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Abstract

We study the multi-objective linear contextual bandit problem, where multiple
possible conflicting objectives must be optimized simultaneously. We propose
MOL-TS, the first Thompson Sampling algorithm with Pareto regret guarantees
for this problem. Unlike standard approaches that compute an empirical Pareto
front each round, MOL-TS samples parameters across objectives and efficiently
selects an arm from a novel effective Pareto front, which accounts for repeated
selections over time. Our analysis shows that MOL-TS achieves a worst-case Pareto

regret bound of O(d3/ Qﬁ), where d is the dimension of the feature vectors, 1" is
the total number of rounds, matching the best known order for randomized linear
bandit algorithms for single objective. Empirical results confirm the benefits of
our proposed approach, demonstrating improved regret minimization and strong
multi-objective performance.

1 Introduction

The multi-objective multi-armed bandit (MOMAB) problem [8, 15} [15} [17, [11} [18} [10} [7] is an
extension of the traditional multi-armed bandit (MAB) problem, where multiple objectives must be
optimized simultaneously. For example, a decision maker chooses among actions with multiple, often
contrasting objectives, making it difficult to define a single optimal action. Such problems can be
generalized in the MOMAB problem, where one receives objective specific rewards from multiple
objectives. This formulation makes it difficult to define the optimality, as one must balance trade-offs
across multiple objectives.

To address the trade-off between different objectives, one common approach is scalarization [14} 21}
20|, which transforms a multi-objective problem into a single objective by applying a scalarization
function, such as weighted sum, minimax, or other nonlinear methods. However, selecting an
appropriate scalarization function poses its own challenges. For example, it can be difficult to
determine which scalarization is most effective. Also, an arm that is optimal under one scalarization
may have significant sub-optimality under another scalarization. The other common approach uses
Pareto optimality across multiple reward vectors [8, 15} [11} |18, [10, [7]], where Pareto optimal arms are
determined by the Pareto order. Such an approach adopts the set of multiple Pareto optimal arms,
whose reward vectors are not comparable to those of any other Pareto optimal arms. Because it
directly compares reward vectors objective-wise, this approach is more general than scalarization.
We will therefore focus on the Pareto optimality in this paper.

Previous studies of the MOMAB have mainly analyzed the Pareto regret of upper confidence bound
(UCB) algorithms [8} 11}, /18,10]]. To our best knowledge, the Pareto regret of Thompson Sampling
(TS) [4, 2] algorithms has not yet been explored in the existing literature of the MOMAB.

In many of the contextual and non-contextual bandit instances with a single objective, TS (and its
variants) is known to be more efficient numerically compared to UCB methods [16} 6} 14, 2]. However,
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the worst-case analysis of TS is typically known to be more involved than that of UCB methods.
Analyzing TS algorithms in the MOMAB framework is even more challenging due to the complexity
that the randomized sampling creates in each of the multiple objectives. For instance, technical issues
involving handling multiple sampled parameters and the possible existence of multiple Pareto optimal
arms lead to a much more complicated analysis. Possibly due to these challenges, no TS methods
have yet been proposed for the multi-objective bandit problem (either contextual or non-contextual).

In this paper, we propose a TS algorithm for the multi-objective linear contextual bandit problem
and provide an analysis of its worst-case Pareto regret upper bound. Our algorithm samples multiple
parameters for each objective and optimistically evaluate the reward vector for each arm, ensuring
the theoretical probability of arm to be optimistically evaluated in all objectives.

The definition of Pareto regret directly compares the mean reward vector of each arm. However, this
definition does not account for maximizing the total reward vector. For example, repeatedly choosing
a single Pareto optimal arm may achieve zero regret, but it can lead to sub-optimal overall rewards if
an alternative selection could yield strictly higher rewards in all objectives. Such problem can arise in
algorithms that adopt the previous definition of Pareto regret (see Section [3.3).

To this end, we propose a new definition of an optimal arm that adopts the previous definition of the
Pareto optimal arm and considers such problem with any number of repeated selections. Based on
this, we further define a corresponding regret measure that captures the future expected regret where
such problem arises with some number of repeated selections. Our proposed algorithm resolves this
issue by selecting the newly defined optimal arms.

Our main contributions are summarized as follows:

* We propose an algorithm for the multi-objective linear contextual bandit problem: Thompson
sampling for Multi-objective Linear Bandit (MOL-TS). To the best of our knowledge, this
is the first randomized algorithm for multi-objective contextual bandits with Pareto regret
guarantees. Unlike the existing multi-objective algorithms, MOL-TS does not explicitly
compute an empirical Pareto front each round, but rather randomly selects an arm from that
Pareto front, which is much more computationally efficiently.

* We propose the concept of a effective Pareto optimal arm (Definition [5), which satisfies
the condition of Pareto optimal arm, and also the total rewards for every objective with any
number of its repeated selection satisfying Pareto optimality. Any arm that is not effective
Pareto optimal has an alternative selection of arms over the same total number of rounds,
resulting higher total rewards in all objectives. Our proposed algorithm, MOL-TS, operates
on this new notion of the effective Pareto front and samples an arm from the estimated
effective Pareto front. As a result, MOL-TS produces higher cumulative rewards compared to
the methods that selected from the plain Pareto front.

* We establish that MOL-TS is statistically efficient, achieving the Pareto regret bound of
O(d3/ 2T ), where d is the dimension of the feature vectors, T is the total number of

rounds. In order to ensure the provable guarantees of the randomized exploration for
multiple objectives, MOL-TS adopts the optimistic sampling strategy (Section[5.3).

* Numerical experiments demonstrate the effectiveness of our proposed approach, showing
improved performance in regret minimization, and objective-wise total reward maximization.

2 Related works

Multi-objective multi armed bandit setting was first explored by Drugan and Nowe [8]], who proposed
UCB algorithms for MOMAB by applying two representative approaches: using Pareto order and
scalarized order. Subsequently, Auer et al. [5] proposed algorithms that identify all Pareto optimal
arms with high probability. More recently, the upper and lower bounds of Pareto regret in the
MOMARB setting have been studied in both stochastic and adversarial settings by Xu and Klabjan
[L8]. There are also several studies on multi-objective contextual bandits. For example, Tekin and
Turgay [15] studied MOMAB in a contextual setting where a dominant objective exists, but we do
not assume any dominance among objectives. Turgay et al. [[17] developed the PCZ algorithm, which
identifies the Pareto front using the idea of contextual zooming and proved its regret bound. However,
the algorithm is complex, and the paper does not provide specific details on its implementation. Lu
et al. [11]] studied the multi-objective generalized linear bandit (MOGLB) problem and analyzed the
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upper bound of Pareto regret using the ParetoUCB algorithm. Additionally, Kim et al. [10] explored
Pareto front identification in linear bandit settings. The studies mentioned thus far proposed complex
algorithms that calculate the empirical Pareto front. In contrast, Zhang [20] introduced a hypervolume
scalarization method in stochastic linear bandit settings, which uses random scalarization to explore
the entire Pareto front.

