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A  PSEUDO-CODE OF MOMENTUM TRACKING

The pseudo-code for Momentum Tracking is given in Alg. |1} where Transmit,_, ;(-) denotes that
node 4 transmits parameters to node j and Receive;._;(-) denotes that node i receives parameters
from node j.

Algorithm 1: Update rules of Momentum Tracking at node .

1: Input: Step size n > 0, 8 € (0, 1], mixing matrix W. Initialize ¢; and u; to
ﬁ(VFi(acl(-o); 52(0)) - % > VFj(zc;O); fj(-o))) for all ¢ € V and «; with the same parameter.

2: forr=0,---,Rdo
3: ugrﬂ) — Buz(»r) + VFi(wgr); §i(r)).
4:  forj € N; do
5: Transmit;_, ;(x\") and Receive;_; (a:i-r)).
6: Transmit; ,; (c\” — u!""™)) and Receiveiej(cgr) - ugrﬂ)).
7:  end for
8: mg’!'-‘rl) — ZJ€N+ W1]m§T) — (ug'].l,-l) _ CZ(T.)>.
. (r+1) (r) (r+1) (r+1)
9: Cir — Zje/\ff Wij (er — U ) +u; .
10: end for

B ADDITIONAL DISCUSSION ABOUT CONVERGENCE RATE

Because Momentum Tracking is equivalent to Gradient Tracking when 8 = 0, Theorem [1| also
provides the convergence rate of Gradient Tracking. In this section, we compare the convergence
rate of Gradient Tracking provided in Theorem I|to that provided by Koloskova et al.| (2021).

From Theorem 1} we get the following statement.
Corollary 1. Suppose that 3 = 0 and the assumptions of Theorem[I| hold. Then, for any R > 1,

there exists a step size 1 such that the average parameter T = % >; x; generated by Egs.
satisfies
1 RZIEHW((”)HZ co\[Bk (nek)’ L L (an
— T 2= Z0
R~ - NR p2R p2R )’

where 1o = (&) — f*.

Then, under Assumptions [T} 2} 3] and [} [Koloskova et al| (2021) provided the convergence rate of
Gradient Tracking as follows.

Theorem 3 ((Koloskova et all, 2021)). Suppose that Assumptions|I| 2| B] andH] hold. Then, for any
round R > % log(%(l + log %)), there exists a step size 1) that satisfies that the average parameter

T = % >, x; generated by Gradient Tracking satisfies

R—1 z
1 2 ~ ro02L rooL L
“Y v £<T>’ <O |2y 0 + 2, 12
RTZ_%H £ )‘ - NR (\/ﬁchp\/N)R pcR (12)

where O() hides the polylogarithmic factors, ¢ = 1 — min{\,,, 0}%, and Ay, is the minimum
eigenvalue of W.

Comparing the convergence rates in Eqs. (I and (I2), the convergence rate in Eq. (I2) is tighter
than that in Eq. because ¢ > p for any mixing matrix W. However, because the convergence
rate in Eq. || holds only when the number of round R is larger than 127 log( %0 (141og %)), Theorem
[3] can not describe the behavior of the convergence rate at the beginning of the training. In contrast,
Corollary [I] provides the convergence rate for Gradient Tracking that holds for any R > 1.
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C ADDITIONAL EXPERIMENTS

C.1 RESULTS WITH VARIOUS NETWORK TOPOLOGIES

We evaluated Momentum Tracking in more detail by changing the underlying network topology. Ta-
ble[dlists the test accuracy of all comparison methods when we set the underlying network topology
to be a hypercube or a semantic exponential graph.

Table 4 indicates that when the data distributions held by each node are statistically homogeneous
(i.e., 10-class), DSGDm, QG-DSGDm, DecentLaM, and Momentum Tracking are comparable and
outperform DSGD and Gradient Tracking for all network topologies. When the data distributions
are heterogeneous (i.e., 4-class), the results show that Momentum Tracking is more robust to data
heterogeneity than DSGDm, QG-DSGDm, and DecentLaM and outperforms all comparison meth-
ods for all network topologies. Therefore, the results indicate that Momentum Tracking is robust to
data heterogeneity regardless of the underlying network topology.

Table 4: Test accuracy on CIFAR-10 with different underlying network topologies.
CIFAR-10

Hypercube Semantic Exponential Graph
10-class 4-class 10-class 4-class
DSGD 63.3 = 0.65 55.9 £4.11 64.0 + 0.26 60.7 + 1.82
Gradient Tracking 61.04+1.34 60.2 +1.13 62.4 +0.53 62.4 +0.89
DSGDm 73.2+0.09 45.0 +5.90 73.4+0.13 51.5 +£7.80
QG-DSGDm 73.0+0.31 62.9 + 3.68 73.4+0.58 70.2 +1.09
DecentLaM 72.94+0.24 69.1 +4.05 72.9+£0.73 71.2+1.72
Momentum Tracking  72.8 £0.15 72.7£0.28 72.7+0.33 72.9+0.07

C.2 INITIAL VALUE ANALYSIS

In this section, we discuss the initial values of ¢; and u;. TableE]lists the test accuracy for Momen-
tum Tracking when we initialize ¢; and wu; to zero and when we initialize ¢; and w; as in Theoremm
The results indicate that the test accuracy are almost equivalent on both settings. Hence, Theorem ]

requires ¢; and u; to be initialized to ﬁ(VFi(a:Z(.O); Ei(o)) -+ Zjv:l VF; (mé.o); f;o))). However,
in practice, ¢; and u; can be initialized to zeros without any impact on accuracy.

Table 5: Test accuracy on FashionMNIST, SVHN, and CIFAR-10 with LeNet. “k-class” indicates
that each node has only the data of randomly selected k classes.

