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A RELATED WORKS

In the following, we survey some previous works that are tightly related to ours. In particular, we
first describe works dealing with the online learning problem in MDPs, and, then, we discuss some
works studying the constrained version of the classical online learning problem.

Online Learning in MDPs. There is a considerable literature on online learning problems (Cesa-
Bianchi & Lugosi, [2006) in MDPs (see (Auer et al., 2008} [Even-Dar et al.,|2009; Neu et al., 2010)
for some initial results on the topic). In such settings, two types of feedback are usually investigated:
in the full-information feedback model, the entire loss function is observed after the learner’s choice,
while in the bandit feedback model, the learner only observes the loss due to the chosen action. |Azar
et al.| (2017) study the problem of optimal exploration in episodic MDPs with unknown transitions
and stochastic losses when the feedback is bandit. The authors present an algorithm whose regret
upper bound is O(+/T)), thus matching the lower bound for this class of MDPs and improving the
previous result by |Auer et al.| (2008). [Rosenberg & Mansour (2019b)) study the online learning
problem in episodic MDPs with adversarial losses and unknown transitions when the feedback is full
information. The authors present an online algorithm exploiting entropic regularization and providing
a regret upper bound of @(ﬁ) The same setting is investigated by |Rosenberg & Mansour|(2019a)
when the feedback is bandit. In such a case, the authors provide a regret upper bound of the order of
@(T3/ 4), which is improved by Jin et al[{(2020) by providing an algorithm that achieves in the same

setting a regret upper bound of O(v/T).

Online Learning in CMDPs with Long-term Constraints. All the previous works on the topic
study settings in which constraints are selected stochastically. In particular, [Zheng & Ratliff] (2020)
deal with episodic CMDPs with stochastic losses and constraints, where the transition probabilities
are known and the feedback is bandit. The regret upper bound of their algorithm is of the order of
o’/ %), while the cumulative constraint violation is guaranteed to be below a threshold with a
given probability. |Wei et al.[(2018) deal with adversarial losses and stochastic constraints, assuming
the transition probabilities are known and the feedback is full information. The authors present
an algorithm that guarantees an upper bound of the order of @(ﬁ) on both regret and constraint
violation. [Bai et al.| (2020) provide the first algorithm that achieves sublinear regret when the
transition probabilities are unknown, assuming that the rewards are deterministic and the constraints
are stochastic with a particular structure. Efroni et al.| (2020) propose two approaches to deal with
the exploration-exploitation dilemma in episodic CMDPs. These approaches guarantee sublinear
regret and constraint violation when transition probabilities, rewards, and constraints are unknown
and stochastic, while the feedback is bandit. |Qiu et al.[(2020) provide a primal-dual approach based
on optimism in the face of uncertainty. This work shows the effectiveness of such an approach when
dealing with episodic CMDPs with adversarial losses and stochastic constraints, achieving both
sublinear regret and constraint violation with full-information feedback. Wei et al.|(2023)) and |Ding
& Lavaei| (2023) consider the case in which rewards and constraints are non-stationary, assuming that
their variation is bounded. Thus, their results are not applicable to general adversarial settings.

Online Learning with Long-term Constraints. A central result is provided by Mannor et al.
(2009), who show that it is impossible to suffer from sublinear regret and sublinear constraint
violation when an adversary chooses losses and constraints. [Liakopoulos et al.|(2019)) try to overcome
such an impossibility result by defining a new notion of regret. They study a class of online learning
problems with long-term budget constraints that can be chosen by an adversary. The learner’s regret
metric is modified by introducing the notion of a K-benchmark, i.e., a comparator that meets the
problem’s allotted budget over any window of length K. (Castiglioni et al.| (2022azb) deal with the
problem of online learning with stochastic and adversarial losses, providing the first best-of-both-
worlds algorithm for online learning problems with long-term constraints.
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B EVENTS

Here we state the events that we use in the rest of the Appendix.

The following event states that the true occupancy measure space is always contained in the confidence
set:

Event £2(8): A(M) C M A(P).

In particular, under E2(6), we have that ¢°, ¢* € N;A(P;). E2(5) holds with probability at least
1 — 4 (See Lemma/[9).

The following event states that the cumulative error after 7" episodes due to the difference between
P,y pat ST 3 .
q and ¢ is small enough:

Event EI(6): Y1 llae — @l < &L where & = 4L|X[\/2TIn(}) +

6L|X|\/2T|A In (%) < OWT).

In the next sections we will often condition on the intersection of the previous events:
Event E24(8):  E1(5) N EA(9)
E24(§) holds with probability at least 1 — 25 (See Lemma.

The next event states that, in case the rewards are stochastic, the reward accumulated is not too far
from the mean reward accumulated.

