Appendix

The Appendix is organized as follows. In Appendix [A] we provide the gradients for the spectral
entropy (3) and spectral hypentropy (@) mirror maps, and discuss the per-iteration computational cost
of the corresponding mirror descent algorithms. In Appendix [B] we provide proofs for the claims
made in the main paper. In Appendix [C} we present additional experiments addressing the problem
of matrix completion.

A Mirror maps and gradients

We first consider rectangular matrix sensing with the spectral hypentropy mirror map

O3(X) = Zo‘i arcsinh((;) _ \/m7
i=1

where {o;}"; denote the singular values of X. Since ®g : R™™ — R is a function operat-
ing on the singular values of a matrix, we can use Theorem 3.1 in [7] to compute its gradient.
Let X = Udiag(oy,...,0,)V ' be the singular value decomposition of the matrix X, where
diag(o1,...,0,) denotes the diagonal matrix with diagonal elements o1, ..., 0,. Then, we have

Vos(X) = Udiag(arcsinh(%), ce, arcsinh(%))VT

by Theorem 3.1 in [[7]], see also [4]. This means that each step of mirror descent requires a singular
value decomposition to compute

X1 = VO (VEs(Xs) —nV f(Xy)),
which takes O(n2n’) operations.

The singular value decomposition can be avoided if n = n’ and the sensing matrices A;’s are
symmetric, which we can assume without loss of generality if X* € R™*" is symmetric, since then
yi = (A, X*) = (L(A; + A]),X*) forall i = 1,...,m. In that case, the mirror descent iterates
X; stay symmetric for all ¢ > 0, provided the initialization X is symmetric. Using the identity
arcsinh(z) = log(x + vz2 4 1), we can write

ds(X;) = tr<xtlog<);t + );2? +I> — /X7 +B2I>7

since all matrices in above expression are symmetric and simultaneously diagonalizable. In this case,
the gradient of the spectral hypentropy can be written as

X X2
V‘I)g(xt) = 1og<ﬂ + ﬁ +1,
and its inverse is given by
1 eXt — =X
Vo, (Xs) = 3#
Hence, for the mirror descent algorithm (2Z) we need to compute two matrix exponentials in each
iteration. While computing matrix exponentials require O (n?) operations, which is of the same order
as a singular value decomposition, matrix exponentials are typically cheaper to compute in practice.

In the positive semidefinite case, the spectral entropy mirror map is given by
P(X) = tr(Xlog X — X),

which has gradient given by
Vo(X) =logX,
with inverse
Vo (X) = exp(X).
Hence, mirror descent equipped with the spectral entropy mirror map requires computing a matrix
exponential in each iteration, which requires O(n?) operations.

14



B Proofs

In this section, we provide proofs for the claims made in the main paper.

B.1 Proof of Theorem/[]

Proof. We begin by showing convergence of mirror descent to a global minimizer of the empirical
risk f. The characterization of the limiting point follows immediately from the proof of convergence.
Then, we show the bound (7)) by showing that the empirical risk f(X;) is monotonously decreasing.

Part 1: Convergence of mirror descent.
The following identity characterizes the evolution of the Bregman divergence and follows from its
definition (I)) and the mirror descent update (2)):

-D<I>ﬁ (X/7Xt+1) - Dq:‘[—j (X/) Xt) = _77<Vf(Xt)7Xt - X/> + D<I>[3 (Xt7Xt+1)7 (16)

where X' is any reference point. Letting X’ be any global minimizer of f, the first term in (T6) can
be written as

m

1
(VI(X0). Xy = X) = — 37 ((An Xe) — i) (A Xy = X) = 2f(X),
i=1
where we used the assumption that there exists a matrix achieving zero training error, i.e. (A;, X’) =
y; forall i = 1,...,m. The spectral hypentropy mirror map is (2(7 + 4n))~*-strongly convex with
respect to the nuclear norm || - ||, on the nuclear norm ball B(7) = {X € R™*" : | X||, < 7}, see
Theorem 14 in [4]]. Writing 7+ = max{||X¢||«, || X¢+1[|« }» we can bound the second term in (I6) by

Do, (X4, Xi1) = Pp(Xy) — Pp(Xiv1) — (VO35 (Xiy1), X — Xiy1)

1
<(VO5(Xy) = VO5(Xiy1), Xy — Xiy1) — m”xt — Xyl
1

= (NVF(Xe), Xy — Xpp1) — ———— || X — Xy ||?

