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A Introducing Haar Wavelet Transform into LLM Quantization

Haar wavelet transform converts an original vector into a new matrix containing low- and high-
frequency information by computing averages and differences. This transformation can be extended
to larger vectors and multidimensional data and is commonly used in image processing and signal
analysis.

Applying the Haar wavelet transform to LLM quantization offers three advantages:

» The inverse quantization set becomes richer in representation, which can be demonstrated via the
CIQ metric.

» The data distribution becomes more concentrated: with approximately 65% probability, the
variance of the high- and low-frequency coefficient sets in each row is smaller than before the
transformation.

* The additional computational cost for inference is O(d), where d is the input length, as the
Haar transform can be implemented using local convolutional layers, resulting in lower cost than
methods such as FrameQuant.

A.1 Definition of Haar Transform

Let the one-dimensional input signal be x. The output after wavelet transformation is:
Z:=la1,b1,..., a0, (1

where a,; denotes low-frequency coefficients and b; denotes high-frequency coefficients.

This process can also be expressed in matrix form:

7T = H(zx) := Udiag:pT, 2)

where
U

U
Udiag = . . 3)

U
Because the Haar matrix is orthogonal, the inverse Haar transform is:
o’ = Ug, 2" 4)
A.1.1 Row-wise and Column-wise Haar Transforms on Matrices

Define row-wise and column-wise Haar transforms of a matrix W as:

Hiow(W) := WU,  Heoal(W) 1= Ugig W. ©)

Below is a simple example showing how to apply Haar transforms to a matrix.

Given a 4 x 4 matrix defined as:

16 18 22 20
12 14 10 8
A=194 26 30 28]° (6)

20 22 18 16

the result after applying row-wise Haar transform is denoted as

17 -1 21 1

~ 13 -1 9 1

Aoy = \/§ X 25 —1 29 1| @)
21 -1 17 1
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and after applying column-wise Haar transform is denoted as

15 0 23 0

- 20 -2 0

A =V2x |15 0 93 of- @
20 -2 0

where each element of matrices is multiplied by the coefficient /2.

B Relationship Between Richness of Inverse Quantization Set and Model
Fidelity

B.1 Definition and Application of CIQ Metric

The cardinality of an inverse quantization set (CIQ) measures the number of distinct values that can
be recovered from quantized weights in each row. For linear quantization without partitioning, CIQ
equals the bit-width of quantized weights, since linear quantization evenly distributes several points
across the original data range. When partitioning strategies are applied, it characterize expressiveness
of the quantization algorithm.

In HBLLM, which follows the GPTQ quantization scheme, quantization is done per row of each
matrix block. We define CIQ in terms of a single row of a matrix block in the following discussion
without loss of generality. Furthermore,

CIQ = min{row length, maximum recovery ability under given quantization parameters}.
holds.
To study the composition of IQ, we introduce a mapping from the set of quantized weights to the set
of dequantized weights. Several mappings from quantized weights to inverse quantized values exist:
* Identity mapping
* Group merging mapping
* Residual merging mapping

* Inverse transformation mapping

For example, an inverse quantization set brought by residual merging mapping is defined as:
1Q esiqual = INViesidual (X1, X2) :={z:2= (v +y), Vo € X1, Vy € X5}. ©)
Furthermore,
CIQresidual < |X1| : ‘X2|7 (10)
where | - | is the cardinality of a set.
An inverse quantization set brought by Haar inverse transformation is defined as:

. S S 1
IQuer = INVHaar (Xlow, Xhigh) = {z iz=—(x+y)orz=

1 =~ —~
ﬂ (CC — y), Ve € Xiow, Vy S Xhigh} .

V2
(1

And then, R R
ClQnur < 2| Xiow| * [Xnigh|- (12)

Let an inverse quantization set produced by BiLLM algorithm be denoted as IQg;; - According to
BiLLM algorithm, IQg;; ; ;s can be expressed in the following form:

al -sal
IQBiLLM = IQigsidual U IQnon *

i al X (13)
= 1NVyesidual ()(51‘117 X;“l) U Xhen sal | X fon sal

where IQ%L, | and IQ™™** represent inverse quantization sets of the salient and non-salient parts,
respectively.
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Lemma 1. BiLLM has at most 8 different dequantized values per row.

Proof. According to (I3)) and the definition of CIQ, we can infer that

CLQpiinm < CIQraqua + X5 + X5 (14)
Since the salient part adopts a residual approximation strategy, it follows that
CIQgiauar < X[ - [ X2, (15)
Given that | X5 = |X3| = | Xfonsal| = |X1on-sal| — 9 gubstituting (T3)) into (T4) yields:
CIQgiiym < [X5| XS] + [ X5 + | X5 =2x24+2+2=8. (16)
O

Next, we analyze theoretical upper bounds of CIQ) for HBLLM algorithms. We first consider the case
of HBLLM-col. Let an inverse quantization set produced by HBLLM-col be denoted as IQyg1 1 p-col-
According to HBLLM-col algorithm, IQpp; 1 m.co €an be expressed in the following form:

_ sal non-sal
IQHBLLM-col - IQHaar U IQHaar

o sal  rsal : < non-sal ~non-sal
= 1NVHaar (Xlow7 Xhigh) U InVHaar (Xlow s Xhigh

) 7)

where IQ; and IQIX™* represent the dequantized sets of the salient and non-salient parts, respec-

tively. Both parts employ a group quantization strategy under Haar transform, so the upper bound for
each part is the product of the cardinality of the two Haar sub-band quantization sets. Additionally,
within HBLLM-col algorithm, each sub-band has two groups, resulting in a total of four quantized
values. Based on the above analysis, we arrive at the second conclusion.

Lemma 2. HBLLM-col has at most 64 different dequantized values per row.

Proof.

= 64. (18)
O

low

‘Xlsl?;;h‘ +9 ‘Xnon—sal

g non-sal
’ Xhigh

<z sal
ClQuprimcol < 2 ‘ngw

The CIQ upper bound of HBLLM-row algorithm is significantly larger than that of HBLLM-col
algorithm. Let an inverse quantization set produced by HBLLM-row algorithm be denoted as
IQup1 1 M.row-BY HBLLM-row algorithm, IQup 1 mrow €ant be shown in the following form:

sal non-sal
IQusLLM-row = IQuBLLM-row YU IQHzar - (19)
where Q™| | vi.row i defined as
sal : sal -sal
IQ;—?BLLM—row = IMVresidual (IQ;-“IIaaI’ IQnH(::xrga ) : (20)

Unlike HBLLM-col, the non-salient part of HBLLM-row encompasses the entire matrix area, resulting
in overlap with the salient part. Therefore, HBLLM-row incorporates a residual approximation on the
salient part, further increasing the CI(Q) upper bound. Additionally, within HBLLM-row algorithm,
each sub-band has two groups, resulting in a total of four quantized values. Based on the above
analysis, we arrive at the third conclusion.