While these studies address significant challenges in multi-objective bandits, surprisingly, although
the practical effectiveness of randomized methods is widely recognized, research on randomized
algorithms in multi-objective bandits has been rare. To the best of our knowledge, only Yahyaa and
Manderick [19] proposed a Thompson Sampling (TS) algorithm for MOMAB, but no theoretical
analysis of this approach has been conducted. Separately, there has been significant research on
randomized scalarization in the multi-objective Bayesian optimization problem [[14} 21], including
theoretical analyses of TS algorithms. However, Zhang and Golovin [21]] and Paria et al. [[14] analyzed
the "Bayes regret" with known Gaussian prior setting, increasing with the number of objectives.

In the single-objective case, the theoretical analysis of Thompson sampling was first introduced by
Agrawal and Goyal [3] for the MAB setting, and then was extended to the stochastic linear bandit
setting in Agrawal and Goyal [4], where arms were categorized as either saturated or unsaturated to
derive theoretical bounds. From a different perspective, Abeille and Lazaric [2] analyzed Thompson
Sampling under the assumption of fixed probabilities for sampling optimistic parameters. Additionally,
Chapelle and Li [6] showed that, although the theoretical guarantees of Thompson Sampling are
weaker than those of UCB, empirical results have consistently demonstrated that TS algorithms
outperform UCB algorithms in practice. However, there has been a clear gap in extending these
theoretical guarantees from single objective settings to multi-objective bandits.

We provide the first theoretical analysis of a randomized algorithm in the multi-objective bandit setting.
To the best of our knowledge, this is the first work to propose a TS algorithm for multi-objective
linear contextual bandits and to analyze it theoretically.

3 Preliminaries

3.1 Notations

Throughout this paper, we use notations that distinguish between different objectives. For any
positive integer N € N, let [N] := {1,2,..., N}. We denote L as the number of objectives, and

for ¢ € [L], any real number u corresponding to the /;,-objective is denoted as u(*). The vector

u € RY comprises all u(®) values and is represented in bold notation, i.e.,u = [u™), u(®, ... w7,
Otherwise, individual features of any vector x are typically denoted as z(7). For clarity, || - || denotes
the Euclidean norm, and for a positive semi-definite matrix V, the norm || - ||y is defined in the inner

product space with the matrix V as (z,y)y = y/x " Vy. Finally, we define S® C R" as the unit
(n — 1)-simplex.

3.2 Problem settings

We consider a standard stochastic linear contextual bandit problem, extended to the multi-objective
setting. Let A be a finite set of arms. Each arm a € A corresponds to a d-dimensional context vector

Tta € R<?. For each objective ¢ € [L], there exists a fixed parameter 9,@ € R4, but unknown to

agent. In total, there are L parameters Hil), 9&2), e 0£L). At each round ¢t € [T, the agent selects
an arm a; € A and receives a L-dimensional reward vector r; ,, = [r,gla)t , rt(?a)t7 .. ,rt(fl)t]T € RL,
where the reward for each objective ¢ is given by 7’152,, = xtT atﬂg) + ft(@, and &@ is a zero-mean
random noise. The mean reward for objective ¢ is defined as M;ﬁt = E[rf@t] And consequently, the
mean reward vector of the chosen arm a; is p; ,, = [,uglif , l‘gw cee ,uELa)f]T € RL.

3.3 Pareto optimality

Definition 1 (Pareto order) Let u,v € R be two distinct vectors. We say that the vector u is
dominated by the vector v (i.e., v dominates u), denoted as u < v, ifu(l) < IO forall £ € [L] and
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Figure 1: Example of two objectives and four arms, a(1), a(2), a(3), and a(4). Each subplot shows
the mean reward vector at round ¢, where the horizontal and vertical axes correspond to the first and
second objective, respectively. Red circles represent Pareto optimal arms, blue triangles that are not.
The mean reward vectors are listed on the right, and the pink line represents the boundary of effective
Pareto front (see Definition[3)).

u® < v for some ( € [L]. Conversely, the vector u is not dominated by the vector v, denoted as
u A4 v, if there exists at least one { € [L] satisfying u*) > v(©)

Definition 2 (Pareto optimal arm) An arm is Pareto optimal if its mean reward vector is not domi-
nated by that of any other arm. The set of all Pareto optimal arms is called Pareto Front (Py),

P: = {a’ €A | iu’t,a 74 H’t,aHva/ € A}

In linear setting, where the mean rewards of each arm remain fixed, the Pareto front is denoted as P*.

Definition 3 (Pareto sub-optimality gap) The Pareto sub-optimality gap of an arm a at round t is
the minimum scalar value € > 0 for a to be Pareto optimal, i.e.,

AL =inf{e > 0| py o + €l A py 0, Va' € A}

The Pareto sub-optimal gap can be defined as A/ := max,sep- minge(r){ ugg, — ugég} For every
Pareto optimal arm a’ € Py, the arm that maximizes A} is o itself, which implies A{% = 0. Any

other arm is dominated by at least one Pareto optimal arm, ensuring that Af R >0.

Definition 4 (Pareto regret) Let a1, as,...,ar be the sequence of arms chosen by agent. The
Pareto regret up to round T is defined as PR(T) := ZZ;I AE({‘;.

In the contextual bandit setting, the Pareto front varies dynamically depending on the given context.
Hence, we can not apply the algorithm of identifying Pareto front in Auer et al. [5] and Kim et al.
[LO] as they remove arm from the arm set, which can be Pareto optimal in our setting.

By using the Pareto order relationship, the definition of Pareto regret provides a general measurement
of an agent’s performance in a multi-objective setting. Previous studies of Pareto optimality [8, 11,
17,110]] adopt this measurement and design algorithms that randomly select arms from the Pareto
front, aiming to minimize the Pareto regret. However, this definition of Pareto regret does not fully
account for cumulative rewards. For example, consider a case with two objectives and four arms,
as illustrated in Figure[I] Suppose two agents follow same policy that randomly selects arm from
Pareto front. The first agent sequentially selects a(z), a(4) and a(s3), while the second agent selects
a1y, a(4) and a2y. Both agents selected Pareto optimal arms, resulting zero Pareto regret. But total
rewards of the first agentis fty 4, + Mo 4., + B34, = [1.3,1.3] and the second agent is [1.6, 1.7].
This example highlights the limitation of Pareto regret, as it does not distinguish between policies
that yield different cumulative rewards despite selecting only Pareto optimal arms. Thereby, we
propose the concept of a effective Pareto optimal arm, whose mean reward vector is Pareto optimal
and contributes to maximizing cumulative rewards across all objectives.