FashionMNIST

10-class 8-class 6-class 4-class
Momentum Tracking 89.5£0.36 89.4+0.06 88.9+0.47 86.8+1.56
Momentum Tracking (c\”) = u{” =0) 89.5+0.38 89.4+0.04 887+0.63 858+1.53

SVHN

10-class 8-class 6-class 4-class
Momentum Tracking 92.6+0.32 9244040 92.34+0.23 91.7+0.53
Momentum Tracking (c!” = u{”’ =0) 9254+0.34 923+050 922+0.29 92.0+0.81

CIFAR-10

10-class 8-class 6-class 4-class
Momentum Tracking 729+059 73.0+£049 7264041 70.7+1.38
Momentum Tracking (c!” = u{”) = 0) 72.84+0.35 729+032 73.0+041 70.7+2.00
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C.3 LEARNING CURVES

In this section, we present the learning curves for the results whose final accuracy are presented in
Tables [2and [3] Figs. 3] [4] and [5]show the learning curves for FashionMNSIT, SVHN, and CIFAR-
10, respectively, with LeNet. Figs. [0 and [7] show the learning curves for CIFAR-10 with VGG-11
and ResNet-34, respectively.

When the data distributions are statistically homogeneous (i.e., 10-class), the results indicate that
DSGDm, QG-DSGDm, DecentLaM, and Momentum Tracking are comparable and can achieve
high accuracy faster than DSGD and Gradient Tracking. When the data distributions are statistically
heterogeneous (e.g., 2-class and 4-class), the results indicate that the learning curves for Momentum
Tracking are more stable than those for DSGDm, QG-DSGDm, and DecentLaM, and Momentum
Tracking outperforms all comparison methods. In particular, in Figs.[6and[7] the accuracy of DSGD,
DSGDm, QG-DSGDm, and DecentL.aM continue to oscillate in the final training phase in the 2-
class setting, whereas the accuracy of Momentum Tracking and Gradient Tracking converge in the
2-class setting as well as in the 10-class setting. Therefore, Momentum Tracking is more robust to
data heterogeneity than DSGDm, QG-DSGDm, and DecentLaM.
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Figure 3: Learning curves on FashionMNIST.
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Figure 4: Learning curves on SVHN. The accuracy is evaluated per 10 epochs.
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Figure 5: Learning curves on CIFAR-10. The accuracy is evaluated per 10 epochs.
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Figure 6: Learning curves on CIFAR-10 with VGG-11. The accuracy is evaluated per 10 epochs.
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Figure 7: Learning curves on CIFAR-10 with ResNet-34. The accuracy is evaluated per 10 epochs.

C.4 SYNTHETIC EXPERIMENT

In this section, we evaluate the convergence rate in more detail using a synthetic dataset. Following
the previous work (Koloskova et al., 2020), we set the dimension of parameter d to 50, the number
of nodes N to 25, and the network topology to a ring consisting of N nodes. We then defined the
local objective function f;(x) to be || A;x — b;||* where A; := i//N and b; are sampled from
N(0,¢?/i%1), and we defined the stochastic gradient V F;(x; &;) to be V fi(z) + € where € is drawn
from N(0; 0% /d1). For all comparison methods, we set the step size 7 to 1.0 x 107

Figs. and@illustrate |V f(x)]|? with respect to the number of rounds r when we vary data hetero-
geneity (2 as {0, 25,50} and set o2 to one. The results show that Momentum Tracking converges in
the same manner regardless of data heterogeneity (2. On the other hand, for DSGDm, QG-DSGDm,
and DecentLaM, ||V f(2)||? increases as data heterogeneity ¢? increases. Hence, these results are
consistent with our theoretical analysis that the convergence rate of Momentum Tracking is inde-
pendent of data heterogeneity.
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Figure 8: Comparison of the convergence in the initial training phase in the synthetic experiments.
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Figure 9: Comparison of the convergence in the synthetic experiments.
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D PROOF OF THEOREM 1]

D.1 TECHNICAL LEMMA

Lemma 1. For any z,y € R% ~ > 0, it holds that

lz+yl? <@ +y)lzl?+ @+ ")yl (13)

Lemma 2. Forany aq,--- ,ap, it holds that

N
<N el (14)

Lemma 3. Forany z,y € R% ~ > 0, it holds that
2(z,y) <Azl +~7Hyl* (15)
D.2 MOMENTUM TRACKING IN MATRIX NOTATION
We define U™, X, C"), VF(X();¢() and V f(X (")) as follows:
U0 = (u) - u)), XO = (o) 2, 00 = () e
VE(X";:60) = (VA@5€), - VEr(5el))
VIHXD) = (Vi) VivE)

Then, the update rule of Momentum Tracking can then be rewritten as follows:

UrtY = gu™ 4 VE(X M, M), (16)
xr+) — x(Mw — n(U(T-H) _ C’(T)), a7)
C(r+1) _ (C(r) - U(r+1))W + U(r+1)’ (18)
where U and C© are initialized as follows:
1
U = /3<VF<X<O> €0) ~ LVF(X®5¢0)1T),

1
0) _ (0). ¢(0)y _ (0). ¢(0) T
C _—1 (VF(X 3 ) —VF(X 3 )11 ).

D.3 ADDITIONAL NOTATION
We define the update rules of d; and e; as follows:

" = pd” + V@), (19)
e(TH) = gel”) + v ("), (20)

K3

where d\”) = T (Vf (2©) — Vf(2©)) and e{” = 0. Note that it holds that d”) = &) for
any round 7 > 0. Then, we define D and E as follows:

D — (d@,... ,d%)), EM — (e@,.. ,egp).
The update rules of D and E can be written as follows:
DY = gD 4 v F(X™), 21)
EUH) = g™ 4 %Vf(XW)nT, (22)
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where D and E(© are initialized as follows:
1 _ 1 _
DO -~ x 0y _ — xOny11T
E© =o.

