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Abstract

In the paper, we propose a class of efficient mirror descent ascent methods to
solve the nonsmooth nonconvex-strongly-concave minimax problems by using
dynamic mirror functions, and introduce a convergence analysis framework to
conduct rigorous theoretical analysis for our mirror descent ascent methods. For
our stochastic algorithms, we first prove that the mini-batch stochastic mirror
descent ascent (SMDA) method obtains a gradient complexity of O(k3e~4) for
finding an e-stationary point, where x denotes the condition number. Further, we
propose an accelerated stochastic mirror descent ascent (VR-SMDA) method based
on the variance reduced technique. We prove that our VR-SMDA method achieves
a lower gradient complexity of O(x3¢~3). For our deterministic algorithm, we
prove that our deterministic mirror descent ascent (MDA) achieves a lower gradient
complexity of O(/ke~2) under mild conditions, which matches the best known
complexity in solving smooth nonconvex-strongly-concave minimax optimization.
We conduct the experiments on fair classifier and robust neural network training
tasks to demonstrate the efficiency of our new algorithms.

1 Introduction

Minimax optimization recently has attracted increased interest largely due to advance in many
machine learning applications such as generative adversarial networks (GANS) [14}41]], robust neural
networks training [32]], fair learning [31], federated learning [10]], and policy evaluation [43]. In the
paper, we study the following nonsmooth nonconvex-strongly-concave minimax problem:

minmax F(z,y) = {f(z,y) +9(z) —h(y)}, (1)
where the function f(x,y) : X x Y — R is smooth and possibly nonconvex in z € X" and p-strongly
concave in y € ), and the functions g(x) and h(y) are convex and possibly nonsmooth. Here
X CR%and ) C R? are compact and convex constraint sets, or X = R and Y = RP. In many
machine learning problems, f(z,y) generally represents loss function and is a stochastic form, i.e.,
f(z,y) = E¢[f(x,y; &)], where the random variable £ follows an unknown data distribution. Here
both g(z) and h(y) frequently denote the nonsmooth regularization terms such as g(x) = v ||z|1
and h(y) = v2lly||1 with v1,v5 > 0. In fact, the above problem (I)) comes from many machine
learning problems, such as fair classifier, robust training, nonlinear temporal-difference learning in
reinforcement learning [43]] and robust federated learning [10].

When g(2) = 0 and h(y) = 0 in the problem (), the classic gradient descent ascent (GDA) methods
[40L 27] can effectively solve this problem, which alternatively conducts a gradient descent update
on the variable x and a gradient ascent update on the variable y at each iteration. At the same time,
some stochastic GDA methods [40, 27, 30, [18, 146, [17] have been proposed to solve the stochastic
minimax problem (I)), where f(z, y) = E¢[f(z, y; £)]. More recently, some works [2, 4} 8] focus on
more general minimax problem (), where both g(z) and h(y) are possibly nonsmooth. Meanwhile,
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Table 1: Gradient complexity of the representative first-order methods for obtaining an e-stationary
point of the nonsmooth nonconvex minimax problem (I)). Note that these comparison methods don’t
rely on some specific strong assumptions on the problem (I). Since the convergence properties of the
deterministic proximal gradient descent ascent (PGDA) [8]] build on the Kurdyka-Lojasiewicz (KL)
geometry assumption, it be excluded. Here x denotes condition number of objective function f(z,y)
in variable y. Since HiBSA algorithm [29] does not provide explicit dependence on x, we use p(k).

Type Algorithm | Reference | Loop(s) | Gradient Complexity
HiBSA [29] Single O(p(k)e?)
Deterministic | MAPGDA 2l Double O(r372¢2)
PAGDA 41 Single O(k?%e?)
MDA Ours Single O(/re™?)
PASGDA @] Single O3 ™)
Stochastic SMDA Ours Single O(r%e™ %)
VR-SMDA Ours Double O(K3¢?)

some (stochastic) proximal gradient descent ascent (PGDA) methods [2} 4} 8] have been presented to
solve the problem (I). However, they still suffer from the large sample complexities for finding an
stationary point of the minimax problem (I)) without some specific strong assumptions such as KL
geometry (Please see Table|[T).

In this paper, thus, we propose a class of efficient mirror descent ascent methods by using dynamic
mirror function (i.e., Bregman function). Specifically, our methods perform an adaptive mirror descent
update to variable z and an adaptive mirror ascent update to variable y alternatively at each iteration.
Our new algorithmic framework can generate many popular methods and their variants by adopting
different mirror functions. For example, by adopting the mirror functions ¢(z) = %|z|* and

#(y) = 1||y[|%, our methods will include the classic (proximal) gradient descent ascent algorithms.

Our main contributions are summarized as follows:

1) We propose a class of novel mirror descent ascent methods to solve the minimax problem
by using dynamic mirror functions. Moreover, we provide a convergence analysis framework
for our mirror descent ascent methods.

2) We present a faster deterministic adaptive mirror descent ascent (MDA) method, which reaches
a lower gradient complexity of O(y/ke~2) than the existing nonsmooth nonconvex minimax
methods. Meanwhile, we propose a fast stochastic mirror descent ascent (SMDA) method,
which requires O(x3¢~%) stochastic gradient evaluations to obtain an e-stationary point of the
problem ().

3) We further propose an accelerated stochastic mirror descent ascent (VR-SMDA) method by
using the variance reduced technique of SARAH/SNVRG/SPIDER [37, 51 12} 44]. Moreover,
we prove that our VR-SMDA reaches a lower gradient complexity of O(k3¢3).

In fact, when our methods solve the minimax problem (I)) without nonsmooth regularization terms,
i.e., g(x) = 0 and h(y) = 0, our theoretical results also can apply these minimax problems without
nonsmooth regularization terms studied in [27} 28]].

2 Related Works

In this section, we review some existing typical minimax optimization methods and stochastic mirror
descent methods, respectively.

2.1 Minimax Optimization Methods

Minimax optimization recently has been widely studied in machine learning community. The
convergence properties of (strongly) convex-(strongly) concave minimax optimization have been
studied in [42, 26/ 35| 49]]. Due to the popularity of nonconvex models in machine learning, many
recent studies focused on the nonconvex minimax problems such as robustly deep neural networks
training and GANSs. For example, some effective gradient descent ascent (GDA) methods [40, 38|,
27,1281 146,147, 117, (18] 19} [16] have been proposed for the nonconvex-(strongly) concave minimax
optimization. Specifically, Lin et al. [27] studied the convergence properties of both deterministic
and stochastic GDA methods. Subsequently, Luo et al. [30] proposed a class of faster stochastic
GDA methods based on variance reduced technique of SPIDER [12]]. Huang et al. [18]] proposed



an accelerated single-loop stochastic GDA method based on momentum-based variance reduced
technique of STORM [9]. Recently, the nonconvex-nonconcave minimax optimization problems
with some specific structures also have been studied in [34, 48, [11}, 133]. Specifically, Yang et al.
[48] and Diakonikolas et al. [11] have studied a class of specific nonconvex-nonconcave minimax
problems satisfying a so-called two-sided Polyak-Lojasiewicz inequality and stampacchia variational
inequality, respectively. More recently, Zhang et al. [50] and Li et al. [24] studied the lower bound of
sample complexity for nonconvex-strongly-concave minimax optimization. Xian et al. [45]] studied
the decentralized nonconvex-strongly-concave minimax optimization. Meanwhile, some research
works [29} 2 4} 8] began to study the nonsmooth nonconvex minimax problem .

2.2 Mirror Descent Methods

Mirror descent (a.k.a., Bregman gradient) method [7,[3] is a powerful optimization tool in machine
learning, since it can fit the geometry of optimization problems by choosing proper Bregman functions
[S,16]]. The mirror descent methods for convex optimization have been studied in [[7,13]. Subsequently,
Lei et al. [23] integrated the variance reduced technique to the mirror descent algorithm for stochastic
convex optimization. More recently, a variance-reduced adaptive stochastic mirror descent algorithm
[25]] has been proposed to solve the nonsmooth nonconvex finite-sum mini optimization. Recently,
the mirror descent method also has been used to solve minimax optimization problems. For example,
Babanezhad et al. [1] presented a mirror-type algorithm for convex minimax optimization. Rafique
et al. [40] proposed a class of mirror descent methods for weakly convex minimax optimization.
Meanwhile, a new mirror descent-type method [34] has been proposed to solve a class of nonconvex-
nonconcave minimax problems with a non-monotone variational inequality structure. To the best of
our knowledge, recently few work focuses on explicitly using the mirror-decent-type method to solve
the nonsmooth nonconvex minimax problems.

