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A Additional Examples and Techniques Details

A.1 Examples of Data-Driven Optimization in Operations Research

We now give two canonical examples of stochastic optimization problems in operations research.

Example 2 (Multi-Product Newsvendor Problem). The newsvendor problem has the objective
function ¢(w, z) = a’ (w — 2) " +d" (z — w)™, where foreach j € [d.]: (1) 2\9) is the customers’
random demand of product j, ; (2) w'?) is the decision variable, the ordering quantity for product j;

(3) a9 is the holding cost for product j; (4) d\7) is the backlogging cost for product j and (5) the
goal is to minimize the expected total cost.

Consider another classical problem in operations research, the portfolio optimization problem [Kallus
and Mao, 2022} Grigas et al.,|2021} [Elmachtoub et al., [2023]].

Example 3 (Portfolio Optimization). Let d,, = d. + 1 and denote the cost function as ¢(w, z) =
v (w'(z, —1))2 +exp (—w' (2,0)). The decision w satisfies (w), w®, .., wld==D) € Rdw—1,
denoting the investment fraction on products 1,2, ...d. (i.e., dy, — 1) and w(%*+) is an auxiliary decision

variable. The first component represents the risk (variance) of the portfolio and the second component
represents the exponential utility of the portfolio.

A.2  Further Examples of Local Misspecification

Example 4 (Parametric Perturbation: Quadratic Mean Differentiability (QMD) family). Suppose
pPm = Pgﬁ” for some fixed 8. Consider a sequence of vectors in R%, say {h,, }°2_,. Suppose the

joint distribution of {zi}?zl, Q", is also in the pararpetric family, but is of the form Pgihn. If there
exists a score function £g(z) : Z — R% with Eg, [£g,(2)] = O such that

2
1.
[ (Vimea: = v = o) dz=ollhal®).h, 0.

In particular, in our framework, we focus on the case where h,, = h/n® for a fixed vector h. When
a = 1/2,|van der Vaart|[2000] shows that the likelihood ratio between Q™ and P" satisfies:

dQ™(z1, ..., Zn) 1 —,71; 1+
= — h Kg (27) ——-h'Ih + Opn(
) \/ﬁ; ’ 2

log o¢ \#Ls -y Zn)
©8 dP™ (21, ..., zp

IR]1%).

where I := [Eg, [290 [ero} denotes the Fisher information. In other words, under P™

dQ™(z1, ..., zn) P 1 + T
_—_ N(—=-h'I I
dP"(z1, ..., Zp) - N Qh h.h Ih),

where the limiting distribution is a Gaussian distribution with mean —1h " I'h and variance h " Ih.

log

In the previous example, the ground truth distribution @ is still in { Py : € € ©} but is in the local
neighbourhood of Py,. The more common and interesting examples are when Q & {Pp : 0 € O} as
discussed in examples below.

Example 5 (Semi-parametric Local Perturbation: Part I). Suppose Pp, is a given distribution, and
u(2) : Z — R is an unobserved random variable with Eg, [u] = 0 and a finite variance Eq, [u?]. For
a scalar ¢ in a neighborhood of zero, we define the tilted distribution of Py, called )y, as

exp(tu(z
1(2) = B
t
where C; = [ exp(tu(z))dPg,(z) < oo is a normalization constant. Clearly Q;—o = Pa,.
Lemma 2 (Log Likelihood Ratio Property in Example . Under Deﬁnition when o =1/2, i.e.,

dPgO (Z)

Q" = ?/71/5’ the log-likelihood ratio between Q™ and P™ satisfies:
dQ™(z1, ., 2n) 1 « 1 9
log T8 (ELwaZn) LSy () — LB, [u?] 4+ opn (1)
dP™(2z1,...,2n) /1N P 2
This implies, under P", log % B N(—1Eg,[u?],Eq,[u?]).
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Example 6 (Semi-parametric Local Perturbation: Part IT). Consider the random variable u(z) : Z —
R with a zero mean, Eg, [u] = 0, and finite second moment, say Eg, [u%]. Now we define the tilted
distribution:

14+ tu(z
dQ:(z) = [C&dPgo(z) where C; = /[1 + tu(z)]+ dPy,(z).
t
In particular, in our framework we focus on the case where Q) = Q1/,« and Q" := Q; / «- When

a = 1/2, by|Duchil [2021], the log likelihood ratio satisfies

log dQ (zlg..-, n) — L 'U/(Z»L)

dpn( 1,.‘.,Zn) \/’77,1,:1 2

In other words, under P™,

Ly, [42] + 0pn (1)

dQn(zl,...7zn) pr 1 ) )
e oy N(=5E E .
TP (0, ) 000 o[t

log
Example 7 (Semi-parametric Local Perturbation: Part III). Consider the function g : R — [—1, 1] be
any three-times continuously differentiable function where g(x) = z forx € [-1/2,1/2] and ¢’ > 0
and the first three derivatives of g are bounded. Consider the random variable u(z) : Z — R with a
zero mean Eg, [u] = 0 and finite second moment, say Eg,[u?]. Now, for t € R, we define the tilted
distribution

1+ g(tu(z))

dQi(z) = G

dPy,(z) where C; = 1+ /g(tu(z))dPgo(z).