3.4 Effective Pareto optimality

Definition 5 (Effective Pareto optimal arm) An arm is effective Pareto optimal (denoted a.) if its
mean reward vector is either equal to or not dominated by any convex combination of the mean
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reward vectors of the other arms. Formally, for any 3 € SIAI=T,
Nt,a* = Z Bal’l’t,a or Nt,a* 7é Z Bal'l’t,a7

acA\{a.} acA\{a.}

where 3 = (B4)ac.A\{a.}- The set of all effective Pareto optimal arms at round t is called the effective
Pareto front, denoted as C;. In the linear bandit setting, where the mean reward vectors of all arms
remain fixed, the effective Pareto front is denoted as C*

In this paper, we refer to an arm that is not effective Pareto optimal as sub-optimal. If an arm o’ € A
is sub-optimal, then there exists a convex combination 3, such that g1, ., < > ¢ A\{a’} Bakryq-

Every effective Pareto optimal arm is also a Pareto optimal arm. This can be easily verified by
restricting /3 to be a one-hot vector, which corresponds to comparing mean reward vectors between
two individual arms. However, the converse does not hold. As can be seen from Figure|l} at the first
round, arm a(2) is Pareto optimal, but not effective Pareto optimal, because its mean reward vector
is dominated by a convex combination of two arms ag) and a3)- Hence, for any ¢ € [T, we have
Cy C 'Py. This shows that our definition of effective Pareto optimal arm is strictly defined than the
standard definition of Pareto optimal arm.

As shown in the example in the previous subsection, two agents following the same policy randomly
selected arms from the Pareto front. The second agent consistently selected arms from the effective
Pareto front, while the first agent selected arms from the Pareto front but not the effective Pareto front
in the first and third rounds. This difference led to the first agent achieving lower cumulative rewards
than the second agent for all objectives. Importantly, this disparity becomes increasingly severe as the
total number of rounds 7" grows, leading to significantly worse long-term performance for policies
that fail to prioritize the effective Pareto front.

The intuition behind an effective Pareto optimal is that repeatedly selecting such arms leads to Pareto
optimal cumulative rewards. In other words, rather than selecting a sub-optimal arm over multiple
rounds, it is preferable to select effective Pareto optimal arms for the same total number of rounds,
which is expected to yield strictly higher cumulative reward in some objectives without worsening the
others. In summary, for large enough total number of rounds 7', selecting arms from effective Pareto
front C; achieves higher total rewards than selecting arms from Pareto optimal front P;. Based on
this, we propose a theorem that establishes a relationship between the newly defined effective Pareto
optimality and the linear scalarization method.

Theorem 1 For any a. € C*, there exist w € S* satisfying a, = arg max,c 4 w ' p,. Conversely,
forany w € S%, if a, = argmax,e 4 w ' p, is unique arm, then a, € C*.

The theorem is proved in Appendix |A|l where we refer to the proof from Mangasarian [12]. The
theorem shows a one-to-one correspondence: every effective Pareto optimal arm is optimal for some
non-negative weight vector, and every non-negative weight vector guarantees to have an effective
Pareto optimal arm.

Definition 6 (Effective Pareto sub-optimality gap) Ler 5 = (B4)aca be a vector in S Al and
define p, 5 = Y acA Batry,q- The effective Pareto sub-optimality gap for selecting arm a; at
round t is defined as

AE{{:R = inf{e >0 ’ Mg, €1 A py 5, Y8 € SAI}.

The effective Pareto sub-optimal gap measures the minimum value € for a; not to be dominated
by any convex combination of the mean reward vectors of the other arms. In other words, the gap
quantifies how close arm a; is to being effective Pareto optimal. For any effective Pareto optimal
arm, this gap is zero. Also, it is easy to verify that the effective Pareto sub-optimality gap is always
greater than or equal to the standard Pareto sub-optimality gap, i.e., Af f; < Afft R since the Pareto
sub-optimality gap corresponds to the special case where §3 is restricted to be a one-hot vector. As
discussed in Section [3.3] the effective Pareto sub-optimality gap can also be expressed as

aE = s wind (3 sunfl.) - w0 0

eyl ee[L
geslcil LelL] a.eCr
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Algorithm 1 Multi-Objective Linear TS (MOL-TS)
Input: \,§, M, T > 0,c >0
Initialize: V; = ATy, 019, 219 = 0 (v¢ € L))
fort=1— T do
for objective ¢ = 1,2,3,..., L do

Sample 91521), 91522), e ét(zl)\/[ ~N@O v
~(0)

Evaluate every arm /i, ,
end for ~
Update the empirical effective Pareto front C; using Equation H
Sample arm a; from C; uniformly at random, play a;, observe reward vector ¢ 4,
Update Vi1 < Vi + 20,2/,
for objective { =1,..., L do

Update Zt(-l;-)l Z(e) + 7y atr,ffat and 9“)1 — VtHZfF_?l
end for

end for

using Equation l)

Definition 7 (Effective Pareto regret) The effective Pareto regret up to round T is defined as
EPR(T) := Y. AEPR,

t,at

4 Algorithm: MOL-TS

We propose a multi-objective linear Thompson Sampling algorithm, MOL-TS, a generic randomized
algorithm designed with multiple regularized MLE, where one need not sample from an actual
Bayesian posterior [2]. Our algorithm adopts an optimistic sampling strategy to avoid the theoretical
challenges in worst-case regret analysis [13}9].

Each round ¢, the mean reward vector for each arm is estimated based on the history of chosen arms
ai,az,...,a;—1, and received reward vectors 71 4,,72,a5,--->Tt—1,a,_, Up to round ¢. The true

parameter for each objective eff) is estimated by regularized least squares (RLS), denoted QA,EZ). Given
regularizer A € R, the matrix and the RLS estimator is defined as

t—1

T 5(£) 1
= Z«Ts,asz(‘;’as + /\Idxda 9 Vf Zx‘? asT a aq
s=1

For each objective ¢, the parameters (éiﬁ)n,)me[ 1) are sampled independently M times from Gaussian

posterior distribution A/ (éf@, c>V;71), where the tunable parameters ¢ and M are given from the
beginning. A total of M L samples are drawn. The reward for each arm and for each objective is then
optimistically evaluated using the sample that yields the highest value,

(¢ ¢ ¢ ¢
it = max{e 017,240, .. w0} @)
1 2 0]’
The reward vector for each arm is then constructed as f1, , = ﬂﬁ (3 /lg 2 e ﬂg a)j| :

The number of samples M controls the probability that the estimated rewards are optimistically
evaluated. Increasing M raises the likelihood that the reward estimates are optimistic, which is crucial
for ensuring a high theoretical probability of optimism across multiple objectives (see Section[5.3)).
We approximate the empirical effective Pareto front C, using the estimated reward vectors, by

C~t = {(L € A ’ p’t,a = Z Ba’p’t,a’ or [l’t,a 74 Z /Ba’[‘l‘t,a’? VBG’ € SlAI} (3)

a’eA a’eA

Note that this optimistic sampling strategy is different from that proposed in [[13,[9]. The setting in
[13] considers a dynamic assortment selection problem, and [9] considers a combinatorial selection
problem. Unlike multiple arms selection problem in single objective setting, our setting considers
receiving multiple rewards from single arm selection problem.
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5 Regret analysis

In this section, we analyze the expected effective Pareto regret of our algorithm MOL-TS in the
worst-case, where the expectation is taken over all sources of randomness present in the problem
setup. We begin with the general assumptions widely used in the linear bandit literature. We then
outline the challenges in bounding the effective Pareto regret and explain how the number of samples
M affects the worst-case regret bound.