3 Preliminaries
3.1 Notations

For two vectors « and y, (z,y) denotes their inner product. || - || denotes the ¢ norm for vectors
and spectral norm for matrices, respectively. V, f(x,y) and V,, f(x, y) denote the partial derivatives
w.r.t. variables x and y respectively, and let V f(z,y) = (V. f(z,y), Vyf(z,y)). dg(z) denotes
the subgradient set of function g(x). Given a convex closed set X', we define a projection operation
Proj y (o) = argmingcx ||z — «||?. Given the mini-batch samples B = {¢}2_,, we let V f5(z) =
% E?:l V f(x;£%). Define an increasing o-algebras F; := {B1, B, -+ ,B;_1} forall t > 2, then
let E[-] = E[-|F].

3.2 Standard Mirror Descent Method

Given a p-strongly convex and continuously-differentiable function ¢ (z), i.e., (x1 — z2, Vip(x1) —
Vip(x2)) > p|lw1 — 22||?, we define a Bregman divergence (i.e., Bregman distance) for any z, z € X’:

Dy(z,x) = 9(z) —Y(x) — (VY(x), z — x). 2)

To solve the problem min,¢cx f(z), the mirror descent method [7, 3] uses the following form to
update the variable x, for all ¢ > 1

1
Tip1 = arggéikl {f(xt) +(Vf(x),x —x¢) + aDw(a:,xt)}, 3)

where o > 0 is stepsize. In the above subproblem (3), the first two terms of its objective function is a

linear function approximated the function f(z), and the last term is a Bregman distance between z

and x;. Note that the constant terms f(x;) and (V f(x;), ;) can be omitted in the above subproblem
1

(B). When choosing v (z) = 1|z, we have Dy(z,2,) = %||z — 24||*. Then the mirror descent

method will reduce to the standard projected gradient descent method.

3.3 Some Mild Assumptions

In the subsection, we introduce some mild assumptions for the problem (T).



Assumption 1. (Smoothness) For the deterministic and mini-batch stochastic algorithms (MDA and
SMDA), we assume that the function f(x,y) has an Ly-Lipschitz gradient, i.e., for all z1,29 € X
and y1,y2 € Y, we have

IVf(z1,y1) — VI(z2,y2)| < Lsll(z1, 1) — (T2, y2)]- €]

For our variance-reduced stochastic algorithm (VR-SMDA), we assume that each component function
f(x,y; &) has an L-Lipschitz gradient, i.e., for all z1,x2 € X and yy,y2 € Y, we have

IVf(z1,9158) = VI (@2, y2; )l < Lell(z1, 1) — (w2, 92) ], VE. &)

In Assumption 1, the inequality {@) is commonly used in the minimax optimization [27, [2| 4} [8].
While the inequality (B) is frequently used in the variance-reduced stochastic optimization [30 [18].

Assumption 2. Each component function f(x,y;&) has an unbiased stochastic gradient with
bounded variance o2, i.e.,

EVf(z,y;:6)] = Vi(z,y), E|Vf(z,y;€) = Vf(z,y)l* <o (6)

Assumption 3. The function f(x,vy) is u-strongly concave w.r.t y, i.e., forall x € X and y1,y2 € ),
we have |V, f(x,y1) — Vy f(z,y2)|| > pllyr — y2l|- Then the following inequality holds

1
f@,y1) < f(@,y2) + (Vyf(z,92), 91 — y2) — 5”91 -2l (7
Assumption 4. The functions g(x) and h(y) are convex but possibly nonsmooth.

Assumption 3 shows that the function f(z,y) is p-strongly concave w.r.t y. Assumption 4 shows
that the function h(y) is convex. Thus, the function {f(x,y) — h(y)} is strongly concave iny € ),
there exists a unique solution to the problem maxycy{f(z,y) — h(y)} for any z. Let y*(x) =
arg max, ey (,y) — h(y)}, and &(z) = f(z,y*(2)) — h(y"(2)) = maxyey{F(2,5) — hly)}.

Assumption 5. For any o € R, the sub-level set {x : ®(x) + g(x) < a} is compact. The function
®(x) 4 g(x) is bounded below in X, i.e., F* = inf,c x{®(x) + g(x)} > —o0.

Assumption 5 is frequently used in nonsmooth minimax optimization [8]]. In fact, when h(y) = ¢
where c is a constant, we can only assume the function ®(x) 4+ g(z) is bounded below in X instead
of Assumption 5.

4 Mirror Descent Ascent Methods

In the section, we propose a class of novel mirror descent ascent methods to solve the problem ().
Specifically, we first propose a deterministic mirror descent ascent (MDA) method, and stochastic
mirror descent ascent (SMDA) method. Then we further present an accelerated stochastic mirror
descent ascent (VR-SMDA) using variance reduced technique of SPIDER [12,44].

4.1 MDA and SMDA algorithms

When f(z,y) is a deterministic function, we propose a deterministic mirror descent ascent (MDA)
method to solve the deterministic problem (I). When f(z,y) = E¢[f(z,y;€)] is a stochastic
function, we propose a stochastic mirror descent ascent (SMDA) to solve the stochastic problem (T).
Specifically, Algorithm[I|shows the algorithmic framework of the MDA and SMDA algorithms.

In Algorithm [T} we use (stochastic) mirror decent to update variable x, and simultaneously use
(stochastic) mirror ascent to update variable y. Specifically, at step 7 of Algorithm [T} we use the
mirror descent to update x,

. 1
Te1 = argmin {(vs, ) + ;Dwt (z,2,) + g(2) } ®)

1
= arg min {f(xt,yt) + (v, & — 24) + — Dy, (z,2) + g(x)} 9)
TEX Yt

In fact, we omit the constant terms f(x¢, y;) and (v, ;) in the above subproblem (8). In the above
subproblem (9)), the first two terms of its objective function is a linear function approximated the
function f(z,y) based on (stochastic) derivative estimator vy, and the third term is a Bregman distance
between x and z; based on Bregman function v;. Since the function g(x) is possibly nonsmooth, we



Algorithm 1 (Stochastic) Mirror Descent Ascent Algorithm

1: Input: T, stepsizes {y; > 0, \; > 0,7, € (0,1]}7_,, mini-batch size b ;

2: initialize: x1 € X and y; € );

3: fort=1,2,...,T do

4:  MDA: Compute partial derivatives v, = V f(x¢,y;) and wy = V, f (24, y4);

5. SMDA: Generate randomly mini-batch samples B; = {£/}?_, with |B;| = b, and compute
stochastic partial derivatives v; = V fg, (z+, y¢) and wy = V, f, (24, y¢);

6:  Given the mirror functions ¢, and ¢;;

7 xppq = argmingex {(vg, ) + %Dd,t (z,2¢) + g(z) };

8  Ytr1 =Yt + Me(Uer1 — y¢) where 11 = argmax,cy {<wt7 Yy) — ,\%qut (Y, ye) — h(y)};

9: end for
10: Output: z, and y, chosen uniformly random from {z, y: }7_;.

11: Output: (for theoretical) z¢ and y¢ chosen uniformly random from {z, y; }7;.
12: Output: (for practical) x7 and yr.

keep it in the above subproblem (9) as the standard proximal descent algorithm [39]. Similarly, at
step 8 of Algorithm|T] we use the mirror ascent to update y,

L

gt+1 = arg I(Jlea)}}( {<wt7y> At D¢f, (yvyt) - h(y)} (10)
1
= arg max {f(@e,ye) + (we,y — ye) — ED@ (y,yt) — h(y)}. (an

In the above subproblem (II)), the first two terms of its objective function is a linear function
approximated the function f(x,y) based on (stochastic) derivative estimator w;, and the third term
is a Bregman distance between y and y, based on Bregman function ¢;. Moreover, at the step 8 of
Algorithm[T] we further use a momentum iteration to update y.