<7I f( t) t t+1> 4(Tt —|—ﬁn)” t t+1||

1

<IVEX) 21X = X« — m”xt — X2
<P (e + Bn) |V F(X) |3, (17)

where we used strong convexity of @4 in the second line, the mirror descent update (2) in the third
line, the fact that the spectral norm || - ||2 is the dual norm to the nuclear norm || - || in the fourth line,
and we optimized a quadratic function in || X; — X;41]|« to obtain the last inequality.

The spectral norm of the gradient V f can be bounded in terms of the empirical risk f: we have

m

VDI = | 1 3 (41 X0 - ),

2

2

IN

2
1 m
(m ;|<A,~,Xt> — i A1;||2>

1 m
DAl - 2f(X0),
i=1

m <

IN

where we used the triangle inequality in the second and the Cauchy-Schwarz inequality in the last line.
Using the non-negativity of the Bregman divergence, we can rearrange the penultimate inequality in

(T7) to obtain
1
1Xe = Xesalle < 4(me + Br)n||[ V(X2 < 5 (e + Bn), (18)

provided the step size n satisfies
) Lo —1/2
<—— (= A% F(X . 19
"M(m;_f 13- £( a) (19
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We will show below that the upper bound in (I9) is uniformly bounded from below by a constant
¢ > 0, i.e. we can indeed choose a constant step size n; = 1 < c¢. If || X¢11]]« > ||X¢]«, then the
reverse triangle inequality yields

1
[Xirlls = 1 Xe s <[ Xe = Xigpal« < §(||Xt+1H* +Bn),

which can be rearranged to || X1« < 2[|X¢||« + Sn, so that also 7+ < 2||X¢||« + Sn. Hence, the
second term in (T6) can be bounded by

Do, (X¢, Xep1) < 0P (7 4 Bn) [V F(Xo) |15 < nf (Xe),

provided that the step size 7 also satisfies

-1
n=< 4< Z A3 - (HXtH* +Bn)> . (20)

With this, the identity in (T6) becomes
Dy, (X', X¢11) = Do, (X', Xy) = =20 f(Xy) + Doy (Xt, Xiy1) < —nf(Xy) (21)

for any global minimizer X’ of f. Since the Bregman divergence Dg, (X', X;) is bounded from
below by zero, this means that the empirical risk f(X;) must converge to zero, which in turn implies
that X; converges to a global minimizer of f.

To see which global minimizer mirror descent converges to, observe that the difference in (8) does
not depend on the reference point X', as long as X' is a global minimizer of f. This means that the
Bregman divergence Dy, (X', X;) is decreased by the same amount for all global minimizers X',
which then implies that X; must converge to the global minimizer which is closest to X in terms of
the Bregman divergence. Hence, writing {o; }?_; for the singular values of X, = lim;_, o, X; and

using the identity arcsinh(x) = log(z + V22 + 1), the quantity

Dg, (X0, Xo) = Zaz arcsmh( B) - \/U?Tﬂ? —np

is minimized among all global minimizers of the empirical risk f, which is the quantity in (6) modulo
the constant n 3.

Finally, since we show convergence of X, this means that the nuclear norm ||X||.. and the empirical
risk f(X;) stay bounded for all ¢ > 0. This implies that, in order to satisfy inequalities (T9) and (20),
we can indeed choose a constant step size n; = 1 < ¢, where the constant ¢ > 0 depends on the
spectral norm of the sensing matrices A;’s and the observations y;’s.