Note that d;, e;, D, and E are the only variables used in the proof that do not need to be computed
in practice in Alg. E} We define =, £, and D as follows:

1 2

=) — EHX(T) _xm
N F’

e 1p H Do _ o) E<r+1>H
N F’

1

o fa, it r=0
z = ma—;(ﬂ _ %j(r—lk otherwise

In the following, we define +a := @ — a = 0 for any a and a = % Zivzl a; forany a1, ,an.
Then, E[-] denotes the expectation over all randomness that occurs during training (i.e., {Ei(r) Yir)s
and E, [-] denotes the expectation over the randomness that occurs at round r (i.e., {{ Z-(T)}i).
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D.4 USEFUL LEMMA

Lemma 4. For any round r > 0, it holds that e =o.

Proof. For any round r > 0, we have

Z (7+1) ZZWU . u;r-‘rl)) + iv:ugr_t,_l)
=1

=1 j=1
N N N

T r+1 r+1
(c§)—u§-+))ZWU+ZuE+).

j=1 i=1 i=1

Because W is a mixing matrix, we obtain

Z (r1) _ Z ")

Since we have

N ©) 1 N ©) ) 1 N () ©)

0 O 0 0 0)
E = — E VF;(x; — E =0,
i=1 “ 1 : i=1 ( ' N j=1 g )

we obtain the statement.

Lemma 5. For any round r > 0, it holds that

j(r—&-l) —(7’+1).

=z —pa

Proof. We have

N N
D) — %Z S Wyal? - p(@tth - &)

L X
= Z wg’”) Z Wi a+) — gy,

The fact that W is a mixing matrix gives us
1—;(7‘4‘1) — il_:(r) _ n(ﬁ(7"+1) _ E(T‘))_
Then, using Lemmaf] we get the statement.

Lemma 6. For any round r > 0, it holds that

N
g+ _zn 1 ZVFi(m(T)Qg‘(T))'

Proof. For any r > 1, we have

2(T+1) _ g(r) - =
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where we use Lemmal[3] When r = 0, we have

1
2(1) _ 2(0) —_ - B(j(l) _ @(0))
T am
1—ﬁ“
= Fi(x
N Z v ),
where we use @(®) = 0. This concludes the proof. [

Lemma 7. Suppose that Assumptions|I| 2} 5| andH|hold. For any round R > 0, it holds that
2

R 2 8252 R 1 N 820272
meﬁdm < P NE| =S V@) + LR,
r=0 (1 - 6) r=0 N i=1 N(l - ﬂ)
Proof. From Lemma[5] we have
2
Mﬁm_EWQZEHnﬁ_m
g
g I~ L ¢ W, |
= A Y A LY VE @)
e P P

for any r > 1. Defining s(") = > o "%, we obtain

2
EHﬂ”—Em

2

B o1)2 | (k (k)

= 25 E Z —1) ZVF &)
=) 2
( ) /82 2 r—1 1 2
¢ r— r—k— k k
< ﬁs( DY prkig szmwﬁ )
k=0 i=1
2

®

62772 (r-1) r—1 e 1 N *) 520_2772 (1) r—1 e
—— s\ B" El|= ) Vfi(z; + s B" ,
S N L V@D + g 2

where we use Jensen’s inequality in (a). Using s("=1) < ﬁ, we obtain

N
_ _ 1 k Bra?
s s R
i=1
Recursive addition yields
R r—1 N
8% —k—1 1 (k) B2a*n
EHﬂ” =0 BRSOV )|+ R
Z (1—5)32% w2 Vi) NI
R-1 N 2 R
B2 1 (k) k1 B0
- oS vaae)| 3 s 22T
— 7 2 i@ -
A-8° = | N r=k+1 N(l 5)
2
R—1 N
ﬁ2772 1 (k) ﬁ20'2772
< E|= ) Vfiz; + R
G a2 B v L VA + vy
where we use ZT w1 BT < 6 in the last inequality. From the definition of 2(?), we have
|2 — 2(0)||2 = 0. This yields the statement. O
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Lemma 8. Suppose that Assumptions|]] andM| hold. For any round v > 0, it holds that
2 2

2 2 2
EH&:““L@(’“) §4L2n25(”+2ﬁ2772]EHﬂ(7”) +4n21EHVf(5:<’“>)H + L.

Proof. From Lemma[5] we have
2

N
2 1
=(r+1) _ S| — 2 —(r) o = (M) ()
£ o e <o [0+ LS wmel i)
() 1 N () ? 0’2772
2 a(r) o~ (T
< n?||put +N;w@(wi )N+
@3 2 1 X ") 2 o2
<222H—(7~) on? || = (2" '
< 28%° | + 21 N;Vf(wz) t—
T

Then, T' can be bounded from above as follows:

- H N L VA = V)
2, Jbivmw“))—w (@) 2+2va<@(”)“
]%TXN;vaz(mET)) -ViE)| +2 v
g 2{;2)“ [+ 2w

Then, we obtain the statement.

Lemma 9. For any round r > 0, it holds that

e[ < L z 5+ |7 1)

Proof. We have

2
2 T
e = |3 5 tvsat)
k=0
where we use €(®) = 0. Defining s := 3", _, 877, we obtain
2 r /Br—k 2
cr D" = 2 P vrz®
EHe H =s")"E kz_o e V@)

<03 g 7).
k=0

where we use Jensen’s inequality. Using s(") < ﬁ, we obtain the statement.

Lemma 10. Suppose that Assumptions[1} 2] B} and@]hold. For any round r > 0, it holds that
502

1 2 L2
_F HD(rJrl) . U(TJrl)H <= Brka(k) 4=
N PSTop =57

22



Under review as a conference paper at ICLR 2023

Proof. We have

oo,
2

Zﬁr k(Vf( (k)) VF(X(k);ﬁ(k))) + ﬁ“‘l(D(O) _ U(O))
k=0

F
Defining s(") := Y~} _, 3"~*, we obtain
E HD(M) _ e H2
F
Br k 5r+1 2
= s+ (VAX®) = VEX®:60)) + s (DO = U®)
Pt S(r+1) s(r+1)
— F

(a) r _ 2 2
< gr+1) r—k]EH XEY _wE(x®. ¢k H (r+1) MEHD(O)_U(O)H
<s k{gﬁ VX)) (X)) + 58 .

