2(K4k)k(2log(l/é)fé)/Q

=0
< 2log(1/0)(2K4 log(1/6)k)'s/9)k

This, together with Markov’s inequality implies that

L o ol o 1 d* (3K 4k log(1/8))k/2 212/
IP)[lé?lz" — B X7 ]s( )

> —_
x€eS |S|
. . . . & NN .
Since S is obtained by taking at least | S| > (d , (log 3) ) , for sufficiently large C'; we see that

dk

the above is upper-bounded by diké. Taking a union bound over all « € Z‘éo with |a| = k, we see
that with probability at least 1 — ¢ the tester 77 accepts, finishing the proof.

B.3 Proof of Proposition 3.3

Let K be as in part (d) of Proposition A.2. The tester T, computes the fraction of elements in S
that are in 7. If this fraction is Kj0/2-close to Pxp+[|{w,%x)| < o], the algorithm accepts. The
algorithm rejects otherwise.

(w,x)| < o] € [Ky10, Ky0]. Therefore, if
(w,x)| < o], then this

Now, from (d) of Proposition A.2 we have that Py p+|
the fraction of elements in S that belong in 7" is K70/100-close to Py p+|
quantity is in [Ky0/2, (K3 + K1 /2)0] as required.

Finally, if |S| > 2% log (%) by standard Hoeffding bound, with probability at least 1 — ¢ we indeed

K02
have that the fraction of elements in .S that are in 7" is K10 /2-close to Py p-[|[{w, x)| < o].

B.4 Proof of Proposition 3.4
The tester T3 does the following:

1. Runs the tester 75 from Proposition 3.3. If T rejects, T3 rejects as well.
2. Let S)r be the set of elements in S for which x € T
3. Let k = O(1/72) be chosen as in Proposition 3.1.
4. Forall a € 24, with |o| = k:
(a) Compute the corresponding moment E(x )~ p[x* [ x € T] := W%\ erS‘T x.
(b) If [Exyyon X | x € T] = Exup=[x* | x € T]| > 5 - d=O®) then reject, where

the polylogarithmic in d=9®) is chosen to satisfy the additive slack condition in
Proposition 3.1.

5. If all the checks above passed, accept.
First, we argue that if the checks above pass, then Equations 3.3 and 3.4 will hold. If the tester passes,

Equation 3.3 follows immediately from the guarantees in step (4b) of T3 together with Proposition
3.1. Equation 3.4, in turn, is proven as follows:

E v,x)))]— E v, x))?]| < E x%- E [x°

WEPI= B Pl 3 | B b= B e
< d?. max E [x*- E [x%|<7

a:lal=2 |(x,y)~D x~D*
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Now, we need to show that if the elements of S are chosen i.i.d. from D*, and |S| > ... then the
tester above accepts with probability at least 1 — §. Consider any specific mult-index a € Z%o with
|a| = k. Now, by Proposition A.2(f) we have for any positive integer ¢ the following:

E [ ]] < (atmy

x~D*
But by Proposition A.2(d) we have that Py p«[x € T] = Px~p+[|(x, W)| < 0] > K;0. Therefore,
the density of the distribution DI*T (which is defined as the distribution one obtains by taking D* and

conditioning on x € T) is upper bounded by the product of the density of the distribution D* and

7 This allows us to bound
10

5 o] < g

B, [Joe)| 1] < Koo

x~D* - Klo x~D*
This implies that
2log(1/6)
E {(X“— E [z¢ |ZET])
x~D* z~D*
2log(1/6)
3 ( E [(xa)‘*\xeﬂ)-( E [(x*|xeT
=0 x~D* x~D*
< 1
- (K10)210g(1/6)

XET:|

IN

2log(1/6)—¢
)

2log(1/6)
Z (K4€]{1)Zk/2 (K4]{i)k(2 log(1/6)—2¢)/2
£=0

1
< Wmoga/a)(zm log(1/8)k)te/0)k

This, together with Markov’s inequality implies that

~ 2log(1/6)
P[ >’7_'d_é%ﬂ - (dO“M3Kakbgu/®>W2>

dF Kyo|Sir|T
Now, recall that the tester T3 in step (1) accepted, we have |S|p| > & |S]. Since S is obtained by

1 « @
EZX —XNED*[X]

xeS

1165 Cs
taking at least [S| > (i L d7=10e7(3) . (log %) 7? o8 (T)> , for sufficiently large C5 we see

that the expression above is upper-bounded by %6 . Taking a union bound over all & € Z%o with
|a| = k, we see that with probability at least 1 — § the tester T3 accepts, finishing the proof.