When Bregman functions ¢ (z) = 3 ||z||* and ¢;(y) = 3||y||* forall ¢ > 1, we have Dy, (z, ;) =

1|z — 24]|* and Dy, (y,y:) = 1|ly — w||>. Under this case, Algorithmwill reduce the standard
(stochastic) proximal gradient descent ascent algorithm. When Bregman functions v (z) = %mTHtm
and ¢ (y) = SyT Gy forall t > 1, we have Dy, (z,2¢) = 3(z — ;)T Hy(z — 2¢) and Dy, (y, 1) =
2y — )T Ge(y — wi), where H, = ply and G = pl,,. For example, given a € (0,1) and p > 0,
we can generate the matrices H; and G like as in Adam-type algorithms [21}[20], defined as

o =0, 9 = aly—1 + (1 — ) Vaf (2,5 &)%,  Hy = diag(y/Ty +p), t > 1 (12)
Wy =0, Wy = ay—1 + (1 — a)Vyflze,y:&)* Gy =diag(v/we +p), t>1  (13)
Under this case, our SMDA algorithm will reduce a novel adaptive gradient descent ascent algorithm.

In the problem (T)), the functions g(x) and h(y) are generally nonsmooth, e.g., g(x) = vq|z|1
and h(y) = wvslly|l1 with v; > 0,2 > 0. When Bregman functions ¢;(z) = 227 H,z and
#¢(y) = LyTGyy for all t > 1, and the matrices H; and G; are diagonal, e.g., generated from the
above and (T3), we can use the soft thresholding operator S(a, \) = sign(a) max(|a] — A, 0) =

argmin.{3(z — a)? + A|z|} to obtain the closed-form solutions of the following subproblems:
. 1
¥é12r(1{<vt,x> +T%(x_xt)THt(x_xt)+V1||xH1}a (14)
1
glea)ii {<wt7y> - 27)%(3/ - yt)TGt(y —Yt) — z/2||y||1}, (15)

where H, = diag(hi, -, hqy) with h;y > 0 for ¢ € [d], and G, = diag(g1,¢,- -+ , gp,) With
gj,t > 0for j € [p]. Without loss of generality, let X' = R% and ) = R?, we have

h; .
5(%‘,1& — %Uu’ ZZ:) = arg 910{1&% {<’Ui,tami> + 27’: (; — fi,t)2 + y1|xi|}, i €[d] (16)
)\t )\tVQ 9gj,t 2 .
S(yjt+ —wjp, —) = argmax {(wj+,y;) — 2= (y; — y;.0)° — v=ly;l}, J € [p)- 17
(i‘/J,t Uit it it ) gyjeR {< Gits Ys) 2, (Yj — Yjie) 2|yj|} Jj €[l a7



Algorithm 2 Accelerated Stochastic Mirror Descent Ascent (VR-SMDA) Algorithm

1: Input: T, g, stepsizes {~; > 0, \; > 0,7; € (0,1]}L_,, mini-batch sizes b and by;
2: initialize: x1 € X and y; € );
3: fort=1,2,...,T do

4: if mod (¢,q) = 0 then

5: Randomly generate mini-batch samples B; = {¢}}°_; with |B;| = b;

6: Compute stochastic partial derivatives v, = V, fg, (z, y:) and w, = V, [, (21, y1);

7:  else

8: Randomly generate mini-batch samples Z; = {£/}2% | with |Z;| = by;

9: Compute stochastic partial derivatives
v = Vo fr,(T6,yt) — Vo fr, (Ti-1,90-1) + vi-1, (18)
wy = Vy fr, (@, yt) — Vyfr,(@e—1,y0-1) + we-1; (19)

10:  end if

11:  Given the mirror functions ¥; and ¢;;

120 @441 = argmingey { (v, z) + %Dwt (z,20) + g(2) };

130 yes1 = ye + 0e(feg1 — ye) where 1 = argmaxyey { (wy, y) — A%an,, (y,y¢) — h(y) };
14: end for

15: Output: (for theoretical) z¢ and y¢ chosen uniformly random from {z, y: }7—;.

16: Output: (for practical) zr and yr.

4.2 VR-SMDA Algorithm

In this subsection, we propose an accelerated stochastic mirror descent ascent (VR-SMDA) algorithm
to solve the stochastic problem (T). Algorithm [2]describes the detailed algorithmic framework of the
VR-SMDA method.

In Algorithm we only draw a mini-batch samples B, = {¢{}?_; at each iteration. Clearly, the
mini-batch samples will take large variances in our SMDA algorithm. Thus, we use the variance
reduced technique of SPIDER in our VR-SMDA algorithm to accelerate it. Specifically, when
mod (t,q) = 0, we draw a relative large batch samples B; = {£/}2_, to estimate our stochastic
partial derivatives v; and w;; when mod (¢,q) # 0, we only draw a mini-batch samples Z; =
{32 (b > by) to estimate v; and w; in (I8) and (T9). Since samples Z; are independent to
variables {Z¢, ¥t—1,Yt, Yt—1, Vt—1}, by using Assumption 2, we have

Ez [ve] = Vo f (@, y0) — Vaf(@e—1,ye—1) + ve—1 # Vaf(xe, ye), (20)
Ez [w] = Vyf(xe,y0) = Vyf(@i—1,9i—1) + wie1 # Vy f(@, ye)- 2D

Thus, the partial derivative estimators v, and w, are biased. As in Algorithm[I] we also use the mirror
descent iteration to update x, and use both the mirror ascent and momentum iterations to update y in
Algorithm 2]

5 Convergence Analysis

In this section, we study the convergence properties of our algorithms (i.e., MDA, SMDA and VR-
SMDA) under some mild conditions. All related proofs are provided in the supplementary materials.
We first introduce a useful convergence metric ||G;|| (or E||G;||) as in [13}[25] to measure convergence
properties of our algorithms. Given the parameters z; at {-th iteration by our algorithms, we define a
gradient mapping [36 [13] as

1

Gt = *(ﬂft - 95;;1)7 (22)
Yt

st = g { (V0(e).a) + 1Dy (o) + () . @3
et (o) = o))~y ()~ gy {1 (0) M) When X = R and ()

a constant, and ¥;(z) = %||z||?, we have G, = V®(x;) = V. f(24,y*(x;)). Under this case, our
convergence metric EHQt T IEHVch f(ze, y*(x¢))|| is a common convergence metric used in [27].



Since the objective function f(z,y) is u-strongly concave over y, the standard (stochastic) proximal
gradient ascent can easily obtain the global solution of the subproblem max,ecy{f(x,y) — h(y)}.

Without loss of generalization, in our theoretical analysis, we give the mirror functions ¢ (y) = 1|y
for all t > 1, and all mirror functions {t,(x)}._, are p-strong convex. Here, the constant p can be

seen as a lower bound of the strong convexity of all functions {1;(z)}7_, as in [23].
5.1 Convergence Analysis of the SMDA and MDA Algorithms
In the subsection, we provide the convergence properties of our SMDA and MDA algorithms.

Theorem 1. Suppose the sequence {x,y; }L_, be generated from Algorithmusing stochastic partial

derivatives (i.e., SMDA algorithm). Let 0 <n=m < 1,0 <y = < min(i’—z, %ggﬁé, 22775”;2)‘) and
¥

0< A= At <

%, we have
1 ZT:EHQ < 2(F (1) — F*) L AVAL 100 2007
T V3Tvp V3Typ  \3bp  3vypub’

where k = Ly/p, L = Li(1+ k), F(x) = ®(z) + g(x) and Ay = ||y1 — y*(x1)].
Remark 1. Without loss of generality, let Ly > %L Given 0 < n < 1, A = O(L%)

v = min(22, %ggﬁf“, 22’75’%)‘) and p = O(L%) (v > 0), we have v = O(k"~%) and vyp = O(k*~?).