(i) " _ 2
D oy prr |V A(X®) = vP(x ;0|
k=0 F
+ LBTHE va X(O ) — VF(X( ). 5(0))H
(1-p)? F
r 2
+ 25(7“5?%1[@ in(X(O))llT _ lVF(X(O)f(O))llT
(1-p)? N N ’ F
r - s(rt
@ 8(r+1) Zﬁrka va(X(lc)) o vf(X(k))H S(r+1) Zﬂr kN2 + (4 B) 6T+1N0'
k=0 k=0

where we use Jensen’s inequality for (a) and use X(©) = X (©) for the last inequality. Then, using

1 .
s < =5 We obtain

E HD(T+1) _ U(’l‘+1) H2

F
ke — (k) No? 4Ng? il
<— kgﬁ B[V (X®9) - VXD + 7+ g
R A C R R
() . 5No?
: 526 R T
This concludes the proof. O

Lemma 11. Suppose that Assumptions[1} 2} [3} and{] hold. For any round r > 0, it holds that

IEH (rt1) _ gt +1>H2 L ZT:B k=(h) o?
a’l‘ _ T Si r— E +7
P N{1- B

Proof. We have

2
E Hﬁ(r+1) _ J(TH)HQ —E

T N
F M S VEEP:ED) - V)
k=0 =1

23



Under review as a conference paper at ICLR 2023

where we use @(?) = d(©) = 0. Defining s := Y"; _ 877, we obtain

el -are

T ﬁr—k 1
> S (F

2

=5 (2":6") - V(@)

2

(%) 8(7') Zﬁr—kE

2

2
Z (@ ey — v r@®)
¥V

= Zﬁ’“’“lZEHVﬂ ) -via| +s<’”’Zﬂ’“ g
k=0

where we use Jensen’s inequality in (a). Then, using s(") < —B we obtain

s

2

N(1-p)?

1 1
crtrfr el ol

r 2

1 2 o
grh— (k) _ f(k)H
< Z N;EH% T +N(1_m2.

This concludes the proof.

Lemma 12. Suppose that Assumptions[1} 2} 3 and@ hold. For any round r > 0, it holds that

—(r+1) 2 2L r—k—=(k) 2 - r—k —(k) 2
Blac) < T L ate s g o [vret)
k=0 k=0

2

N(1-p)*
Proof. We have
: Hﬂ“*”\f i |

o H _(r41) d<r+1>H2 4 9R HJ(TH)HQ ,

From Lemmas[9]and [T1} we obtain the statement.
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D.5 MAIN PROOF

Lemma 13 (Descent Lemma). Suppose that Assumptions [I} 2} 3] and {] hold. If the step size n
satisfies
1-p
< —
=T
then it holds that for any round r > 0,
L%y
1-8

=(r)

L%y 2
Ef(zt)) <Ef(z") + m]E Hai-“”) -z +

__ " g va(j(r))HQ + QJVL(TQ—nQﬁ)?'

1 o () i
FLvsE] -l

Proof. From Assumption [3]and Lemmal6] we have

E f( r+1)>

2

< F(Z0) 4+ BV F(E0), 204D _ 500y 4 gEr Hgmn _ 50

2

N
1=1
2
an 1 ol (r) LO’2’172
taiope v & V)| g
= F(Z0) + 725 ( VI@E") = Vi), 5 DV Al 5’”>>>
=1
T
n 1 N ) Ln2 1 N () ’ L02n2
_ 1 =(r)y = r il T
! <Vf(w ) 2 Ve >>+2(1_5)2 y VA g
T Ts
‘We can bound 77 from above as follows:
(L5),v=2 2 1 1 N r
< va@(r))_vf(i(r))u + szfl E
i=1
2
(8 2 N
g L? ”a’s(” _zo|f 42 %ZVﬁ(mE”)
i=1
We can bound —75 from above as follows:
2 2
1= L ose - LS vrat)| - Lesen)| - 1L S vae)
N & 2 2|N&
2
@11 Q)
< = ; ) —r)Hf, ()
< a2 [[vrE) - vie)| - 5 vie NZW’
® 121 & NEREST 2 11 .
2 L1 =(r) _ (1) 7,H (1) H A ()
=79 N;Hm i > V@] =5 N;vﬁ‘(ml )
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Then, we can bound 75 from above as follows:

1y - | L S v @) £ sa)
’ N i=1 o
2
B )L S vnel) - vre)| +2]vreo)|
i=1
25 [V - via)| + 2|
i=1
25’2‘98() 20| 42 HVf(m<’">)H

By combining them, we obtain
E,f(20+Y)

. L2y 2 n
< £z H—(r) _sm” =
< f(z")+ 15 z z T

1 o (r)
*vai(a’ir )
Ni:l

L? 1 Ly =(r) 1 1 Ln ) 2 L02772
+1—B(2+1 B)"“ 1—&(21_5) [V + i

Using n <

4 L , we get the statement. O

Lemma 14 (Recursion for Z). Suppose that Assumptions|[I| 2} 3] and[d hold. Then, it holds that for
any round r > 0,

9 9 2 9 2
=r+1) « (1 _ Py 4 P 2et) L P QEH (r+1) 7D(TH)H 7 Q]EHE(rH)H
<(1-3) +p175 3" U TN -

Proof. Because Y.~ [la; —a||?> < 2N, |lay||? forany a;,-- - ,ay € R% we have
N=O) _E H X0 X1y 4 (g0 _ <r>)H <E HX X“—UHQ .
F
Then, we have

HX(’I"+1) X (r+1) H HX(T+1 X(’r‘)
F
_ Hx(r W — U+ — ¢y = X0
F
= (144) HX(T WX F+(1+7‘1)n2HU(T+1)—C(” i
4] 2
2(1+7) 1—p HX(’) X +(1+7‘1)n2HU“+1>—C<")

o
By substituting v = £ and using p < 1, we obtain

HX(TH) X (r+1) H

F

_ 2
- Tyxin -z

* L3 HU(M) o
Foop

F

=(1- 13) HX(V') _xm

2F + gnQ |[ut+v & e+ gty - ) ’

F
2
@ 1-2 HX —X®
F
I 7772 HU (r+1) _D(r-i-l)H2 4 2772 HD(T"F1) _cm _ E(r+1)” i 77 HE (r+1) H .
p F o p F
This concludes the proof. O
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Lemma 15 (Recursion for £). Suppose that Assumptions[1) 2} [3] and[d hold. Then, it holds that for
any round r > 0,

18432
185° 5
P
4 2712
N 1441 PO 4 7232L
P P

24 2
g+l < (1 - Pyem (r) 7EHU(T+1) _ D(m)”
<( 2) + + No B

36L2%0%n?