C Proofs from Section 4

We first present the following Proposition, which ensures that we can form a loss function with certain
desired properties.

Proposition C.1. There are constants ¢, ¢’ > 0, such that for any o > 0, there exists a continuously
differentiable function {, : R — [0, 1] with the following properties.

1. Foranyt € [-0/6,0/6], ls(t) = & + L.
2. Foranyt > 0 /2, £,(t) = 1l and foranyt < —c /2, {,(t) = 0.
3. Foranyt € R, 0 (t) € [0,c/a], £..(t) = £ (—t) and |CL(t)| < /o>

Proof. We define {, as follows.
s+ o iflt < g
L, ift > 3
lo(t) =10, ift < 2
r(t),t € (§, 5]
(t),te[-5,-%)
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Figure 2: The function ¢, used to smoothly approximate the ramp.

for some appropriate functions £, ¢, It is sufficient that we pick ¢ satisfying the following
conditions (then £~ would be defined symmetrically, i.e., £~ (t) = 1 — £T(=t)).

e 0+(0/2) = Land £+ (5/2) = 0.
« 0+(0/6) = 2/3 and £ (0 /6) = 1/0.

e (™" is defined and bounded, except, possibly on ¢ /6 and/or o /2.

We therefore need to satisfy four equations for £. So we set £ to be a degree 3 polynomial: £7(¢) =
a1 t3 + ast? + ast + ayg. Whenever o > 0, the system has a unique solution that satisfies the desired
inequalities. In particular, we may solve the equation to get a; = —9/03, a2 = 15/(202),a3 =
—3/(40) and a4 = 5/8. For the resulting function (see Figure 2 below and Figure 4 in the appendix)
we have that there are constants ¢, ¢’ > 0 such that £/(t) € [0,¢/o] and [¢7(t)| < ¢ /o? for any
telo/6,0/2]. O

C.1 Proof of Lemma 4.3

We will prove the contrapositive of the claim, namely, that there are constants c1, ca, c3 > 0 such that

if L(w,w*), L(—w,w") > ﬁ <o, and 7 < ¢g, then |V Lo (W)||2 > ¢1(1 — 2n).

Consider the case where £(w, w*) < /2 (otherwise, perform the same argument for —w). Let
v be a unit vector orthogonal to w that can be expressed as a linear combination of w and w*
and for which (v, w*) = 0. Then {v, w} is an orthonormal basis for V' = span(w, w*). For any
vector x € R9, we will use the following notation: x,, = (w,x), Xy = (v,x). It follows that
projy (x) = xww + Xy Vv, where projy, is the operator that orthogonally projects vectors on V.

Using the fact that Vy, ((w,x)/[|w]j2) = x — (W, X)W = X — xWw for any w € S%!, the
interchangeability of the gradient and expectation operators and the fact that ¢/ is an even function
we get that

VuLo(w) =E| = £, (|(w,x)]) -y - (x = X0 w)

Since the projection operator projy, is a contraction, we have ||V L, (W)||2 > ||projy VwLes (W)]|2,
and we can therefore restrict our attention to a simpler, two dimensional problem. In particular, since
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Figure 3: Critical regions in the proofs of main structural lemmas (Lemmas 4.3, 5.2). We analyze the
contributions of the regions labeled A;, A5 to the quantities A1, Az in the proofs. Specifically, the
regions A; (which have height /3 so that the value of ¢/ (x,) for any x in these regions is exactly
1/, by Proposition C.1) form a subset of the region G, and their probability mass under Dy is (up to
a multiplicative factor) a lower bound on the quantity A; (see Eq (C.3)). Similarly, the region As is a
subset of the intersection of G¢ with the band of height o, and has probability mass that is (up to a
multiplicative factor) an upper bound on the quantity A, (see Eq (C.4)).