Part 2: Proving the bound (7).
In order to show the bound (/] . we first show that f(X;) decreases monotonously. To this end, we
verifiy that f is L 3™ ||A;]|3-smooth with respect to the nuclear norm. Indeed, V f is Lipschitz

continuous with Llpschitz constant = > [|A;[|3,

I9700) = V10l = |1 Y (40X - WA,

2

IA

1 m
HZ JAdl2]X — Y. A,
m i=1 2

1 m
<3 A X - Y,

i=1
where we used the duality of the nuclear and spectral norms in the second line. Hence, we can bound

1 m
FXerr) < f(Xe) + (VX)) Xegr = Xo) + o D A - X — X2,
i=1

16



If we can bound
1 m
(VI(Xe), X1 = X) < =5 D A - (X — X2,
i=1

then this would show that f(X;) is monotonously decreasing. Recall the proximal formulation of
mirror descent (see e.g. [1]),

XeRnxn/

1
Xiy1 = arg min {(Vf(Xt), X —Xy) + ED%, (X, Xt)}.
Since the quantity being minimized is zero for X = X, we obtain the upper bound

1
(VF(X), X1 — Xy) < *5D<I>@ (X415, X¢)

= %((‘I)ﬁ(xt) —P3(Xyy1)) +(VP(Xy), X1 — Xt>>
1
= TGt 6w

1 m
< “om Z; A3 - X1 — X2,
iz

X1 — X2

where we used strong convexity of ®4 for the second inequality, and the last inequality holds if the
step size 7 satisfies inequality (20). This completes the proof that f(X:+1) < f(Xy).

To show the bound (7)), assume that it were violated for some ¢ > 0. Since f(X¢) is non-increasing,

this means that Da, (Xow Xo)
[0 00y 0
FX) 2 F(X,) > = 2

for all s < ¢. The bound in ZI) controls by how much the Bregman divergence must decrease in
each iteration. Summing over the expression in (21), we obtain
t—1
Da,(Xoo, X¢) = Da, (Xoo, Xo) + Y Day(Xoo, Xs41) = Do,y (Xoo, X,)
s=0
t—1

Dy, (X ,X
<D<I>B Xoo;XO Zn @,3 oo 0)

=0,
which contradicts the non-negativity of the Bregman divergence and therefore shows that the bound
must be satisfied for all ¢ > 0. O

B.2 Proof of Theorem 2]

The proof of Theorem 2] follows the same steps as the proof of Theorem [I]and uses the fact that the
spectral entropy (3)) is (27) ! strongly convex with respect to the nuclear norm on the nuclear norm
ball By (1) = {X € S} : || X]|« < 7}, for which we include a proof for completeness’ sake.

Lemma 7 (Strong convexity of the spectral entropy). The spectral entropy (3)) is (27)~!-strongly
convex with respect to the nuclear norm || - ||« on the nuclear norm ball B ().

Proof. The proof of Lemmal[7|closely follows the proof of strong convexity of the spectral hypentropy
mirror map provided in [4]. We first introduce some notation. We denote by A(X) the vector of
eigenvalues of a symmetric matrix X € S™. For a function f : R — R, we denote by f(X) the
standard lifting of scalar functions to symmetric matrices, see e.g. [4]],

X =Udiag\(X)JUT = f(X)=Udiag[f(A(X))]UT,

where f is applied to the vector A(X) componentwise.
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In order to show that the spectral entropy ® is (27)~!-strongly convex with respect to the nuclear
norm || - ||« on B4 (7), we use the duality of strong convexity and smoothness and show instead that
the Fenchel conjugate ®* is 27-smooth with respect to the spectral norm || - ||2 on the set V(B (7)).

The following Theorem from [6]] relates the conjugate of rotationally invariant matrix functions, i.e.
functions that can be written as ¥(X) = (¢ o A\)(X), where ¢ : R® — R, to the conjugate of the
vector function ).