+ Np

e s+

R Ha(,.) 2 14412
p

Proof. We have
E H D2 _ o) _ E(r+2>H2
F

-E HD<T+2> _ (W) — gty — g+ _ g+ L pi+) 4 petyy 4 E<r+1)H2
F

(13),(14) 2
3.0 (1+9)E H(D(’”“) W — Er+Y HF

2
121+ HE ’(U(’“H) ~ DUFYYW - I)HF
2

+2(1 47 ME ’D(r+2) _ pr+l) 4 g1 _ E(r+2)HF

14) 2
9 (1+~)(1—p)E ’ DU+ _ ¢ _ g+ HF

2
+2(1+~"HE ‘(U(T“) ~ DUy (W — I)HF

2
12147 HE ‘D(’“”) _ D) 4 gl _ E(r+2)” 7
F
where we use Lemmaand EC+D = %D(”l) 117 in the last inequality. Then, we have

E ‘D(T‘—O—Q) _ C(T-‘rl) _ E(T’+2)H2
F

< (1471 -pE

@ ‘D<r+1) o E<r+1>H2
F

1 1 1 2 2
12144 VE ’U(” ) _ plr+ >HF W — 1|2,

2

+2(1+~ HE ’D(r+2) _ D) 4 g1 E(r+2)HF

(b)
< (1+7)(1-pE|

DU+ o) _ D) H2 +8(1+9E Uty - DY H2
F F

2

12147 ME ’D(r+2) _ pirl) 4 pir1) _ E(T+2)HF’

where || - ||op denotes the operator norm. In (a), we use the following definition of the operator
norm: [|[W — I|lop = Supsera\ (o} lw Dol > 1W=Dvll for any v € R%\ {0}. In (b), we use

ol [l
Gershgorin circle theorem and the fact that W' is a mixing matrix. Substituting v = £, we obtain

o HD<7~+2> _ o _ E<r+2>H2

F
<1-"E HD(M) _om _ E<r+1>H2 LAy HU(M) _ D<r+1>H2
- 2 F p F

+ §E HD<T+2) _ D(r—i—l) + E(r+l) _ E(T+2)H2 .
p F

T
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Then, we can bound 7" from above by expanding D("t2), DU+ E("+2) and E"+1 as follows:

(14) 2 _ _ 2
@ 35w HD(T“) ~ D" 4 EM E<’”+1>H +3E HVf(X(T“)) - Vf(XW)H
F

F
1 2

1 . _
(My11T _ (r4+1)\11 T
+3IEHNVf(X )11 NVf(X )11

F

2 382 HD(rH) _ DM L g0 _ E(TH)Hi L GL2E HX(rJrl) _xm 2

o
Using Lemmal|g] we obtain
T < 35°E HD(r+1) _ DL g0 _ E<r+1)H2
- F

2 6L202’f}2
| ="
This concludes the proof. O

Lemma 16 (Recursion for D). Suppose that Assumptions[1} 2| B} and[@|hold. Then, it holds that for
any round r > 0,

2
+ N(24L492E0) 4+ 1282 L%°E Hfa(r) + 242 HVf(:i:“")

232 32L4n2 16L232%n? )
plr+l) < D) =(r) 7EH ()
S1E R + yee + 11— u
32L2n 8L202n?
E H (/r) H ’
Frop IV ED] Ny

Proof. We have

E HD(T+2) _ Do) _ ger2) | E(r+1)H2
F

é i +,y)ﬂ2EHD(T+1) _ D" L g0 _E(r+1)H2
F

2Ly B[V - Vf(X(T))Hi

2

+2(1 4471 IEHNVf(X(T))llT Vf( r+y11 "
F
(8] 2 _ 2
2 (1 _‘_,Y 62E HD<T+1) (r) + E(r) _ E(T’+1)H + 4L2(1 + ’y_l)E HX(T—H) _ X(r)
F F
Substituting v = %, we obtain
B HD(T+2) _ D) _ g2 E(r+1)H2
F
2 2
< iEHD(M) _ D" L E0 E(r+1>H2 L 8L EHX(T-H) _xm
1+ 52 F — 2 F
Using Lemmalg] we obtain
E HD(T+2) _ pUr+) _ gr+2) +E(r+1)H2
F
2
< 2 g HD(T+1) _ D" 4 B0 _ E(r+1)H2
1452 F
32L4n? 16L23%n? 32L n?
N e[+ e vre| +
PNGTEET Y e B oV 1—/32)
This concludes the proof.
O
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Lemma 17 (Recursion for =, £, and D). We definet € R and A € R as follows:

23%p . 648
_1—ﬂ2+4’ A._il_p R

t 1482

Note that it holds that t > 4 and A > 0. Suppose that Assumptions[I} 2} [3] and@| hold, and step size
7 satisfies

p

8Ly /324 + 245

n<

Then, it holds that

36 Ap?
7n28(r+1)+p763772/p(r+1)

E(T—H) +
p2

p —=(r 36 T Aﬁ T
<(1-— E)(:( )+—2n28( )+ = p?DM)

4 2
4 772]E va ZE H <9 + 86 > 7}2E HU(T+1) _ D(T+1)HF
p?
L 16A 2 2 2.2
+ g (25926° + 645" ap Ham + inQEHE(T“)H + 20
1—p? Np F P

