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A Notation903

This appendix provides a reference summary of the notation and acronyms used throughout the main904

text. Table 4 details key mathematical symbols, while Table 5 lists abbreviations and their expansions.905

Notation Description
S Underlying vertex set of a combinatorial complex (Def. 1)
X Set of nonempty cells → P(S) (Def. 1)
P(S) Power set of S (Def. 1)
rk : X ↑ Z→0 Rank function on cells, mapping to non-negative integers (Def. 1)
Z→0 Non-negative integers
X k {x ↓ X : rk(x) = k}, the k-cells (Def. 1)
dimX Dimension of the complex, maxx↑X rk(x) (Sec. 2.1)
N : X ↑ P(X ) Neighborhood function, mapping cells to sets of neighbor cells (Def. 2)
Nadj Adjacency neighborhood function (Def. 2)
Ninc Incidence neighborhood function (Def. 2)
XN Effective support of N , {x ↓ X | N (x) ↔= ↗} (Sec. 3)
G ↓ {0, 1}m↓n Binary neighborhood matrix (Def. 3)
GN Copresheaf neighborhood matrix, entries ωzi↔yj or 0 (Def. 7)
ωy↔x Copresheaf morphism F(y) ↑ F(x) for edge y ↑ x (Def. 4)
Ar,k Copresheaf adjacency matrix between r-cells (Def. 8)
Br,k Copresheaf incidence matrix between ranks r and k (Def. 8)
C

k
(X ,F) k-cochain space,

⊕
x↑Xk F(x) (Sec. 3)

Hom(F(i),F(j)) Space of linear maps from F(i) to F(j) (Def. 7)
h
(ω)
x Feature vector at cell x in layer ε (Prop. 1)

ϑ Learnable message function (Prop. 1)
ϖ Learnable update function (Prop. 1)
↘ Permutation-invariant aggregator (Prop. 1, Prop. 3)
G = (V,E) Directed or undirected graph (Sec. 2.2)
GN = (XN , EN ) Directed graph induced by N , edges y ↑ x if y ↓ N (x) (Def. 6)
F(x), F(e) Stalks: vector spaces at vertex x or edge e (Def. 4, Def. 5)
Fx↗e : F(x) ↑ F(e) Restriction map in a cellular sheaf for x ≃ e (Def. 5)
ϱ Coboundary map, measures local disagreement in cellular sheaf (Sec. 2.2)
!F Sheaf Laplacian, !F = ϱ

T
ϱ (Sec. 2.2)

Y , Z Collections of cells, used in neighborhood matrices (Def. 3, Def. 7)
Wq , Wk, Wv Learnable projection matrices for queries, keys, values in copresheaf self-attention (Prop. 4)
qx, kx, vx Query, key, and value vectors for cell x in copresheaf self-attention (Prop. 4)
axy Attention coefficient for cells x and y in copresheaf self-attention (Prop. 4)

Table 4: Summary of key notation used throughout the paper.

B Sheaves and Copresheaves on Graphs: A Category Theoretical Look906

This appendix provides a category-theoretic exposition of sheaves and copresheaves, emphasizing907

their definitions within the language of category theory. Additionally, we illustrate the construction908

of a copresheaf neighborhood matrix through an explicit combinatorial example, instantiating the909

concepts developed in the main text.910

B.1 Copresheaves911

Before diving into the technical definition, it’s helpful to think of a copresheaf as a way of assigning912

data that flows along the structure of a graph—like signals along neurons, or resources in a network.913

In categorical terms, this structure formalizes the idea of consistently associating elements of some914

category C.915

Definition 9 (Copresheaf on a Directed Graph). Let G = (V,E) be a directed graph, and let C be a916

category. A copresheaf on G is a functor F : G ↑ C, where the graph G is regarded as a category917

whose objects are the vertices V , and whose morphisms are the directed edges (x ↑ y) ↓ E. When918

C = VectR, this structure corresponds to a quiver representation.919
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Acronym Expansion
CC Combinatorial Complex
CTNN Copresheaf Topological Neural Network
CMPNN Copresheaf Message-Passing Neural Network
SNN Sheaf Neural Network
GNN Graph Neural Network
CNN Convolutional Neural Network
CT Copresheaf Transformer
CGNN Copresheaf Graph Neural Network
GCN Graph Convolutional Network
GraphSAGE Graph Sample and Aggregate
GIN Graph Isomorphism Network
CopresheafGCN Copresheaf Graph Convolutional Network
CopresheafSage Copresheaf Graph Sample and Aggregate
CopresheafGIN Copresheaf Graph Isomorphism Network
NSD Neural Sheaf Diffusion
SAN Sheaf Attention Network
MLP Multi-Layer Perceptron
GAT Graph Attention Network
CAM Copresheaf Adjacency Matrix
CIM Copresheaf Incidence Matrix
CNM Copresheaf Neighborhood Matrix

Table 5: List of acronyms used throughout the paper.

B.2 Cellular Sheaves920

Definition 10 (Cellular Sheaf on an Undirected Graph). Let G = (V,E) be an undirected graph.921

Define the incidence poset (P,≃), where P = V ⇐ E, and the order relation is given by x ≃ e922

whenever vertex x ↓ V is incident to edge e ↓ E. A cellular sheaf on G with values in a category C923

is a functor F : P ↑ C, which assigns:924

• to each vertex x ↓ V , an object F(x) ↓ C;925

• to each edge e ↓ E, an object F(e) ↓ C;926

• to each incidence relation x ≃ e, a morphism ωx↗e : F(x) ↑ F(e), called a restriction map,927

such that the functoriality condition is satisfied on composable chains in the poset.928

B.3 Comparison between copresheaves and cellular sheaves929

Copresheaves provide a versatile and powerful framework for machine learning applications across930

diverse domains, particularly excelling in scenarios where directional data flow and hierarchical931

dependencies are paramount. Unlike cellular sheaves, which are defined over undirected graphs and932

enforce consistency through restriction maps ωx↗e : F(x) ↑ F(e), copresheaves operate on directed933

graphs, assigning learnable linear maps ωx↔y : F(x) ↑ F(y) along edges. This enables anisotropic934

information propagation, making them ideal for tasks such as physical simulations—where data935

flows asymmetrically, as in fluid dynamics or heat transfer—or natural language processing, where936

sequential word dependencies dominate. More importantly, the vertex-centric design, assigning937

vector spaces F(x) solely to vertices, aligns seamlessly with message-passing architectures like938