5.1 Assumptions
Let F; = 0(%1,ay5- - Tta,sT1,a15 - - - s Ti—1,a,_, ) e the filtration up to round ¢ containing all

historical information about the selected arms and the received rewards. The following assumptions
are commonly used in the stochastic linear bandit literature.

09 < 1 forall € € [L].

Assumption 2 (Sub-Gaussian) Each noise ft(é) is conditionally R-sub-Gaussian, given the filtration
F; and for some R € RT.

Under the first assumption, each vector is both fixed and bounded for all rounds. If ||2¢ .|| < C and

HQ&Z) || < C are bounded for some constant C, then our regret bound would increase by a factor of C.
Note that we do not assume any linear independence of the true parameters or noise vectors between
objectives. Our assumptions are essentially the same as those used in the single objective stochastic
linear bandit setting.

5.2 Challenges in bounding the effective Pareto regret

Recall the effective Pareto regret Equation . For any weight vector w € S%, since ||wlj; =1,

ZIQIB]{( Z Ba. a*> NEQ,} = w' <( Z Ba*#t,a*) - l"’t,at>‘
+EC

a.€Cy

The algorithm MOL-TS optimistically evaluates reward vector f, , for each arm, and selects arm a;

randomly from the set C,. Hence, by Theoreml there exist weight vector, denoted 'wt, satisfying
a; = arg maxqe 4 w, i, .o~ But for true mean reward vector, let @, = argmaxge .4 w, K o be the
effective Pareto optimal arm for given weight vector w;. Then we have

AEPR < max {w;r <( Z ﬂa*ﬂt,a*) - /’l’t,at>} < w;r(l‘t,a* - /J’t,at)'

eyl
pes a.€C*

The key insight is that the effective Pareto regret is bounded by the weighted sum of rewards under
an arbitrary weight vector, and the same holds for Pareto regret. This analysis generalizes the single
objective case, which is recovered by restricting w; to a one-hot vector.

However, since the arm a; is randomly selected from the set C;, both the weight vector wy, and
the corresponding effective Pareto optimal arm a, are random. Due to the randomness of the
vector w; and the optimal arm a,, analyzing the worst-case regret bound of TS algorithm becomes
significantly more difficult. Also, unlike the single objective setting, the multi-objective setting
involves multiple true parameters and corresponding RLS estimates. This complicates the problem
of ensuring optimism, as there are multiple sampled parameters in TS algorithm (see example in
Section[5.3)). We resolve these theoretical challenges by adopting an optimistic sampling strategy.

5.3 Why do we need optimistic sampling?

In this section, we explain the necessity of the number of samples M. As we discuss in Section[5.2}
the challenges in the worst-case regret analysis for TS algorithms lie in the difficulty of ensuring
optimism in randomly selected arm a,. When w; is one-hot vector, the analysis aligns with the
single objective setting [4, 2]]. However, since w; is random, the analysis requires that the randomly
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chosen arm is optimistically evaluated under a weighted sum of rewards. This probability can become
exponentially small as the number of objectives increases.

Before providing a detailed explanation, we first define the event &, that the true parameters Hie) are

close enough to the RLS estimate parameters é(z), and define ¢; ;(J) which is the high probability
bound on the distance between the true parameter and the RLS estimate,

Eim (V0 1)1 109 — 8O0 < c1u@)), e1a(0) = R\/cuog (A2 ) e,

We define the event 5 @ ., for a specific arm a and objective ¢, where the event has at least one parameter
following anti- concentrat1on property of being optimistic, i.e.,

2 (¢ ¢

= (Fm e [M]: al (01, — 0) > 14 (O)|wrally-1}-

t,a

As the algorithm MOL-TS optimistically evaluate each arm a with Equation (Z), the probability

]P’(St(éa)) increases as M increases. Suppose, for example, one follows standard TS algorithm by
setting M = 1, that only one parameter is sampled for each objective. Previous studies [4} 2] have
shown that the probability of an arm a being optimistically evaluated is at least p, i.e.,

Pzl (017 = 07) > cr(0)|@rally 1} > B

where p is constant probability, that depends on the choice of sampling distribution. However, since
w; is random, the probability of ensuring this optimism for every objective is at least 5”. Since this
probability can become exponentially small as the number of objectives increases, the regret can
become exponentially large with (1/5).

Optimistic sampling strategy resolves this problem as MOL-TS optimistically evaluates the rewards
from M multiple independent parameter samples for each objective. To prevent the exponential
growth of the probability of ensuring optimism, the number of samples M must depend on the
number of objectives L. The next lemma shows the minimum number of samples M for ensuring the
event of optimism with constant probability.

Lemma 1 (Optimistic Sampling) For any arm a € A, define the event of anti-concentration prop-
erty of being optimism & , = nee (e) . Then on event &, with p = 0.15 and M > 1 — —1osL

log(1—p)’
we have P(€,.4) > p.

The event St,a is that the arm a is optimistically evaluated for every objective. Lemma (1| shows that
the lower bound on the probability that arm a being optimistically evaluated remains constant by
taking optimistic sampling strategy. The proof of this lemma is provided in Appendix

5.4 Worst-case regret bound

We now present the worst-case (frequentist) regret upper bound of MOL-TS, where the expectation is
taken over all sources of randomness present in the problem setup.

Theorem 2 (Effective Pareto regret of MOL-TS) With Assumptions [I|and[2} with ¢ = ¢, 4(8) and
M=[1- skt 1 the effective Pareto regret of the algorithm MOL-TS is upper-bounded by

log(1—p)
E[EPR(T)] = O(d**V'T).

Corollary 1 (Pareto regret of MOL-TS) With same assumptions and initialization, the Pareto regret
of the algorithm MOL-TS is upper-bounded by E[PR(T)] = O(d*/*\/T).

Discussions of Theorem 2]and Corollary[I} Theorem2]establishes that the expected effective Pareto
regret of MOL-TS is bounded above by O(d®/2\/T), where the regret has an additional O(log L)
dependence due to the number of objectives, which is minimal. Additionally, Corollary [T holds since
AP R < AEP R The details of the proof are provided in Appendix Bl To the best of our knowledge,
MOL TS is the first TS algorithm with the worst-case regret guarantees in both Pareto regret and
effective Pareto regret.
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Figure 2: Experimental results with 4 objectives (L = 4). Plots in the left three columns measure the
performances of MOL-TS and the others. Two plots in the first column measure the Pareto regret and
the effective Pareto regret. Four plots in the second and third columns measure the cumulative reward
for each objective. Plots in the right most column measure the performances of MOL-TS with M =1
and M = O(log L). The error bars represent the 1-sigma standard deviation over 10 instances.