Theorem 8 (Theorem 28 [6]]). Let g : R™ — R be a symmetric function, i.e. invariant under
permutations of its argument. Then,

(goN)*=g*o A

With this, we can compute the Fenchel conjugate of ®. We have
B(X) = tr(Xlog X — X) = \(X) log \i(X) = Xi(X) = D ¢(Mi(X)),
i=1

so that .
oH(X) = ¢"(N(X)) =) eMX),
i=1 i

since the conjugate of the scalar function ¢(x) = xlogx — x is given by ¢*(z) = €*.

The following Lemma from [J5] allows us to reduce the smoothness of matrix functions to the
smoothness of functions taking vectors as argument.

Lemma 9 (Proposition 3.1 [5]). Let f : R. — R be a twice continuously differentiable function and
¢ > 0 a constant such that, for allb > a > 0,

f'0) = f'@) _ (@) + f"(b)
b—a - 2 '
Then, the function F : S™ — R defined by F(X) = tr(f(X)) is twice continuously differentiable
and satisfies, for every H € S,

D?*F(X)[H,H] < ctr(Hf"(X)H).

We can now analyze the smoothness of ®*. By the mean-value theorem, we have for some ¢ € [a, ],
¢* ! b - (;5* ! a * * *
WO O _ (40y(e) < (6) (@) + (67"
Then, by Lemma[9} we can bound, for any X = V®(Y) with Y € B, (1),
sup  DXO*(X)H,H| <  sup  2tr(H(¢")"(X)H)
Hes™:||H||2<1 HeS™:||H||2<1
= sup  2tr(H*(¢")"(X))
Hes™:||H||2<1

< sup  2(0’(H),0((¢")" (X)),
Hes™:||H||2<1

where we write o(X) for the vector of singular values of a matrix X. The equality follows from
commutativity of the trace, and the last inequality follows from von Neumann’s trace inequality
tr(ATB) < (¢(A),o(B)). By definition, we have o?(H) < 1 and o;((¢*)" (X)) = 0;(Y) for all
i =1,...,n, so that we can bound

sup D@ (X)H,H] <2) 1-0:(Y) =2|Y]|. <2,
HeS™:||H||2<1 ]

which completes the proof that ®* is 27-smooth with respect to the spectral norm on V& (B, (7)). O

Since the rest of the proof of Theorem 2] follows the exact same steps as the proof of Theorem [I] it is
omitted to avoid repetition.
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B.3 Proof of Theorem[3|

Proof of Theorem[5] We begin by considering the rectangular case and prove the bound (II)) in
Theorem [3|for the spectral hypentropy mirror map (@). The proof of Theorem [3]is an adaption of
and builds upon the proofs of Theorem 3.3 in [9] and Theorem 4 in [3]]. First, we need to bound the
nuclear norm of the matrix X .. Then, we follow [3} 9] and use the RIP-assumption to bound the
deviation || X, — X*|| p.

Step 1: Bound the nuclear norm || X ||...

If | Xoo|l« < [|X*]«, then we have a suitable upper bound for the nuclear norm || X ||.. Hence,
assume that || X ||« > [|X*||.. By Theorem 1} X, minimizes the quantity in (&) among all global
minimizers of the empirical risk f which, in particular, include X*. Writing ¢; and p; for the singular
values of X, and X*, respectively, we can bound

. o + /ol + 2
Zallog ” oilog ——Y X —\/o? + 32
[« pi + 1 + B \/7
<5l dog VI DT f2 g2

For any x, 8 > 0, we have

r< a2+ p2<x+p.

Rearranging above inequality for the nuclear norm || X ||, we obtain the upper bound

. g lit u1+62 i+ o} +
* 1 Xl
<X ||*+m(||xoo||*logz.1—||xoo||*1g Al s s
log IS — 1 %]

N 1
<X+ — e (nxmn* log(1.05n) + ).
10g T -1

where we used the assumptions 5 < Rﬁsgn and || X*]|« < || Xoo

used the fact that the constrained optimization problem

«» and for the second inequality we

n n

optimizerilog<xi + /22 +62> s.t. le =K, x;>0forali=1,...,n
i=1 j

attains a maximum when z; = K for exactly one i € {1,...,n}, and attains a minimum when all
X~

L05e.» We can bound

x; = K /n are equal. Hence, again using the assumption 8 <

nB
Xl < (14 40) (nx*n* v u><|) )
IOgT* —1

where Ag = (% —1)7! >0, since B < !)é;‘lel;

Step 2: Bound the reconstruction error || X, — X*||¢.