Lemma 3. HBiLLM-row can have over 1024 different dequantized values per row.
Proof.
C]Qig-ili]lBLLM—row < ‘IQ;;;ar’ ‘IQII]—I(:;_IMI

. osal  xgsal . Sz non-sal  <znon-sal
= ‘anHaar (Xlowa Xhigh) ’ X ‘anHaar (Xlow ’Xhigh )’

2D
< 2[R | [ R x 2[Rt [ R
= 1024.
CIQup tyrow < 1024 + 32 = 1056. (22)
O
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Distribution of inverse gquantization Values (Unique: 42)
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(a) HBLLM-row

Distribution of inverse gquantization Values (Unique: 23)
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(b) HBLLM-col X
Figure B.1: CIQ and Distribution of inverse quantization Values

Lemma [3]is a result that holds under the assumption that there are sufficiently many columns in the
salient part. In practical algorithms, due to the dual constraints of the quantized matrix size and the
total bitrate, the upper bound of CIQup;1Mrow 1S Much less than 1024. The specific upper bound can
be described in Lemmal[dl

Lemma 4. Let the size of a quantized matrix block be d x d, where d < 256, and let the proportion
of the number of columns in the salient part to the total number of columns be p (where 0 < p < 1).
Then, we have

CIQuprimrow <32+ p - d, (23)

and
CIQusLim-cor < 32 + min{p - d, 32} (24)
Proof. It is easy to get by Lemma[2]and Lemma 3] O

Theorem 1. Under the same proportion p of the salient part, CIQ ygriss-row > CIQuprimcor FOlS.
Proof. This follows from Lemma 4] O

B.2 Measured Values of the CIQ Metric for the HBLLM Algorithm

To validate the theoretical analysis of CIQ, we present two representative examples under the HBLLM-
row and HBLLM-col schemes, respectively. These examples illustrate how the CIQ values measured
in practice align with the theoretical bounds derived earlier.

Example 1: HBLLM-row. As shown in[B.Ta] consider a row of length 128 where 14 elements are
marked as salient. After quantization and reconstruction, the total number of distinct values observed
is 42. Among these, 30 values originate from the non-salient part (i.e., [IQ™*"| = 30) and 7 values

Haar
from the salient part (i.e., [IQ§ | = 7).

Although the salient part involves residual merging, the final reconstructed set still satisfies:

ClQuprimrow = 42 < 30 + 14 = 44, (25)

which confirms that the practical CIQ value stays within the theoretical upper bound in Lemma 4]

Example 2: HBLLM-col. As shown in[B.1b] In a second example under the HBLLM-col scheme, a
row consists of 119 non-salient and 9 salient elements. The measured CIQ is 23, with 16 values from
the non-salient part and 7 values from the salient part. This result again satisfies:

CIQupLiMco = 23 <16 + 9 = 25. (26)

These observations demonstrate that in practice, the effective size of the inverse quantization set
is significantly below the worst-case bounds, especially when some quantized values are shared or
overlap. They also confirm the effectiveness of the HBLLM decomposition strategies in maintaining
a compact and expressive representation of quantized weights.



110 B.3 Limitations of CIQ Metric Analysis and the Necessity of Introducing a Structure-Aware
111 Grouping Strategy

112 Although HBLLM significantly outperforms BiLLM in the CIQ metric, it lacks a clear advantage in
113 quantization performance without the structure-aware grouping strategy introduced in this paper.

114 To assess the performance differences before and after implementing this strategy, we conduct
115 experiments evaluating perplexity and QA accuracy. Experiment data can be found in Table[B.T}

116 ® BiLLM+€£: Employing ¢»-based saliency-driven column selection together with multi-parameter
117 intra-row grouping.

118 * Haar+BiLLM: This refers to a method obtained by removing the />-norm-based saliency-driven
119 column selection and multi-parameter intra-row grouping strategies from HBLLM. This method
120 integrates the one-dimensional discrete Haar wavelet transform applied row-wise or column-wise,
121 thereby deriving two approaches: Row-Haar+BiLLLM and Col-Haar+BiLLM, respectively.

122 * DCT+BiLLM: This approach applies the BiLLM algorithm to coefficient matrices obtained from
123 the one-dimensional Discrete Cosine Transform (DCT) applied row-wise or column-wise on
124 weight matrices, resulting in Row-DCT+BiLLM and Col-DCT+BiLLM. Unlike the Haar+BiLLM
125 method, DCT+BiLLM uses a global transformation strategy by first mapping the entire matrix
126 to the Fourier domain before quantization. In contrast, Haar+BiLLLM applies the Haar transform
127 to matrix blocks, with quantization following the BillM process, making it a local orthogonal
128 transformation.

129 * HBiLLM+: These method, refer to those derived from Haar+BiLLM, utilizing the strategies
130 proposed in our paper. They include HBLLM-row+{s, HBLLM-col+{5, HBLLM—c01+€£ and
131 HBLLM-col+£}.

Table B.1: Perplexity (|, C4, Wiki2, PTB) and AvgQA accuracy (T, AvgQA over 9 zero-shot tasks)
of BiLLM variants with Haar.

OPT-1.3B LLaMA2-7B
Method cay  wikiz) prB) AVEQAT "oy wikizp prB)  AVSQAT
BiLLM 5624 6843 1192 3839 3397 3138 3730 4211
BiLLM-+(5 5505 7242 1059 3795 3346 3134 6958 4111
BiLLM+} 5688 7048 9216 3928  28.17 2508 2263  41.77

Row-Haar+BiLLM  47.45  52.81 62.81 39.57 25.77 25.12 138.0 44.67
Col-Haar+BiLLM  95.56  128.8 171.3 36.92 41.03 37.25 5193 39.60
Row-DCT+BiLLM 8010 11517 6729 31.36 45358 49395 26888 34.48
Col-DCT+BiLLM 107.1 150.5  250.1 34.19 26.54 24.64 1202 44.82
HBLLM-row+/{> 2647  33.68  41.17 41.17 16.26 19.86 87.90 47.90
HBLLM-col+/2 2637 2999  36.24 42.13 15.04 13.99 154.6 49.38
HBLLM—r0W+££ 1955 2695  25.70 46.87 13.00 13.20 85.50 50.86
HBLLM-col+€; 2198  23.69 2739 45.21 13.18 12.02 146.1 51.34

Note: {3 denotes activation of ¢2-norm-based saliency-driven column selection; T denotes activation of
frequency-aware multi-parameter intra-row grouping.

132 The main experimental results are summarized as follows:
133 ¢ Directly applying Haar transform into BiLLM pipeline does not significantly improve 1-bit
134 quantization performance.

135 — Row-Haar+BiLLM shows slight improvement.
136 — Col-Haar+BiLLM decreases performance.

137 * Implementing the ’saliency-driven column selection via ¢ norm’ strategy leads to:

138 — Significant improvements for HBLLM-row-¢5 and HBLLM-col+¢5 compared to their prede-
139 CEessors.

140 — Perplexity tests show:

141 x 32-64% reductions on C4 and Wiki?2 test sets.

142 % HBLLM-col+/¢5 shows notable improvements, but still lags behind BiLLM on the PTB test
143 set.
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— QA testing accuracy improves by 3-10%.
* Further introducing ’frequency-aware multi-parameter intra-row grouping’ results in:

— HBLLM-row+/{5+Row-wise-grouping is the best.
26-45% reductions in perplexity on C4 and Wiki2.
Significant improvements on the PTB test set, surpassing BiLLM.

Cumulative accuracy in QA testing increases by 2-8%.

This experimental result demonstrates that introducing a structure-aware grouping strategy is essential
for effectively combining the Haar transform with the BiLLM algorithm.