Proof. From Lemmas[T4]and[I3] we have

)

2 9 2
=r+1) < (1 _ Py 2g(r) 2EHU(r+1 D(r+1)H 2]EHE(r+1)H

<( 2) + = i + 5 - Ny B
36 5. P36 4. 64852 , .
SnPErth < (1 - 5)}?7725( )4 anzD( )+

5184L* ,_ ..,  2592B82L? _mI?
5 73774:( ) 4 73774%1 Hu( )
D D D

1296 L20%n*
Np3

2
i 864 2]E HU(T+1) _ D(r+1)H2 n 5184L
F p3

2
W v |vse)| -

Then, from Lemma [T6] we have

4 274 204
Aﬂ 2D(T+1) < 2Aﬂ2 772D(T) + 32Aﬁ2L 7”4:(T) 16AL25 3/,74 2
P’ (1+3%)p? (1—p5%)p? (1-p5%)p
324822

oo

E Hﬁm

SABZLQ 2 4

B[V + 5

2

Usin < and < ——F2 ___ wehave
gn’ < 12812(162+A27)

P 5184L4 4 32A52L4 4 '—'(T) P L2 2 ,_(,,,) P ,_(,,,)
JR— + + — < - = + - — < — —\= .
((1 2) p3 n (1 Bg)pg = = (1 ) n — = (1 )“

In addition, we have

9 o p,36 2> P36 o
S (1 - £M = (1- )2 e
<p77 ( )p (1- 4)p ]

2
64832 2454 2) (648 232 ) ApB? p. AB?
+ D) = =2 4 D) = 2 p2pn)
( PR T2 A 1+p%2) p? - t) p
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Then, using ¢ > 4, we obtain

—~(7‘+1)+ 36 25 r+1)+ AB ZD(TH)
p?

Aﬂ QD(T )

36
<(1— =(r) n2E(r)
( t)( +p EV) 4 ——

32A32 2
= <1 - gz + 5184) 774IE HVf(zE(T))H
+ 1 9+ 864 ’E HU(T-H) _ D(T’+1)H2
Np p? F

+ inﬁg HE(TH) H2

L? 164 .
+= (259%2 g ) 7*E Ha(”
P - B2
L2052 81462
1296 4,
- Np3 ( 1o 52) K
Using n? < ¢, we have

= 3202(162+ 1“‘3;’2 )

2 (32A§z +5184> 7E |V )Hz . %nQEva(:m,.))H?.

, We obtain

2

Using n? < ——&
g = 8L2(162+ A’ji,)

L22
N3

IN

8Aﬁ2 4 02,,72 02772
(1296+ . BQ) :

This concludes the proof.

Lemma 18. We definet € R and A € R as follows:

2P L4 4 648

t = —_— .
_ 32 ’ 22
1-5 1-%- 1+p2

Under the same assumptions as those in LemmalI7) it holds that

145to n?
=(r k
E: < - Ej\p() ﬁ)ngR

r=0

where W) is defined as follows:

v z]EHVf 5 H (9+864> anHUo«m_ D(M)HQ

F
L? 6AB4 2
= (2592 4EH‘(T)
+p3( 6+152>n “

9 4 . 2
B
* an F

Proof. We define (") == =(") 1 %257725(” + AngnQD(’”). From Lemma we obtain

2,2
e+l < (1 - B)@(m I GO

( _ r+1® O)+Z r k\I,(k)+Z 277 )
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Using 37 (1 — §)"~" < £, we obtain

r

, P Prrekg k), tO°0°
@( +1) < (1 _ E)7"—&-1(__)(0) + Z(l _ g)r k\I/(k) + p2 )
k=0

Then, for any R > 1, we obtain

R R R r—1 to2n?
Z@(r) < Z(l — Lyrg@ 4 Z (1 - Byr—k-1g0) 4 TUR
r=1 r=1 t r=1k=0 t p

R R—-1 R n 2 9
= 2(1 _ E)T@(O) + p k) Z (1— B)T*kfl + %R
r=1 t k=0 r=k+1 t p
R—-1 2
<loo 1 3 w® [

where we use Zf‘:l (1-2)r< % and Zf”:kﬂ e % in the last inequality. Then, from
the definition of £("), we have

so_1p HD(l) oo _ E<1>H2
N F

11 2

_ 1 _ 1
- - - 0)y _ — 0y117T — 0). ¢(0)y 4 — (0). ¢(0)y11T
=57 NEHVf(X ) NVf(X )11 VE(X™; %) + NVF(X ;EV11

(14) 2 1 _
2 1 )y _ (0). £(0)
< (1_6)2NIEHVf(X ) - VE(X©. ¢ )H

2 1
Ta-BEN

D _4
S a-p2

where we use X () = X (©) in the last inequality. From the definition of D("), we have

F
2
F

1 _ 1 2
El|=VAX11T - ZVF(X©@;¢@)117
HN FXH) v VE (X

F

2
o - L H(ﬁ ~)DO 4 VHX©O) - LYAXOT| =0

F
Then using X = x(0) (.e., =0) = 0), we have

6(0) < 1440 27’]2
T (1-p8)Pp?
Here, the above upper bounds of £(°) and D) are attributed to how we choose the initial values

ugo), cl(-o), dEO), and el(-o) for i € V. Then, combining them, we obtain

R R—1
t 144to2n? to?n?
@(7’) < - \I/(k) + + R
; P ,;) (1=p)2p*  p?
R—1

t 145t0%n?
<N uhy 2 T R
Tp ,;) (1-5)%p
where we use p € (0,1], 8 € [0,1), and R > 1 in the last inequality. Then, using ©(") > Z(") and
=) = 0, we obtain the statement. O

Lemma 19. We definet € R and A € R as follows:

2/3%p 648
t:= +4, A= —ov "
—p 257
1-8 C A e
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Note that it holds that t > 4 and A > 0. Suppose that the same assumptions as those in Lemmal[I7]
hold. Then, if step size 1 satisfies