With this, we can now proceed as in [3, 9]. Writing R = X, — X*, we can apply Lemma 3.4
from [9]) to the matrices X* and R to decompose R = Ry + R, where rank(Ry) < 2rank(X*),
X*R, = 0and (X*) "R, = 0. We can bound

X"+ R« > X7+ Rells — [[Roll« = [IX*[l« + [[Rell+ — [IRol|+,
where the inequality follows from the triangle inequality, and the equality holds since X*R, = 0

and (X*) TR® = 0 together imply that the nuclear norm decomposes, see e.g. Lemma 2.3 of [9].
Together with (22)), this implies

np

[Rells < IRl + Al Xl + (1 + Ap) —zm—
logT" -1
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Next, we partition R, into a sum of matrices R1, R, .. ., RF%W , with each being of rank at most

3r. Letting R, = UXV T be the singular value decomposition of R, where the diagonal elements
of ¥ are in non-increasing order o1 > 09 > --- > o, > 0, define R; = UIIEIiVITi, where
I ={3r(i—1)+1,...,3ri}. By construction, we have

ak<—Zo] forallk611‘+17ie{lv-'-’[%ﬁ}’
JjEI;

which implies ||Riy1(|% < 3= ||R |2. With this, we can bound

> IRl < Z IR

i>2 g>1
1
= EHRcH*
 VE g S O A 3
r 0 F \/37 bl

where for the last inequality we used that rank(Rg) < 2r. Since Ry + R is at most of rank 5r, we
can use the triangle inequality and the restricted isometry property to bound

m

Grwm) = Grwmem) S G Emnr)”

=1 =1 j>2 =1
> (1-68)[Ro+Raflp — Y _(1+6)|R;] (24)
j=>2

Since Ry is orthogonal to R4 (see Lemma 3.4 in [9]]), we have |[Ro+R1]||r > ||Rol| 7. By definition,
we have f(X*) = f(X) = 0, which implies (A;,R) =0 forall ¢ = 1,..., m. Hence, we can use
(23) and rearrange (24) for | Ry + R4 || » to obtain

Ro+R 1 \/E (1 \/E s AB”X*”*HHAmﬁ
+ < -/ — +1/ 3 + '
IRo+ R < ( 5 ( 3)> (1+9) V3r

Finally, this yields

IR||F < [[Ro + RaflF + Z IR r
j>2

\/5 \/5 18] X« + (1+A/3)ﬁ*,1
<211 —4/==8[144/= ’
= < 3 < 3)> var

which completes the proof of the bound (TT)) in Theorem 3] The bound (I2)) can be shown following
the same steps, and we omit the details to avoid repetition. O

B.4 Proof of Theorem d

Proof of TheoremH] As in Theorem [3] we first consider the rectangular case and show the bound
(13) in Theorem[d] The proof of Theorem ] combines the ideas from and closely follows the proofs
of Theorem 2 in [8]] and Theorem 7 in [2]. It was shown in Proposition 3 in [8] that it suffices to
consider a setting where the entries are sampled independently and uniformly with replacement. We
first introduce some notation necessary for the proof. A more detailed background on the following
quantities can be found in [S§]].