B.4 Effectiveness of Haar Transform and the Importance of Local Orthogonality

As shown in Table[B.T] although HBLLM integrates multiple strategies, it is important to disentangle
the specific contribution of the Haar-based frequency decomposition from other components such as
saliency selection and structure-aware grouping. To this end, we conduct dedicated ablation studies
to quantify the standalone effectiveness of the Haar transform and contrast it with global orthogonal
alternatives such as Discrete Cosine Transform (DCT).

We summarize our key observations below:

* Effectiveness of Haar Transform: While incorporating either the ¢5-based saliency selection or
the structure-aware grouping alone yields only modest improvements to BiLLM, introducing the
Haar transform leads to consistently more substantial gains in both perplexity and QA accuracy.
Notably, even under partial activation (e.g., HBLLM-col+¢5), the models outperform their BiLLM
counterparts.

— Both HBLLM-row+{5" and HBLLM-col+(5 ! significantly outperform BiLLM and BiLLM+£},
underscoring the crucial role of Haar in preserving the frequency-domain structure of weights.

— Row-Haar+BiLLM, even without ¢5-norm-based saliency-driven column selection or group-
ing, shows consistent performance gains, confirming that Haar decomposition independently
enhances quantization representation capacity.

* Local vs. Global Orthogonal Transforms: We further analyze the impact of replacing Haar
transform with global DCT.

— Applying the global row-wise DCT results in severe degradation across all benchmarks, with
Row-DCT+BiLLM performing significantly worse than BiLLM.

— Applying the global column-wise DCT offers moderate improvement on LLaMA?2-7B; however,
Col-DCT+BILLM still lags behind BiLLM in all OPT-1.3B tests.

— These results highlight that global transforms struggle to capture local variations in weight
distributions, which are effectively preserved by block-wise Haar decomposition.

As shown in Table[B.2] global transforms such as DCT also incur substantial computational overhead
compared to local Haar transforms:

Table B.2: Time comparison between BiLLM, DCT+BiLLM, and HBLLM on LLaMA-1 with
different model sizes. The DCT implementation used in this test is from pytorch.

Method 7B 13B 30B

BiLLM 36 min 71 min 142 min
DCT+BiLLM 211 min 414 min 1012 min
HBLLM 44 min 98 min 173 min

In conclusion: Haar transform independently and robustly contributes to quantization fidelity, even
in the absence of auxiliary strategies such as ¢3-norm-based saliency-driven column selection or
grouping; local orthogonal transforms like Haar are consistently more effective than global ones
like DCT in preserving localized frequency-domain structures—an essential property for stable and
expressive 1-bit quantization.
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C Analysis of the Correlation Between Data Concentration and Model
Fidelity

In this section, we explores the positive correlation between improved data concentration and en-
hanced model fidelity after quantization, following the application of the Haar transform and structure-
aware grouping strategy proposed by HBLLM. This correlation provides a theoretical foundation
for the effectiveness of the HBLLM quantization method. We first observe that the concentration
of coefficient distribution improves with a 65% probability after applying the Haar row transform.
Based on this observation, we mathematically model the probability of variance improvement in
data concentration. We then apply this variance improvement probability to the HBLLM-row and
HBLLM-col methods to validate the correlation between enhanced data concentration and improved
model fidelity after quantization.

C.1 Improvement of Data Concentration by Haar Transform

We discusses the improvement in data concentration resulting from the Haar transform, which is
typically described by variance—Ilower variance indicates higher data concentration. We examine the
impact of the Haar row transform on the distribution characteristics of the weight matrix. Specifically,
we select a matrix block from the OPT-1.3B model and compare the variance of each original weight
vector with the variances of the low-frequency and high-frequency subbands obtained after Haar
decomposition. The variances of each row from different methods are arranged in ascending order,
as shown in Figure Notably, approximately 65% of the rows exhibit a variance in at least
one subband that is lower than the original value, indicating that the Haar row transform generally
enhances data concentration.

x10~%

5.0

4.5

Variance
w »
o o

w
o

2.5 —— Original
Haar Low
—— Haar High

2.0

Figure C.1: Row-wise Variance Comparison Before and After Haar Transform

Therefore, we anticipate that the application of HBLLM’s structure-aware grouping strategy may
further improve data concentration.

C.2 Mathematical Modeling of Variance Improvement Probability

To quantify the improvement in data concentration achieved by the Haar transform combined with
the structure-aware grouping strategy, we introduce a random variable p to describe the probability of
improvement in data concentration for each row after applying the strategy, as well as the expected
probability of improvement F(p) for each matrix block. Let the matrix block size be d x d, and the
j-th row, after the Haar row transform, be divided into M subgroups, each containing nf coefficients,
with an intra-group variance of V;/. The variance of the entire row before transformation is denoted

as V;. The sample value p; for the j-th row is calculated as follows:

M 0l x sign(max{o, (Vo — Vj)})

P = - : @7)

where, the sign function sign(-) takes the value of 1 only when the subgroup variance is less than the
original row variance; otherwise, it is 0. The value p; represents the proportion of coefficients in the
7-th row that belong to subgroups with improved concentration. Based on this, we define the expected
value F(p) for the entire matrix block to characterize the average level of overall data concentration
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d
Zj:l bj

E(p) = 7

(28)

C.3 Analysis of the Relationship Between Data Concentration and Quantization Fidelity

To further investigate the impact of improved data concentration on model fidelity, we collected data
on the probability of variance improvement, the relative ¢ error of matrix blocks before and after
quantization, and the corresponding model fidelity, as shown in Figure[C.2] The relative ¢, error
serves as the optimization criterion for HBLLM quantization, while model fidelity is measured by
perplexity—Ilower perplexity indicates higher fidelity after quantization.

We analyzed the distribution changes of relative /5 errors for all matrix blocks across different models
before and after quantization, and we plotted the perplexity performance under various grouping
strategies. The experimental results demonstrate that HBLLM not only significantly enhances data
concentration but also effectively mitigates the growth of quantization error, thereby better preserving
the model’s original performance.

Figure displays the proportion F(p) of Haar coefficients across all matrix blocks that meet the
variance improvement criterion after combining the row wavelet transform and grouping strategy.
The points on the graph represent F(p) for a matrix block in a quantized model, with each graph
showing the values of E(p) arranged in ascending order. As illustrated, after applying the strategy,
over 65% of Haar coefficients in all matrix blocks achieved an improvement in data concentration,
with median improvements of 67% and 68%, respectively.

The results from Figure [C.2|lead to the following conclusion: after applying Haar transform com-
bined with the structure-aware grouping strategy proposed by HBLLM, there is a positive correlation
between the improvement in data concentration and the enhancement of model fidelity after quantiza-
tion.
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(c) Perplexity Comparison

Figure C.2: Comparative Evaluation of Grouping Strategies on Data Concentration, Quantization
Error, and Model Perplexity.

C.4 Empirical Analysis of Saliency Ratio Distribution Across Layers and Blocks

To better understand the structure-aware quantization behavior of our method, we analyze how
saliency ratio is distributed across different types of layers and transformer blocks. A saliency ratio is
defined as the proportion of weights selected by our Hessian-based criterion during quantization.

We visualize the results using two plots: a histogram showing the saliency ratio distribution across
different layer types, and a line plot depicting the evolution of block-wise saliency ratio across
the network. As shown in Figure [C:33 and Figure [C.3b] query and key projections exhibit low
saliency (mostly below 5%), while value, gate, and up-projection layers tend to have significantly
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Figure C.3: The Distribution of Saliency between Different Types of Weight Layers and across
Different Transformer Blocks.

higher saliency. Additionally, we observe a gradual increase in saliency ratio from shallow to mid
transformer blocks, followed by stabilization.