In particular, in our framework we focus on the case where QQ = Q1 /,,« and Q" := When

l/na
a = 1/2, by Duchi and Ruan|[2021], the log likelihood ratio satisfies the following Property:

dQ (,Zl,...7 ) 1 -

10 dPn(Zl’“ zn) 7;UZZ Ego[ ]+0P”(1)

In other words, under P,

dQn(zh ot zn) p"

1
1 N(—=Eg, [u?],Eg, [u?]).
og dPn(Zl,...,Zn) - ( 2 eo[u ]7 eo[u ])

Example 8 (Semi-parametric Local Perturbation: Part IV (QMD Family)). Consider a scalar function
u(z) : Z — R with zero mean Eg, [u] = 0 and finite second order moment Eg, [u?]. We define
a tilted distribution Q); for ¢ € R with probability density (mass) function g; with respect to the
dominated measure (note that Q; is not necessarily in the parametric family {Pp : 8 € ©}) with
go = pe,. We further assume the quadratic mean differentiability

/ (\/qj— /Doy — ;w@)zdz = o(t?).

Note that when go = pg, . In particular, in our framework we focus on the case where Q) = Q1 /.«
and Q" := Ql/na' When o = 1/2, by [Duchi [2021]), we have

logj‘gngzl’m’ fz z;) — Ego[ 2+ opn(1).

21y ey zn

Note that Example[8]is the most general version and includes Example as particular examples
under some mild assumptions.

A.3 Additional Technical Details

We introduce standard regularity assumptions for general M -estimation problems in asymptotic
statistics [van der Vaart, 2000], which include our SAA, ETO, and IEO methods as examples.
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sss  Assumption 3 (Regularity Assumptions for M -estimation). Suppose the i.i.d. random variables
867 {z;},_, follows a distribution Q. Suppose the function z — m¢(z) is measurable with respect to z

ges for all ¢ and

869 1. sup, |% Z?:l me(z;) —Eg [mc(z)]’ 20,
870 2. there exists (* = argmax;Eq [m¢(2)], for all e > 0, supc_¢+ Eq [m¢(2)] <
Eq [me-(2)),

3. the mapping ¢ — m¢(z) is differentiable at (* for QQ-almost every z with derivative
Veme«(2) and such that for every (1 and (o in a neighbourhood of ¢* and a measurable
function K with Eq[K (z)?] < oo

Ime, (2) = me, (2)] < K(2) G = G| -

872 4. assume that the mapping ¢ — Eq[m¢(z)] admits a second-order Taylor expansion at a
873 point of maximum (* with nonsigular symmetric second order matrix V.

If the random sequence , satisfies % S me¢ (2i) = sup¢ PO m¢(zi), then (o B ¢ and

n

Vi (6= €) = Ve 3 Veme- (20 + oo )

s74 Throughout this paper, we assume Assumption [3 holds.

875 * For SAA, consider m¢(z) = —c(w, z) with the parameter ( = w.
876 * For ETO, consider m¢(z) = log pe(2z) with parameter ¢ = 6.
877 * For IEO, consider m¢(2z) = ¢(weg, z) with { = 6.

s7e  When we say Assumption [3|holds, it means that Assumption 3| holds for the corresponding m(z) in
g7 SAA, ETO, and IEO.

Assumption 4 (Interchangeability). Forany @ € © and w € (),

Vg/vwc(w,z)Tpg(z)dz = /Vwc('w,z)TVgpg(z)dz,

/Vwc(w,z)pg(z)dz|w:w* = Vw/c(w,z)pg(z)dzm:w*

sso The interchangeability condition in Assumption [4] is a standard assumption in the Cramer-Rao
gs1  bound [Bickel and Doksum), |2015]]. A standard route to check the interchangeability condition
gg2 is to use the dominated convergence theorem. For instance, we provide a way to check the first
gs3  interchange equation. If pg(z) is continuously differentiable with respect to 8, and there exists a real-
s« valued function g(z) such that [ V,c(w, 2)Tq(2)dz < +oc and |[Vgpe(2)|lec < ¢(2), then we
sss  have Vg [ Vyc(w, z) "pg(z)dz = [ Vyc(w, z) T Vgpg(z)dz. Other sufficient conditions (more
gss delicate but still based on the dominated convergence theorem) can be found in L’ Ecuyer| [1990],
887 |Asmussen and Glynn| [2007]], |Glasserman) [2004]].

sss Next, we present some auxiliary lemmas that are helpful for deriving our theorems.

g8 The first is a classic lemma in asymptotic statistics, called Le Cam’s third lemma (Example 6.7 in
890 |van der Vaart [2000]).

sot Lemma 3 (Le Cam’s third lemma). Let P™ and Q" be sequences of probability measures on
82  measurable spaces (Qy,, F,) and let X,, be a sequence of random vectors. Suppose that

aQm n X T
(Xn7 log dgn) 1; N (<_{110-2) ’ <TT UQ)) ’
2

X, S Np+r,5).