Thus, our SMDA algorithm has a convergence rate ofO \/“3T2U + \/ B2 4 \/”3 2. When let

(24)

v=1b=T/kand \/ %= = €/3, we have T = O(r%e¢"2) and b = O(ke?). Since our SMDA

algorithm requires 2b stochastlc gradient evaluations to estimate the stochastic partial directives v
and wy at each iteration, and needs T iterations, it has a gradient complexity of 2bT = O(k3e™*)

Sor finding an e-stationary point, the same complexity in [4)]. When let v = 4/3, b = T/nl/3
\/ 1—/3 =¢/3, we have T = O(r'/3¢72) and b = O(e™2). Thus, our SMDA algorithm has a near

optlmal gradient complexity of 2bT = O(nl/ 3e=4), which matches a gradient complexity lower
bound given in [24] for solving the problem (1) without the nonsmooth regularization terms.

and

Theorem 2. Suppose the sequence {x;,y;}L_, be generated from Algorithm |I| using the deter-
ministic partial derivatives (i.e., MDA algorithm). Let 0 < n =mn < 1, 0 < v =71 <

3p  9npuX 2nppA _ 1 -
min( 3%, 56ks, 212 Jand 0 < A=)\ < T have

1 2(F(x1) — F*)  4,2A,
= G|l < + ;
T ; 1G:1 V3Tp V3Tp

where s = L¢/p, L= L;(1+ &), F(z) = ®(z) + g(x) and Ay = |y — y* (21)]].

Remark 2. Without loss of generality, let Ly > i Given 0 < n < 1, A = O(L%)
v = min(i’—z, Zgg’:;\, 22775*2”3‘) and p = O(LE?JFV)) (v > 0), we have 71;) = 0(5(272’“)). Since

' ¥

our MDA algorithm requires 2 gradient evaluations at each iteration, and needs T iterations, it has
a gradient complexity of 2T = 0(5(2_2”)6_2) for finding an e-stationary point. When let v = (,
our MDA algorithm has a gradient complexity of 2T = O(r%e™2), the same complexity in [4)].
When let v = 1/2, our MDA algorithm has a lower gradient complexity of T = O(ke~2) than the
complexity in [4 2]]. When let v = 3/4, our MDA algorithm has a near optimal gradient complexity
of T = O(y/ke2), which is the same complexity in [28] for solving the problem (1) without the
nonsmooth regularization terms.

(25)

5.2 Convergence Analysis of the VR-SMDA Algorithm
In the subsection, we provide the convergence properties of the VR-SMDA algorithm.
Theorem 3. Suppose the sequence {x,y;}L_| be generated from Algorzthml Let bi=¢0<n=

3p nuip _3p  pn 9pnur 1 I
e < 1,0<vy = <min(57, 7 38L27 T0L%7’ 8 7 400k2 )and 0 < A =X < Hlln(6Lf’ 100n2L2)




we have

liE”g < 4/ 2(F (z1) — F*) N 4v2A, N 220
T = V3Tp V3Typ  ypnbLy’

where i = L¢/u, L = L¢(1 + k), F(x) = ®(z) + g(x) and Ay = |jy1 — y*(z1)].
Remark 3. Without loss of generality, let Ly > % Given 0 < n < 1, A = O(H—if), v =

in( 32 nuAp _3p  pn 9pnuA _ 1+v 1 _ 2—2v
min( 57, 58057 T0L277 8 0 100n7 )and p = O(L;™) (v > 0), we have = O(k ). Thus, our

(26)

VR-SMDA algorithm has a convergence rate ofO(\/”(Q;V) + \/“(1;2") ). Whenletv =0,b=T/k

and \/Z; = ¢/2, we have T = O(k%¢2). Further letb; = q = O(ke™!) and b = O(re™2).
Since our VR-SMDA algorithm requires 2b stochastic gradient evaluations to estimate the stochastic
directives vy and wy at each iteration when mod (t,q) = 0, otherwise needs 4b, stochastic gradient
evaluations, and need T iterations, it has a gradient complexity of 40T + 2bT/q = O(k3e¢~3) for
finding an e-stationary point of the problem (1), which is the same complexity in [30] for solving the
problem (I)) without the nonsmooth regularization terms.

Remark 4. The above optimal gradient complexities are obtained when given p = O(L;/) (v > 0),

where L is the smooth parameter of objective function f(x,y). Although in the objective function
f(z,y), Ly may be large, we can easily change the original objective function f(x,y) to a new

function f(x,y) = 7f(z,y), 0 < 7 < 1. Since Vf(x,y) = 7V f(x,y), the gradient of function

f (z,y) is L-Lipschitz continuous ( L=r1L ). Thus, we can choose a suitable hyper-parameter T to
let this new objective function f(x,y) satisfy the condition p = O(I:)

6 Numerical Experiments

In this section, we perform two tasks (i.e., fair classifier and robust neural network training) to
validate efficiency of our algorithms. Specifically, we conduct these tasks on the Fashion-MNIST
dataset as in [38]] as well MNIST dataset and CIFAR-10 dataset. Fashion-MNIST dataset and MNIST
dataset consist of 28 x 28 arrays of grayscale pixel images classified into 10 categories, and includes
60, 000 training images and 10, 000 testing images. CIFAR-10 dataset includes 60,000 32 x 32
colour images (50, 000 training images and 10, 000 testing images). In the experiment, we compare
our algorithms (MDA, SMDA and VR-SMDA) with the existing proximal gradient descent ascent
algorithms (MAPGDA [2], PAGDA [4] and PASGDA[4] ) for solving these nonsmooth nonconvex
minimax problems. Note that both HiBSA algorithm of [29] and Proximal-GDA algorithm of [§]
only are a non-accelerated version of MAPGDA algorithm [2]], so we omit them in the comparison
methods. The experiments are run on CPU machines with 2.3 GHz Intel Core i9 as well as NVIDIA
Tesla P40 GPU.
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Figure 1: Results of different deterministic methods on the fair classifier task.

6.1 Fair Classifier

The first task is to train a fair classifier to minimize the maximum loss over categories. Here, we use
a nonconvex Convolutional Neural Network (CNN) model as classifier. Similar to [38]], we limit our
experiment to the three categories. To be precise, the Fashion-MNIST dataset is limited to T-shirt/top,
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Figure 2: Results of different stochastic methods on the fair classifier task.

Coat and Shirt categories. The MNIST dataset is limited to digital numbers {0, 2, 3}, and CIFAR10
dataset is limited to airplane, automobile and bird. Specifically, we will solve the minimax problem:

3 3
min max { Zylﬁz(w) + g(w) — h(y)}, st. Y={yeR?|y; >0, Zyi =1}, @7
i=1

w ye
vey i—1

where w denotes the parameters in CNN model, and £, £- and L3 are the loss functions correspond-
ing to the samples in three different categories. Here we let g(w) = vy |lwl||; and h(y) = v2||yll3,
where 11 > 0 and vo > 0. Clearly the inner maximization problem is strongly concave, and the outer
minimization problem is nonconvex nonsmooth. Thus our theory can be applied.

In the experiment, we let ; = 0.001 and v = 0.1 in the above problem (27). For fair comparison,
we use the same step size for all methods. Specifically, step-size for w is 0.001 and step-size for
y is 0.00001. We apply xavier normal initialization to CNN layer. In our algorithms, we choose
the mirror functions ¢ (w) = %wTHtw and ¢ (y) = %yTth for all ¢t > 1, where H; and G; are
generated from (I2)) and (T3] respectively, given o = 0.1 and p = 0.00005. We set n = 1, = 1 in
our algorithms. We run all deterministic algorithms for 1000 seconds and all stochastic algorithms
for 50 epochs. Then we record the loss value. For stochastic methods, batch sizes of PASGDA and
SMDA are 3000. For our VR-SMDA, we set the large batch size b = 60000 and the mini-batch size

by = q = 3000.

Figure[I]shows the loss vs time of different deterministic methods. Figure [2] plots the loss vs epoch
of different stochastic methods. From these results, we can find that our algorithms consistently
outperform the other algorithms with a great margin. The main reason is that our algorithms use the
preconditioned (adaptive) matrices H; and G in updating x and y, respectively.