These results confirm that saliency ratio is not uniformly distributed, but highly dependent on layer
type and block depth. This validates our strategy of adapting quantization granularity according to
the structure of the model.

D Storage Cost Analysis and Inference Execution Process

To comprehensively assess compression effectiveness, we divide the stored data into three types:
weight overhead , coefficient overhead, and flag overhead.

Weight Overhead (W-bits). This refers to the number of bits used to store binarized weights. In
standard 1-bit schemes, each weight requires only 1 bit. However, in schemes that retain salient
weights, these may be stored with higher precision (e.g., 2-bit or 8-bit), increasing the overall weight
overhead.

To increase fidelity, some weights would use more than 1 bit. For example, the salient part employs
two 1-bit values with residual approximation. As a result, the average weight overhead per weight
(denoted as W-bits) of Billm results would become fractional, such as 1.08 bits.

Coefficient Overhead (C-bits). This refers to the additional bit-width required to store scaling
factors and means. For example, OneBit introduces two scaling vectors per row or column, while
ARB-LLMpgc further computes scaling factors for both rows and columns. Although these parameters
are smaller in size than the weight matrix, they must be tightly controlled in precision-critical
applications.

Flag Overhead (F-bits). These bits are used to store indicators for salient/non-salient weights (such
as the "salient column" tag in PB-LLM or bitmap/group masks in BiLLM), or group affiliation
information (e.g., group IDs).

To objectively evaluate the compression efficiency of various methods, we use the “average bit-width
per weight” (Average-Bit) as a unified metric. This metric characterizes not only storage cost but
also the bandwidth required from memory to GPU registers. The average bit-width is computed as:

Total storage bits

AvgBit = X Structure expansion factor. (29)

Total number of parameters

here, the total number of parameters refers to the product of the matrix dimensions. The structure
expansion factor accounts for mismatches in the number of stored units and original parameters (e.g.,
1 for non-restructuring methods, > 1 for methods like FrameQuant).

D.1 Data Distributions of Various Binarization Methods

Figure and Table illustrate how different LLM binarization methods distribute their storage
data. PB-LLM uses a hybrid-precision quantization strategy that encodes 10% of weights with 8-bit
asymmetric linear quantization and binarizes the remaining 90%. A 1-bit flag differentiates salient
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Figure D.1: Overview of storage and inference procedure across different LLM binarization methods.

(d) Row-HBLLM (e) Col-HBLLM

Table D.1: Storage data composition of different LLM binarization methods.

Method W-Bits F-Bits C-Bits Average-Bits
PB-LLM 1.70 1.000  0.500 3.200
BiLLM 1.08 1.008  0.875 2.963
ARB-LLM 1.08 1.008 1.25 3.338
HBLLM-row 1.08 1.088 1.25 3.418
HBLLM-col 1.00 1.008  0.875 2.883

from non-salient weights. Non-salient parts are recovered using shared scaling and mean vectors,
while salient weights use separate parameters and zero-points. All coefficients are stored in FP16 and
shared per output channel, resulting in 0.5 bits of coefficient overhead per weight. PB-LLM’s AvgBit
is 3.2 bits.

BiLLM extends basic binarization with residual approximation for salient weights. Columns are
divided into salient and non-salient parts. 90% of weights use standard 1-bit encoding, while the
salient portion is enhanced with residual binarization. This yields a weight overhead of 1.08 bits
per weight. Additional structure information (bitmap, grouping) accounts for 1.008 bits per weight.
With FP16-stored coefficients and two sets of residual parameters for salient parts, total coefficient
overhead is 0.875 bit per weight. Hence, BiLLM’s AvgBit is 2.963 bits.

ARB-LLM introduces group modeling for salient columns based on BiLLM to better capture complex
distributions. weight overhead remains 1.08 bits per weight. Structure metadata (CGB) takes 1.008
bits per weight. All coefficients are stored in FP16. Salient columns are grouped and assigned two
sets of second-order coefficients, bringing coefficient overhead to 1.25 bits per weight. ARB-LLM’s
AvgBit reaches 3.338 bits.
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HBLLM extends BiLLM by introducing structure-aware grouping strategies to improve quantization
fidelity in the Haar domain. The weight matrix is split into salient and non-salient parts. Salient
columns undergo column-wise Haar transforms, while non-salient parts are transformed along either
row or column directions, followed by grouped binarization. All weights are quantized using standard
1-bit encoding. HBLLM-col has a weight overhead of 1.00 bit per weight; HBLLM-row employs
a neighborhood averaging strategy (FillAvg) to reconstruct missing values, increasing the weight
overhead to 1.08 bits/weight.Saliency bitmaps and frequency-aware grouping metadata add 1.008 bits
per weight. All reconstruction coefficients are stored in FP16. HBLLM-row forms four subgroups
per row with independent scale and mean values, resulting in a coefficient overhead of 1.25 bits per
weight. HBLLM-col shares four subgroups across two rows, averaging two groups per row, and
applies intra-band mean sharing to reduce coefficient overhead to 0.875 bit per weight. The final
average bit-widths of HBLLM-row and HBLLM-col are 3.418 and 2.883 bits, respectively.

D.2 Details of Average Bit-Width Calculation

The average bit-width of a quantized matrix W € R"*™ s defined as the total memory cost (in bits)
divided by the number of elements in the original matrix:

AvgBit = A (30)
n

X m

For W € R™*" block size k, the memory of W after standard row-wise binarization is

B multiple blocks  row-wise FP16 o and p
g — — —
MM = xm+ [m/k] x 2xnx16 . 31
Moreover, second-order row-wise binarization can be represented as
B; and B, multiple blocks  row-wise FP16 a1, a2, and
— ~— S/ —
2nd __

M =2xnxm+ [m/k] X 3xnx16 , (32)

since row-wise p; and po can be combined together as p = p; + po. Thus, the memory required by
BiLLM can be formulated as

second-order binarization

MBiLLM=2><n><c+fm/k] X 3n x 16 (33)
first-order binarization group bitmap salient column bitmap
—— f:\
+nx(m=—c)+ [m/k] x2nx16 X2+ nxm + m , (34)
2 groups

where c is the number of salient columns for W.

Similarly, we can formulate the memory occupation of first-order row-column-wise binarization and
ARB-RC as

second-order binarization

MARB_RCZQXRXC+([TTL/]{?—| ><2n+2c)><16 (35)
2 groups
first-order binarization group bitmap salient column bitmap
—N /=
+nx (m—c)+([m/k] xn+(m—c))x16x2+ nxm + m . (36)
2 groups

In addition, since CGB is used in the experiments, the total memory of ARC-RC + CGB is

second-order binarization

MARB-RC+CGB:2XHXC+((m/k3—| ><2n+20) X 16 x 2 37

2 groups
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first-order binarization group bitmap  salient column bitmap

+nx (m—c)+ ([m/E] xn+(m—¢c)) x16x24+ nxm + /m\ . (3%

2 groups
Furthermore, we formulate the memory cost of PBLLM by considering both unsalient weights and

salient weights as
unsalient weights

MBBLLM = Tbinary X 70 X m + [m/k] x 2n x 16 (39)
salient weights group bitmap
—~
+(1 — Thinary) X X m X 8+ [m/k] x2n x 164+ nxm , (40)

where 7pinary denotes the ratio of the binarized weights.