893 then
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We now state a auxiliary lemma about the directional differentiability of the optimal solutions to
stochastic optimization problems.
Lemma 4 (Directional differentiability of optimal solutions: Part I). Consider the distribution Q:(z)
in Definition[l] Let
w; 1= argmin Eq, [¢(w, 2)].
we
Then
L1
lim, 5 (wq — wo) = Eo,[u(2)IF*(2)].
Equipped with the lemma above, we can get the convergence of n® (w;, — wg,) under the three
locally misspecified regimes:

. o * 1
Jim 0 (w;, — we,) = lim — (w; — wo) = Egy [u(z)TF**4(2)].

Proof of Lemmal] Note that w; is the minimizer of E [c(w, z)] under Q™ while wg, under P". We
will use the directional differentiablity of optimal solution to derive this fact.

We recall Qo = Pp, with density qo(z) = pe,(z) and dQ:(z) = dP, (z)%, Cy =
J exp(tu(z))dPg,(z). In this case, we denote v(w, Q¢) as Eq, [c(w, 2)], G(w, t) := Vy,u(w, Q)
and w; := argmin v(w, Q). Note that G(w, t) = 0 for all t. By implicit function theorem,

o1 .0
tlgf(l) n (wy — wo) = —[VwG(we,,0)] 1§va(’weoaQt)|t:0

0
= —VuwwFe,[c(ws,, z)]avwv(wgo, Q+)lt=0

0
- vl / Voc(wey, 2)AQ1(2)]1=0
0
= 7V71/VwC(weo,Z)ath(Z”t:O-

From Deﬁnition we know that for almost every z, % log q:(2)|¢t=0 = u(z). Hence, we have for
almost every z,

0

&qt(z) = qo(2)u(z). 3)

t=0

In conclusion,

0
—V_l/Vwc(wgo,z)ath(z)h:o

- —V_l/vwc(’weo,z) {90(2)u(z)} d=z

Since

[ Vuctiwa, 2 [ / qo<z>u<z>dz] w0(2)dz = [ / CIO(Z)U(Z)dZ} Ve, (e, 2)] = 0
and

/ Vo c(way, 2)0(2)u(2)dz = Eoy [u(2)Vewc(wa,, )],
we have
-v! /Vwc('wgo,z)%th(z)h:o = -V 'Eg, [u(2)Vc(wy,, 2)] = Eq, [u(z)IFSAA(z)].
Therefore,
lim /() — w,) = lim % (w, — wo) = Egy [u(z)TF (2)].

More generally, under severely and mildly specified regime, we have further

lim n®(w} — we,) = Eg, [u(2)IF**(2)].
n—oo
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We note that Lemmad] holds for Example 5] To be more specific,

qa(z) = wqo(z) where C; = /exp(tu(z))qo(z)dz.

Cy
Therefore, the derivative of ¢;(z) with respect to tis
0 _ qo(2) exp(tu(z))u(z) [ exp(tu(z))qo(2)dz]
a‘h(z) =

U exp(t u(z))qo(z)dz]2
 [J exp(tu(2))qo(2)u(2)dz] qo(2) exp(tu(z ))'
[ exp(tu(z))qo(z)dz]"

Att = 0, since Eg,[u] = 0, we have for almost every z,
0
53 | _ = @) - | [ aneuz12] ao(z) = aohuce).
It is also possible to extend the result to other examples under additional regularity assumptions.

For Example [] the result still holds. Recall that

t=0

a(z) = [1+tgt(z)]+q0(z), c, :/[1 + tu(2)], qo(=)d.
Hence,
) C’t% [1+tu(z)], — [1+tu(2)], atct

a%(z)h:O = qo(z)

2
Cy =0

= 0(2) (gt L+tu()], | - %ct

)

—ao(2) (W 1L+ 1u) 2 0} = [ul) 1) 2 0} az)az)

— qo(2) <u(z) - / u(z)qo(z)dz> .

The result is the same as (3) and the conclusion of Lemma]still holds.
For Example[7] the result still holds. Recall that
1+ g(tu(z))

a(z) = Iz, o= [ gltule)) (e
Hence, by noting that ¢’(0) = 1,
A u(z))) — w(z))) 20,
%Qt(z)h:o = qO(z)Ct ot (1 +g(t ( )))C’f(l +g(t ( ))) 81‘,0 .

—a(2) (5 1+ gt | - 56

-)

— (=) (u(z) - / u(z)qo(z)dz) .

The result is the same as (3)) and the conclusion of Lemma 4] still holds.