projy (x) = Xww + XV, we get
Iprojy VaLa(w)lla =[| E[ = £, (1xwl) -y - 30v] |
= B[~ €, (bewD) -y -]
| B[ = 4 (%) -sign(tw*, %)) - (1 = 21{y # sign((w*, x))}) - x|
Let F(y, x) denote 1 — 2 1{y # sign((w*,x))}. We may write Xy as |xy|-sign(x,) and let G C R?
such that sign(xy) - sign((w*,x)) = —1 iff x € G. Then, sign(xy) - sign((w*,x)) = 1{x ¢
G} — 1{x € G}. We get
| projy VaLo(w)ll2 =
=| B[, (xwl) - (1{x € G} = 1{x ¢ G1) - F(y, ) - Ixv || 2
> B[t (%) - 1{x € G} F(y,%) - Ixv || — E[ 0 (Ixu) - 1{x & G} - F(y,%) - x|
Let Ay = B[ty ([xw|)- 1{x € G} - Py, %) - xy || and A5 = B[t} (|xw]) - 1{x & G} - F(y, %) - [xv .

(See Figure 3.) Note that B, x[F'(y,x)] = 1 —2n(x) € [1 —2n, 1], where 1 — 25 > 0. Therefore, we
have that A; > (1 — 2n) - E[0 (|xw]|) - 1{x € G} - |xy|] and Ay < E[l, (|xw]) - 1{x € G} - |xv]].

Note that due to Proposition C.1, £/ (|xw|) < ¢/o for some constant ¢ and £/ (|x|) = 0 whenever
|xw| > 0 /2. Therefore, if Us is the band By, (0/2) = {x : |xw| < 0/2} we have

A < = -E[L{x ¢ G} 1{x € Us} - x| €.

Moreover, for each individual x, we have £, (|xw|) - 1{x € G} - |xy| > 0, due to the properties of £/,
(Proposition C.1). Hence, for any set iy C R< we have that

Ay > (1= 2n) - Ellg (Jxw]) - H{x € G} - If{x € U} - [xv]]
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Setting Uy = By (0/6) = {X : |xw| < 0/6}, by Proposition C.1, we get £ (|xw|) - 1{x € U1} =
% . ]].{X S Z/ll}
1—2n

Ay > E[1{x € G} I{x €U} - |xv|] (C2)

We now observe that by the definitions of G,U;,Us, for any constant R > 0, there exist some
constants ¢/, ¢’ > 0 such that if o/ tan § < ¢/ R (the points in R? where 9§ intersects either 94, or
OU5 have projections on v that are © (o / tan #)) we have that

IH{xe G} I{xelh}>1{|xy| €[R,2/R]} - 1{x €Uy} and
I{x e G} I{x el <I{|xy| < "o/tanb} - 1{x € Us}

By equations (C.1) and (C.2), we get the following bounds whose graphical representations can be
found in Figure 3.

A > ¢R( — 2n) ‘E[1{|xy| € [ R,2¢'R]} - 1{x € U, }] (C3)
Az < fa}f 5 Ell{lxv| < ¢"o/tan6} - 1{x € Us}] (C4)

So far, we have used no distributional assumptions. Now, consider the corresponding expectations
under the target marginal D* (which we assumed to be strongly log-concave).

I = E[{jx| € [ R, 2¢R]} - 1{x € th}]
I, = II)E*[]].HXV‘ < d"o/tanb} - 1{x € Us}]

Any strongly log-concave distribution enjoys the “well-behaved" properties defined by [DKTZ20a],
and therefore, if R is picked to be small enough, then [; and I are of order ©(c) (due to upper and
lower bounds on the two dimensional marginal density over V' within constant radius balls — aka
anti-anticoncentration and anticoncentration). Moreover, by Proposition A.2, we have P[x € ;] and
P[x € Us] are both of order ©(o ). Hence we have that there exist constants ¢}, ¢, > 0 such that for
the conditional expectations we have

E[ﬂ{|xv| € [(R,2¢R)} | 1{x €lh}] > ¢}
E[l{|xv| < 'o/tan0} ’ I{x € L{Q}] <
By assumption, Property (3.3) holds and, therefore, if 7 < ¢ /2, ¢} /2 =: ¢a, we get that
£[1{|XV| € [(R,2¢R]} | 1{x €h}] > ¢} /2
g]a[]l{|xv| < 'o/tanb} | 1{x € Up}] < ch/2

Moreover, by Property (3.2), we have that (under the true marginal) P[x € U] and P[x € Us] are
both O(o). Hence, in total, we get that for some constants ¢1, ¢, we have
Ay >é-(1-2n)

Ag < -

tan @
Hence, if we pick o = O((1 — 2n) tan §), we get the desired result.