Graph Neural Networks (GNNs) and Topological Neural Networks (TNNs), allowing these maps to939

be parameterized and optimized during training. Empirical evidence from our experiments highlights940

that copresheaf-based models outperform traditional architectures in capturing complex dynamics,941

demonstrating their superior ability to model spatially varying patterns and long-range dependencies942

in general applications. See Table 6 for a summary of the comparison between copresheaves and943

cellular sheaves.944

Furthermore, copresheaves enhance machine learning models with a principled approach to regu-945

larization and expressiveness, broadening their suitability across heterogeneous domains. Standard946

neural network regularizers, such as ε2 decay or dropout, can be readily applied to copresheaf maps,947
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with optional structural losses like path-consistency ensuring morphism compositionality. This948

adaptability stands in stark contrast to the rigid cohomological constraints of cellular sheaves, which949

enforce local-to-global agreement through terms like ⇒Fx↗e(hx)⇑ he⇒2, limiting their flexibility in950

domains with asymmetric relationships. Copresheaves, by learning edge-wise maps, offer greater951

expressiveness for tasks involving non-Euclidean or multi-scale data, as evidenced by the superior952

performance of CopresheafConv layers on grid-based tasks. This makes them particularly effective953

for applications such as image segmentation, 3D mesh processing, or token-relation learning, where954

traditional methods like Convolutional Neural Networks (CNNs) struggle with directional or hierar-955

chical structures. Our experiments further corroborate that copresheaf-augmented models consistently956

improve accuracy and detail recovery across diverse tasks, positioning them as a more suitable and957

generalizable tool for machine learning applications spanning Euclidean and non-Euclidean domains958

alike.959
Table 6: Comparison between copresheaves and cellular sheaves.

Aspect Copresheaf Cellular Sheaf Hansen and Ghrist [2019c]

Graph type Directed graph G = (V,E) Undirected graph G = (V,E)
Assigned to vertices Vector space F(x) for each x → V Vector space F(x) for each x → V

Assigned to edges Linear map ωx→y : F(x) ↑ F(y) for each di-
rected edge x ↑ y → E

Vector space F(e) for each edge e → E

Associated maps Pushforward: moves data forward along edges Restriction: pulls data back from vertices to edges
Map direction F(x) ↑ F(y) (source to target) F(x) ↑ F(e) (vertex to incident edge)
Interpretation Nodes have local features; edges transform and

transmit them
Edges represent shared contexts; vertex features
are restricted into them

Goal / Objective Learn and compose edge-wise feature-space maps Enforce coherence across by gluing local data
Typical Regularization Standard NN regularizers (ε2 decay, spectral-

norm, dropout, norm); optional structure losses
(path-consistency, holonomy)

Agreement between restricted vertex features and
the edge-stalk, e.g., ↓Fx↑e(hx)↔ he↓2

Use in learning Embedding-level message passing, directional in-
fluence, anisotropic information flow

Compatibility across shared structures, enforcing
local consistency, cohomological constraints

B.4 Copresheaf Neighborhood Matrix Example960

We define a copresheaf neighborhood matrix (CNM) for a combinatorial complex with an incidence961

neighborhood, guiding the reader through the setup, neighborhood, graph, copresheaf, and matrix.962

Setup. Consider a combinatorial complex X = (S,X , rk) with S = {a, b, c}, cells X =963

{{a}, {b}, {c}, {a, b}, {b, c}}, and ranks rk({a}) = rk({b}) = rk({c}) = 0, rk({a, b}) =964

rk({b, c}) = 1, etc. Thus, X 0
= {{a}, {b}, {c}}, X 1

= {{a, b}, {b, c}}. See Figure 3.965

(a) (b)

Figure 3: (a) A combinatorial complex X = (S,X , rk) with S = {a, b, c}, cells X =

{{a}, {b}, {c}, {a, b}, {b, c}}. The figure also shows the induced directed graph GNinc = (VN , EN )

from the incidence neighborhood structure on the combinatorial complex X . Each arrow z ↑ y

represents a directed edge from a 1-cell to a 0-cell where y ⇓ z, and is associated with a linear
map ωz↔y as part of the copresheaf. (b) The copresheaf neighborhood matrix (CNM) GNinc , where
rows are indexed by 0-cells {a}, {b}, {c} and columns by 1-cells {a, b}, {b, c}. The matrix entries
are linear maps ωz↔y when z ↓ Ninc(y), and 0 otherwise. This matrix supports directional feature
propagation from 1-cells to 0-cells.
Incidence Neighborhood. The incidence neighborhood Ninc : X ↑ P(X ) is:966

Ninc(x) = {y ↓ X | x ⇓ y}.

For 0-cells: Ninc({a}) = {{a, b}}, Ninc({b}) = {{a, b}, {b, c}}, Ninc({c}) = {{b, c}}. For 1-cells:967

Ninc({a, b}) = Ninc({b, c}) = ↗. The effective support is XN = {{a}, {b}, {c}}.968
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Induced Graph. We induce a directed graph GN = (VN , EN ), with:969

VN = XN ⇐
⋃

x↑X
Ninc(x) = {{a}, {b}, {c}, {a, b}, {b, c}} = X ,

970
EN = {y ↑ x | x ↓ XN , y ↓ Ninc(x)} = {{a, b} ↑ {a}, {a, b} ↑ {b}, {b, c} ↑ {b}, {b, c} ↑ {c}}.

Copresheaf. The Ninc-dependent copresheaf assigns F(x) = R2 to each x ↓ VN , and linear maps971

ωy↔x : R2 ↑ R2 for y ↑ x ↓ EN :972

ω{a,b}↔{a} =

[
1 0

0 0.5

]
, ω{a,b}↔{b} = ω{b,c}↔{b} =

[
1 0

0 1

]
, ω{b,c}↔{c} =

[
1 0

0 0.75

]
.

Neighborhood Matrix. The CNM GN for Y = X 0, Z = X 1 is:973

[GN
]i,j =

{
ωzj↔yi if zj ↓ Ninc(yi),

0 otherwise.

For Y = {{a}, {b}, {c}}, Z = {{a, b}, {b, c}}:974

GN
=




ω{a,b}↔{a} 0

ω{a,b}↔{b} ω{b,c}↔{b}
0 ω{b,c}↔{c}



 .

This matrix facilitates message passing from 1-cells to 0-cells, e.g., bond-to-atom feature propagation.975

More generally, Figure 4 shows an illustrative example of the general setup of copresheaf higher-order976

message passing on a CC with multiple neighborhood functions.977

Figure 4: Illustration of copresheaf higher-order message passing. Left-hand Side: Shows a central
cell x (as a circle) with arrows pointing to boxes labeled N1(x),N2(x), . . . ,Nk(x), representing
the collection of neighborhood functions N = {Nk}nk=1. Right-hand Side: Depicts the message-
passing process for the same cell x. Each neighborhood Nk(x) produces an aggregated message
using

⊕
y↑Nk(x)

ϑNk(ωy↔x(h
(ω)
y )). These messages are then combined using the inter-neighborhood

function ϖ, shown as a box, with an arrow updating x.