We provide another auxiliary lemma similar to Lemma 4]
Lemma 5 (Directional differentiability of optimal solutions: Part I). Consider the distribution Q; in
Definition[Ijwhere Qo = Pg,. We denote
OF" .= argmax Eg, [log pe(2)],
6co

0; := argmin Eq, [c(wg, 2)].
6co
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Then we have
1
O <= O~ ) = Ea e
V.05 = 2111rn (0 —6y) = Eg, [u(z)IFIEO(z)].
ProofofLemmaEI We denote v¥(0,Q:) as Eq,[logpe(z)], G¥-(0,t) = Vev*:(6,Q:) and
OFL .= argmin v¥5(0, Q;). Note that GKL(6KLE ) = 0 for all ¢. By implicit function theorem,

1o}
! avevKL(aoa Qt) |t:0

.0
= —VgoEa, [log pe, (z)] avavKL(Oo, Qt)]i=0

lim - (65— 80) = ~[VoG*"(6,0)]

_r jt s00(2)dQu(2)] 10

0
—1 / 500 () 7 0Qu(2) =0,
Att =0, by (@),

In conclusion,

I /Seo (z)%th(z)h:o
1 / s0,(2) {a0(2)h T u(z)} dz.

Since /Seo(z) U qo(z)u(z)dz] g0(2)dz = [/ qo(Z)u(Z)dz} Eo, [s6,(2)] =0
" /SBO(Z)QO(Z)U(Z)dZ = Eo, [u(2)s0, (2)];
we have

fg 7 (0% — 00) = 1" [ 50,(2) 50 (=)l =0 = I"'Ea, [u(2)s0, (=)

Similarly, we denote v*(0,Q;) as Eq,[c(wg,z)], G*(0,t) = Vev*(0,Q:) and 0; :=
argmin v*(0, Q;). Note that G*(6;,t) = 0 for all t. By implicit function theorem,

0
1avev*(00, Qt)l=0

4,0 N
= —VagEg, [c(ws,, 2)] 1avev (00, Q1) =0

0
= —‘I**la/Vgc(weo,z)th(z)h:o

hn% (0] — 60) = —[VoG*(60,0)]~

9
_ —@‘1/Vgc(wgo,z)&th(z)h:o.

Att =0, by (3),

0
%qt(z)

= w(u(z).

In conclusion,

0
- <I>_1/Vgc(wgo,z)ath(z)h:o

— ! / Voc(way, 2) {0(2)u(2)} dz.
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Since
/Vgc(wgo, 2)qo(z)u(z)dz = Eg, [u(z)Vec(we,, 2)],

we have
Jim © 0 —0)=-d ' |V 8dQ =—-®'E v
lim — (8; — 60) = — oc(woy, 2) 5, dQ1(2)|e—0 = — 00 [u(2)Vec(we,, z)].

O

We remark that Lemma 5 also holds for @, in Example[6|and[7]

B Proofs

In this section, we supplement the proof of the results in this paper.

Proof of Theorem|[6] We first notice the fact that, in the mildly misspecified regime, by defining
hy = 1/(n®"1/2) = o(1), we have

dQ" (21, ., 2

) 1 S 1 2112
1 — N — - n =opn(l).
8 TP (ar rz) i 2 E) ~ e - opn (ha) = opn (1)

In the mild misspecified case, under P", we have a joint central limit theorem

e ] B (][ )

log %927 0 0 0

Using LeCam’s third lemma, we change the measure from P” to Q™ and get that under Q",

V(D — we,) % N(0, varg, (IF7(2))).
Using the same technique,
n®(w;, — we,) — Eg, [u(2)IF**(2)],
Vn(w! —we,) — 0.

In conclusion,

V(@ — wh) = i — wg,) — Vii(w], — wa,) % N(0, varg, (IE7(2))).

Let us now consider the regret. We use Taylor expansion of the regret with respect to w at w;, and
note that V,, v, (w}) = 0 for every n,

2
~ )’

Up (W) — vy (w -

n

1
2) = 507 = )T Vi () (7 — w}) + 0gn(

n(vn (W) = vn (w},)) = %\/ﬁ(ﬁ’D —w;,) " Vawtn(w,) V(@ —w}) + ogn(1).

’wm—w

By Assumption [2| that Vv, (w};) — V, the function f : @ — R with f(-) := 3(-)TV(-)
and function sequence f,, : @ — R with f,,() 1= 2(-) T Vv, (w}:)(-) satisfy: for all sequence
{wy},7 . if w, — w for some w € Q, then f, (w,) — f(w) since continuity is preserved under
multiplication. Using the extended continuous mapping theorem (Theorem 1.11.1 in|van der Vaart,
and Wellner| [1996])), we have under Q™,

n ]
n(vp (W) — v, (w)) LA §NDVND.

n

Moreover, ETO is stochastically dominated by IEO and IEO is stochastically dominated by SAA. [
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949 Proof of Proposition[l] The asymptotic normality result is directly from [van der Vaart| [2000] by
950 noting Lemmal[l]

951 The asymptotic normality of SAA is by Proposition 2A of [Elmachtoub et al.|[2023]]. For ETO and
952 IEO, Proposition 2B and 2C of [Elmachtoub et al.| [2023]] shows that

vn (éETO - 00) PN, I7Y),
N (élEO - 00) P N(0, @ varg, (Voc(we,, z)) ®1).