6.2 Robust Neural Network Training

The second task is to train robust Neural Networks (NNs). Although the NNs have been widely used
in many applications such as image classification, they are vulnerable to adversarial attacks such as
Fast Gradient Sign Method (FGSM) [[15] and Projected Gradient Descent (PGD) attack [22]. In other
word, a small perturbation in the input of NN can significantly change its output. Thus, we try to
train a robust NN against these adversarial attacks, which generally reformulate this robust training
into the following minimax problem:

mlgnz max L(f(a; +ysw),b;), Y={y €R ||yl <&, i€ [n]} (28)
=1

where (a;, b;) denotes the -th data point, and w is the parameter of NN, and y; € R¢ denotes is the
perturbation added to the i-th data point. Following [38]], we approximate the inner maximization
problem of the above minimax problem (28) with the following finite max problem

min Y max {£(f(as(w)iw)b)o- - £(f @nalwio)b) b 9)

where @; ;(w) is the result of a targeted attack on data point a; that is changed the output of NN to
label j. Following [38]], we can obtain d; j(w) by using the following procedure: In the last layer of
the NN architecture for learning classification on MNIST (Fashion-MNIST) we have 10 different



neurons, each corresponding with one category of classification. For any sample (a;, b;) in the dataset
and starting from a?’ j =a; forany j =0,1,---,9, we run projected gradient ascent to obtain the
following chain of points:

ai !t = Projy[af; + uVa(Zi(al; w) = Zy, (af;,w))], k=0,1,- K =1 (30)
where u > 0 is a stepsize, and Z; is the network logit before softmax corresponding to label j.

Finally, we can set d; j(w) = af; in the above minimax problem (29).

4

Loss

0 50 100 150 0 50 100 150
Epoch Epoch

(a) Fashion-MNIST (b) MNIST

Figure 3: Results of different stochastic methods on the robust NN training task at Fashion-MNIST
and MNIST datasets.

Next, we can replace the above problem (29) with the following nonconvex nonsmooth problem:

n 9
min Y~ e { 3 05 £(fafs0)5) + ol vallul . G
i=1 j=0
9
s.t. U = {u6R10|uj >0, Zuj :1}7
7=0

where v > 0 and v > 0. Clearly, the inner maximization problem in (3T) is strongly-concave, and
its outer minimization problem is nonconvex and nonsmooth.

In the experiment, we set 4 = 0.0001 and 5 = 0.1 in the above problem (3T)). In the above problem
(30, we set K = 5. For fair comparison, we use the same step size for all methods. Specifically,
step-size for w is 0.0005 and step-size for u is 0.00001. We set 7 = 1, = 1 in our algorithms. For our
algorithms, we choose the mirror functions ¢ (w) = %wTHtw and ¢;(u) = %uTGtu forallt > 1,
where H; and G are generated from (T2) and (I3) respectively, given o = 0.1 and p = 0.0005. Here
we only conduct experiments with stochastic methods, and batch-sizes of PASGDA and SMDA are
600. For our VR-SMDA, we set b = 1200 and b; = ¢ = 600. Following [38]], we set ¢ = 0.4 in
the above problem (28). Figure [3shows the loss vs epoch of different stochastic methods. From
these results, we can find that our algorithms outperform the other algorithms, and the VR-SMDA

consistently outperforms the SMDA.

7 Conclusions

In the paper, we proposed a class of novel adaptive mirror descent ascent methods to solve the
nonconvex-strongly-concave minimax optimization problems with nonsmooth regularization terms.
Moreover, we provided a useful convergence analysis framework for our methods. Some experimental
results on fair classifier and robust neural network training tasks verify that our new algorithms
consistently outperform the related algorithms.
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A Supplementary Materials

In this section, we provide the detailed convergence analysis of our algorithms. We first gives some useful
lemmas.

Lemma 1. ( Proposition I of [8]] ) Let y* (x) = arg maxycy{f(z,y)—h(y)} and ®(z) = maxyecy{f(z,y)—
h(y)}. Under the above assumptions, the mapping y* (x) and the function ®(x) satisfy

1) Mapping y*(x) is k-Lipschitz continuous;
2) Function ®(z) is Ly (1 + k)-smooth with V®(x) = V. f(z,y* (x)),

where k = Ly /11 denotes the condition number of function f(x,vy).

Lemma 2. [36]] Let f(x) is a convex function and X is a convex set. x* € X is the solution of the constrained
problem mingcx f(x), if

(Vf(z"),z—2") >0, Vz € X. (32)
where V f (x) denote gradient of the function f(x).

Lemma 3. For independent random variables {&; };—, with zero mean, we have E||2 37 &> = LE||&]?
forany i € [n].

A.1 Convergence Analysis of the SMDA and MDA Algorithms

In the subsection, we study the convergence properties of the SMDA and MDA algorithms for solving the
minimax problem (I). We first provide some useful lemmas.

Lemma 4. (Lemma I in [[I3|]) Let 141 = arg mingecx {(vt, x)+ = Dw, (z,2¢) + g(z } and G, = —( -
Tiy1), we have, forall t > 1

5 5 1
(ve, Ge) > PHgtH2 + %(g(xwl) — g(:Et)), (33)

where p > 0 depends on p-strongly convex function ().
Lemma 5. Let x1y1 be generated from Algorithmor and define x| = arg mingex {(V®(x:), ) +
%Dwt (z,z¢) + g(x)}, and let G = %(wt — 95?.;-1)’ G, = %(azt — Tt41), we have

1G: — Gull < %nwm) ) (34)

where ®(x¢) = maxyey{f(z:,y) — h(y)} and p > 0 depends on p-strongly convex function ) (z).

Proof Since z¢41 = arg minxex{ Vi, T )—l— L Dwt (z,2¢)+g m)} and mz:Ll = arg mingex {(V@(mt),x)—&—
Dw, (z,2:) + g(x)}, by Lemmal we have forallz € X

(e + Vg(we41) + ;(V%(xtﬂ) — Vi(z1)), x — x441) > 0, (35)

(VO(xe) + Vg(afi) + %(Wt(xm = Vipe(ze)), @ — 2/y1) > 0, (36)

where Vg(z141) € 9g(x141). Taking z = x/,, in the inequality (33) and = @1 in the inequality (36), by
the convexity of g(x), we have

1
(v, 21 — Tep1) = (Vg(@es), 21 — 24) + ?(th(mHl) — Vu(@e), o1 — xf1), (37)
t
1
> g(xir1) — g(wfin) + %<V"l}t(xt+l) — Vi (@), Tes1 — Ti 1)
1
(VO(xe), xe41 — afy1) > (Vg(@i), 2y — ze1) + ¥<th($j+l) — Vipe(e), 211 — o), (38)

1
> g(afiy) — g(@er) + %<V¢t($j+1) — Vi (me), Ty — Tes1)
Summing up the above inequalities (37) and (38), we obtain

1
(VO(x1) = v1, g1 — 240) > W*W”ébt(fﬁfﬂ) Vibe(wer1), iy — Teg1)
t

%

Lty = w1, (39)
Yt
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where the last inequality is due to the p-strongly convex function ¢ (z).

Since [|V®(ze) = vil[wers — zfiy || > (VO(2e) = ve, wers — xfyy) and |G — Gel| = (|5 (we — 2f41) —
So(@e — )| = S llefy — @), we have

[V (2e) = vel| > pllGe — Gell- (40)

O

Lemma 6. Suppose the sequence {x, yt}thl be generated from Algorithmor Under the above assumptions,
andlet0 <ne < L, A=Xand 0 < XA < ﬁf, we have

LA . 3 -
Ty =y @)l = ZEllgeer - el

257h)\
6u

lyera — y* (@)1 = llye — y* ()|? < —

25K

+
67’]“1)\

IV f (e, ye) — well® + 2: — zea||?, @D

where k = Ly /.

Proof. This proof mainly follows the proof of Lemma 28 in [18]. According to Assumption[3] i.e., the function
f(z,y) is p-strongly concave w.r.t y, we have

F(@ey) < S (@) + (Yol @)y = ve) = Gy = will

= f(xe, ye) + (we, y — Ge1) + (Vo f (e, y¢) — we, y — Got1)

AV f (@ ye) Gerr — ye) — %Hy — el ”. 42)
According to Assumption i.e., the function f(z,y) is Ls-smooth, we have
Ly . - -
—7f\|yt+1 —yell* < F@e, Gerr) = F@e,ye) = (Vo £ (@, ye), Gerr — Ye)- 43)

Summing up the about inequalities @2) with @3], we have
f@e,y) < fl@e Gen) + (e y = Gema) + (Vo f (@, y0) — we,y = Geg)

Ly, .
= By = wel® + o llgeer — vl (“4)

Given the mirror function ¢¢(y) = 1||y|| and A = A¢ for all ¢ > 1, at the step 8 of Algorithm( at step 13 of
Algorithm[2]), we have

N 1 2
Gr+r = argmax {(we,y) — oo lly = vell” = A(y) }- (45)
By using Lemma[2] we have
N 1,. N
(—wt + Vh(Fe+1) + X(ytﬂ — Y)Yy — Ge1) 20, Vy €Y (46)
where VA(Ji+1) € Oh(Fe+1). Then we obtain
. 1, . - -
(we,y — Ge1) < X<yt+1 =Y,y — Gi+1) + (VR(Je+1), Y — Je41)
1. - -
< X<yt+1 — Y,y — Gi+1) + h(y) — ~(Je+1)
1, . 1. .
= _Xllyt“ —uel* + N1 =y y — ye) + h(y) — h(Ge+1)- (47)

where the second inequality holds by the convexity of function h(y).