We use calligraphic letters to denote linear operators on matrices, for instance, we denote the identity
operator by Z. We define the spectral norm of an operator as || Al| = supx. x| <1 [[A(X)|F. Let

Q = {(ai, b;) }, be a collection of indices sampled uniformly at random with replacement (possibly
containing repetitions), and define the operator

m

Ra(X) = Z(eaie;,X>eaie;.
i=1
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Let X* = UXV be the singular value decomposition of X*, and let uy (resp. vi) be the k-th

column of U (resp. V), and define the subspaces U = span(uy,...,u,)and V = span(vy,...,v,).
Let T be the linear space spanned by elements of the form u;y " and xv;—, k=1,...,r, where

x € R" andy € R" are arbitrary vectors, and let T be its orthogonal complement. The orthogonal
projection onto the subspace T is given by

Pr(X) = PyX + XPy — Py XPy,

where Py and Py are the orthogonal projections onto U and V/, respectively. Then, the orthogonal
projection onto 7'+ is given by

Pri(X) = (Z —Pr)(X).
It has been shown in [8] that, with high probability,

nn’

1 8

m
PrRoPr — —Pr
nn

m
and that there exists a matrix Y in the range of Rq satisfying

; (26)

DN =

"
IPr(Y) = UVT|[r <4/ ek [Pro(Y)||F <

see Section 4 in [§] for a proof of these statements.

Let R = X, — X*. Since the subspaces 7" and 7" are orthogonal by construction, we have
IRIE = PR + [Pre (R)F,

so the goal is to bound the two terms on the right hand side of above identity. Since both X* and
X are global minimizers of the empirical risk f, we have

0=[Ra®)llFr = [RaPr(R)|F = [RaPr.(R)|F,

where we used the reverse triangle inequality. Further, the first bound in (23] implies
m
2nn/

and, using the second bound in (Z3), we can bound |RoPr1: (R)||r < &v/clog(n’)|Pre (R)||F-
Together, this implies

9Im 4.5r
Pri(R > —k—||Pr(R > Pr(R)||F. 27
IPr R)lr 2\ e PR 2 = IPr(R) e

Recalling the variational characterization of the nuclear norm [|All. = supg,g|<1(A,B), we

can choose matrices U and V| such that [U, U, | and [V, V] are orthogonal matrices and
(U, V], Pri(R)) = ||Pr.(R)]|.. Let Y be as in (26). Then, we can bound

|RoPr(R)[|7 = (R, PrR{Pr(R)) > (R, PrRoPr(R)) > 1Pr(R)|%.

|X* 4+ R, >(UV' +U, V], X*+R)
= |X*|l. +(UVT +U, V], R)
= [[X*[. + (UVT + U, V] = (Pr(Y) + Pr:(Y)), Pr(R) + Pr: (R))
= [IX*[ls + (UVT = Pp(Y), Pr(R)) + (UL V] — Pr.(Y), Pre (R))

N r 1
2 X =1/ 5,7 IPr(R)lF + 5P (R)]]

. 1
> [ X + EHPTL (R)[l+

where the first line follows from the varitional characterization of the nuclear norm, the third line
from the fact that 'Y and R are orthogonal since Y is in the range and R in the kernel of Rq, the
fourth line from the fact that 7 and T are, by construction, orthogonal subspaces, the fifth line from
the bound (26) and the definition of U, V|, and the last line follows from the bound and the
fact that the Frobenius norm is bounded from above by the nuclear norm.
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As in the proof of Theorem [3] we can bound the nuclear norm
. np
Xl < (15 85) (1% + — )
].Og T* —1

log(IX*[L./B)=1 _ ¢

-1
fog(1.05m) )~'. Hence, we can bound

where Ag = (
nB
1Prs R < [Prs (R < 6(Aﬂ||X*||* (U Ap) g )
log T -1
Using ([27), we can also bound

128cnn’ log® n’
IPrR)F <\ ——g —IPr-R)F
m
np 128cnn/ log? n/
<6 Ag||X* [« +(1+A .
< o(8slx+ (14 Bhoglxﬁ*l*_l)\/ .