HBLLM-row adopts four subgroups per row with independent « and (i, intra-band mean sharing, and
a neighborhood-based reconstruction strategy (FillAvg), which increases the group bitmap cost.

unsalient weights

MusLiMarow =1 X m 4 [m/k] X 3n x 16 x 2 41)
2 groups
salient weights group bitmap salient column bitmap
=
+nxc+ [m/k] x2nx 16 x 2+ n x (m+c) + m . (42)
2 groups

HBLLM-col shares four subgroups across two rows and applies intra-band mean sharing.

unsalient weights

MusLiMcol =1 X (m —¢) + [m/k] x 1.5bn x 16 x 2 (43)
2 groups
salient weights group bitmap  salient column bitmap
+n x c+ [m/k] x2n x 16 x 2+ er f;ﬁ\ . (44)
2 groups

Example: Average Bit-width of HBLLM-row and HBLLM-col

Assume W € R"*™ block size £k = 128 and the number of salient columns is ¢ = 0.08m. The
total memory cost for HBLLM-row can be expressed as:

MHUBLLM-row = N+ [%-‘ -3n-16-24+nc + [%-‘ 2n-16-2+n(m+c)+m (45)

= 2nm + 2nc + 160n [%—‘ + m. (46)

Thus, the average bit-width is:

160n [2]  m

MHBLLM-row + ﬂ ~ 3.418 bits. (47)
nm

AvgBit = —HBLMIov 9 46
nm

Similarly, for HBLLM-col:
m

&
— 2nm + 1120 [%] + . (49)

MHBLLM_Colzn(m—c)qL[ ] 1.5n-16-2 + ne + [%W 2n-16-2+nm+m  (48)
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Algorithm E.1 HBLLM: Detailed functions process

func SALIENT(W, H¢) func BINARY (W)
1: S W2/[Hf, g 4py5]° [/ salientmatrix — 1: p & Sy W/l row-wise mean

2: rows{-} « topk(]|S|[2,dim = 0) 2 W« W — i // centered matrix

3: e < oo [/ searching error 3 o= AE /] row-wise scale

4: K + 0 // optimal number of salient columns mo

5: fori=1,2,...,len(rows) do 4 B a-sign(W) +pu

6: By + BINARY (W, jconspi]) 5: return B

7: By < BINARY(W. jerous:i)) func SEG_ROW_SEARCH(W)

8: if [W — (B1U By)||* < ¢ then 1: n < number of rows in W

. _ 2

% € HW (B1U Byl 2: e < +oo X 1,x1 // row-wise error
10: K — 1 3 p* 0,01

H: end if // optimal break-point of each row

12: end for 4 forr=0.1,0.2,....0.9 do

13: return rows[: K] 5 p e 7 x max(abs(W).(dim = 1))
func HAARQUANT(W , mode € {COL, ROW}) 6: By < BINARY(Wiy,, .| < P)

1 Wiy = Hiow(W) 7 By < BINARY(Wiu,(, | > P)

w W . . _ 2
2: pj  SEG_ROW_SEARCH(Wix) Sj it |W |(v]f/1 +£2)H ; fntz,he“
3 Biow ¢ BINARY(WY) .\ )+ . ¢+ W —(B1+ B,
HII=rn 10: p* 4 p
(b)
BINARY(VVle [>pi ’IOW) 11: end if
Waitr = W = H " (Biow, 0) 12: end for

Whigh < Hhigh(Wair)
P < SEG_ROW_SEARCH(Wigh)
Bign < BINARY (W ) +

o) |wi,;|<p7 high
b
BINARY(WEY )

8: B < Bjow + Bhigh

9: return B

13: return p*

AN A

Then, the average bit-width becomes:

1=
AvgBit — Bl _ o 12 [ %] + ™~ 2,883 bits. (50)
m

nm nm

E HBLLM Implementation

The implementation details of the HBLLM quantization pipeline are provided in Algorithm

F Additional Experimental Results

F.1 Experimental Results for DeepSeek-R1-Distill-Llama-8B

Table [F. 1] provides further experimental results on DeepSeek-R1-Distill-Llama-8B model. In line
with the trends observed in Table 1, HBLLM consistently outperforms existing 1-2 bit quantization
techniques across all these evaluation metrics. Remarkably, even when applied to the more complex
and modern DeepSeek-R1-Distill-Llama-8B architecture, HBLLM preserves the same performance
advantages previously demonstrated on LLaMA3-8B. This assessment highlights the effectiveness of
HBLLM for LLMs.

F.2 Comparison on 9 zero-shot QA datasets

In the main paper, we report the average accuracy (AvgQA) across 9 zero-shot QA datasets to provide
a high-level comparison of different quantization methods. In this appendix, we present the detailed

13



Table F.1: Perplexity and zero-shot accuracy results of DeepSeek-R1-Distill-Llama-8B.

Perplexity
C4 Wiki2 PTB
FullPrecision 16.00 | 18.40 13.14 20.57| 63.80

FrameQuant 2.20 |59.60 46.71 70.79| 43.95

PB-LLM 1.70 |316.3 224.6 344.3| 34.52

DeepSeek-R1-Distill-Llama-8B BiLLM 1.06 |234.4 219.5 4429| 3591
ARB-LLMx 1.06 |74.31 54.73 69.35| 42.92

ARB-LLMgc 1.06 |67.77 54.27 92.37| 43.00

HBLLM-row 1.05 [40.88 29.26 45.00| 47.06

HBLLM-col 1.00 |55.82 35.80 62.80| 45.71

Model Method Whits AvgQAT

Table F.2: Accuracy of 9 QA datasets on LLaMA[1 family models. We compare the results among
FrameQuant, PB-LLM, BiLLM, ARB-LLM and HBLLM to validate the quantization effect.

LLaMA1 Zero-shot Accuracy? AvgQAT
Size Method Whits PIQA BoolQ OBQA WinoG ARC-e ARC-c HSwag COPA LAMBD
FullPrecision ~ 16.00 | 78.67  75.02 34.20 70.01 75.34 41.89 56.94 85.00 7351 | 65.62
FrameQuant 220 | 71.16  69.69 23.60 66.54 61.57 29.78 43.67 81.00 58.70 56.19
PB-LLM 1.70 54.62  58.04 13.20 49.17 29.38 21.25 27.61 61.00 7.10 35.71
B BiLLM 1.09 59.63  54.62 15.00 53.20 35.27 19.80 30.38 71.00 21.15 40.01
ARB-LLMx 1.09 | 63.55 64.10 16.80 56.75 42.21 21.93 34.21 73.00 38.27 45.65
ARB-LLMgc  1.09 69.15  64.10 22.40 61.25 52.90 25.26 39.26 78.00 57.71 52.23
HBLLM-row  1.08 73.67 71.07 24.60 62.75 64.81 30.80 47.60 79.00 63.03 57.48
HBLLM-col 1.00 | 71.93  62.60 22.00 62.27 61.15 28.58 44.68 78.00 55.09 54.03
FullPrecision  16.00 \ 79.16  77.92 33.20 72.61 77.36 46.42 59.93 90.00 76.19 \ 68.09
FrameQuant 220 | 75.14  73.64 26.20 68.67 66.71 34.64 48.58 83.00 69.59 60.69
PB-LLM 1.70 58.00 62.02 14.60 52.96 33.25 18.26 29.99 69.00 25.44 40.39
13B BiLLM 1.10 | 67.19 67.09 19.00 60.69 53.66 25.34 39.90 74.00 51.12 50.89
ARB-LLMx 1.10 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A