953 Regarding the notation, varg, (Vgc(we,, 2))) is the variance of the random gradient Vgc(wg, z) at
954 6 = B9, under the distribution Fp,. Note that the subscript 8y under the variance is not a variable
955 here. Using the delta method, we have

v (éETO - 90> 2 N(0, Vowg, I Vowe,) = N(0, VST 'STV L) = N(0, varg, (IFF™(2))),
vn (éIEO — 00> o N(o, ng;)'ifl varg, (Veoc(we,, z)){flnggo)

=N(0,V'Z® ! varg, (Voc(we,,2))@ 'SV 1)
= N(0, varg, (IFE9(2))).

o6 The inequality varg, (IFFT0(2)) < varg, (IFE°(2)) < varg, (IF°**(2)) is from Theorem 2 of
957 [Elmachtoub et al.| [2023]]. O

958  Proof of Theorem|3} We use a different decomposition framework this time. We recall

OF" = argmax Eq, [log pe(2)],

6co

0; = argmin Eg, [c(we, 2)],
6co

w; = argmin Eq, [c(w, z)].
weN

959 We denote ¢, := 1/n®. Note that here w; = wj, but generally wext # wy, we; # wy,. In this
960 case,

W10 —w) = (W10 — wok ) + (wo — we,) — (w}, — w, ),
WO — = (WO — we:n) + (wgz«n — we,) — (w;, — ws, ),
WMt = (A w; )+ (w;, —we,) — (W) — we,).

96t We already show in Lemma [] that
n®(wk — weg,) — Eg, [u(z)IF*(2)].

962 Next we give a limit of the middle term, using Taylor expansion. For SAA, the middle term is equal
963 to the third term. For ETO and IEO, wg, = we: |;=¢ and we, = ’U.}91(L|t:0.

Wer — We, = Vt’wg: + O(t) = nggvte,f + O(t),

Wkt — W, ‘= Vtngtu +o(t) = nggvtefL + o(t).

964 By Lemmal5] we can get V;0; and V,0K" at t = 0:
V05" = I Eg, [u(2)se,(2)],
V0 = —® 'Eg,[u(z)Vec(ws,, 2)].
965 Moreover,
Viwga = Vowg V0K = —VI1ST By, (u(z)se,(2)) = Eo, (u(2)IFET0(2)),
Viwe: = Vow, Vi0; =V 'E® 'Eg, [u(2)Vec(we,, z)] = Eg, (u(2)[FF°(2)).
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Finally, for the middle term,
na(wgzn — wg,) — Eg, (u(z)ll—TIEo(z))7
no‘(weiq — wg,) — Eg, (u(2)IFFTO(2)),

n®(w; —wg,) — Eg, (u(z)IFSAA(z)).

For the first term, under Assumption (WETO — wex ), (W™ — wp; ) and (WA — w; ) are all
Ogn(1/+4/n), then

na(’lﬁ - 'wgm) £> 0,
na(wIEO wngn) LN 0,
n® (S wy ) 50

The assumption is natural because it basically say the empirical part deviates from the expected part

at the rate O(1/+/n). When we multiply n®, the term shrinks in probability to 0. In conclusion,
n®(w" —w?) S bt

Let us now consider the regret. We use Taylor expansion of the regret with respect to w at w;, and

note that Vv, (w}) = 0 for every n,

2
vn (W) — v (w}) = %(wu = w}) " Vv (W) (@ — w}) + 0gn ( \wm —wal| ),
2 (vn (B = vn (w},)) = %na(wﬂ = w},) " VU (wh)n® (B — w},) + ogn (1).

By Assumptionthat Vuwwtn(w);) — V, the function f : @ — R with f(-) := 3(-)"V (")
and function sequence f,, : @ — R with f,,() 1= 2(-) T Vv, (w})(-) satisfy: for all sequence
{wy} 7, if w, — w for some w € Q, then f,(w,) — f(w) since continuity is preserved under

mulptiplication. Using the extended continuous mapping theorem (Theorem 1.11.1 in|van der Vaart
and Wellner| [1996])), we have under Q"

12 (0, (W5) — v (w)) B % (bD)T V-,

Proof of Theoremd] Recall the influence function of SAA, ETO, IEO:
IFSAA( )=— *1Vwc(w90, z),

IF(2) = VIE(ZTVIE) 'RV IV, c(we,, 2) = —V ' Ps v Vwc(ws,, 2),
IFET0(2) = —v-ixr! se,(z) = 7V712]E90 [se, (Z)S@O(Z)T]Seo (2).
For regret comparison, since b5 = 0, we have R%** = 0. Also, R0 > 0 and RF™ > 0.

By noting that V' = V4,,,Eg, [c(we,, 2)], We observe that

Eo, [u(2)IF™0(2)] T VEq, [u(2)IF™°(2)] = B, [u(2)IF™°(2)] T VEqg, [u(2)IF**4(2)].
This is because
Eo, [u(2)IF™°(2)] " VEg, [u(z)IF™°(z)]

- (E"o [u(2)Vac(ws,, 2)] VIS (STVIE) ETV*l) V.