7 < min p (1-B)p (1*6)20}
N 4L\/324 1 2487 2L\/t(5 +432)" 8LV5t

it holds that

R R
1 > 40L% 29 864
42320 < 3 ||| +(1o++) o2 (R + 1),
; 2 kzzo =) (1-p8)%p? p P ( )

Proof. We define U(") as follows:

w0 preoref g (o ) o o
F
12 16453 9 2
959232 4EH = 2EHE<T+1>H
+p ( A+ —ﬂ) an F

Using e(") = eﬁ” and Lemmas@ and we obtain

1 2
¥ < PR HW(@“))]
p

e e Ml

2I2 16A3 — INNIE
2 (o« A5 (S e

L2 864 —
T ( ) (ZB

2L 16434 — )
g (B ) o <26 F k)

5 864\ 5 o
+7(1—ﬁ) <9+ )Un

16A43%
+ YT e (2592/52 6 §2>02n47

+7
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for any round r > 1. Then, we obtain

212 16484 R JRNIE:
e (e 25 (S e )

2L 16A5% A
+—— (2592ﬂ2+ 1_52>n4 SN prktet)

(1=B)p
TR ) (9 + 864) o*n’R

(1- ﬂ
4
+ T s (2592/32 1645 2) a*n*R.

Then, we obtain

R R 9

S <123 R [vr@)|

r=1 p r=1
> 9 & NIk & r—k
W(l_ﬁ)pl;)HVf(“f' )H Z B

r=max{1,k}
212 16444 209 L
+(15)p(2592ﬂ2 ) (Z HVf H rzzkilﬁ !
L2 ( 864) o oy .
+—— 94+ — |7 = g
(1 - 5)]7 p2 (kZ—O rm§{1 k}
2Lt 2, 161454 = (k) r—k—1
T (1) o (Z ; ’
r=k+1
5 864
R <9+ )
T (259252 1645 2) o2 R.
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. R —k— k
Using 3,2, 7 F7! < {25 and > max{1k) B < 125, we obtain
R

Z\Iﬂ”ganiEHW 2() H
r=1 p r=1
e
i (o 25 ) (S o)

L2 ( 864) o (&
b9+ = =k
(1-8)%p )" 2

M:U\_/

k=0
20432 ( 16Aﬁ2) 1 [ X =)
(2502 =
T i)t (k_o

5 864
2 (o4 ) o*n?R
(1-p)%p ( p?
21232 16432
— (25924 ——_ ) o%*R.
T (1)
Then, using @) = 0 and Lemmas[9and[10] we have

< Lalesanf o ot [0 o i (452

- B)*p

Then, we obtain

qu < 772Z1EHW (& )H2

r=0
S e

21232 ( 6A52) 4 = (k)
(2592 v
s (0 {25 ) (X [ sa)]
L? 864\ 5 (o= iy
T A (9+192> ! (;H
2L*p? ( 16A52) (N 2w
(2592 =
T i) (,;)
5 864
+ = (9 + p2> a*n*(R+1)
21232 16A32
+ N(lg)%g (2592 +1- gg) a’n*R.
Using n? < W:Mz), we have
21252 16A62 55 B2 (&=
s (e 1250 (S s ) < 2t (o
Using n? < , we have

P
2 AB2
32L (162+1_ﬁ2

2L452

i (2 ) <,§“> 57" (Z“ |



Under review as a conference paper at ICLR 2023

2

Using 772 S m, we have
21242 ( 16432 ) - 32
———— [ 2592 + o> R < ————o*n*R.
N(1 - B —@) 7T NG =

Then, using 8 € [0,1) and N > 1, we obtain
) < Loy = ||”
Lorsirdepe
R
a2 [vre

k=0

p
R
864\ , [(Cn s
2p(10+ ), (Zz”)
k=0

2, 2
3p 1042 ) n?(R+1).

Using 3 € [0,1) and Lemmal[I8] we obtain

k=0
ot 864 145t02n?
+ 10+>02n2R+1
(1 B)3p? ( p? ( ) (1—p)2p?
R
20t onl?
— 322 ZHVf(m )H
1= =
tL> 864 5 [~k
- 22<1o+2>n (ZE()
(1-5)%p p P
5t 20 864\ , »
+7(1*5)3P2 (10 p+2>0 n°(R+1)
Then, using 72 < &%}ff’;), we obtain
p2
R R
1 &, 20t 2, 864\ ,
r=0 k=0

Multiplying 8 L2, we obtain

R R
o 160L%t 2 40L2t 29 864
4L2 E :( ) < (172772 E HVf(CE(k))H + = (10+ — + ]32> 027]2(R+ 1).
k=0

s ~(1-p)%p (1—p8)3p? P

Using n? < (220& L)2f , we obtain the statement. O
Lemma 20. We define t € R as follows:

25°p

t:= 4.

-

Suppose that the assumptions of Lemma[I9 hold. Then, if step size 1) satisfies
_ B2
N i)
2v2L
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it holds that

R B o2
st SE e < S ()

LD (00020 86 4
*u—ﬂﬁ(p2O“+p+zﬂ>+Na—m>””'

Proof. Using Lemma|[I3|and Assumption[I] we have

ER:]EHVf(w(T))HQ . 4(1-p) (f(i(o)) - f*) +4L2§:E"w(r) _ 5
r=0 r=0

2 R
+4r2y 20
0

n —
& 1 Y ) ’ 2Lo%n
N E|— (2" =2 _(R+1).
2E|§ 2 Vi) Ni—pg Lt
r=0 =1
From Lemmal[7] we have
2 4L 52 2 1 & 41232022
2 () ) (7") Ui
AL ZEH z Z]E N;Vﬁ(% W+ Napr