Putting everything together, we have

128cnn’ log? n' \ *
IRll- < 6<A5X*|* +(1 +Aﬁ)llgﬁl*1> (1 ; (Tmogn) )

— Im
og 5
which completes the proof of the bound in Theorem[d] The bound can be shown following
the same steps, and we omit the details to avoid repetition. O

B.5 Proof of Proposition 5]

Proof. We begin by showing the first part of Proposition [5}

Proof of part 1.
Recalling the expressions for the gradient of the spectral entropy mirror map V& and its inverse
V@~ provided in Appendix A} the mirror descent update (2) becomes

Xt+1 = exp(log Xt — an(Xt))
By assumption, Xy commutes with all sensing matrices A;’s, and hence also with the gradient

1
v X = A’ia X — Yi Ai;
f(Xo) - ;“ 0) — Yi)
which is a linear combination of the A ;’s. Further, note that if two matrices A and B commute, then
the matrices log A and exp(A) also commute with B. By induction, this implies that log X; and
V f(Xt) commute for all £ > 0, and we therefore have

exp(log X; —nV (X)) = Xy exp(—nV f(Xy)) = exp(—nV f (X)) X,

A+B — ¢AeB if the matrices A and B commute. Hence, the mirror

m

where we used the fact that e
descent update (@) is equivalent to

Xt+1 = %(Xt exp(anf(Xt)) + eXP(*TlVf(Xt))Xt)v

which is exactly the exponentiated gradient algorithm defined in (T3)) with initialization Uy = X,
and Vo = 0.

Proof of part 2.

We begin by studying the mirror descent update (2)). Recalling the expressions for the gradient of the
spectral hypentropy mirror map V®g and its inverse V@;l for symmetric matrices we derived in
Appendix [A] the mirror descent update (2)) becomes

Xt+1 = V@El(vq)ﬁ(xt) - ’I’]Vf(Xt))

zglexp<log<)§+ )§+I> —an(Xt)>
2
—exp<—log<};t+\/);§+1> +an(Xt)>]-
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Assuming that X, is symmetric, we can write X, = BDB by the spectral theorem, where B is an
orthogonal matrix and D a diagonal matrix. Then, we have

X X? D D2
log< 5t+ 52+I> Blog(B 62+I>B

2
= Blog(—[ﬂ) + ?2 I)BT

X X?
log<ﬁt + VE +I>

since we have (z +vz2 +1)"! = —x + /22 + 1 for all z € R. Assuming that X; (and hence also
log(X;/8 + +/(X¢/3)% + I)) commutes with all A;’s, the mirror descent update can be written as

2 2
Xt = g l(é + %22 + I) exp(—an(Xt)) - (—); + };22 + I) eXp(an(Xt))]

2 2 2 2
(i Ko VTP X/

exp(—nV (X))

1
2

+exp(197(%0) —X; + \/QXf T, X+ \/2X? + 571 eXp(an(Xt))] |

Since Xy = 0 is symmetric and commutes with all A;’s, this identity inductively shows that X is
symmetric and commutes with all A;’s for all ¢t > 0.

Next, consider the exponentiated gradient algorithm (I5) with initialization Uy = V = 5 L 31. Since
the initializations Uy and V both commute with all A;’s, the update (T5) implies that U; and V
commute with all A;’s for all ¢ > 0. Then, we have

e MVIX)U, + Upe VI X)) onVIX)y, 4 V,enVIiXe)

2 ' 2

that is the product U;V; = Uy V( = i 321 stays constant for all t > 0. Since the matrix exponential
of a symmetric matrix is always positive definite, the update (T5) also implies that U, and V;
stay positive definite for all ¢ > 0, so that U; and V; are invertible. Together with the definition
X; = U; — V,, we can solve for

U, Xt VXERPT Xa VX 7
2 ’ N 2 ’

which completes the proof that mirror descent (2)) is equivalent to the exponentiated gradient algorithm
(T3) when the sensing matrices A;’s are symmetric and commute. O

U1V =

= UtVt7

B.6 Further claims

In this section, we elaborate on and justify further claims made in the main paper.