C Expressive power of CTNNs978

C.1 Universal Approximation of N -Dependent Copresheaves979

Here, we demonstrate that multilayer perceptrons (MLPs) can approximate arbitrary copresheaf980

morphisms induced by neighborhood functions. This result ensures that the proposed sheaf-based981

model is sufficiently expressive to capture complex data interactions.982

Proposition 5 (Universal Approximation of N -Dependent Copresheaves). Let X be a finite combina-983

torial complex and N a neighborhood function on X . Suppose GN ⇑↑ VectR is an N -dependent984

copresheaf with stalks FN
(x) = Rd and morphisms ωNy↔x. Let a feature map985

h : X ↑ Rd
, x ⇔↑ hx
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be given so that the 2d-vectors (hy,hx) are pairwise distinct for every directed edge y ↑ x. Define986

A =
{
(hy,hx)

∣∣ y ↑ x
}

⇓ R2d
, g : A ↑ Rd↓d

, g(hy,hx) = ω
N
y↔x.

Then for any ς > 0 there exists a multilayer perceptron ” : R2d ↑ Rd↓d with sufficiently many987

hidden units such that
∥∥”(hy,hx)⇑ ω

N
y↔x

∥∥ < ς for all y ↑ x.988

Proof. Since A is finite and its elements are distinct, the assignment g : A ↑ Rd↓d is well-defined.989

Enumerate A = {ai}i↑I , choose disjoint open neighborhoods Ui ↖ ai, and pick smooth “bump”990

functions991

φi : R2d ↑ [0, 1], φi(ai) = 1, supp(φi) ⇓ Ui.

Then the sum992

f(a) =

∑

i↑I

g(ai)φi(a)

is a smooth map f : R2d ↑ Rd↓d satisfying f |A = g.993

Since A is finite, choose a compact set K → R2d containing A, ensuring the applicability of the994

Universal Approximation Theorem. By that theorem, for any ς > 0 there is an MLP ” such that995

sup
a↑K

∥∥”(a)⇑ f(a)
∥∥ < ς.

In particular, for each ai ↓ A we have996

∥∥”(ai)⇑ g(ai)
∥∥ =

∥∥”(hy,hx)⇑ ω
N
y↔x

∥∥ < ς,

for every y ↑ x. This completes the proof.997

D Sheaf Neural Networks Are Copresheaf Message-Passing Neural Networks998

In this appendix, we prove Theorem 1 and Proposition 2, which demonstrate that existing Sheaf999

Neural Networks (SNNs), including sheaf diffusion networks, are special cases of the Copresheaf1000

Message-Passing Neural Network (CMPNN) framework (Definition 1). Moreover, we summarize1001

how other sheaf-based neural architectures align with our unifying message-passing framework (see1002

Table 7).1003

Proof of Theorem 1. We construct the bidirected graph G
↘ and define the copresheaf G on it, then1004

demonstrate the equivalence of the message-passing operations.1005

First, construct the bidirected graph G
↘
= (V,E

↘
) from G = (V,E) by replacing each undirected1006

edge {u, v} ↓ E with two directed edges (u, v), (v, u) ↓ E
↘. This ensures that G↘ retains the1007

connectivity of G while introducing explicit directionality.1008

Next, define the copresheaf G : G
↘ ↑ VectR as follows:1009

• For each vertex x ↓ V , assign G(x) = F(x), where F(x) is the vector space associated to1010

x by the cellular sheaf F .1011

• For each directed edge (v, u) ↓ E
↘, corresponding to the undirected edge e = {u, v} ↓1012

E, define the linear morphism ωv↔u : G(v) ↑ G(u) by ωv↔u = F≃
uεe ↙ Fvεe, where1013

Fvεe : F(v) ↑ F(e) and Fuεe : F(u) ↑ F(e) are the restriction maps of F , and1014

F≃
uεe : F(e) ↑ F(u) is the adjoint with respect to an inner product on F(e).1015

Now, consider the SNN message-passing mechanism along the edge e = {u, v}. For a feature vector1016

hv ↓ F(v) at vertex v, the message transmitted to vertex u is given by F≃
uεe ↙ Fvεe(hv).1017

In the copresheaf G on G
↘, the morphism associated with the directed edge (v, u) is ωv↔u =1018

F≃
uεe ↙ Fvεe. Applying this morphism, the message-passing operation in the Copresheaf Message-1019

Passing Neural Network (CMPNN) yields ωv↔u(hv) = F≃
uεe ↙ Fvεe(hv), which is identical to the1020

SNN message.1021
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Method (Paper) Message Passing Equation Notable Features Restriction Map ωy→x

Sheaf Neural Network
(SNN)
Hansen & Gebhart (2020)

h(l+1)
x = ϑ



h(l)
x +

∑

y↓N (x)

ωy→xh
(l)
y





Linear restriction maps ωy→x assigned
per edge; enables high-dimensional,
direction-aware message passing via
sheaf structure.

ωy→x = F↔
xωeFyωe, fixed linear

map, e = {x, y}

Neural Sheaf Diffusion
(NSD)
Bodnar et al. (2022)

h(l+1)
x = h(l)

x ↔ ϑ




∑

xωe

ωx→xh
(l)
x ↔

∑

y↓N (x)

ωy→xh
(l)
y




Diffusion over learned sheaf Laplacian;
restriction maps ωy→x are learnable, re-
flecting edge-mediated interactions.

ωy→x = F↔
xωeFyωe, learned lin-

ear map, e = {x, y}

Sheaf Attention Network
(SAN)
Barbero et al. (2022)

h(l+1)
x = ϑ




∑

y↓N (x)

ϖxy(hx,hy) ωy→xh
(l)
y





Attentional sheaf: attention weights ϖxy

modulate the restricted neighbor feature;
mitigates oversmoothing in GAT-style
setups.

ωy→x: learned linear map, pa-
rameterized to capture feature
space relationships

Connection Laplacian SNN
Barbero et al. (2022) h(l+1)

x = ϑ



h(l)
x +

∑

y↓N (x)

Oxyh
(l)
y





Edge maps Oxy are orthonormal, de-
rived from feature space alignment; re-
duces learnable parameters and reflects
local geometric priors.

Oxy: orthonormal matrix,
learned to align feature spaces
across edges

Heterogeneous Sheaf Neural
Network (HetSheaf)
Braithwaite et al. (2024)

h(l+1)
x = ϑ



h(l)
x +

∑

y↓N (x)

ωy→x(hx,hy)h
(l)
y





Type-aware sheaf morphisms: ωy→x

depend on node and edge types, en-
abling structured heterogeneity across
the graph.

ωy→x: type-aware learned lin-
ear map, parameterized by node
and edge types

Adaptive Sheaf Diffusion
Zaghen et al. (2024)

h(l+1)
x = h(l)

x + ϑ




∑

y↓N (x)

ωy→x(hx,hy) (h
(l)
y ↔ h(l)

x )




Nonlinear Laplacian-like dynamics with
adaptive, feature-aware restriction maps
ωy→x; enhances expressiveness and lo-
cality.