By pugging the inequalities @7) into [@4), we have

f(xe,y) — h(y) < f(me, Gesr) — h(Jegr) + 1<Z7t+1 =y, ¥ — yt) + (Vo f (e, 1) — we,y — Get1)

A
1,. Ly .
= e = vl = Slly = vl + S llgesr — vl (48)
Let y = y*(z+) and we obtain
. x - - 1, . 1 Ly -
Flaey™ (@) = hy"(20)) < f@e, Gerr) = h(Gerr) + 3 Geer = ye,y7 (@) =) = (5 = 7f)|\yt+1 —yel?
FAVuf @ y) = weyy” (@) = Ger) = Gl (@) = well” “9)
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Due to the concavity of f(-,y) — h(y) and y*(z¢) = arg maxycy{f(x¢,y) — h(y)}, we have f(z¢, y* (x¢)) —
h(y™(x¢)) > f(xt, Get1) — h(Ge+1). Thus, we obtain

1 * -
0 < S+ = ye " (@) = ye) + (VoS (20, 90) = we,y" (@) = Gesn)
1 Ly, - *
= (5 = Pl = wll? = Bl @) - well® (50)

By yi+1 = y¢ + ne(Je+1 — ye), we have

lyesr — y (@)l = lye + e (@esr — ye) — " ()]
= llye — v (@)1 + 20¢Gesr — yesye — y* (o)) + 07 [ Ger — yell- (S1)

Then we obtain
. « 1 " - 1 «
Gerr = oy (@) — ) < 5—llye = y" @OI” + Llgess — wll® = 5—llyers — " @I>. 52
un 2 21
Consider the upper bound of the term (V, f(z¢, yt) — we, y* (x¢) — Ge+1), we have

<vyf(mt, yt) - wt7y*(mt) - gt+1>
= (Vyf(ze,ye) — we,y" (x1) — ye) + (Vo F (@6, Ye) — we, Yt — o)

1 « 1 .
< 90y = wll® + Gy (@) =l + 2V ) = wl® + Gy = G|
2 #« -
= 290y =il + Gl o) = well* + e = e (53)

By plugging the inequalities (52)) and (33) into (30), we obtain

1 * 2
T lye+1 —v" (zo)|

1 I 1., 2
< (m Z)H?Jt—y (th)\|2+(5+ 1 Ll = Vg —yt||2+;\lvyf(:rt,yt)—th|2
1 I 3L - 2
< gy — Pl =y @O + (5 - 5>\|yt+1 =l 2V ) el
1 I 3 1 3Ly 2
= (2?7:5)\ 4)|Iyt v (@e)|* — (8)\ tey T 1 SN 1Gesr — well” + IIVyf(xt,yt) we|
< (G = Pllwe =9 @I = G5 lees = el + 2 1V f e ) = (54
= 2 8\ ylame '
where the second inequality holds by Ly > pand 0 < 7¢ < 1, and the last inequality isdueto 0 < A < 7. It

implies that

. A 3N, - 4
e =y @OII* < (= FE)lye =y @) I = e = well* + == M\, f ) — il 659)

Next, we decompose the term ||y, +1 — y* (z¢+1)||* as follows:

lyes1 — vy (@) |? = llyerr — y* (o) + " (20) — ¥ (weg) ||
= llyesr — ¥ @) |12 + 2(yer1 — ¥ (@), ¥ () — ¥ (@e41)) + [y (@2) — " (@eg0) ||

A X 4 X *
< (U Ml =y @l + (1 2y () — o @)
A . 4
< 0+ ) e =" @) + (1 =l =z, (56)

where the first inequality holds by Cauchy-Schwarz inequality and Young’s inequality, and the last inequality is
due to Lemmal[Il

By combining the above inequalities (33) and (36), we have

. A >\ A3
e =y @) [P < (4 2290 = B2y =y @0l = (14 222 T e — vell®
A4 4
+ 0+ )= 2 HV Fany) = wl* + (4 =R e =zl 657)
4 Nt A
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Since 0 <m < 1,0 <A< 5~ ande>,u,wehave)\< <$andnt§1§6}%.Thenweobtain

(Hw)(l, MEAY g eHA

mu/\ MmN mZ/\’

4 2 2 4 8 =
77t,u/\ 3t 3Nt
< 2
~A+ =) < -0
A A 1 4nph 25m
(14 HED) TR < (4 )22 - 2
4 I 247 p 61
4K? K2 4K? 2552
1 2= k2 < = . 58
( +mu/\)K " +77tu/\ - Gntu/\+ntu/\ 61e A ©8)
Thus we have
. A 3Nt~
lyerr =y @)l < (1= 225y =y @0)* = ZE lgess —

25%,\ 25,@2

+ IV f e we) = well® + o =l = wea | (59)

O

Theorem 4. (Restatement of Theorem 1) Suppose the sequence {z, yt}t 1 be generated from Algorithm
|Z|usmg stochastic partial gradients (le SMDA algorithm). Let 0 < n =mn < 1,0 < v =y <

3p 9npp  2npp
min( 37, SEs, 2517 )and 0 < A < we have

6L’

T 44/2(F(21) — F*
%ZEH@HS (F(z1) ) 4V2A, 106 200X 60)

+ + + ,
V3Tvp V3Typ  /3bp 3V pub
where L = L (1 + k), F(x) = ®(z) + g(z) and A1 = |jy1 — y* (z1)]).

Proof. According to the above Lemma the function ®(z) has L-Lipschitz continuous gradient. Let G =
%(wt — ZT441), we have

Q(z141) < P(x¢) +(VO(24), Te41 — T0) + %thﬂ -z
~ 2 -~
= B(e) — 7 (VO(), Go) + LGl
5 5 ’Yt2L 5 112
= ®(xt) — ye(ve, Gt) + ye(ve — V®(4), Ge) + THgtH

~ ~ 2 ~
< (o) — ol Gil* — glarer) + gw1) + e — V(w1), Go) + L Go

2

where the second last inequality holds by the above Lemmald] and the last inequality holds by the following
inequality

;L3 5
< ®(an) + (57 = TG — (o) +g(w) + Do = VeI, 6D

v — V() |[|G:
llve = V@) + 516" (©2)

<Ut - Vq)(l‘t), g~t>

IN

IN

According to the above Lemmal[T]and Assumption [I] we have
llve = V& (@:)||* = lor = Vf (e, y" (@)
= v = Ve f(@e,90) + Va f(20,90) = Vaf (w0, 57 (@)
< 2ljoe = Vo f(@e, o) I + 2| Vo f (e, 90) — Vaf (@, 5" (1))
< 2ljve = Vaf (ze,y0) |1 + 2L3 lye — " (201, (63)
Let F(z) = ®(x) + g(z), plugging (&3) into (6T), we have

2 2
. . L 3 . 2 2L .
Flaep) < P + (57 = TG + o = Ve e yoll* + = llye — " (o)

2

2L%y )
I g — v ()12, (64)

. 3vep 5 2
< Bl = LGN + 2 o - Ve f o]+
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where the last inequality is due to 0 < 7 < Z’—z. According to Lemma the difference between G; and G; are
bounded, we have