(V*lz (BTVIE) T STV R, [u(z)Vwc(ng,z)])

=Eg, [u(2z)Vwc(wy,,2)] 'V IZ (ETV_lE)_l STV Eg, [u(2)Vwc(we,, 2)]

=Eg, [u(2z)Vwc(wy,, 2)] ' VIVVIE (ETV_lE)_l STV Eg, [u(2) Vac(we,, 2)]
=Eq, [u(2)IF***(2)] T VEg, [u(z)IF"™°(2)]

=Eg, [u(2)IF™(2)] T VEq, [u(z)IF**(2)].
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983 Now let us prove RETO — RIEO > 0,
QRETO
=Eg, [u(2)(IF"T0(2) — IF**(2))] T VEg, [u(2)(IFT°(2) — IF**4(2))]
=Eg, [u(2)IFET0(2)] T VEg, [u(2)IFET(2)]
— 2Eg, [u(2)IFETO(2)] T VEg, [u(2)IF5A(2)] 4+ Eg, [u(2)IF5A(2)]T VEg, [u(2)IF*A(2)]
2RIEO
=Eg, [u(2)(IF™(z) — IF***(2))] T VEq, [u(2)(IF"™°(z) — IF**(2))]
=Eg, [u(2)IF™(2)] T VEg, [u(2)IF"™(2)]
— 2Eq, [u(2)IFC(2)] T VEg, [u(2)IF*A(2)] + Eg, [u(2)IF** (2)] T VEg, [u(2)IF*4(2)]
= — Bo, [u(2)IFEO (2)] T VEg, [u(2)IF*(2)] 4 Eq, [u(2)IF5(2)] T VEq, [u(2)IF52(2)].
984 Hence,
2RETO ZRIEO
=Eg, [u(2)IF*°(2)]T VEg, [u(2)IF"™(2)]
— 2Eg, [u(2)IFFT0(2)] T VEq, [u(2)IF** (2)] + Eg, [u(2)IFE0(2)] T VEq, [u(2)IF* (2)]
=Eq,[u(2)s0,(2)] T 'STVIVV ST By, [u(z)se,(2)]
+ 2Fg, [u(2)s0,(2)] " I 'ETVIVV R, [u(2)Vc(we,, 2)]
+ Efu(2) Ve ('wgo,z)]TV_12(ETV_12)_1ETV_lEgo[u(z)Vwc('wgo,z)]
=Eg,[u(2)s9,(2)] "I~ (ETV ') I 'Eg,[u(2)s0,(2)]
+ 2Fg, [u(2)s0,(2)] " I 'E TV Eg, [u(2)Vc(wa,, 2)]
+ o, [t(2)Vasc(we,, 2)]  VIE (ZTVIE) " BTV g, [u(2) Vc(we,, 2)]

1/2 —1/2

= H (ETVIS) P TS TV Ry, [u(2) Vac(we,, 2)] — (ETVIE)

>0.

STV Eg, [u(2)Vwc(we,, 2)] H2

985 The last equality is from the fact that
1 1 T 1
' Ax -2z y+y Ay = (Aiw — A_§y> (Afzv — A_§y> .
986 In conclusion, we have
RETO ~ RIEO & pSAA _

987 By the definition of b and R", we know Hb‘:' || = V2RH. Hence, by the monotonicity of square
988 root function, we have 0 = HbSAAHV HbIEOHV HbETOHV O

s89  Proof of Theorem[B] Part (i): We note that when u(z) = 3 sg, (2) for some 3 € R%,
bETO

=Eg, [u(2)IF*"°(2)] — Eg, [u(2)IF***(2)]

=V 'Eg,[Vawc(wa,, 2)50,(2) "] (Bo,[30,(2)80,(2) '])  Eg, [u(2)s6,(2)] = V' Eg, [u(2) Vayc(wa,, 2)]
=V 1B, [Vuc(we,, 2)s6,(2) ] (Eo, [s6, (2)s0,(2) 1)~ Eo,[87 s6,(2)s0,(2)] — V'Eg, [8" s, (2) Vuwc(we, . 2)]
=V 1B, [Vuc(we,, 2)s6,(2) ] (Eo, [s6, (2)s0,(2) 1) Eo,[s0,(2)s6,(2) 8] — V'Eg, [Vac(we,, z)se, (2) ]
=V 1B, [Vuc(we,. 2)s6,(2) ] (Ee, [s6,(2)50,(2) 1) Eo,[se,(2)sa,(2) 18 — V' Eg, [Vac(wa,, 2)s6,(2) 18
=V 1B, [Vwc(we,, 2)s0,(2) |8 — V ' Eg, [Vawc(wa,, 2)se,(2) '3
=0.

990 O
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To prove Theorem we need a useful result here. When o = 1/2, we can show that the log-likelihood
ratio is asymptotically normal characterized by the mean and variance of the perturbation direction.
This result is used to convert the asymptotics in P" to Q™ by conducting a change of measure
from P™ to ™, and also contributes to the overall asymptotically normal limit of the decision that
encompasses the bias term. It will also be leveraged later to prove results in the mild misspecification
case.