ωy→x: feature-aware learned
linear map, parameterized by
node features

Table 7: Unified message passing formulations of various sheaf neural networks using HOMP
notation. The restriction maps ωy↔x may be linear, data-driven, or attentional depending on the
model.

To ensure that G is a well-defined copresheaf, observe that it assigns vector spaces to vertices and1022

linear maps to directed edges in a functorial manner. Specifically, for each directed edge (v, u) ↓ E
↘,1023

the map ωv↔u is a composition of linear maps and thus linear. The identity and composition properties1024

are satisfied implicitly through the consistency of the sheaf restriction maps.1025

Therefore, the SNN message passing, which operates via intermediate edge spaces in F , is equiv-1026

alently represented as direct vertex-to-vertex message passing in the copresheaf G on G
↘. This1027

completes the proof.1028

Proof of Proposition 2. Compute:1029

(In ∝W1)H = [W1hv]v↑V ,
1030

(
!F ∝ I


(In ∝W1)HW2 =


∑

u↑V

LF,v,uW1huW2



v↑V

,

1031

h
+
v = hv ⇑

∑

u↑N (v)⇐{v}

W2LF,v,uW1hu,

since LF,v,u = 0 for u /↓ N (v) ⇐ {v}.1032

Interpret G as a directed graph with edges u ↑ v for u ↓ N (v) and v ↑ v. Define: - Message1033

function: ϑ(hv, ωu↔vhu) = W2LF,v,uW1hu, - Morphisms: ωu↔v implicitly encoded via LF,v,u, -1034

Aggregator: ↘ =


, - Update: ϖ(hv,m) = hv ⇑m.1035

Thus:1036

h
+
v = ϖ


hv,

∑

u↔v

ϑ(hv, ωu↔vhu)


,

matching Definition 1.1037

Table 7 provides a summary of sheaf neural networks realized in terms of Definition 1.1038

E General Copresheaf-Based Transformer Layer1039

The main idea to introduce a copresheaf structure to the transformer is the following. For every1040

ordered pair y↑x (within an attention head) we define a parametrized =copresheaf map1041

ωy↔x : Rd ⇑↑ Rd
, vy ⇔⇑↑ ωy↔x vy,
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transports the value vector from the stalk at y to the stalk at x. Given attention weights ϑxy =1042

softmaxy↑N (x)((q
≃
xky)/

′
d), the head message is mx =


y↑N (x) ϑxy ωy↔x vy.1043

In Alg. 1, we provide the pseudocode for our generic copresheaf-based transformer layer. This1044

algorithm outlines the layer-wise update rule combining self-attention within cells of equal rank and1045

cross-attention between different ranks, using learned copresheaf morphisms to transfer features1046

between stalks. It generalizes standard transformer mechanisms by introducing neighborhood-1047

dependent transformations.1048

General Copresheaf-Based Transformer Layer

1: procedure SHEAFTRANSFORMERLAYER(X ,N , {h(ε)
x → F(x)}x↓X )

2: for x → X k do ϱ Self-attention on k-cells
3: qx ↗ Wqh

(ε)
x , kx ↗ Wkh

(ε)
x , vx ↗ Wvh

(ε)
x

4: mx ↗ 0
5: for y → Nk(x) do
6: axy ↗ softmaxNk(x)(↘qx, ky≃/

⇐
p)

7: ṽxy ↗ ωy→x(vy)
8: mx ↗ mx + axy ṽxy

9: end for
10: h

(ε+1)
x ↗ ς(h(ε)

x ,mx)
11: end for
12: for x → X kt do ϱ Cross-attention from ks to kt

13: qx ↗ W
s→t
q h

(ε)
x

14: mx ↗ 0
15: for y → Ns→t(x) do
16: ky ↗ W

s→t
k h

(ε)
y , vy ↗ W

s→t
v h

(ε)
y

17: axy ↗ softmaxNs→t(x)(↘qx, ky≃/
⇐
p)

18: ṽxy ↗ ωy→x(vy)
19: mx ↗ mx + axy ṽxy

20: end for
21: h

(ε+1)
x ↗ ς(h(ε)

x ,mx)
22: end for
23: return {h(ε+1)

x }x↓X
24: end procedure

Algorithm 1: Copresheaf Transformer layer integrating standard attention with learned
copresheaf morphisms.

1049

F Copresheaf Learning on Euclidean Data1050

The CopresheafConv layer leverages copresheaf structures to process data on a D-dimensional grid1051

X ⇓ ZD, offering distinct advantages over traditional convolutional neural networks (CNNs). By1052

defining a copresheaf on a combinatorial complex (CC) constructed from the grid, where cells1053

represent grid points (0-cells) and their pairwise connections (1-cells), the layer employs learnable1054

morphisms ωy↔x : F(y) ↑ F(x) that dynamically adapt to directional relationships between1055

points. Unlike static convolutional filters, these morphisms capture anisotropic, directionally de-1056

pendent interactions, preserving topological nuances of the grid’s geometry. In contrast, regular1057

convolutional kernels enforce translation invariance, limiting their ability to model spatially vary-1058

ing or directional patterns. The copresheaf is defined over an adjaency neighborhood function1059

Nadj(x) = {y ↓ X | {x, y} ↓ X 1}, restricting computation to local, grid-adjacent neighbors, thus1060

ensuring efficiency comparable to CNNs. The morphisms, potentially nonlinear, are conditioned on1061

input features h(ω)
x ,h

(ω)
y and grid positions, enabling the layer to model complex, multi-scale depen-1062

dencies. This makes CopresheafConv ideal for tasks like image segmentation, 3D mesh processing,1063

or geometric deep learning, where local and hierarchical relationships are critical. Empirical results1064

demonstrate superior performance in capturing physical dynamics, underscoring its ability to handle1065

spatially varying patterns. Algorithm F shows the pseudocode for the CopresheafConv used in our1066

experiments.1067
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CopresheafConv on a D-Dimensional Grid

1: procedure CopresheafConv(X ⇒ ZD
, {h(ε)

x → F(x) = RCin}x↓X )
2: for x → X do
3: mx ↗ 0 → RCout

4: for y → N (x) do
5: ωy→x ↗ CopresheafMorphism(y, x) ϱ map conditioned on h

(ε)
x , h

(ε)
y (and thus on

x, y))
6: mx ↗ mx + ωy→x(h

(ε)
y )

7: end for
8: h

(ε+1)
x ↗ mx

9: end for
10: return {h(ε+1)

x }x↓X
11: end procedure
12: procedure COPRESHEAFMORPHISM(y, x) ϱ Return the learned copresheaf morphism ωy→x,

potentially nonlinear, ϱ conditioned on both source and target features (h(ε)
x , h

(ε)
y ).