IG:11* < 21IGe|* + 211G — Gel|?
. 2
< 2|Ge”* + pjl\vt — V()|

5 12 4 2 4L? * 2
< 2)|Ge]I” + pﬁl\vt = Vaof(@e,y)l” + Fl\yt —y (@) (65)
Thus we have
2 QL? * 2
—[Gel* < —7||gt|| Hvt Vo f (@i, y1)|| +/7Hyt =y (z)l” (66)
By plugging (66) into (61), we have
- - 3 2 2L3 .
Flaern) £ Flee) = PG + =g (o = Ve f ey I+ = F v = o (@) )
2 x
+ %uvt = Vaf (e, g’ ()]
- 3 11 11L2 Ve
= Flad) = NG + = oe = Vel o u) P+ = e =y @l @D
Next, we define a useful Lyapunov function, for any ¢t > 1
Q= Fze) + [lye — v (o). (68)
According to Lemmal] we have
* * )\ 3 ~
lyeer =y @) P = llye = y™@0)* < =22 lye =y @)]I* = S s — wel?
25 A 25k°
+ S IVl ) —wil® + g oo — el (©9)
61 A
Similarly, we have
1Gel* < 21|Gell* +21Ge — Gell?
2
< 2/|Ge|* + EHW — V()|
4 4L% .
<2)|G:1* + p7|\vt — Vo f (@, y)I” + Tgf lye =y (20)]%. (70)

Then we have
Qo1 — Qo = F(@er1) — F(xe) + lyers — v @) ” = llye — v (@)

1112 . A
e =y @Ol = e =y @Ol

257]t 2 25l€

3 11
~=12NG + %H ¢ = Vaf(zey)l” +

3¢, - 2,
1 NG —well” +

IVyf(ze,ye) — we||” + Ty ||50t—$t+1||
3 11 11L2 by
= =16 + ZtH t—sz(wuyt)II2+ 2 e =y @Ol = 2y =y @)
- 25 25/{
2 — gl 4 2202 IV ) =P+ G2
3vp  25K°4F 2 Aly | 50k%47 2
< - - = )l — Ve f (e,
< (% 3,,W>||gt|| + (4, *mwz)“”t F@e, )
11L2 50k2~2 L2 A 3
£ Vil nzu _ C3meys e
+( Iy TV Mye —y* ()| 1 1Ge+1 — yel|
25
+ "t IV ) - wt||27 (71)

where the last inequahty holds by the inequality (70).
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Lety =~ and p = n; for all t > 1. By using 0 < v < 21242 e have

800k2
242 3L 50K°y* L5 242
AT (72)
32 6nAp 8p 3nepuAp? 8p = 3mpp?
2
Let % > 25;”, we have 0 < v < 22"5‘2'”;. Given 0 < v < min(gggg;, 22”5‘2’?), we have
3 25 25mA
Qe = Q< =SNG + T e = Vel (o) P+ g o = Vo fow)ll®. - (73)
Thus we have
2 B2E(Q — Quir) | 100 4007 .
E[G:|" < T 302 25 Ellve — Va f (e, y) II” + Svoi E[[Vy f(ze,ye) — we|
_ 2
o BB = Qup) | 10002 400)? )
3vp 3p%b 9vpub
where the last inequality holds by Assumptionand ve = Vafe, (xe,yt) = ¢ ZzeBt o f(Te, ye, €, w
vnyt (Zl?t,'yt) = % ZieBt vyf(wtvytv éz)
Taking average over ¢t = 1,2, --- , T on both sides of the above inequality (74), we have
32E(Q — Q 1000® | 400nAo”
= ZE”gt”2 < (2 T+41) 4+ n
T —~ 3T~p 3p2%b 9vpub
_ 32(F () +lys —y"(@)]?)  32E(F(zr41) + llyrer — y* (@) [P)
3Typ 3Typ
n 10002  400nXo?
3p%b 9vpub
2(F(z1) — F* 2A%  1000% 4 2
< 32(F(z1) ) 32A1 000 00nAo (75)

3Typ 3Tvp ~ 3p%b  9ypub ’

where the last inequality holds by Assumptionand A1 = |ly1 — y"(x1)]]- By using Jensen’s inequality, we
have

1 & 1 & 1
1
TZEHgtH < (f ZEHQt” )®
t=1 t=1
4 2F(z1) = F*)  42A; 100 200y/mh

< + + + ) (76)
V3Ivp V3Tvp  V3bp  3vVypub
1
where the last inequality is due to the inequality (3;_, ai)% < Z?:l af foralla; >0, i=1,2,3,4.
O

Theorem 5. (Restatement of Theorem 2) Suppose the sequence {z, yt}t 1 be generated from Algorithm
[ using deterministic partial gradients (ze MDA algorithm). Let 0 < n =1 < 1,0 < vy =9 <

3p  9nppX  2nppX
min(32, g8k, 2513 Yand 0 < X < GLf, we have

42(F(1) = F*) 487,
= Gi|| < + )
T;” el V3Tvp V3Tp

where L = L (1 + k), F(z) = ®(z) + g(z) and A1 = |jy1 — y* (z1)])-

(7"

Proof. This proof can follow the proof of Theorem[I] Since the MDA algorithm uses the deterministic partial
gradients v; = Vg f(x+, y¢) and we = Vy f (x4, y:), we have o = 0. O

A.2  Convergence Analysis of the VR-SMDA Algorithm

In the subsection, we provide the convergence analysis of the VR-SMDA algorithm.
Lemma 7. Suppose the stochastic gradients vy and w; be generated from Alg()rithm we have

2 -l 52
E|Vaf(ze,ye) —ve]|* < be > (EBlwig — 2l + Ellyi — will®) +

— 78
= )
i=(n¢—1)q
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t—1 2
g

L2
E(|Vyf(ze,ye) — wel” < bff Z (Ellwisr — ol + Ellyisr — yill?) + 7 (79
i=(ng—1)q

Proof. We first prove the inequality (78). According to the definition of v¢_1 in Algorithm[2} we have
Ut — V-1 = szz,,(l’t, yz) - szz,, (%—17 yt—1)~ (80)
Then we have
E|Vaf(ze,ye) — ve|?
= EHfo(l’t’yt) — -1 — (v — Ut—l)H2
=E|Vaof (@, yt) —ve-1 — Vafz, (e, ye) + Ve Sz, (@1, 01|
=E|Vaf(@e—1,Yi-1) — vie1 + Vaf (e, y) — Ve f(@i—1,Yi-1) — Vafr, (@6, ) + Vafr, (@e—1,ye-1)|?
= E|Vaf(@i-1,y0-1) = ve1]|* + E|Vaf(@e,ye) — Vol (@1, y-1)
— (Vafz (xe,ye) — Vafr, (w1, 3-1))|?
1
=E|Vaf(zi1,ye-1) —vea|* + EEHsz(l’uyt) = Vaf(we-1,ye-1)
— (Vo (@, y63€) = Vo f (@1, ye-156)) |1
1
SE|Vaf(@i-1,ye-1) —vea|* + EEHsz(l’uyt;&l) — Vef(@i1,ye-1:6)|

L2
<E|Vaf(@i-1,yi-1) — vea|]* + be(”xt — w1 |® + llye — e l?), (81)

where the fourth equality follows by Ez, [Vof(ze,yt) — Vef(ze—1,ye-1) — (Vafz (ze,y:) —
Vefr,(xi—1,4-1))] = 0; the fifth equality holds by Lemma and V,fz,(ze,y:) =
ﬁ e, Vaf(@e,ye, &), Vafr, (Ti—1,yi-1) = ﬁ ZieIt Vaef(zi—1,yi—1,&L); the second last inequal-
ity holds by the inequality E||¢ — E[¢]||* < E||¢||?; the last inequality is due to Assumption

Throughout the paper, let ny = [t/qg] such that (n, — 1)g < ¢t < nyq — 1. Telescoping (§I) over ¢ from
(nt —1)g + 1 to t, we have

12 t—1
E||Vo f (e, y:) — ve]|* < bff > (Bllwirs — zil® + Ellyisr — will”)
Y i=(ni-1)q
+E[Vaf (@ -1)0 Yoni—1)a) — Vne—1all®
L?‘ — 2 2 o’
<3t Y Elen @l By —wl®) + 5. @)
i=(nt—1)q

where  the last inequality is due to  Assumption |Z| and  V(n,—1)q =
1 ZiGB(nﬁl)q Vo F(Z(ni—1)a> Y(ni 1)) E(ny—1)¢)- Similarly, we can obtain

0_2

L2 t—1
E(Vyf(ze,ye) —wel” < be > (Ellwa — 2l + Elya — will®) + 7 (83)

i=(nt—1)q
O

Theorem 6. (Restatement of Theorem 3) Suppose the sequence {z, yt}thl be generated from Algorithm

Letby = q0<n=n<10<~y=mvc< min(j—z,%,wiﬁ,%,igg@)ando <A<
1

in(—L- 9
m1n(6Lf » To0n213 ), we have

T 44/2(F(21) — F*)
7 . Elal < 1 ad | VAo (34
t=1

V3Typ V3Typ — \/ypnbLy’

where L = L (1 + k), F(x) = ®(z) + g(z) and A1 = |Jy1 — y* (z1)]).
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Proof. This proof is similar to the proof of Theorem According to the above Lemma the function ®(x) has
L-Lipschitz continuous gradient. Let G; = 711(% — T¢4+1), we have

L
Q(ze41) < P(me) + (VO(31), Beg1 — a0) + §||99t+1 — z|?