Lemma 6 (Log Likelihood Ratio Property in Definition [[[[Duchi, 2021])). Under Definition[2] when

Rn

a=1/2ie, Q" = Ql/\/ﬁ’ the log-likelihood ratio between Q™ and P™ satisfies:

dQn(Z1,...,Zn) - 1 ~

1
i ) — =Ko, [u? a(1).
og dPn(zl’ “.’zn) \/ﬁ Pt u(zl) GO[U' ] + op ( )

2

1

Proof of Theorem[I] By Lemmal[2]and Proposition[I] under P", we have a joint central limit theorem

{ﬁ(wﬂw%)}gN([ 0 H varg, (IF7(2)) Eeo[u@)lFD(z)]D

log 227 —35Eg, (u?)| " |Eg, [u(2)IF7(2)T] Eg, (u?)

Using LeCam’s third lemma, we change the measure from P" to Q™ and get that under Q",

Vi — wa,) L N(Eq,[u(=)IE7 (2)], varg, (IE7(2))).

Next, by Lemma [ (note that this is not a stochastic convergence but deterministic sequence
convergence)

Vin(w, — we,) — Ee, [u(2)IFP** (2)].

In conclusion,

Vi — w}) = /(@ — we,) — Vi(w], — wa,) % NP, varg, (IF7(2))).

Let us now consider the regret. We use Taylor expansion of the regret with respect to w at w;, and
note that Vv, (w}) = 0 for every n,

n(v, (W

2
),

*
n

1
’Un('lf)lj) —op(w)) = i(wD - w:)vawvn(’wZ)('lﬂD —wy,) + OQ"(

%)~ vaw)) = VAT~ w3) Vet (w3 — w3 + 0 (1),

"u?D—w

By Assumptionthat Vuwwtn(w);) — V, the function f : Q@ — R with f(-) := 3(-)TV (")

— 1

and function sequence f, : @ — R with f,(:) := 5(-) ' Vwwvn(w})(-) satisfy: for all sequence

2

{wy,},2 ., if w, — w for some w € €, then f,,(w,,) — f(w) since continuity is preserved under
mulptiplication. Using the extended continuous mapping theorem (Theorem 1.11.1 in|van der Vaart
and Wellner| [1996])), we have under Q™,

n

1
(v (WD) — v, (w?)) % STV,

Proof of Theorem[2] Recall that:

VD —w) S NY = N(bY, varg, (IF7(2))).

n(on (@°) — vy (w?)) % GP = %(ND)TVND.

By denoting b™ as Eg, (u(z)(IF~(z) — IF%**(2))), we can rewrite GU as

(N(o, varg, (IF7(2))) — bD>T 1% (N(o, varg, (IF2(2))) — bD)

|

N(0, varg, (IF2(2))) TV N (0, varg, (IF2(2))) — 2 (bD)T VN (0, varg, (IF2(2))) + (bD)T me} .
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By taking the expectation, the cross term is zero. Hence,

E (GD) _ % [E [N(o,vargo(lFD(z)))TVN(o,vargo(IFD(z)))} n (bD)T me} .

Since varg, (IFFT0(2)) < varg, (IF°(2)) < varg, (IF***(z)), we know the stochastic dominance
of the SAA, IEO and ETO, and their corresponding expectation.
N (0, varg, (TFE™°(2))) TV N (0, varg, (IFFT0(2)))
=<« N (0, varg, (IF°(2))) T V N (0, varg, (IF°(2)))
=N (0, varg, (IF5**(2))) TV N (0, varg, (IF5**(2)))

and
E [N(O7 varg, (IFETO(z)))TVN(O7 varg, (IFETO(z)))]
<E [N(0, varg, (IF*°(2))) " VN (0, varg, (IF¥°(2)))]
<E [N(0, varg, (IF***(2))) " VN (0, varg, (IF**(2)))] .
From pervious analysis, we already know

(bETO)T VBETO > (bIEO)T VBEO > (bSAA)T VbSAA

Therefore, E(GD) consist of two terms. For the first term, ETO is less than IEO, and IEO is less than
SAA. For the second term, the direction is flipped. [

Proposition [I| was essentially established by [Elmachtoub et al.| [2023]], but here, we express the
asymptotic behaviors of solutions more explicitly in terms of influence functions. Moreover, these
more explicit expressions arise from a new projection interpretation of influence functions that
allows us to describe the performances geometrically, providing another perspective different from
Elmachtoub et al.| [2023]].

To this end, let P be the projection matrix onto the column span of 3 with respect to the norm
lz|ly -1, ie.,

Px = argmin ||y — a:H%,_l ,
y:y€Ecol(X)

which has a closed-form expression P = % (X TV ~'3) 3Ty -1, Second, define the functional

T : Lo(Pe,)% — La(Ps,)* as the projection operator onto the linear function subspace
{Asp,(z) : A € Riwxde} je., for a square integrable function f(z): Z — Rew,

Tf = wgnin [ 5() - g(=)| pay ()=

g:9=Asg, (2)

Theorem 7. Under Assumptions [I| 5| and [} the influence functions of IEO and ETO have the
following projection interpretation.