6 Experiments

In this section, we empirically evaluate the performance of our algorithm. We measure the Pareto
regret and effective Pareto regret over 7' = 10000 rounds. Each experimental setup contains 10
different instances with fixed number of arms K, objectives L, and feature dimension d. We

demonstrate the case where K = 50, d = 5, L = 4. The parameter vector for each objective 95f) has
anorm of 1. Each round, d-dimensional context vectors are revealed for every arm, bounded by 1 in
Euclidean norm. Upon playing an arm, the agent receives a reward vector with an additional noise
term, where the noise values are sampled from a zero mean Gaussian distribution with o = 1.

We compare the performance of MOL-TS with those basic novel algorithms : the Upper Confidence
Bound algorithm, and e-Greedy algorithm. The Upper Confidence Bound algorithm is MOGLM-UCB
(represented as MOL-UCB in our experiments), from Lu et al. [L1] in linear bandit setting and e-
Greedy algorithm is basic MOMAB algorithm with e = 0.05. Other algorithms cannot be applied
in contextual setting, as they remove sub-optimal arm from the arm set. We also compare the
performance of MOL-TS with and without the optimistic sampling. As shown in Figure[2} our proposed
algorithm MOL-TS shows greater performance compared to other algorithms, with minimizing the
Pareto regret and effective Pareto regret, and maximizing cumulative rewards in all objectives.
Additionally, MOL-TS with optimistic sampling performs better in minimizing regret. Additional
experiments with different settings of K, d and L are left in Appendix [F} with additional algorithm
PFIwR from Kim et al. [10] in linear bandit setting.

7 Discussions

In this paper, we study the multi-objective linear contextual bandit problem, where multiple con-
flicting objectives must be optimized simultaneously. We define the effective Pareto regret, whose
definition considers the Pareto optimality of cumulative reward vectors. We propose a Thompson
Sampling algorithm with optimistic sampling strategy, MOL-TS, that achieves the Pareto regret and
effective Pareto regret of O(d*/?+/T'), matching the best known order for randomized linear ban-
dit algorithms for single objective setting. Empirical results confirm the benefits of our proposed
approach, demonstrating improved regret minimization and strong multi-objective performance.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We propose the first Thompson Sampling algorithm with Pareto regret guaran-
tees in multi-objective linear contextual bandit. Our contributions are clearly summarized in
Section[1]

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss the limitations of our work in Appendix

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Theorems are presented with assumptions in detail (see Section [5). Details
and explanations of the proofs are given in Appendix [A]and Appendix [B]

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All codes of algorithms and experiments are provided in a ZIP file. Experi-
mental results are provided in Section[6|and Appendix [F

Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: All codes of algorithms and experiments are provided in a ZIP file. Experi-
mental results are provided in Section[6|and Appendix [F

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The details of experimental settings are provided in Section [6}
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: In both Section[6]and Appendix [F] all the bars in regret plots and reward plots
represent the 1-sigma standard deviation of experimental results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We include information about the computing environment used to run experi-
ments in Appendix

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: The research in our paper conforms with the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: Our paper has no societal impact of the work performed.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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11.

12.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We clearly mention the sources of the comparator algorithms in Section [6]
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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13.

14.

15.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The paper clearly describes our proposed algorithm in Section[d] The codes of
our proposed algorithm are provided in a ZIP file.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.
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703 * For initial submissions, do not include any information that would break anonymity (if

704 applicable), such as the institution conducting the review.

705 16. Declaration of LLM usage

706 Question: Does the paper describe the usage of LLMs if it is an important, original, or
707 non-standard component of the core methods in this research? Note that if the LLM is used
708 only for writing, editing, or formatting purposes and does not impact the core methodology,
709 scientific rigorousness, or originality of the research, declaration is not required.

710 Answer: [NA]

711 Justification: Our core method development in this research does not involve any usage of
712 LLMs.

713 Guidelines:

714 * The answer NA means that the core method development in this research does not
715 involve LLMs as any important, original, or non-standard components.

716 * Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
717 for what should or should not be described.
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A Proof of Theorem (1]

In this section we present the proof for the necessary properties of effective Pareto optimal arms.
Before proving this theorem, we use the following definition that denotes the convex hull of arbitrary
set.

Definition 8 Let M C RY be a set of mean reward vector . For all a € A. Define the convex hull
of a set M as Conv(M).

By definition, for any 8 = (f4)aca € S we have

Z Batt, € Conv(M)
acA

This convex hull covers all the convex combination of mean reward vectors of every arms. We note
that, in the convex set Conv (M), the mean reward vector of the effective Pareto optimal arm satisfies
the Pareto optimality in Conv(M). In other words, for all a. € C*, we have

Pa. At Y€ Conv(M)\ {p, } @)
However, for the arm a € A\ C*, there exists pu € Conv(M) satisfying

Ko = 1
The arm that is effective Pareto optimal, satisfies the Pareto optimality in Conv(M) (see Definition .

Other than the Pareto optimality, the next definition describes the optimality of one specific objective,
with constraint on the other objectives.

Definition 9 (e-constraint optimal) Ler €, be L — 1 dimensional arbitrary constraint vector
e =[e) . D D) (D)) T g RET

Given the constraint vector €y, the €;-constraint optimal vector among the set Conv(M), denoted
Wy, is defined by

My, = argmax (D | u® > e® forall k =1,2,..., L,k # (}
peConv(M)

The vector is e-constraint optimal (denoted ) if, for all £ € [L), there exists constraint vector €;
such that the vector ., is €;-constraint optimal vector.

The constraint vector €, is the lower bound values, such that the vector g dominates the constraint
vector, except objective £. Among those vector p satisfying constraint, the €,-constraint optimal
vector is the one that has maximum value in objective ¢. The e-constraint optimal vector is such
constraint vector €, exists, as to be €, constraint optimal, for all £ € [L].

The next lemma shows the equivalence between e-constraint optimality and Pareto optimality.
Lemma 2 The vector pu, € Conv(M) is Pareto optimal if and only if it is €-constraint optimal.

Proof. (=) Let p, be Pareto optimal. Assume it is not €,-constraint optimal for some ¢. Let the
constraint vector be ¢(*) = uik) fork =1,..., L, k # £. Since it is not €;-constraint optimal, then
there exists vector f such that u*) < 4®) for k = 1,..., L and ' < 2©. Since fu exists and
dominates p,, this contradicts the definition of Pareto optimality.