= B(x0) — 3 (VB(2), ) + LT

~ ~ 2 ~
= ®(2) —ufoe, ) + el — TR(2), o) + LE Gl

~ ~ 2
< ®(2) — uplGel® — glwrer) + glwe) + e (e — V() Go) + 1L

;L3 5
< @) + (57 = TG — glwer) +g(w) + Do = VeI, 69

where the second last inequality holds by the above Lemmald] and the last inequality holds by the following
inequality

oo = V() 1G]
lloe = V@) + 516" (86)

<’Ut - V‘I)(xt), C;t>

IA

IN

According to the above Lemmal[T]and Assumption [T} we have
llve = V& (@:)||* = lor = V f (e, y" (@)
= vt = Vo f (@, 9¢) + Vo f (@i, y0) = Vo f (e, 4" (20)))?
< 2flvr = Vo f (e, y) | + 20| Va f e, ye) = Vaf (2e,y" (20)])?
< 2for = Vo f (e, yo)|* + 2LF lye =y (@) 1. (87)

Let F'(z) = ®(x) + g(x), plugging (§7) into (83), we have

2L 9

lye — y" (x|

~ ~ ;L3 5 2
Flaer) < Fao) + (57 = SEGHE + = o = Vo, )| +

_ 3 N 2 217 «
< F(ae) = =ZPIGP + %nm =Vl + = e =y )l

212
it * 2
lye —y" (ze)]I7,

(88)

~ 3 2
= F(a) — LGP - umm—xtn Zf|\w—vzf<xt,yt>\|2+

where the second inequality is due to 0 < ¢ < Z’—z and the last equality holds by G = 711 (t4+1 — x¢). By
using Lemma the difference between Qt and G; are bounded, we have

1G] < 201G l|* + 2(|G: — Gu|?

5 2

< 2||G:|I* + p—znvt — Vo (z)?
5 4 43 .

< 2[1Gell” + Sl = Vo f (@, yo)lI” + p—;’l\yt —y" (). (89)

Thus we have
2 2L3’ * 2
=G < —fIIQtII Hvt Vaf (e, yo)ll +/7Hyt =y (@)|". (90)

By plugging (90) into (83), we have

= - 3%/) L Bp 2 | 2L} .2
F(z1) < Fae) — IG:11* + (ﬁllvt = Vaf(ze,y)ll” + pTHyt -y (@)]")

16
3 2 2L% v )
L vss —ml + 22 o = V) P+ 2 g — g )
- 3 3p 19 19L%: .
= F(a) = P16 = g llween = wll® + e = Vel (o u) P+ =g llye =" @)
oD
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Next, we define a useful Lyapunov function, for any ¢ > 1
Qo = Fae) + llye — v (z0) || (92)
According to Lemmal] we have

A 30t~
T e =y @) P = T e = well®

257]t 2 25/62

lyerr — v (@)1 = llye — y™ (@) |* < =

+ 1Vy f(2e, ye) — wel| +m”$t—l‘t+1”2~ (93)
Then we have
Qur1 = Qo = F(wer) - F(ﬂﬂt) +llyesr =y (@) I” = llye — y" (zo)1?
3 19 19L3y: .
3 190" = gz = el + = o = Ve ey I+ =g e =y (@)
A 30~ 25 25k
— P e~y (mt)||2*%||yt+1 — P+ BN, F ) — P+ o — e
_ 3%/J > [ 3p 257 2 9%
= =5 16 — (7 GntuA)me @il + 2 o = Ve f e, o)
X 19L3+, 30, - 25
_(77755 f )H Y (z )H2_%”yt+1_yt”2 nt IVyf(ze,ye) — thQ
3 251> 19
Sl - (ﬁ ~ el =l = e = Vo)
. 25
—%nym—ytug B IV ) — e, (94)
NtUAp

where the last inequality is due to 0 < 7y S 5813 -

Lety = ¢ and n = n; for all £ > 1. Thus, we have

3 3 25k2
SLE|G* < E[o - Qm}—(é—&? DElzess — @) + 71E|| ¢ = Vaf (@)
- 25mA
= Bl =l + BV f () — el 95)

Summing over t = 1,2, --- , T on both sides of (93), by Lemmam we have

T
3 3p  25k° )
WZE”Q I < Bl = 0rn] - (% - ZE”M = S Bl - wl?
t=1
197 251 — 2
+ ( 6 Z Z (Elzitr — ill® + Ellyisr — wil) + 7)
H t=1 i=(ng—1)q
3p  25K2, — I
E[Q1 - QT‘F:J - (ﬁ - 6?7#/\) ZE||xt+1 — :Et||2 - ZEHytJrl _ yt||2
t=1 —
. E - E - 9
+( 6,u t:Zl by (E|| @41 a:t|| + E||ye+1 ytH )+ - )
3p  25k%  197L3q  25nAL3q, — ,
=E|[{Q1 —Q Y (el _ _ E B
[ 1 T+1} (16’)/ 67]“)\ 8pb1 6,&[)1 ); ||{Et+1 :L't”
3 _ 199Liqn® _ 25AL; 199 259\, To®
B (ﬂ e fqn ZE”%H — ]+ (=L 7y 2nA )L
3 To?
E{Q —Q - 7 o6
[ 1 T+1} +477L§ b 96)
where the second inequality holds by Z;‘F 12?:(2{ g (EH«’EiH - ||2 + Elyi+1 — yz’HQ) <

QZE 1 (EHJCt-H — 2| 4+ Ellyi1 — yt|| ) the third equality is due t0 yi+1 = Yt + ne(Jer1 — ye); the

2L%
last inequality is due to by = ¢, 0 < A < 100 L and 0 < v < min( Bégn, o, %gi; ), i.e., it easily be obtained
¥
from the following inequalities (97) and (98).
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. 19vL2 qn? 25AL2qn3 .
Since by = ¢, 0 < v < 19L§ and 0 < X\ < W,Wehave%” > %andg > Tflqn,l.e.,we
obtain

19~vL2 25\L2
B 5 (bar LB} ©7)
4 8pb1 6;1,[)1
2 2
Thus, we also obtain 2~ > (32 + %) and 2 > Wokye | LG Gince 0 < 4 <

4nL§c = = 8pb1 6uby

: 3p pn - 9pnuA 3p 252 3p i
mln(lQL?m’ ) 400,{2) we have 395 > Y and 395 > i Thus, we have

3p > 252 3 > 25k2  19vL%q 25n)\Lf,q.

— 98
16y = 6nuA 6nuA 8pb1 6ub1 98)
By using the above inequality (96), we have
T
1 2 _ 32E(Q1 — Qri1) 8 o
— E z
2Bl < 3ypT vonL% b
_ 32(F(xn) + Iy — y" (@)|*) _ 32E(F(zrs1) + lyr+1 — y" (zr40)|%) 8 o*
3Tp 3Tvp yonL3 b
I _ * 2 2
< 32(F(z1) — F) + 32A7 8 ! 077 99)
3Tvp 3Tvp  ypnlL; b

where the last inequality holds by Assumption 5 and Ay = ||y1 — y* (z1)||. According to Jensen’s inequality,
we have

. .
1 1 2(F(z1) = F*)  42A 21/2

=S EG| < ( }jEngtn bl LA W g
T V3Typ V3Typ — /ypnbLy

where the last inequality is due to the inequality (a + b + c)% <a? +b2 +c2 forall a,b,c > 0.
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