ARB-LLMgc 1.10 72.03 7251 24.40 68.11 64.73 31.14 45.54 88.00 69.80 59.58
HBLLM-row 1.09 76.28  68.93 28.60 68.90 70.37 38.31 52.54 86.00 73.22 62.57
HBLLM-col 1.00 75.03  70.46 24.80 69.69 69.02 34.39 51.01 87.00 69.82 61.25

FullPrecision  16.00 ‘ 80.96  82.69 36.00 75.93 80.35 52.73 63.35 90.00 71.55 ‘ 71.06
FrameQuant 2.20 7639  73.58 31.20 72.85 72.18 38.14 53.97 92.00 75.84 65.13
PB-LLM 1.70 63.60 64.34 16.00 60.30 44.78 20.90 34.80 74.00 46.30 4722

30B BiLLM 1.11 7149  68.87 24.40 67.96 63.59 29.69 4451 84.00 68.10 58.07
ARB-LLMx 1.11 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
ARB-LLMgc 1.11 7486  76.64 29.60 73.64 70.62 37.46 50.29 91.00 76.31 64.49

HBLLM-row 1.10 77.09  79.72 32.20 71.67 74.24 43.34 55.79 91.00 75.80 66.76
HBLLM-col 1.00 76.66  72.23 29.80 71.35 73.91 39.68 53.81 90.00 76.29 64.86

FullPrecision  16.00 | 81.34 8486  38.00 7743 81.31 52.82 6456  91.00 79.12 | 7227
FrameQuant 220 | 79.00 8327 3200 7466 7723 4556  56.58  90.00 78.92 68.58
PB-LLM 1.70 | 7198 7945 2820 7498 6734 3447 4657  89.00 70.37 62.48

65B BiLLM 1.10 | 7405 80.40  26.20 70.40 69.32 36.60 48.15 85.00 68.35 62.05
ARB-LLMx 1.10 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
ARB-LLMgc  1.10 | 77.97 8394 3260  75.93 76.64 4428 5558  90.00 79.84 68.53
HBLLM-row 1.09 | 78.89 8196 3380  75.77 76.94 4565  59.03  91.00 79.58 69.18
HBLLM-col  1.00 | 79.00 8147 3140 7451 7517 42,66 5798  91.00 77.28 67.83

accuracy on each individual dataset. As shown in Tables [F2HF.5]our method consistently delivers
strong performance across all datasets, further validating its effectiveness and robustness in diverse
zero-shot question answering tasks.

F.3 Comparison of Avg. Relative Perplexity and Avg. Relative QA Accuracy across Models

To provide a unified view of model performance across both language modeling and common sense
reasoning tasks, we compute two metrics: Avg. Relative Perplexity and Avg. Relative QA. Avg.
Relative Perplexity is calculated as the average over three language modeling datasets: C4, Wiki2
and PTB. Avg. Relative QA is computed as the average across 9 zero-shot QA datasets.
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Table F.3: Accuracy of 9 QA datasets on LLaMA?2 family models. We compare the results among
FrameQuant, PB-LLM, BiLLM, ARB-LLM and HBLLM to validate the quantization effect.

LLaMA2 Zero-shot Accuracy? AvgQAT

Size Method Whits PIQA BoolQ OBQA WinoG ARC-e ARC-c HSwag COPA LAMBD
FullPrecision ~ 16.00 | 76.44  79.72 33.40 66.46 7391 44.20 57.80 87.00 7095 | 6554
FrameQuant 220 | 68.55 67.13 19.00 61.80 56.61 27.56 42.20 78.00 53.89 52.75
PB-LLM 1.70 | 54.84 61.90 11.80 48.07 27.90 19.45 27.78 60.00 17.14 36.54
7B BiLLM 1.08 59.85  63.82 12.80 54.14 40.15 21.67 31.66 64.00 30.93 42.11
ARB-LLMx 1.08 61.97 66.42 16.20 57.70 43.27 22.78 33.81 68.00 38.54 45.41
ARB-LLMgc 1.08 61.15  59.51 18.00 59.27 41.75 23.46 39.62 67.00 50.61 46.71
HBLLM-row 1.07 7296  73.58 25.60 60.93 61.87 32.17 47.50 84.00 61.03 57.74
HBLLM-col 1.00 | 71.11  69.66 21.40 61.33 59.22 29.35 45.33 74.00 55.44 54.09
FullPrecision ~ 16.00 | 79.05  80.55 35.20 72.14 79.42 48.46 60.05 91.00 7673 | 69.18
FrameQuant 220 | 73.83  76.30 25.60 69.61 69.02 33.79 47.15 85.00 71.84 61.35
PB-LLM 1.70 | 5430 41.25 12.60 50.12 27.27 20.14 27.00 59.00 4.52 3291
13B BiLLM 1.08 61.81  66.51 18.00 56.35 43.64 21.84 33.33 75.00 44.34 46.76
ARB-LLMx 1.08 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
ARB-LLMgc  1.08 69.64 7242 25.40 64.17 62.12 30.03 40.99 85.00 66.35 57.35
HBLLM-row 1.07 75.63 7774  29.80 68.27 71.21 37.12 52.54 88.00 72.19 63.61
HBLLM-col 1.00 | 74.86 77.61 26.80 69.14 70.66 35.75 50.46 84.00 69.12 62.04
FullPrecision ~ 16.00 | 82.26  83.76 37.20 77.98 82.74 54.35 64.77 94.00 79.60 | 7296
FrameQuant 2.20 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
PB-LLM 1.70 | 64.04 7477 21.20 64.72 55.64 27.22 38.77 80.00 61.94 54.26
70B BiLLM 1.09 | 68.39 70.64 24.40 65.98 64.23 32.34 41.85 82.00 52.47 55.81
ARB-LLMx 1.09 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
ARB-LLMgc  1.09 | 77.53  80.21 34.40 75.85 77.31 44.80 55.84 92.00 80.98 68.77
HBLLM-row  1.08 79.65 81.56  33.40 75.06 79.29 50.51 59.02 91.00 80.56 70.01
HBLLM-col 1.00 | 78.84  78.99 30.80 76.24 77.99 45.39 58.61 92.00 78.59 68.61

Table F.4: Accuracy of 9 QA datasets on LLaMA3 family models. We compare the results among
FrameQuant, PB-LLM, BiLLM, ARB-LLM and HBLLM to validate the quantization effect.