First, we demonstrate that minimizing the quantity
- 1
Zoilogﬁ—i—ailog(m—k\/Jf—i-ﬂQ)—\/J?—l-Bz (28)
i=1

corresponds to minimizing the nuclear norm in the limit 5 — 0 and to minimizing the Frobenius
norm in the limit 5 — oo, see also [L1], which showed the analogous result in the vector-case.

In the limit 8 — 0, the term log [13 converges to infinity, hence minimizing the quantity in (28]
corresponds to minimizing the nuclear norm >, o;.

In the limit 8 — 0o, we can substitute z; = o,/ and write the expression in @]) as

BY mlog(ni+ /22 +1) = /22 “—BZ S+ i +0( 2), (29)
i=1
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where we applied a Taylor expansion around z; = 0. Hence, minimizing the quantity in (28)
corresponds to minimizing the Frobenius norm (3", ¢2)!/2 in the limit 3 — oco.

Next, we demonstrate that gradient descent with full-rank parametrization X = UUT — VV T,

where U,V € R"*" s a first order approximation to the exponentiated gradient algorithm defined
in (13)), with the step size rescaled by a factor 4 and the approximation being exact in the limit  — 0,
i.e. the continuous-time algorithms are equivalent.

First, using the first-order approximation e’ = I + nA + O(n?), the exponentiated gradient
algorithm becomes

Xt = Ut - Vt
U;Vf(Xy) + Vf(X)U V:VF(Xy) + VX))V
Ui ~ U, — g «V£( t)2 J(Xy) t Vi ~Vitn Vf( t)2 f(Xy) .
where we omitted higher order O(n?) terms. On the other hand, the update for gradient descent is
given by

X; = U, U] -V, v/]
Ut+1 = Ut — Qan(Xt), Vt+1 = Vt + 277Vf(Xt)

With this, we can compute Uy 1 U/, = Uy + 2n(U,V f(X;) + V f(X¢)Uy) + O(n?), so gradient
descent with full-rank parametrization X = UUT —VVT, U,V € R**", is indeed a first-order
approximation of the exponentiated gradient algorithm defined in (I3)), with the step size rescaled by
a factor 4. Hence, in the limit n — 0, the differentials Xy Koan—Xe

o = limy, o ; Xt of the exponentiated
gradient algorithm (I3]) and gradient descent with full-rank factorized parametrization coincide.

C Additional experiments for matrix completion

In this section, we present additional numerical simulations which consider matrix completion, i.e.
the sensing matrices A;’s each have exactly one random entry set to one and all other entries set to
zero. The remaining exeperimental setup is as described in Section[6] with the difference that we
choose step sizes 1 = 2000 and p = 500 for mirror descent and gradient descent, respectively, due
to the lower spectral norm of the sensing matrices A;’s in matrix completion compared to matrix
sensing with random Gaussian sensing matrices. As the experiments for Figure[T} the experiments for

Figure 2] were implemented in Python 3.9 and took around 10 minutes on a machine with 1.1-GHz
Intel Core i5 CPU and 8 GB of RAM.
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Figure 2: Nuclear norm, effective rank [10] and reconstruction error in matrix completion against
initialization size « for n = 50 and r = 5. Top row: m = 3nr. Bottom row: m = nr.

We consider the nuclear norm ||X]|.., the effective rank defined in [10] and the reconstruction error
|X — X*||F of the estimates from mirror descent, gradient descent and nuclear norm minimization,
and compare these quantities to the ground truth X*. Figure [2| shows that the results in matrix
completion qualitatively match the results in Figure [I] for matrix sensing with random Gaussian
sensing matrices. In particular, with m = 3nr observed entries (Figure [2] top row), nuclear norm
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minimization recovers the planted matrix X* and the estimates of mirror descent and gradient descent
closely track each other in terms of the quantities considered. When only m = nr entries are observed
(Figure [2} bottom row), nuclear norm minimization does not recover the planted matrix X*, and we
observe that gradient descent puts more emphasis on lowering the effective rank at the expense of a
(slightly) higher nuclear norm for initialization sizes smaller than 10~3.
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