13: return ωy→x

14: end procedure
1068

G Experiments1069

We now provide further evaluations on additional real and synthetic datasets. We start with a synthetic1070

timeseries dataset where.... We then introduce a structure recognition benchmark of oriented ellipses,1071

hierarchical triangles and hierarchical polygons. We then put our transformer models to test at airfoil1072

self-noise regression task as an important industrial application.1073

G.1 Synthetic Control Tasks1074

Six canonical univariate time–series patterns—normal, cyclic, increasing trend, decreasing trend,1075

upward shift, downward shift—are procedurally generated. We obtain 600 sequences of length 601076

(100 per class), normalised to the interval [⇑1, 1], with an 80:20 split for training and test.1077

Table 8: Synthetic Control – mean±std over
3 runs.

Model Max acc. (%)

Standard Transformer 98.61± 0.40
Copresheaf Transformer 99.44± 0.39

Models & set-up. A lightweight vanilla Trans-1078

former (32-d model, 4 heads, 2 layers) is compared1079

with an identically sized Copresheaf Transformer,1080

where multi-head attention is replaced by a gated1081

outer-product tensor-attention layer with orthogonal-1082

ity (↼ = 0.01) and sparsity (↼ = 10
⇒4) regularisers.1083

Both models share sinusoidal-with-linear-decay positional encodings, use Adam (10⇒3), batch 32,1084

train for 15 epochs, and each experiment is repeated with three random seeds.1085

Results. As seen in Table 8, he Copresheaf Transformer yields a consistent improvement of +0.8–1.01086

percentage points (pp) over the vanilla Transformer while remaining lightweight and training in1087

comparable wall-clock time (< 1 min/run on a single GPU), highlighting the benefit of richer token-1088

pair transformations for recognition tasks.1089

G.1.1 Structure Recognition datasets1090

In this experiment we consider two synthetic image datasets containing oriented ellipses or hierarchi-1091

cal triangles.1092

Dataset (Oriented Ellipses). Each 32∞32 RGB image contains a single black ellipse on a white1093

background. The horizontal and vertical semi-axes a, b are drawn uniformly from {4, 5, . . . , 12}1094

pixels, and the ellipse is rotated by a random angle in [0, 180
⇑
). The task is to predict the coarse ori-1095

entation bin (4 bins of 45⇑ each). We synthesise 6,000 images, keep 5,000:1,000 for train/validation,1096

and rescale pixels to [⇑1, 1].1097

Dataset (Hierarchical Triangles).. Each 32∞32 RGB image contains six coloured circles—red,1098

green, blue, yellow, cyan, magenta—placed on two nested equilateral triangles (inner radius 8 px,1099

outer 12 px). Colours are randomly permuted. A hand-crafted hierarchy of linear maps (inner-triangle,1100
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outer-triangle, cross-level) is applied to the circles’ one-hot colour vectors; the image is labelled1101

1 when the resulting scalar exceeds a fixed threshold, else 0. We generate 6,000 images and keep1102

5,000:1,000 for train/validation.1103

Models & set-up (shared). Both tasks use the same compact Vision-Transformer backbone: 32-1104

dim patch embeddings (patch size 8), 4 heads, 2 layers, learnable positional embeddings, AdamW1105

(3∞ 10
⇒4). The baseline is a Regular ViT; its counterpart is an identically sized Copresheaf ViT in1106

which multi-head attention is replaced by an outer-product copresheaf mechanism (stalk-dim = 8).1107

Oriented Ellipses is trained with batch 128; Hierarchical Triangles with batch 64. All runs use 301108

epochs and three independent seeds.1109

Table 9: Validation accuracy on both synthetic vision
tasks (mean±std over three seeds).

Dataset Regular ViT Copresheaf ViT
Oriented Ellipses 84.13± 4.12 96.23± 0.33
Hierarchical Triang. 95.47± 1.31 96.87± 0.26

Results. Across both synthetic vision tasks1110

the Copresheaf ViT consistently surpasses1111

the Regular ViT: a dramatic +12.1 pp gain1112

on Oriented Ellipses and a subtler yet sta-1113

tistically tighter +1.4 pp on Hierarchical1114

Triangles, while also cutting variance by1115

an order of magnitude in the latter case (see Table 9). These outcomes underscore that replacing1116

standard attention with copresheaf-guided outer-product maps yields robust improvements for both1117

low-level geometric orientation recognition and higher-level nested-structure reasoning, all without a1118

significant increase of model size or training budget.1119

G.1.2 Classifying Hierarchical Polygons1120

Similar to the previous section, we now synthesize a hierarchy of nested regular polygons. In1121

particular, each 32∞32 RGB image contains a variable number n ↓ {6, 8, 10} of coloured circles1122

arranged on two nested regular polygons (inner radius 8 px, outer 12 px). The first n/2 circles form1123

the inner polygon, the remainder the outer; colours are drawn from a palette of n distinct hues and1124

randomised per sample. A hierarchy of hand-crafted linear maps is applied to one-hot colour vectors:1125

pairwise maps on the inner polygon (Finner), on the outer polygon (Gouter), and a cross-level map1126

H . The image is labelled 1 when the resulting scalar exceeds a threshold, else 0. For each n we1127

synthesise 6,000 images, keep 5,000:1,000 for train/validation, and normalise pixels to [⇑1, 1].1128

Figure 5: Validation accuracy
(mean ± 1 s.d., 3 runs) as task
difficulty increases.

Models & training. We reuse the compact ViT backbone (32-1129

dim patch embeddings, patch size 8, 4 heads, 2 layers, learnable1130

positional embeddings). The Regular ViT is compared with an1131

identically sized Copresheaf ViT, which replaces multi-head at-1132

tention with rank-restricted copresheaf outer-product maps (stalk-1133

dim = 8). Both networks are trained for 10 epochs with AdamW1134

(3∞ 10
⇒4), batch 64; each configuration is run three times.1135

Results. Figure 5 shows that the Copresheaf ViT consistently1136

exceeds the Regular ViT at n=6 ( 0.72 vs 0.66) and regains a1137

clear lead at n=10 ( 0.63 vs 0.57) despite both models dipping1138

at n=8. The Copresheaf curve displays narrower uncertainty1139

bands at the hardest setting, indicating greater run-to-run stability.1140

Overall, copresheaf-guided attention scales more gracefully with combinatorial complexity, capturing1141

cross-level dependencies that standard self-attention struggles to model.1142

G.1.3 Airfoil Self-Noise Regression1143 Table 10: Test MSE (mean±std over two
runs).