1. TF0(2) = ~V =1 PV,,c(we,, 2),
2. TFF0(2) = ~V 1TV c(we,, 2).

The above theorem points out that the influence functions of IEO and ETO are essentially projections
of that of SAA, either in vector or function spaces, shedding light on the ordering of their variances
by the contraction properties of projections.

Proof of Theorem[]] The fact that
IFE0(2) = — V1 PV,c(ws,, 2)
is because
IFE0(2) = VIS® 'Vyc(wy,, 2)
=V 'S(Vows, VVewsy, ) ' Vowe, Vwc(we,, 2)
=V IzE'VIVVIE) T (-2TV ) Vyc(ws,, 2)

= —V_ng,VVwc('wgo, z).
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We then show the relationship between IFET0(z) and TF*4(2). Let T : La(pe, )% — La(pe, )%
be the projection matrix on the linear function subspace { Asg,(2) : A € R4w*d0} j.e., for general
function f(z): Z — R,

75 = arguin [ |£(z) ~ 9(2)]" pa, (2)d.
g:9=Ase, (2)

The influence function of ETO is also a projection, i.e.,
IFE10(2) = V1TV c(we,, 2).

The reason is as follows. For ETO, it suffices to prove the following fact:

Tf =Eo,(Fsg,)I 's6,(2)

since ¥ = E[V C(wgo,Z)SQC)(Z)]. To prove the fact, we need to show that A* =
Eo, (f(2)se,(z)")I~! is the minimizer of the optimization problem

. 2
i [ 1£() = Asa, ()1 pa, (2)d

Since this is essentially a quadratic optimization problem, the stationary point is the global minimum.
Denote the objective function h(A) and we require V oh(A*) = 0. In other words, for all ¢, 7,
Oh(A)/04; ; = 0. For simplicity, we write pg, () as p(z) and sg, () as s(z). Note that

du do
= [0 - Y Ayt
zZ€EZ ;1 i=1

dy
/ ZAUSJ —2fi(z ZA,]SJ p(z)dz
i=1
We have
Oh(A*) [0 A; ; —/ —2f+(2)s5(2) + QZA p(z)dz = 0.
zEZ

For all 7, j, we have

dg
/zez f;(z)s;(z)p(z)dz = LEZ;A;jsj(z)53(z)p(z)dz.

Writing in a matrix form, the left hand side is Eg,(f(2)s(z)"). The write hand side is
Eg,[A*s(2)s(2) "] = A*Eg,(s(2)s(z) ") = A*I. In conclusion, A* = E(f(2z)s(z)")I~! and
Tf= E(f(z>390(z)—r)1_1890 (). [
Proof of Lemmal(l} The first identity follows from

T = VoV (w,0) |w=w90 ,0=0q

= VoEo[Vwc(w, 2)]lo=0,,w=ws,

= Vg/Vwc(wgo,z)pgo(z)dz

_ / Vope, (2)Vec(we,, z) T dz

= [ (Vo1080,(2)) 70, (=) (Vuc(w,.2)) dz

= Eo,[s6,(2) (Vawc(wa,, 2)) ).
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1052 For the second identity, by implicit function theorem and applying Barratt| [2018]], we can prove the
1053 first identity

0 = Vi t(w, 00) lw=ws, (Vowe|o—,) " + V' Vev(w, 0)|lw=wo,,0=60>
= v9w9|9:90 = —Vevwﬂ(llh 9)|w:w90,9:90 . vwwv(w7 00)_1|w:w907
=-xTv1L
1054 The third identity follows since
d = VggEgo [c(wgo,z)]
= Vo (VwEa, [c(we, 2)] Vowg ) |o=0,
= VoweVuwwEe, [c(we,, 2)] Vowy

= (-=Tvhv(-=Tv '

=x'vV'y
1055 by noting that V,,Eg, [c(we,, z)] = 0 since wg, is the minimizer of the function w — Eg, [c(w, 2)].
1056 O
Proof of Lemma
dQ"™ (21, ..., 2n) " exp(u (zl)/\/> "
log ——2——£ =1 —_— i) —nlogC
0og dPn( 7"'7zn) Ogg Cl/f g Z nlog 1/\/ﬁ

It now suffices to show that nlog Cy, i = 5Eg,[u*] 4+ 0pn (1). From the definition of C;, we know

Cy = /exp(tu(z))dPgo(z).

Taking the derivative, we have

(€0 lizo = [ expltu(=)u(z)dPa, (2)]i-0 = Eay (u(2) = 0.

Taking the second order derivative, we have

(C)" limo = / exp(tu(z))u(2)u(2)dPoy (2) 1o = Egy (12).

By Talor expansion, we have

1057 In conclusion,

1 1 1
nlogC’l/\f—nlog<1+2ngo[ ]f+o<n)>

1

Ct =1 + §E00 [UQ]tQ + O(t2)
1 2

= —Eg,[u”] + o(1).

. (;\}EEGO [uz}% to (D)
2

1058 O
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