(<=) Let p, be e-constraint optimal. Suppose the constraint vector is defined as () = u&‘) for all
¢ € [L]. Since p, is €g-constraint optimal for every £ = 1, ..., L, there is no other p € Conv(M)
satisfying ug) < /LL(K) and u,(kk) < /jt(k) when k #£ £, for every £ = 1, ..., L. This holds the definition
of Pareto optimality. ™

Above lemma demonstrates that every Pareto optimal arm is also e-constraint optimal. This equiv-
alence also holds for non-convex set. But in the convex set Conv(M), the mean reward vector

19



753
754
755

756

757
758

759

760

761
762
763

764

765

766
767

768

769
770

771

772
773

774
775
776
777
778
779

780

781

effective Pareto optimal arm satisfies the Pareto optimality in Conv(M), hence, it also satisfies
e-constraint optimal. It is enough to show that, for any e-constraint optimal vector p, € Conv(M),
there exists weight vector w € ST satisfying

[, = argmax w ' p
pneConv(M)

To prove above equation, we prove some of the lemmas that are useful for our proof.

Lemma 3 let Q be non-empty convex set in RY, not containing origin. Then there exists a vector
w € ST such that w' p > 0 holds for all p € Q.

Proof. for puy, po, ..., iy, € €1, define matrix and arbitrary vector as

Term™L  gesm,

M=[py py - My
by convexity of set €2, we have M 3 € Q, but 0 ¢ €. So, there is no solution 3, satisfying
MTB=0, BeS™

The solution still do not exist even if we remove the constraint ||3]|; = 1. By Proposition ] the
second condition of Gordan’s theorem does not hold. Hence, there exist L-dimensional vector w that
w ' p; > 0holds foralli = 1,...,m. Since w is non-zero vector, we can take w as Zée[L] |w®| = 1.
Define the set
Vi, ={w eRY | 3~ [0 =1,w"p,; > 0}.
Le[L)

i=1,....m

Then we can write

Each set Vm- is closed and bounded, hence, it is compact set. Since p; was arbitrary chosen, the
collection (V},),, satisfies finite intersection property. So, we have

() Vi #0.

pneQ
]

Lemma 4 Let Q) be non-empty convex set in RY, such that the vector pu € Q with all negative entries
do not exist. Then, there exist vector w € S* such that w' p > 0 holds for all p € €.

Proof. For a vector p € €, define the set
B.,={ye RL\y“) > u(e)ﬁ’ﬁ € [L]},

B=J B,

ne

If origin is in B, then there exists p that 0 > u(9) holds for all £ € [L], which contradicts the
assumption. If y; € B, y, € By, we have

YY1 + (1= 7)Yz € Byp 4 (1—7)p, C B

for v € [0, 1]. Hence, B is convex set. By Lemma there exist vector w, satisfying w 'y > 0 for
all y € B. If the vector has negative entry w(®) < 0, we can choose y € B with large y(*) so that
wTy < 0. Hence, we must have w® > 0 forall £ € [L]. Also, since w is non-zero vector, we can
restrict the vector in unit L-dimensional simplex. We now prove w ' > 0 for all p € €. For any
positive real € > 0, we have p + €1 € B. If there exist § > 0, u with w " = —6, we can choose
€ < d, so that

w' (u+el)=—-5+e<0.

Hence, we must have vector w that satisfies w | pu>0forall u € Q andw € S ™

The next lemma is the revision of Generalized Gordan’s Theorem.
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Lemma 5 (Generalized Gordan’s Theorem) Let 2 be non-empty convex set. Either one of the
following statements holds, but not both.

1. There exists p € Q2 whose entries are all negative.

2. There exists L-dimensional vector w € ST satisfying w" pu > 0 for all p € Q.

Proof. g = 2) proof follows by Lemma
(2 = 1) If  is negative vector, we must have w ' < 0 for all w € ST. n

Lemma 6 Forany w € ST, let A}, be set of optimal arm, that has optimal weight sum reward given
weight vector w, i.e.,
Al =argmaxw ' p,.
w g max Hq

Then there exists effective Pareto optimal arm a.., such that a,. € A%,.

Proof. Suppose there exist w that a, ¢ A}, for any a, € C*. Let a € A, /C* that maximizes
w ' p,. Since @ ¢ C*, for every effective Pareto optimal arm a,. € C*, there exist 3,, > 0 satisfying

Mg < Z 611*1%*) Z Ba. = 1.
a,€C* a,€C*
Since w is vector with non-negative entries, we have
T T T
wipg =Y Baw p < D Baw .
a,€C* a,€C*
We have, at least, one Pareto optimal arm with
T T
w p’d S w ll’a*

Such existence of a, is guaranteed with existence of 3,, > 0. n

Now, we begin the proof of

Proof. Suppose a, is effective Pareto optimal. By Equation , for any p € Conv(M) \ {1, },
we have i, A p, hence, the vector u,, satisfies the Pareto optimality in Conv(M). By Lemma 2]

W, is also e-constraint optimal, with () = ug?, such that no vector . € Conv(M) \ {p, }

satisfies ,ugi) — ugf) <Ofork=1,...,Land /Ll(f*) — ugf) < 0 for some ¢. By Lemma since the set

Conv(M) is convex, the first statement does not hold. There exists L-dimensional vector w € S
satisfying w ' (p,. — p) > 0 for all g € Conv(M). Hence, we have

a, = argmax wTua
acA

Conversly, Suppose a},, = arg max,c 4 w ' i, is unique arm. By Lemma@ the existence of effective
Pareto optimal arm implies a;, € C*. [

B Analysis of MOLB-TS

In this section, we provide the analysis of the worst-case regret of algorithm MOLB-TS.

We begin with the proof of Lemmal[l]

B.1 Proof of Lemmall]

Proof. The parameters (éf(/,éy)n)me[ ) are sampled from Gaussian distribution N (éy), citVt_l). Then
for any given d-dimensional vector x; 4, we can rewrite this probability distribution as

Al N4
2h b ~ N0, & lweall}, 1)
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Also, we can see the probability of the event gt(za) as

5 (4 N N
PELD) =P{Im € [M]: 2/, (0(), = 617) > crillwrally 1}

=P{3Im € [M] : n,, > 1}

where (7 )me[n) is sampled from standard normal distribution AV (0, 1). For M = 1, the probability

of optimism P(Et(ga) ) is bounded below by p. The probability of optimism, satisfying at least one
sampled parameter, is bounded by

PED 21— (1 -p)™.
These optimism events between different objectives are independent. Let the event St,a be defined as
ra= [ €Y
Le[L]

The event &, , is the optimism satisfying for all objectives £ € [L]. Hence, we have

P(Era) 2 (1 - (1 -p)*)E
To have ]P’(S't’a) > p, we need to choose large enough M so that

(1-@1=p™")t>p.

Rearrange the equation, we get

. log(1—p'/")

log(1 —p)
log(1 — p) — log(1 + pU/L + p/L... 4 pL-D/L)
- log(1 - p)
log(1 L/l g2l 4 p(Lfl)/L)
- log ﬁ

With sampling by Gaussian distribution, we have p = 0.15. However, the probability p can be
different by choosing different sampling distribution. But, as long as p € [0, 1), we have

log L 1 1 1/L 2/L... (L-1)/L
|4 losl 21+0g(+p +p1+p )
logﬂ logﬂ
Hence, by choosing M as
1
M 8l
logﬂ
we get P(Stya) >p ™

Lemma shows the minimum number of M for the inequality P(£; ,) > p to hold.