Combining them yields
R 2
> B[V
r=0

R R N :
< () - ) w4t 3= (1 ) 3B v
r=0 1=1

n e (1-p)*
2Lo%n 412p%0%n?
+ = (R+1)+ —+—— R
Ni-/ YT N gy
Using n2 < ( ) and 3 < 1, we obtain
2
>k foste)|
r=0
LA=5) (f( (0)) ) +4L22”(7’ 7%" N (Ro)+ LB
T —B) N(1-p)*
Using Lemma|[T9] we obtain
1 & 2
- 7(7)
LS el
4(1 — ﬂ) ~(0) * 2L0277
< 2 — ikl 1
<= (PE - 1) by B
L? (4075 ( 29 864) 432 ) 9 9
+ s 5 (10+—+—5 |+ % | (R+1).
(1-5)% \p? p P N(1-5) ( )
This concludes the proof. O
Lemma 21. We definet € R and A € R as follows:
. 23%p o 648
t = 1—ﬁ2+4’ A._i_ﬁ_ TR

t 1432
Then, it holds that

(- 5% <mm{16 p (-8 (1-Bp 15

161/ 75555 4 282 AL gL, [324 4 2487 2L/H(Ep +432) BLVSE T 2V2L
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Proof. Because ,/% +282>1,p€(0,1],and 8 € [0, 1), we have

(1— 8)%p? Smin{lﬂ (1/3)2}.

16L, [ (12590 + 282 AL 2v2L

From p < 1, we have

26%p 1+ p° p
t—3= 1> = .
R 2
Then, we obtain
P2 S p p_ 3 3
t 1+082 7 t-3 t tt—3) " 2
Then, we obtain
2162
< .
p
Using the above inequality, we obtain
AB? 216322
+ 162 < ——— + 162.
1-p2 p(1—p?)
From the definition of ¢, we obtain
AB? 216322
— +30t + 162 < ———— + 30t + 162
e p(l—p5?)
21682 (28 ) 26%p
= 4 30 4 162
p(1 =57 (1—52 )T e )T
21647 4p'p* 1687 26%p
= 16 30 4 162
p(i - 5) ((1—52>2 TR e ) T
783632
< ————5 + 282,
p(1—p?)?
where we use 8 € [0,1) and p € (0, 1] in the last inequality. Then, we obtain
-8  _ (1-p)*p?
16L, [ 125957 + 282 16L\/1{5;2 + 30t + 162
— 2 —
< min p ’ (1 f)p (1 B)p’
8L./324 2457 2L\/t(5p? + 432) 8Lv/5t
This concludes the proof. O

Lemma 22 (Convergence Rate for Non-convex Case). Suppose that Assumptions [I] 2] [5| and
hold. Then, for any R > 1, there exists a step size 1) such that it holds that

LS b|vseon|
r=0

roo2L rao?L? B2 g Lrg 32
<O< NE (p‘*RQ(l—ﬁ) (” 1—6)) Ta—peR\ T )

where 1o = f(2(0) — f*.
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Proof. From Lemmas [20]and [21] if the step size 7 satisfies the following:
(1-8)%p?

ns 783632 ’
6Ly [ >ty + 282
then we have
R
1 2
P RCa
2(R+1); Vi@
4 2Lo%7 L? /40t 29 864 452
= 5(0)) _ p* [ Y (e T o et _EPT ) 22
—ﬁ(R+1)(f(z ) f>+ N 1 3\ M +N(1—5) 7

T

where we define 7 := ﬁ Then, we can bound 7" from above as follows:
L? <40 < 26%p > ( 29 864) 432 )
T = — +4 104+ —+— |+ ——
1-8\p* \1-p2 p P2 N(1-p)

pe(©1] L2 /36120 [ 23%p 432
= 1—5( P (1—52+4)+N(1—5))

pe<o,1]fe[o,1) 36120L2 (362p 4)
B (1-8p* \1-p8

Then, we obtain

R _y|?
P Gl

4 2Lo%h 36120L% [/ 3832%p
<——— (FE) =)+ ( +4) 0%
EESVACASE N B \1-5
Using Lemma 17 in the previous work (Koloskova et al., 2020), we obtain the statement. O
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E HYPERPARAMETER SETTINGS

Tables [6} [} and[10]list the hyperparameter settings for each dataset. We evaluated the perfor-
mance of each comparison method for different step sizes and selected the step size that achieved
the highest accuracy on the validation dataset.

Table 6: Experimental settings for FashionMNIST.

Neural network architecture  LeNet (LeCun et al., [1998)

Normalization Group normalization (Wu & Hel 2018)
Step size {0.005, 0.001, 0.0005}

L2 penalty 0.001

Batch size 100

Data augmentation RandomCrop

Total number of epochs 500

Table 7: Experimental settings for SVHN.

Neural network architecture LeNet (LeCun et al., (1998)

Normalization Group normalization (Wu & Hel 2018))
Step size {0.005, 0.001, 0.0005}

L2 penalty 0.001

Batch size 100

Data augmentation RandomCrop

Total number of epochs 500

Table 8: Experimental settings for CIFAR-10.

Neural network architecture LeNet (LeCun et al.,|1998)

Normalization Group normalization (Wu & Hel 2018))
Step size {0.005, 0.001, 0.0005}

L2 penalty 0.001

Batch size 100

Data augmentation RandomCrop, RandomHorizontalFlip
Total number of epochs 500

Table 9: Experimental settings for CIFAR-10 with VGG-11.

Neural network architecture  VGG-11 (Simonyan & Zisserman, 2015)

Normalization Group normalization (Wu & Hel [2018)

Step size {0.05,0.01,0.005}

Step size decay /10 at epoch 500 and 750.

L2 penalty 0.001

Batch size 100

Data augmentation RandomCrop, RandomHorizontalFlip, RandomErasing
Total number of epochs 1000

Table 10: Experimental settings for CIFAR-10 with ResNet-34.

Neural network architecture  ResNet-34 (He et al., [2016)

Normalization Group normalization (Wu & Hel 2018)

Step size {0.05,0.01,0.005}

Step size decay /10 at epoch 375 and 563.

L2 penalty 0.001

Batch size 100

Data augmentation RandomCrop, RandomHorizontalFlip, RandomErasing
Total number of epochs 750
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