LLaMA3 Zero-shot Accuracy? AvgQAT

Size Method Whbits PIQA BoolQ OBQA WinoG ARC-e ARC-c HSwag COPA LAMBD
FullPrecision  16.00 \ 7835  83.18 34.20 71.67 81.61 52.90 57.66 89.00 71.88 \ 68.94
FrameQuant 2.20 65.40  71.87 19.20 59.04 60.19 29.69 47.06 78.00 46.94 5227
PB-LLM 1.70 57.18  62.26 11.60 50.36 31.31 18.00 28.59 55.00 17.16 36.83
8B BiLLM 1.06 59.14 6446 15.20 53.75 37.54 19.45 32.01 65.00 30.04 41.84
ARB-LLMx 1.06 61.15 6391 15.00 56.43 45.37 20.14 31.84 66.00 36.07 43.40
ARB-LLMgc 1.06 62.73  69.72 18.80 56.91 50.34 25.94 35.18 74.00 49.08 49.08
HBLLM-row 1.05 67.68 7294 23.80 63.54 56.52 28.07 43.55 81.00 56.14 54.80
HBLLM-col 1.00 67.03  69.94 21.20 60.93 49.79 25.85 42.79 81.00 44.30 51.43
FullPrecision  16.00 \ 82.15  85.38 37.80 80.51 86.87 60.07 66.34 93.00 79.45 \ 74.62
FrameQuant 2.20 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
PB-LLM 1.70 57.89  68.07 17.60 58.96 37.37 19.62 38.86 80.00 48.67 47.45
70B BiLLM 1.09 5239 4226 12.60 51.78 25.34 20.73 28.11 65.00 9.41 34.18
ARB-LLMx 1.09 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
ARB-LLMgc 1.09 74.86  80.89 25.80 72.69 72.69 40.44 51.99 85.00 70.76 63.90
HBLLM-row 1.08 52.88  83.18 28.80 78.06 27.19 20.48 53.83 89.00 74.64 56.45
HBLLM-col 1.00 56.04 77.83 29.00 73.40 33.63 18.34 53.19 91.00 70.56 55.89

Table F.5: Accuracy of 9 QA datasets on DeepSeek-R1-Distill-Llama-8B. We compare the results
among FrameQuant, PB-LLM, BiLLM, ARB-LLM and HBLLM to validate the quantization effect.

DeepSeek-R1-Distill-Llama Zero-shot Accuracy? AvgQAT
Size Method Whits PIQA BoolQ OBQA WinoG ARC-e ARC-c HSwag COPA LAMBD

FullPrecision ~ 16.00 | 76.33  82.94 31.40 67.48 70.54 40.27 55.54 89.00 60.72 | 63.80
FrameQuant 2.20 61.48  65.50 17.00 55.17 42.05 22.10 35.42 67.00 29.81 43.95
PB-LLM 1.70 | 55.01  59.54 12.60 48.07 29.08 16.98 27.56 52.00 9.82 34.52
8B BiLLM 1.06 55.01  60.37 12.80 49.41 26.89 19.62 29.20 57.00 12.87 3591
ARB-LLMx 1.06 | 60.34 6755 15.60 55.64 39.90 2235 32.97 68.00 23.97 42.92
ARB-LLMgc  1.06 | 60.50  63.15 15.40 53.51 40.24 21.76 34.55 64.00 33.90 43.00
HBLLM-row  1.05 63.71  72.26 18.00 56.20 41.75 23.38 39.74 74.00 34.47 47.06

HBLLM-col 1.00 64.53  68.53 18.40 56:35 42.42 22.44 39:75 70.00 28.99 45.71
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Table F.6: Accuracy of 9 QA datasets on OPT family models. We compare the results among
FrameQuant, PB-LLM, BiLLM, ARB-LLM and HBLLM to validate the quantization effect.

OPT Zero-shot Accuracy?

AvgQAT
Size Method Whits PIQA BoolQ OBQA WinoG ARC-e ARC-c HSwag COPA LAMBD
FullPrecision  16.00 | 71.65  57.77 23.40 59.27 57.03 23.38 41.53 81.00 5785 | 52.54
FrameQuant 220 | 6491  57.00 16.40 55.17 46.51 20.73 34.01 71.00 34.58 44.48
PB-LLM 1.70 | 53.81 4838 12.60 50.67 28.49 19.97 26.20 59.00 1.88 33.44
1.3B BiLLM 1.09 | 59.41 61.07 13.80 52.49 35.65 17.06 29.53 62.00 14.54 38.39
ARB-LLMy 1.09 | 60.39 60.61 14.60 52.72 39.98 18.09 30.65 64.00 31.73 41.42
ARB-LLMgc 1.09 | 65.13 56.88 17.60 53.75 47.22 20.05 33.58 71.00 42.27 45.28
HBLLM-row  1.07 66.49  62.14 17.80 56.20 47.94 21.42 35.70 69.00 40.42 46.35
HBLLM-col 1.00 | 65.61 50.18 18.20 56.43 45.75 20.90 35.25 72.00 38.02 44.70
FullPrecision ~ 16.00 | 73.83  60.34 25.00 61.33 60.73 26.79 45.88 77.00 63.63 | 54.95
FrameQuant 220 | 67.36 6193 18.20 57.22 52.23 22.70 36.88 75.00 54.71 49.58
PB-LLM 170 | 5479  62.11 13.00 50.67 30.13 19.20 27.35 69.00 12.30 37.62
2.7B BiLLM 1.10 | 60.45 62.08 13.20 53.59 35.90 20.56 30.54 63.00 20.88 40.02
ARB-LLMx 1.10 | 63.00 6235 15.40 54.78 42.85 19.45 32.20 69.00 42.38 44.60
ARB-LLMgc  1.10 | 67.74 57.03 18.20 58.17 51.05 22.61 37.33 74.00 59.62 49.53
HBLLM-row 1.09 | 68.66 5835 20.20 56.91 52.86 22.87 39.49 72.00 47.86 48.80
HBLLM-col 1.00 | 67.79 62.51 19.40 56.27 51.05 22.18 37.24 76.00 44.61 48.56
FullPrecision ~ 16.00 | 75.84  65.75 27.00 65.19 67.09 32.94 5245 81.00 68.66 | 5841
FrameQuant 220 | 72.85 66.15 22.60 63.69 62.54 28.07 45.49 82.00 68.25 55.42
PB-LLM 1.70 | 5490 62.17 12.80 52.01 29.46 20.99 26.68 57.00 9.96 39.50
13B BiLLM 1.13 67.25 6391 18.20 58.64 51.73 24.66 38.18 76.00 54.03 49.82
ARB-LLMx 1.13 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
ARB-LLMgc  1.13 7334 6792 23.40 64.25 60.14 27.30 44.41 82.00 67.44 55.35
HBLLM-row 1.12 | 7394 6798 22.60 61.64 62.50 29.10 46.55 83.00 66.64 55.91
HBLLM-col 1.00 | 73.56  66.51 22.00 64.56 62.04 28.92 45.65 82.00 68.06 55.66
FullPrecision  16.00 \ 7758  70.40 30.20 68.35 70.03 34.47 54.28 82.00 71.47 \ 62.09
FrameQuant 220 | 75.08  70.49 26.60 64.48 66.79 30.72 48.37 82.00 72.04 59.62
PB-LLM 1.70 | 6447 6294 16.40 53.67 44.65 21.84 35.95 70.00 45.37 46.14
30B BiLLM 1.13 7133 6391 21.80 61.80 57.87 25.09 41.94 80.00 64.23 54.22
ARB-LLMx 1.13 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
ARB-LLMgc  1.13 7427  67.37 27.40 64.33 63.76 30.03 48.03 78.00 74.15 58.59
HBLLM-row 1.12 | 7546  70.80 26.80 66.22 66.12 30.97 49.76 82.00 72.23 60.04
HBLLM-col 1.00 | 7470  68.90 25.00 64.96 66.16 30.03 48.90 81.00 70.52 58.91

Relative Perplexity is defined as:

SPe lexi
L rplexity
RSPerplexity = QFP (51)

Perplexity
FP
where SPerplexity and SPerplexily
tively.