Model MSE ⇑
Regular Transformer 0.0223 ± 0.0001
Copresheaf Transf. 0.0208 ± 0.0002

The UCI airfoil dataset (1 503 rows) maps five continuous1144

descriptors—frequency, angle of attack, chord length, free-1145

stream velocity, Reynolds number—to the sound-pressure1146

level (dB). Inputs and target are min–max scaled to [0, 1];1147

we keep only 400:100 train/test samples for a low-data1148

setting.1149

Models Both regressors share a minimalist backbone: 64-d token embedding → 2-layer, 4-head1150

Transformer → mean pooling → scalar head. The Copresheaf variant swaps dot-product attention for1151

learned outer-product maps ωij that depend on each token pair, whereas the Regular baseline keeps1152

standard self-attention. Training uses Adam (10⇒4), 1000 epochs, batch 32.1153
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Results. On the small 100-sample test set the Copresheaf regressor lowers MSE by 6.7% relative1154

to the regular Transformer and maintains sub-10⇒4 run-to-run variance (see Table 10), confirming1155

that pair-specific linear transports help model heterogeneous feature interactions even in data-scarce1156

regimes.1157

G.2 Pixelwise Regression Tasks: Evaluating CopresheafConv2D Layers1158

We evaluate neural network models incorporating CopresheafConv2D layers—custom convolutional1159

layers with patch-wise trainable linear morphisms—against standard convolutional models across1160

four synthetic pixelwise regression tasks: PDE regression (Bratu and convection–diffusion equations),1161

image denoising, distance transform regression, and edge enhancement. In all tasks, Copresheaf-based1162

models consistently achieve lower Mean Squared Error (MSE) and Root Mean Squared Error (RMSE)1163

compared to standard convolutional models, suggesting improved modeling of spatial structures and1164

relationships.1165

Task Definitions.1166

• PDE Regression:1167

– Bratu Equation: A nonlinear reaction–diffusion PDE:1168

⇑!u = g(x, y) e
u
, u

∣∣
ϑ!

= 0,

where g(x, y) is a source intensity.1169

– Convection–Diffusion Equation: A transport PDE:1170

⇑ ↽!u+ cx ⇀xu+ cy ⇀yu = g(x, y), u
∣∣
ϑ!

= 0,

with diffusion ↽ and velocities cx, cy .1171

• Image Denoising: Recovering clean structured images (sinusoidal patterns with a Gaussian bump,1172

normalized to [0,1]) from Gaussian noise (⇁ = 0.3).1173

• Distance Transform Regression: Predicting the normalized Euclidean distance transform of a1174

binary segmentation (thresholded at 0.5) of structured images.1175

• Edge Enhancement: Predicting edge maps from structured images using a difference-of-1176

anisotropic-Gaussians (DoG) transformation.1177

Model and Training Setup. For PDE regression and distance transform tasks, we use U-Net1178

variants: CopresheafUNet (with CopresheafConv2D layers) and ConvUNet (with standard Conv2d1179

layers), both with a four-level backbone (64↑128↑256↑512 channels). For image denoising1180

and edge enhancement, we use four-layer convolutional networks: CopresheafNet and ConvNet1181

(1↑8↑16↑8↑1 channels). All models are trained on 64 ∞ 64 inputs using the Adam optimizer1182

and MSE loss, with task-specific settings (learning rates 10⇒3 or 10⇒4, batch sizes 8 or 16, 80–3001183

epochs). Results are averaged over 3 random seeds.1184

Table 11: Mean (± std over 3 seeds) of MSE and RMSE across all tasks.
Task Model MSE RMSE

Bratu Equation CopresheafUNet 0.0001± 0.0002 0.0108± 0.0003
ConvUNet 0.0003± 0.0002 0.0183± 0.0007

Convection–Diffusion CopresheafUNet 0.0004± 0.0001 0.0205± 0.0010
ConvUNet 0.0006± 0.0002 0.0232± 0.0012

Image Denoising CopresheafNet 0.0010± 0.0001 0.0310± 0.0010
ConvNet 0.0011± 0.0002 0.0336± 0.0015

Distance Transform CopresheafUNet 0.0001± 0.00002 0.0105± 0.0003
ConvUNet 0.0002± 0.00003 0.0156± 0.0005

Edge Enhancement CopresheafNet 0.0008± 0.0001 0.0283± 0.0010
ConvNet 0.0009± 0.0002 0.0300± 0.0015

Take-away. Across all tasks, replacing standard convolutional layers with CopresheafConv2D layers1185

results in lower MSE and RMSE (see Table 11). This consistent improvement suggests that patch-wise1186

linear maps enhance the models’ ability to capture complex spatial patterns. These findings highlight1187

the potential of Copresheaf-based architectures for pixelwise regression problems. Subsequently,1188

we address two challenges related to token classification: real/fake token sequence detection and1189
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Figure 6: Model outputs across tasks. A: Bratu equation—input g, target u, CopresheafUNet vs.
ConvUNet predictions. B: Convection–diffusion—input g, target u, CopresheafUNet vs. ConvUNet
predictions. C: Distance transform—input image, target transform, CopresheafUNet vs. ConvUNet
predictions. D: Image denoising—noisy input, clean target, CopresheafNet vs. ConvNet predictions.
E: Edge enhancement—input image, target edge map, CopresheafNet vs. ConvNet predictions.
Copresheaf-based models show subtle improvements in detail recovery.

segment-wise token classification. Finally, we conduct a preliminary study on shape classification1190

using copresheaf-augmented attention and graph classification a molecular benchmark, MUTAG.1191

These are followed by applications in graph connectivity classification and text classification on1192

TREC coarse label benchmark.1193

G.2.1 Learning Token-Relations with Copresheaf Attention1194

We study five problems that differ only in the (non)linear operator unknown applied to the first half of1195

a random token sequence (or to a second related sequence). The classifier must decide whether the1196

tail is just a noisy copy (label 0) or a transformed version of the head (label 1).1197

• Orthogonal block. Eight 16-d “head” tokens are either copied (+0.05 noise) or rotated by1198

a sample-specific orthogonal matrix before adding the same noise.1199

• Per-token scaling. As above, but the tail is ϑi xi+noise with ϑi ∈ U[0.4, 1.6].1200

• Rotated copy (embedded 2-D). Six 2-D points are mapped to 16 d by a fixed linear embed,1201

duplicated to a 12-token sequence; the tail is either a noisy copy or the points after a random1202

planar rotation.1203
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• Query → context linearity. Two parallel sequences (50∞ 16 “query”, 50∞ 24 “context”).1204

Class 0: context is a global affine transform of the query with partly correlated semantics.1205

Class 1: context comes from a quadratic warp and weak semantic correlation.1206

• Affine vs. Quadratic Token Relations . Two parallel sequences (length-6, query dim 16,1207

context dim 24). Class 0: context is a linear spatial transformation (rotation + translation) of1208

the query plus correlated semantic noise. Class 1: context is generated via a spatial quadratic1209

(nonlinear) transformation with weaker semantic correlation.1210

Table 12: Mean accuracy (± std, 3 seeds).