C.2 Proof of Proposition 4.4

For the following all the probabilities and expectations are over D xy. First we observe that

Ply # sign((w, x))] < Ply # sign((w, x)) Ny = sign((w",x)] + Ply # sign((w*,x))] <
< P[sign({w, x)) # sign({w*,x))] + opt.

Then, we observe that by assumption that D yy satisfies Property (3.2), we have

Pl[{w,x)| < o] < C30

18



650

651

652
653

654
655

656

657

658
659
660
661
662
663
664
665

666
667
668
669

671
672

673
674

676
677

679

680
681

683
684

and that
g
tan@l’

Plsign({w,x)) # sign((w",x)) N [{w,x)| > o] <P|[{v,x)[ >

where v is some vector perpendicular to w. Using Markov’s inequality, we get

~E[[{v,x)|"].

o (tan )"
> <
Pllitv. 2l = tanﬁ} -

But, by assumption that Dyy satisfies Property (3.1), there is some constant C; > 0 such that
E[|(v,x)[F] < (C1k)*/2. Thus
Plsign((w, x)) # sign({(w", x))] < P[|{w,x)| < 0]
+ Plsign((w, x)) # sign((w", x)) N |{(w,x)| > 0]
(C1k)*/2(tan 9)*
ok '

ok

< Cs0 +

By picking o appropriately in order to balance the two terms (note that this is a different o than the
one in Lemma 4.3), we get the desired result.

D Proofs from Section 5

D.1 Proof of Theorem 5.1

We will follow the same steps as for proving Theorem 4.1. Once more, we draw a sufficiently large
sample so that our testers are ensured to accept with high probability when the true marginal is indeed
the target marginal D* and so that we have generalization, i.e. the guarantee that any approximate
minimizer of the empirical error (error on the uniform empirical distribution over the sample drawn)
is also an approximate minimizer of the true error. The algorithm we use is once more Algorithm
1, but this time we make multiple calls for different parameters ¢ (and we run 73 with higher &, as
we will see shortly) and reject if any of these calls rejects. If we accept, we output the output of the
execution of Algorithm 1 with the minimum empirical error.

The main difference between the Massart noise case and the agnostic case is that in the former we

were able to pick o arbitrarily small, while in the latter we face a more delicate tradeoff. To balance

competing contributions to the gradient norm, we must ensure that o is at least © (opt) while also

ensuring that it is not too large. And since we do not know the value of opt, we will need to search

over a space of possible values for ¢ that is only polynomially large in relevant parameters (similar to

the approach of [DKTZ20b]). In our case, we may sparsify the space (0, 1] of possible values for o
€

up to accuracy @((ﬁ)lﬂ/ %) and form a list of poly(k/e) possible values for o, one of which will

satisfy c;0 — 9((%)1“/ k) < opt < ¢;0. hence, we perform the same (testing-learning) process

for each of the possible values of o and get a list of candidate vectors which is still of polynomial
size.

The final step is, again, to use Proposition 4.4, after running tester 77 with parameter % (Proposition
3.2) and tester T with appropriate parameters for each of the candidate weight vectors. We get that
our list contains a vector w with

P [y # sign((w,x))] < opt +c- k'/?. '/ (+H1),

Dxy

where £ (w, w*) < 6 := cy0 for o such that ¢;0 — @((ﬁ)lﬂ/k) <opt < 0.

1+4 1— L 1
P [y # sign((w,x))] < opt +cVk- (gopt + 6((L) * )) < O(WVk-opt! ) fe.
Dxy C1 \/E

However, we do not know which of the weight vectors in our list is the one guaranteed to achieve
small error. In order to discover this vector, we estimate the probability of error of each of the
corresponding halfspaces (which can be done efficiently, due to Hoeffding’s bound) and pick the one
with the smallest error. This final step does not require any distributional assumptions and we do not
need to perform any further tests.
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77

In order to obtain our O(opt) quasipolynomial time guarantee, observe first that we may assume
without loss of generality that opt > 1/d® for some C; if instead opt = o(1/d?), say, then a
sample of O(d) points will with high probability be noiseless, and so simple linear programming
will recover a consistent halfspace that will generalize. Moreover, we may assume that opt < 1/10,
since otherwise achieving O(opt) is trivial (we may output an arbitrary halfspace). Let us adapt our
algorithm so that we run tester 77 (see Proposition 3.2) multiple times for all K = 1,2, ..., ﬂog2 d]
(this only changes our time and sample complexity by a polylog(d) factor). Then Proposition 4.4
holds for some &* such that k* € [log(1/opt), 2log(1/opt)], since the interval has length at least 1
(and therefore it contains some integer) and 2 log(1/opt) < 2C'logd < log? d (for large enough d).
Therefore, by picking the best candidate we get a guarantee of order

Vi - opt' VT = k" - opt—V* opt
= VE* - 27 %5 . opt

< /2log(1/opt) - 2 - opt (since log(1/opt) < k* < 2log(1/opt))
= O(opt).