Relative QA is defined as:

are the perplexities of the models after and before quantization, respec-

RSoa i= (52)

FP -
Soa

where Sga and Sgi are the QA scores of the models after and before quantization, respectively.

Figure E] presents the comparison of these two metrics across the LLaMA-1, LLaMA-2, LLaMA-3,
and OPT family models. HBLLM consistently shows lower relative perplexity and higher relative
QA accuracy compared to prior 1-2 bit quantization methods (PB-LLM, BiLLM, and ARB-LLMgc),
demonstrating both effectiveness and scalability across diverse LLMs.

F.4 Ablation Study from the Perspective of /; Relative Error

To complement the ablation studies presented in the main paper, we provide an additional analysis
from the perspective of relative quantization error in terms of the Frobenius norm. Specifically, we
compute the relative /5 error for each quantized weight block, defined as the Frobenius norm of the
quantization residual normalized by the original weight norm. We then examine the distribution of
these errors across different layers and quantization methods to assess fidelity at the matrix level.
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Figure F.1: Average relative perplexity and average relative QA accuracy (normalized to FP16) for
LLaMA-1/2/3 family models, comparing LLM binarization methods and our HBLLM.

The relative error of a quantized weight matrix is defined as:
[Wep — W7
T
[WeellF

REweight - (53)

where Wgp and Wy denote the full-precision and quantized weight matrices, respectively.

Figure[F2) visualizes the sorted relative quantization errors under different ablation settings, including
(a) salient column selection criterion, (b) grouping granularity, (c) shared mean strategy, and (d)
number of partitioning candidates. Across all cases, our proposed HBLLM consistently achieves
lower median relative error compared to prior approaches, further confirming the effectiveness of
each component.

In Figure[F.2a] we observe that using the ¢, norm as the column selection criterion leads to significantly
lower quantization errors than /1, validating its stronger ability to capture the energy distribution of
weights. In Figure [F2b] row-wise grouping substantially outperforms global grouping, indicating
the importance of fine-grained adaptivity. In Figure [F.2c] the shared mean strategy slightly reduces
quantization error while offering better compression efficiency. Finally, in Figure[F2d} increasing
the number of partition candidates reduces error up to a point, with 40 candidates offering the best
trade-off.

These observations align well with perplexity-based trends, and jointly confirm the robustness and
precision of HBLLM under various quantization design choices.

G Inference Latency Estimation and Efficiency Analysis

To evaluate the computational efficiency of HBLLM in practical inference scenarios, we design an
estimation-based experiment to analyze its inference latency. This is necessary because no current
inference framework fully supports the dequantization algorithm used in HBLLM, and constructing
such a backend involves significant engineering effort beyond the current scope.

Our findings suggest that the inference latency of HBLLM is approximately 31.8% of the FP16
baseline, indicating strong computational benefits despite the algorithm’s structural complexity.

Latency Estimation Methodology. We define the relative inference time of HBLLM compared to
FP16 as: T
R(p,l) = S22 = (1=p) + 1, (54)
Trp16 !
where p is the portion of time spent on matrix-vector multiplication (GEMYV) during inference, and [
is the acceleration factor of GEMYV after quantization. Following prior works such as GPTQ [?], we
use p = 0.78.
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Figure F.2: Ablation study on OPT-1.3B and LLaMA?2-7B. Results are measured by /> Relative
Quantization Error.

To compute [, we measure:

,Ttorch
li=—, (55)
Thqmv
where T denotes the runtime of FP16 GEMYV using PyTorch, and Tjgm,y refers to our quantized
matrix-vector multiplication kernel (HQMYV).

Since the current hgqmv implementation does not support Intra-Frequency Grouping (IFG), we use
the runtime of HBLLM-col without IFG (denoted HBLLM-col w/o IFG) as a proxy to estimate
the runtime of HBLLM-col with full IFG. Notably, applying IFG doubles the number of groups,
potentially leading to: roughly 2x more CUDA warp divergence, a 90% increase in average data
loading (Avgbit increases to 2.88 bit).

However, since data loading and computation can overlap on GPU, we conservatively estimate that
the runtime with IFG should not exceed twice the runtime without IFG.

Table G.1: GEMV Runtime and Inference Latency Estimation for HBLLM (OPT-175B Linear Layer,
P100 GPU).

Method Tiorch () Thgmv (8) R(p,1)
FP16 Baseline 1.35 x 1073 — 1.00
HBLLM-col (w/o IFG) — 8.54 x 107° —
HBLLM-col (with IFG) — 1.70 x 107*  0.318

¢ Setup: We benchmark a single linear layer of OPT-175B under the same GEMYV input/output
shape used in GPTQ [12]]. All timing experiments are conducted on an NVIDIA P100 GPU.

— Measured: Tioren = 1.35 x 107 3s

— Measured: Thqmy for HBLLM-col w/o IFG = 8.54 x 10~%s

— Estimated: Thgmy for full HBLLM-col (with IFG) ~ 1.70 x 10~%s
This yields:

1.35 x 1073 0.78
= = . 4 = 1 - . —_— R . 1
= qox10s ~ % B=(-078)+ gy (56)

* Discussion: This result indicates that HBLLM inference, despite involving additional processing
(e.g., dequantization and grouping), maintains high efficiency due to:
— Lightweight binary matrix operations;
— Reduced memory bandwidth consumption;
— Effective overlap of memory access and computation in GPU execution.
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Overall, HBLLM achieves strong acceleration over FP16 without relying on highly specialized
hardware or handcrafted fusion kernels, making it a viable candidate for practical deployment in
low-bit LLM inference systems.

H Licenses for Existing Assets

[32], llama, llama2, llama3

https://huggingface.co/TheBloke, llama, llama2, llama3

[137]], https://github.com/facebookresearch/metaseq/tree/main/projects/OPT, OPT-175B LICENSE
AGREEMENT

[L5], https://github.com/Aaronhuang-778/BiLLM, MIT License

18], https://github.com/ZHITENGLI/ARB-LLM, Apache License 2.0

1]], https://github.com/vsingh-group/FrameQuant

29|, https://github.com/scotfree/PbLLLM, Creative Commons Zero v1.0 Universal

4], https://leaderboard.allenai.org/physicaliqa/submissions/get-started

711, https://github.com/google-research-datasets/boolean-questions

8], https://huggingface.co/datasets/allenai/ai2_arc, Creative Commons Attribution Share Alike 4.0

[21]], https://huggingface.co/datasets/ptb-text-only/ptb_text_only, Dataset provided for research
purposes only

[22], https://huggingface.co/datasets/mindchain/wikitext2, Creative Commons Attribution-
ShareAlike License.

[23]], https://github.com/allenai/OpenBookQA, Apache License 2.0

24, https://github.com/EleutherAl/lm-evaluation-harness, MIT License

25]], https://zenodo.org/records/2630551, Creative Commons Attribution 4.0 International

20|, https://github.com/google-research/text-to-text-transfer-transformer#datasets, Apache License
.0

271, https://asgordon.github.io/copa.html, BSD 2-Clause License

28], https://github.com/allenai/winogrande, Apache License 2.0
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