B.2 Proof of Theorem 2|

Before proving Theorem 2] we prove the following lemma, which bounds the conditional expectation
of the regret of MOLB-TS at round ¢ given the historical information up to that point.

Lemma 7 For any filtration F;_1, on event &, we have

2

0.15— 2

BAEPR) < (1 ¥ u

é
> (Cl,t((s) + CQ,t(é))Et[”xt,at val] + —=Apas
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s28  Proof. Let (Bya.)a.cc; be one that maximizes AZFH.

AEPR = max min{ Z ﬁa*xtaﬂ(é —xtatez)}

Icyl e[l
Besleil Lell] =

o LT g0 a7 g0
erg[lg]{ > Bractia, ] 0,

a.€CY

820 Let w; be the weight vector in unit L-simplex sampled, described in Section[5.2] Then,

830

831

832

833
834

835

836

AEPR — . § T 9(6)
= Z w;’ Z Bta. T a, 0| - xtT,ateff)
telr) avecs
— Z Bta. T, Z wPg® — a7, Z w?g®
a*ecf ZG[L] [G[L]

By Theorem[T] there exists @, € C* satisfying

0
G, = argmax xt wt )¢
acA ¢ Z

Le[L]
Hence, we have
APPR < N™ aal, | S w00 | =2l | Y w6 Q)
a.€Cy Le[L] Le[L]
< xzf* Z wge)Hy) — xzat Z wt“)ei‘) . (6)
Le(L] le[L]

From M multiple sampled parameters, we define 9 t as optimal sampled parameter with arm a, i.e.,

Y 4 4 L
01(1,2 rgmax{zt aet( 1)7 Ty aozg 2)7 5 Ly aeg J)VI}

O, m

At round ¢, the arm a is evaluated with the sampled parameters é((f,): forall £ € [L]. As we described
in Section[5.2] we can write ., a; as

a, = argmax a:t u E w o
acA

le[L]
a; = argmax xt a Z w(g 5/
acA le[L)]

Define the events &, & such that the true parameters 6" and all sampled parameters (éﬁz)me[ M]

are close enough to the RLS estimate parameters QA,EZ) for all objectives, respectively.

E = 1{ve e [L] (16 — 6|y, < c1,0(8)},
& = {¥me M,V e [L]: 6), — 0 lv, < c2.4(6)},
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where ¢1 4(0) and ¢ ¢(0) are defined as

c1,4(0) :== R\/dlog (H(t;/z)/(/\d)) +AL/2,

/ 2LMdT
c2,4(0) :=c1,4(d)4/2d log —

Let £ = MNi>o &;. By Lemma E we have P(£) > 1 — 4, and by Lemma@ we have P;(&;) = P(&; |
Fi) > 1—=9/7. Let ¢,(8) = ¢1,4(8) + c2.4(6). We separated arms into two sets with given weight
vector, saturated and unsaturated [4].

e JB; : set of saturated arms, that is, for all a € BB;, we have

vl | Do w00 ) —al [ S w0 ) > (o) |wally -
¢e[L] le[L]

B, : set of unsaturated arms, that is, for all « € B;, we have

xtTa Z wt“)eff) - xza Z wﬁé)eif) < Ct((s)”xt»a”V;l'
¢e(L) le[L]

Note that w; is random variable, since the arm a, is uniform randomly selected from ét. Hence,
those sets of saturated and unsaturated arms (B;, B;) are not fixed. Let a; = argmin, g, [|2¢,q/ly
v t

be arm in B; with smallest matrix norm. From Equation @, bounding the sub-optimality gap AZFH

on event £ and &;, we have

AftPR < mza* Z wt“)aff) — xzat Z wﬁ‘)eff)

Le[L] Le[L]
= xza* Z wt(z)ﬂﬁe) + xzm Z w,E‘)eff)
Le(L] Le(L]
— x:}h Z wﬁé)eff) — x;',—at Z w@ 0,@
Le[L] Le[L]

For any arm a, by the Cauchy-Schwarz inequality of matrix norm, we have

0) 5(e £) 5l a8 4
i [ DD wi0) | =l [ D0 w0 )| < arally [ YD w108 - 68w,
ec[L) £€(L] Le(L]

And by triangle inequality of norm, we have

0)pe 14 14 A(e A2 A€ 0
> w185 = 00 < 37w (185 — 087 lvi + 16 — 0L, )
ee(L) Le[L]

And lastly, on event € and ét, we get
1657 — 05 v, + 11657 — 09 lv, < (c1,6(8) + c2,4(8)) = e (0)

In total, we get

0) 52 4 4 4
wla | S w68 | =l [ D0 w00 [ < | S0 wi? ) @) ally -
Le[L] Le[L] Le[L]
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Hence, on event £ and &,

0
AaEtPR < ZZ?Z(—I* Z w 09 | + zZ&t Z wté)ﬂét .|+ Z w 0)||z, a,||V 1
Le[L] Le[L] Le[L]
— JEZL—H Z wy)ﬂff) — xzat Z (Z)HEL?,E + Z w(é) 0) |z, atHv 1
Le(L] te(L]

= arzf* Z wt(f)gg) + xZ’t Z wt(f)ééﬁt + Ct(5)||33t,a,,||v;1
Le(L] lelL]

() p(0) ¢
— o | Do w0 ) =l [ DD w05 | + )|zl
LelL) te[L]
Since

a; = argmaxxt a Z wge 9
acA l€[L]

we have

AaEtPR S 'rZa* Z ’LUtZ)e(Z _ xzdt Z wy)gg) + Ct((S)H.’IJtﬁtHVt—l —+ Ct(é)th,at ||Vt—1
ee(L) te(L]

< 26:(8) 1.0, ly-1 + o)l -+,

where the last inequality holds since a; is unsaturated arm. This inequality holds on event Eand &,.
Define the conditional probability P, = P(- | 7%). Then, on event £, we have

EfAGTT) < Euf260(8) |2ra, lly-1 + co(0)l|ze,a,lly-1] + (1 = Pef€e}) Amas

< Euf2eu()lwea s + (0 ly] + 2 A
We bound the term E,[||z; 5, H\/;l] with ||z, q, val. We have
Eillztally-1] 2 Belllzra,lly-r [ ar € Bi]Pi{as € Bi}
> ||z, at||V71]P)t{at € B}

The probablllty P;{a; € B;} has randomness over algorithm selecting arm from empirical effective
Pareto front Ct, where the set 3; varies on this random selection. More precisely, the set B; and B,

change as w; changes. But, for any given w;, the probability P;{a; € B;} bounds below by the
probability that at least one unsaturated arm is evaluated higher compared to all saturated arms, i.e.,

= = 05 05
Pi{a; € B} > ]P’t{ﬂa €B;: x;':a Z wg )051_; > max :v;ra, Z ( )Ga,)t },

re[L] Le[L]

where the unsaturated arm exists by a. € B;. Hence this probability bounds below by the probability
that the arm a, is evaluated higher compared to all saturated arms, i.e.,

pu B> Bl | w000, ) > gt | w000, |

Le[L] @' €B: Le[L]