This concludes the proof of Theorem 5.1.

D.2 Proof of Lemma 5.2

In the agnostic case, the proof is analogous to the proof of Lemma 4.3. However, in this case,
the difference is that the random variable F(y,x) = 1 — 2 1{y # sign((w*,x))} does not have
conditional expectation on x that is lower bounded by a constant. Instead, we need to consider an
additional term Az correcponding to the part 2 1{y # sign({(w*,x))} and the term A; will not be
scaled by the factor (1 — 27) as in Lemma 4.3. Hence, with similar arguments we have that

IVwlo(W)|2 > A1 — Ay — Az,

where A1 > ¢, Ay < éo- ﬁ and (using properties of £ as in Lemma 4.3 and the Cauchy-Schwarz
inequality)

A3 = 2E[6, (Ixw]) - 1{x € G} - 1{y # sign((w, %))} - Jx, ]| <

< % CE[l{x € Us} - 1{y # sign({w, x))} - |xv|] <

= VE[L{x € Uz} - (xv)?] - VE[L{y # sign((w,x))}] =

_ ZVORt R, [ x € U] Blx € 2h]

g

<

Similarly to our approach in the proof of Lemma 4.3, we can use the assumed properties (3.2) and
(3.4) to get that
\opt

75’

which gives that in order for the gradient loss to be small, we require opt < (o).

Az < ¢3

D.3 Proof of Theorem 5.3

Before presenting the proof of Theorem 5.3, we prove the following Proposition, which is, essentially,
a stronger version of Proposition 4.4 for the specific case when the target marginal distribution D*
is the standard multivariate Gaussian distribution. Proposition D.1 is important to get an O(opt)
guarantee for the case where the target distribution is the standard Gaussian.

Proposition D.1. Let Dxy be a distribution over R? x {£1}, w* € argmingcga—1 Pp,, [y #
sign((w,x))] and w € S?L. Let § > «(w,w*) and suppose that § € [0,7/4]. Then, for a
sufficiently large constant C, there is a tester that given 0 € (0,1), 6, w and a set S of samples from
D x with size at least (% log %)c’ runs in time poly (%, d,log %) and with probability 1 — § satisfies
the following specifications:

* If the distribution Dy is N (0, 1), the tester accepts.
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718 o [f the tester accepts, then we have:
Pr [sign((w*, x)) # sign((w, x))] < O(6)

7

9 Proof. The testing algorithm does the following:

720 1. Given: Integer d, set S C R%, w € S*1, 0 € (0,7/4] and § € (0, 1).
721 2. Letproj |, : R? — R~ denote the operator that projects a vector x € R to it’s projection
722 into the (d — 1)-dimensional subspace of R? that is orthogonal to w.
1
723 3, Foriin{(),:l:l,---,ivmgoge}
724 (@ S+ {xesS: (w,x)e[if,(i+1)0]}
725 (b) If ‘|§;|| > 26, then reject.
(© 1 || 11 s, (070] 1w (%)) (Proj Ly (x)T = a1y Hp > 0.1, reject,
1 .
727 4. If Kl ers 1|(w,x>|>m > 50, then reject.
728 5. If reached this step, accept.

729 If the tester accepts, then we have the following properties for some sufficiently large constant C’ > 0.
730 For the following, consider the vector v € R? to be the vector that is perpendicular to w, lies within
731 the plane defined by w and w* and (v, w*) < 0.

722 1. Pyos[|(w,x)| € [07,0(i + 1)]] < C"6, for any i e{o,ﬂ,...,ig 210g%}.
733 2. wagi{<v,x)| >t 2} < C"/i?, for any i e{o,il,...,ig 2log5}.

734 3. Pyos [|(w,x>| > 1/210g% < C'9.