Task Classic Copresheaf

Orthogonal block 0.732± 0.009 0.928± 0.007
Per-token scaling 0.521± 0.005 0.707± 0.004
Rotated copy (2-D) 0.739± 0.010 0.896± 0.033
Query → context 0.608± 0.046 0.992± 0.012
Affine vs. Quadratic Relations 0.588± 0.047 0.900± 0.027

Data. Tasks 1–2 use 16 to-1211

kens, task 3 uses 12, task 41212

uses two length-50 sequences, task1213

5 uses two length-6 sequences.1214

For each of three seeds we draw1215

4,096:1,024 train/test sequences1216

(task 4–5: 320:80).1217

Backbone & training. A tiny1218

Transformer encoder (4 heads, token dim 16, stalk-dim 4) → mean-pool → 2-way classifier. Classic1219

uses vanilla dot-product attention; Copresheaf augments it with learned token-pair copresheaf maps1220

(we chose General Copresheaf for the first two tasks, and Non-linear MLP for tasks 3–5). We train1221

for 8 / 12 / 10 / 10 / 10 epochs respectively with Adam (10⇒3), batch 64.1222

Figure 7: Accuracy as a func-
tion of number of attention heads.
Even with low capacity, the
copresheaf-augmented model per-
fect generlization of the Query to
Context task.

Take-away. Across in-sequence, element-wise, embedded-1223

geometric, and cross-sequence settings—including varying de-1224

grees of spatial and semantic correlation—injecting copresheaf1225

transports into self-attention consistently lifts accuracy signifi-1226

cantly (up to +38 pp, as seen in Table 12). This highlights a1227

general principle: tasks whose signals reside in relations between1228

tokens rather than in absolute token content strongly benefit from1229

explicitly modeling these relations through learnable copresheaf-1230

induced attention.1231

Limited Attention Capacity. We study the impact of attention1232

capacity on relational reasoning, by varying the number of heads1233

in a small transformer and testing its ability to classify Query →1234

context dataset provided in Section G.2.1.1235

We evaluate three setups: a baseline transformer, the same model1236

augmented with positional encoding (PE), and a copresheaf-1237

augmented transformer with 2 heads. Figure 7 shows accuracy as a function of attention capacity.1238

While positional encoding improves baseline accuracy slightly, the copresheaf-augmented attention1239

with just two heads outperforms all classic models, even those with eight times more heads. This1240

highlights the value of inductive relational structure over brute-force capacity scaling.1241

G.2.2 Segment-wise Token Classification1242

Table 13: Mean segmentation accu-
racy (± std, 3 seeds).

Model Accuracy

Classic 0.705 ± 0.010
Copresheaf-FC 0.833 ± 0.015
Copresheaf-MLP 0.831 ± 0.007
Copresheaf-SPD 0.743 ± 0.017

We test whether copresheaf attention improves token-level1243

classification in a sequence partitioned into contiguous seg-1244

ments with distinct patterns. The classifier must assign a1245

segment label (0, 1, or 2) to each token based on its local1246

context.1247

Data.1248

Each input is a sequence of 100 tokens, where each token1249

is a 16-dimensional feature vector. The sequence is divided1250

into three contiguous segments, each following a different pattern: (i) a cosine oscillation, (ii) a1251

linearly increasing ramp, or (iii) an exponentially decreasing signal, with additive noise. The task is1252

to predict the correct segment label for each token. We generate 300 training sequences and evaluate1253

on three random seeds.1254
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Backbone & training We use a 2-layer encoder with 4 heads, token dim 16, and stalk-dim 4. A1255

linear classifier maps each token to one of 3 segment labels. Classic is standard attention; Copresheaf1256

augments each attention head with learned per-token transport maps. We train for 10 epochs using1257

Adam (1e-3), with batch size 32.1258

Take-away. Injecting copresheaf structure into attention substantially improves token-wise segmenta-1259

tion accuracy, especially with expressive MLP kernels (see Table 13). This demonstrates that local1260

consistency constraints enforced by per-token transport maps help resolve semantic boundaries even1261

in noisy, positionally ambiguous settings.1262

G.2.3 Topological Shape Classification1263

We evaluate copresheaf-augmented attention on a synthetic 3D point cloud classification task. Each1264

input is a set of 128 points in R3 sampled from one of four classes: cube, sphere, torus, and twisted1265

torus. Rotations are applied to remove alignment bias.1266

Data. The dataset consists of 480:160 train/test samples, balanced across the four classes. Each point1267

cloud is processed as a sequence of 128 points with 3D coordinates.1268

Table 14: Mean accuracy (± std, 3
seeds).

Model Accuracy

Classic 0.708± 0.031
Copresheaf 0.746± 0.034

Backbone & training. Both models use a 4-layer point trans-1269

former with 4 heads and head dimension 32. The Classic model1270

uses standard self-attention. The Copresheaf model augments1271

attention with diagonal copresheaf morphisms. We train each1272

model for 50 epochs using AdamW and cosine learning rate1273

decay across 3 random seeds.1274

Take-away. Copresheaf-augmented attention improves accu-1275

racy on 3D shape classification by enhancing sensitivity to latent geometric structure (see Table 14).1276

G.3 TREC Text Classification Task1277

We evaluate two transformer-based models on the TREC coarse-label question classification task,1278

which involves categorizing questions into 6 classes (e.g., abbreviation, entity, description). The1279

models are: Classic, a standard transformer with multi-head self-attention; and Copresheaf-FC,1280

which incorporates a GeneralSheafLearner to model stalk transformations.1281

Task Definition.. The TREC dataset consists of questions labeled with one of 6 coarse categories.1282

Inputs are tokenized questions truncated to 16 tokens, mapped to a vocabulary of size |V|, and1283

embedded into an 8-dimensional space. The task is to predict the correct class label for each question.1284

Table 15: Mean (± std over 4 seeds)
of test accuracy for the TREC classifi-
cation task.