On event &, those saturated arms a’ € B, satisfy

:rza* Z wﬁ‘f)eﬁf) - xza, Z w“)e N1 > Ct(5)||xt7a’||v;1 @)
Le[L] le[L)]
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ge4 and

xza, Zwt(é)él(f?t —x;')—a, Zwie)&(f) Sct(é)th)a/H‘/rl. 8)
Le[L] le[L]

ge5  Subtracting Equation (8)) from Equation (7)), we get

x;':a* Z wﬁ‘)eff) — m;':a, Z wt(l)él(f?t > 0.
e[L] e[L]

sese for all a’ € B;. Using this inequality, the Probability bounds as

Pt{at € Et} > Pt{x;—a* Z wngééi),t > CC;':E‘* Z wg@eg) 7515}

Le[L] Le[L]
) 5(€ £) (€ &
zﬂ%{xza* Do w0 | > ala, | Y w6 }(11&{&})
Le[L] Le[L]

867 Since ééﬁ)ﬁt is objective wise independent, the probability bounds by objective wise probability,

05t 0t 5(¢ ¢
Pt{xza* Z w,g )Gélt > xtT,a* Z wt( Jp(V } > ﬂ Pt{xza*ﬂélt > xz&*aﬁ )}
Ce[L] Le[L] Le[L]

gss Removing the random vector wy, this inequality holds for any w;. In other words, this inequality
869 holds for any random selection of arms from the set C;. Hence, we get

Pefar € B} > () Pela[,. 08, > ), 0 — (1 - B {E})

Le[L)
(¢ ¢ o
= ﬂ Pt{xzrzﬂé*),t > mza*ei )} T
Le[L]
~ 0
= ]P’t{xz@*ﬁél*{t > 132:&*95})}[‘ — T

870 As we remove wy, the probability P;{a; € B} gets exponentially small as the number of objective
871 increases. We remove this by adopting optimistic sampling strategy. With the number multiple
72 samples M, following Lemmal[I] we have

(1 1
P{al, 0, > al, 600y > 1 (1-p).
873 Hence, we get

= J

P{a; € Bi} > (1 - (1-p)*)* ~ T
s74 This inequality holds for any w,. With M = [1 — loggfpﬂ, we have (1 — (1 —p)M)E > p. Finally,
875 we have

]
Eulle ] > Lo (v )

876 Replacing the term ||z, ”Vfl to ||z, H‘/}—l , we get.

2 o
]Et[AaEtPR] < <1 + p_2 ) ct(0)Ee[l|a, ||v;1] + 7 Amaz

T

T

877 ]
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Now we begin the proof of Theorem 2]
Proof. We have

E[EPR(T)] =Y E[AEPA]

=P(€) Y EIAZTFL{EY] + (1~ P(E)) A

t=1

<

-

Il
M=

o~
Il

1

E[AZPFL{EY] + 6 Amax

E[]Ef [AiPR] 1 {é}] + 5Amax

ss0 By Lemma 7, bounding the term E,[AZPF], we have

881

882

883

885

886

887
888

889

890
891

892

893

<>
(g

( 0.15 — > Ct((s)E[Et[Hxﬁat HV;I]H{S}] + 20 Amax

T
ZEt |33t at”v ]]l{g}]"'Q‘SAmax

t=1

Z th at”V_l] + 2(()wAmdx

t=1

2 T
<|l14+4 — 8)4/2Td]1 14+ — 20 A max
_<+0'15%>CT()\/ og<+)\>+5

where the last inequality follows by Proposition 2}

C Additional Technical Tools

Proposition 1 (Gordan’s Theorem, page 31, Mangasarian[12) For given matrix M € R™*E, ei-
ther one of the following statements holds, but not both.

1. There exists L-dimensional vector w, that Mw has all positive entries.

2. MTB =0, B > 0 has solution 3 € R™.

Proposition 2 (Lemma 11, Abbasi-Yadkori et al.[1) Ler N\ > 1.  For arbitrary sequence

(%¢,a,)te[r), we have

3 T
2
; ||33t,af,||vfl < 2dlog (1 + )\) )

Lemma 8 (Theorem 2, Abbasi-Yadkori et al.[1) Let (F;);>o be a filtration. Let (ff@) be a real-

valued stochastic process such that 5,5(2) is conditionally R-sub-Gaussian, given filtration F; for any
¢ € [L]. Then with probability at least 1 — ¢, the event

& = {w e [z]: 67 - 0y, < R\/dlog (1 i (t(s/i)/(kd)) + AW}

holds for all t > 1.

Proof. By Theorem 2 in Abbasi-Yadkori et al. [1]], and union bound with L. n
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Lemma 9 (Definition 1, Abeille and Lazaric2) On event é’t, with probability at least 1 — 9§, all

sampled parameters (Hﬁf%)me[ M),ec[r] Jollow concentration property, i.e.,

= ~ S 2LM 1 -1
£ = {Ilet(ﬁ)n 0y, </ 2d105 23 <R\/dlog (+ <t5/L)/(Ad)> +/\1/2> }

forallm € [M],¢ € [L].

Proof. By Definition 1 in Abeille and Lazaric [2], and union bound with M and L. ™

D Discussions

Our proposed algorithm demonstrates strong empirical performance with various settings. But its
theoretical worst-case regret bound is not tighter than that of UCB-based algorithms. This gap
between UCB-type algorithms and TS algorithms is well-known in the regret analysis of previous TS
algorithms [4] 2] bounding the worst-case frequentist regret.

Our work is studied under the standard linear contextual bandit setting. Our framework can be readily
extended to generalized linear contextual bandits. Extension to more complex function class such as
neural networks requires analysis that is beyond the scope of this work, but is certainly the promising
avenue for future work. Yet, our work introduces the first randomized algorithm with Pareto regret
guarantees in the multi-objective bandit framework. We hope that our work lays a foundation basis
for extending such techniques to follow-up works.

E Computing resources for experiments

All experiments are conducted with INTEL(R) XEON(R) GOLD 6526Y CPU and 4 TB memory.
The software environment includes Python 3.12.7, Scipy 1.14.1, and Numpy 1.26.4. The experiments
took approximately 4 hours to 1 day, as it takes longer with increasing numbers of arms, dimensions,
and objectives.
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s« F Additional experimental results
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Figure 3: Experimental results with K = 50, d =10, L =4
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Figure 4: Experimental results with K = 100, d =5, L =4
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Figure 5: Experimental results with K = 100, d =10, L =4
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Figure 8: Experimental results with K = 200, d =15, L =4
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Figure 9: Experimental results with K =50, d =5, L =8
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Figure 11: Experimental results with K = 100, d = 10, L = 4, linear (non-contextual) setting.
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Figure 13: Experimental results with K = 200, d = 15, L = 4, linear (non-contextual) setting.
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