735 Then, for k = %,/2log # and Strip; = {x € R? : (w, x)| € [#i,0(i + 1)]}, we have that

Pr [sign((w, x)) # sign((w", x))] <
k

Z X?S[x € Strip;] -xgs{|<v,x>| > % - g ’ X € Stripz} + )ES [|<w,x>| > 1/2log %} <

| vo

+C'0 = 0(h)

[

i=—k
518l ’

A P L 19 < N2y .

i=Z—k S| x~si [|<V7X>‘ ~ tand Z] +00 < (C)°0 + i#0 ‘

~

736 Now, suppose the distribution Dy is indeed the standard Gaussian N (0, I;). We would like to show
737 that our tester accepts with probability at least 1 — §. Since D = A (0, 1), we see that for x ~ D
738 we have that x - w is distributed as A/ (0, 1). This implies that

739 e Foralli € {O,:tl,~-- ,ivmofjgz’} we have
740 - Preono,1,) [(W,x) € [i0, (i +1)0]] < #9
12
= Preewio,n [(w,x) € [0, (0 + D] 2 6min, 1 ey it 7= T 2
92
742 10
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* Pranou, [(w,x) € [i6, (i +1)0]] < =0

00 _x? 00 _ 22
* Preono.1,) [(w,x) > 2 logé] = f2 fog T \/%e T dx < 0f0 \/%e 2 dx:g

Therefore, via the standard Hoeffding bound, we see that for sufficiently large absolute constant C'
we have with probability at least 1 — g over the choice of .S that

/ T
e Foralli € {O,:I:l,'-- ,:i:2190g9} we have

= Prys [(w,x) € [0, (i +1)0]] <6
— Prews [(W,x) € [i6, (i + 1)6]] > &

* Pryos [(w,x) > 24/log %] <40
e Pryos [(w,x> < —2,/log ﬂ <40

Finally, we would like to show that conditioned on the above, the probability of rejection in step (3b)
is small.

Fact D.2. Given a set S C R4 of i.i.d. samples from N(0, 1), with probability at least 1 —

poly (%) we have

<0.1

op

! T
E Z Liw xyefio,(i+1)0) XX — L(g—1)
x€S

Now, since each sample x; is drawn i.i.d. from A/(0, I;), we have that (w, x;) and proj ,(x;) are
all independent from each other for all 4. Since all the events we conditioned on depend on {(w, x;)}
we see that {proj ,(x;)} are still distributed as i.i.d. samples from N'(0, I(4_1)).

Recall that one of the events we have already conditioned on is that Pry.s [(w,x) € [i6, (i + 1)6]] >
/ 1
g—; forall i € {0, +1,---, izz)g”}. This allows us to lower bound by 62 /20 the ratio |S;|/|S|.

And since, as we described, for all these elements x; the vectors proj | ., (x;) are distributed as i.i.d.
samples from N (0, I 4_1)), we can use Fact D.2 to conclude that for sufficiently large absolute con-

stant C, when |S| = (4 log %)C we have with probability 1 — 2 forall i € {0, 41,... 4 V280 }

0
that
1 . .
57 22 (Proj L () (proj Ly ()" — g | <01
" xes; op
Opverall, this allows us to conclude that with probability at least 1 — § the tester accepts. O

We now present the proof of Theorem 5.3.

In the proof of Theorem 5.1, when the target distribution is the standard Gaussian in d dimensions,
we may apply Proposition D.1 (and run the corresponding tester), instead of Proposition 4.4, in order
to ensure that our list will contain a vector w with

D@y[y # sign((w,x))] < DE’y[y # sign((w”", x))] + Dﬁy[sign(w*, x)) # sign((w, x))]

< opt+ O()

where £(w,w*) < 0 := ¢y0 and o is such that ¢c;0 — ©(e) < opt < ¢;0, which gives the desired
O(opt) + € bound. To get the value of o with the desired property, we once again sparsified the space
(0, 1] of possible values for o, this time up to accuracy O(e).

22



//,

 olul WIN NFE Wk ol O ok WK NFE WK ol ol Ws

- Lo(t)
_ — o0 L(t)
2
1] — 2
R
t

Figure 4: Figure illustrating the (normalized) first two derivatives of the function ¢, used to define the
non convex surrogate loss £,. The normalization is appropriate since ¢/ and ¢/, are homogeneous in
1/0 and 1/0? respectively. In particular, we see that £/ < ©(1/0) and |¢”/| < ©(1/0?) everywhere.
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