Model Test Accuracy

Classic 0.7320± 0.0080
Copresheaf-FC 0.7500± 0.0150

Model and Training Setup. Both models use a single trans-1285

former block with 2 attention heads, an embedding dimen-1286

sion of 8, and a stalk dimension of 4 for the Copresheaf-based1287

model. The architecture includes an embedding layer, a trans-1288

former block with attention and feed-forward components,1289

adaptive average pooling, and a linear classifier. Compared1290

to state-of-the-art (SOTA) models, which often employ mul-1291

tiple transformer layers and high-dimensional embeddings for maximal performance, our networks1292

are intentionally small, using a single block and low embedding dimension to prioritize computational1293

efficiency and controlled experimentation. We train on the TREC training set (5452 samples) over1294

30 epochs with a batch size of 32, using the Adam optimizer with a learning rate of 10
⇒3 and1295

cross-entropy loss. The test set (500 samples) is used for evaluation. Each experiment is repeated over1296

4 random seeds. As seen in Table 15, the copresheaf models outperform their SOTA counterparts.1297

G.4 Catalogue of copresheaf maps1298

We also provide the table of copresheaf maps that we used throughout our experiments in Table 16.1299
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Map family Copresheaf map ωy→x (per head) Learnable params

General Copresheaf ωy→x = tanh
(
W

[
qx

ky

])
W → R2d↗d2

Pre-Linear Map ωy→x = qx k
↔
y none

Diagonal MLP Map ωy→x = diag
(
ϑ(MLP[qx, ky])

)
2-layer MLP

Graph Attention Map ωy→x = ϑ(MLP[qx, ky]) Id 2-layer MLP
Vision Spatial Map ωy→x = ϑ(MLP(px ↔ py))

(px, py → [0, 1]2 pixel coords)
2-layer MLP

Outer-Product Map ωy→x = Wqqx (Wkky)
↔

Wq,Wk → Rd↗d

Non-linear MLP Map ωy→x = reshape
(
MLP[qx, ky]

)
2-layer MLP (2d ↑
2d↑d

2)

Gaussian RBF Map ωy→x = e
↘≃qx↘ky≃2/2ϑ2

Id ϑ (scalar)
Dynamic Map ωy→x = reshape(Wfqx) Wf → Rd↗d2

Bilinear Map ωy→x = (b↔(qx, ky)) Id b → Rd↗d

SheafFC Map ωy→x = Id + tanh
(
W

[
qx

ky

])
W → R2d↗d2 (zero init)

SheafMLP Map ωy→x = Id + tanh
(
MLP[qx, ky]

)
2-layer MLP (last layer
zero init)

SheafSPD Map ωy→x = Id +QQ
↔
, Q = W

[
qx

ky

]
W → R2d↗d2 (no bias)

Table 16: Catalogue of copresheaf maps ωy↔x used in our training our copresheaf transformer model.
All maps act stalk-wise and are evaluated independently for each attention head; ⇁ is the logistic
function.

H Extended Related Work on Topological and Sheaf Neural Networks1300

Foundations of Sheaf Theory. Sheaf theory offers a unifying categorical framework across algebraic1301

geometry, topology, and algebra Bredon [1997]. Early computer-science applications exploited its1302

logical structure Fourman et al. [1977], Goguen [1992], and Srinivas generalized pattern matching via1303

sheaves on Grothendieck topologies Srinivas [1993], later extended to NP-hard problems Conghaile1304

[2022], Abramsky [2022]. Cellular sheaves, formalized in Curry [2014], underpin discrete topological1305

data analysis and signal processing Ghrist and Hiraoka [2011], Robinson [2014]. Hansen & Ghrist1306

introduced the sheaf Laplacian Hansen and Ghrist [2019c], learnable by convex optimization Hansen1307

and Ghrist [2019a]. Connection sheaves model discrete vector bundles Singer and Wu [2012] and1308

support manifold learning and Gaussian processes Peach et al. [2024].1309

Higher-Order Representations in Deep Learning. The growing interest in higher-order network1310

models Mendel [1991], Battiston et al. [2020], Bick et al. [2021] has catalyzed geometric and1311

topological deep learning. Techniques include simplicial, hypergraph, and cellular message-passing1312

schemes Gilmer et al. [2017], Ebli et al. [2020], Hayhoe et al. [2022], Hajij et al. [2020], Bunch et al.1313

[2020], skip connections Hajij et al. [2022], and convolutional operators Jiang et al. [2019], Feng1314

et al. [2019].1315

Sheaf Neural Networks. In recent years, sheaf-based generalizations of graph neural networks1316

(GNNs) have demonstrated notable improvements on tasks involving heterogeneous or non-Euclidean1317

data. Hansen and Gebhart Hansen and Gebhart [2020b] first introduced sheaf neural networks1318

(SNNs), which generalize graph neural networks (GNNs) by replacing neighborhood aggregation1319

with learnable linear “restriction maps”, thereby customizing information flow between nodes. By1320

allowing each edge to carry its own linear transformation, SNNs capture relationships in heterophilic1321

graphs more effectively than degree-normalized convolutions. Building on this idea, Bodnar et1322

al. Bodnar et al. [2022b] proposed Neural Sheaf Diffusion (NSD), which jointly learns both the1323

underlying sheaf structure and the diffusion dynamics. NSD layers adaptively infer the sheaf1324

Laplacian from data, mitigating the oversmoothing problem common in deep GNNs and achieving1325

superior performance on a range of heterophilic benchmark datasets. Barbero et al. Barbero et al.1326

[2022c] then combined NSD’s principled diffusion with attention mechanisms to formulate Sheaf1327
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Attention Networks (SANs). SANs modulate self-attention weights by the learned sheaf maps,1328

preserving long-range dependencies while respecting local sheaf geometry.1329

Alternative formulations include Bundle Neural Networks (BNNs) by Bamberger et al. Bamberger1330

et al. [2024], which reinterpret propagation as parallel transport in a flat vector bundle rather than1331

discrete message passing. Duta et al. Duta et al. [2024] extended sheaf methods to hypergraphs,1332

defining linear and nonlinear hypergraph Laplacians that capture higher-order interactions among1333

groups of nodes. On manifold-structured data, Tangent Bundle Neural Networks (TBNNs) proposed1334

by Battiloro et al. Battiloro et al. [2024] treat features as elements of tangent spaces and propagate1335

them along estimated geodesics, bridging continuous and discrete models.1336

Attention Mechanisms in Higher-Order Structures.1337

Attention mechanisms have been generalized to hypergraphs Kim et al. [2020], Bai et al. [2021] and1338

simplicial complexes Goh et al. [2022], Giusti et al. [2022], Battiloro et al. [2023], among else via1339

Hodge or Dirac operators. On combinatorial complexes, feature-lifting attention facilitate hierarchical1340

information propagation Giusti et al. [2023], Hajij et al. [2023b].1341

Applications and Extensions. These sheaf-theoretic architectures have found diverse applications,1342

from multi-document summarization Atri et al. [2023] and recommendation systems Purificato et al.1343

[2023] to community detection via sheaf cohomology Wolf and Monod [2023] and personalized1344

federated learning with Sheaf HyperNetworks Nguyen et al. [2024], Liang et al. [2024]. In repre-1345

sentation learning, many knowledge-graph embedding techniques have been reinterpreted as sheaf1346

global-section problems Gebhart et al. [2023], Kvinge et al. [2021]. Together, these advances high-1347

light the expressive power and flexibility of sheaf-based models in handling complex, heterogeneous,1348

and higher-order data domains.1349
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