Event £).(6): (S, (re —7) ' ¢*| < &, where £ = % Thh(2)<O (\/T)

E. () holds with probability at least 1 — & (See Lemma 3).

For the stochastic constraint setting, we define the quantity Sg 108 = 2L\/ 2(ta —t1 +1)1In (TTZ)
and then two events bounding the cumulative difference between the dual utility with the average
constraints and that with the sampled constraints.

T

Event EG (8): forall [t1..t2] C [1.T], |S232, M (Gf =G )¢°

G
< /\tl,tzgtl,tg,a

Event EC (8): forall [t:.t;) C [1.T], |Y%2, A\ (GI =G )g*

G
< At17t25t17t2,6

EG (), ES.(6) each hold with probability at least 1 — & (See Lemma . We denote £ := E{} 5
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C ADDITIONAL DETAILS AND OMITTED PROOF OF SECTION [4]

C.1 ALGORITHM

Algorithm 4 Upper Confidence Online Gradient Descent Policy Search (UC-O-GDPS)
Require: state space X, action space A, episode number 7', and confidence parameter &
1: Initialize epoch index ¢ = 1 and confidence set P; as the set of all transition functions. For all
k€ ]0..L —1] and all (z,a,2’) € X} x AXx X1, initialize counters No(z,a) = Ni(x,a) =
My (2" | z,a) = My (¢' | ,a) = 0 and occupancy measure

¢ (z,a,2") = __
DB GT) = XA X

Initialize policy m; = 77

2: fort € [T] do
3: Execute policy m; for L steps and obtain trajectory x, ay for k € [0..L — 1] and loss ¢;
4: for k € [0..L — 1] do
5: Update counters:

Ni (zg, ax) < Ni (zg, ax) + 1,

M; (g1 | Tp, ar) < My (Tp41 | 2x, ax) + 1
6: end for
7: if 3k, N; (2, ar) > max{1,2N;_1 (x,ax)} then
8: Increase epoch index ¢ <— ¢ + 1
9: Initialize new counters: for all (z, a, z’),
Ni(xz,a) = N;—1(x,a)

M; (2 | z,a) = M;_1 (2 | ,a)
10: Update confidence set P; based on Equation (6))
11: end if
12: Update occupancy measure:
13: m = ﬁ with £, = max{||l¢]]o0 }'_;

Q1 = Uacp,) (@ — nele)

14: Update POhCy 7Tt+1 = 7721\t+1
15: end for

Confidence Set. The description of how Confidence Set on the Transition Probability functions are
built and used, follows precisely the description of [Rosenberg & Mansour| (2019b). We report the
functioning for completeness.
UC-O-GDPS keeps counters of visits of each state-action pair (z, a) and each state-action-state triple
(z,a,x’), in order to estimate the empirical transition function as:

M; (z' | 2,a)
max {1, N;(x,a)}
where N;(z,a) and M; (2’ | x,a) are the initial values of the counters, that is, the total number of
visits of pair (x, a) and triple (z, a, z") respectively, before epoch . Epochs are used to reduce the
computational complexity; in particular, a new epoch starts whenever there exists a state-action whose
counter is doubled compared to its initial value at the beginning of the epoch. Next, the confidence
set for epoch i is defined as:

P, — {ﬁ H]S(m’a) iy (.|x7a)H1 <e¢(r,a) Y(r,a)€ X x A} @)

Pi(2' | 0) =

with €; (2, a) defined as:

A
2| Xk(z)+1/In (T‘);H ‘)
max {1, N;(z,a)}

€ (x,a) =
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using k() for the index of the layer that  belongs to and for some confidence parameter 6 € (0, 1).
We state the following Lemma by |[Rosenberg & Mansour (2019b), which provides the results related
to the confidence set €;(x, a).

Lemma 5. Rosenberg & Mansour|(2019b) For any § € [0, 1]:

X||A
2| X (z)+1/In (L 5” l)
max {1, N;(z,a)}
holds with probability at least 1 — § simultaneously for all (x,a) € X x A and all epochs.

HP(~|x,a) — P, (-\x,a)”l <

Lemmaimplies that, with high probability, the occupancy measure space A(M) is included in the
estimated one A(P;) Vi.

Occupancy Measure Update. The update of the occupancy measure is performed on the space
A (P;), which is built on the estimated transition function set ;. More formally:

Qi1 = Uacp,) (@ — nele)
with 7, = ﬁ with £; = max{||¢¢||s }{_;, and C constant. The employment of Online Gradient

Descent has been necessary to achieve the interval regret results, while the adaptive learning rate was
chosen to improve the performance in terms of Regret bounds.

C.2 INTERVAL REGRET

In the following subsections, we prove the theorem related to the interval regret of Algorithm4] First,
we will present the main theorem, then, all the necessary lemmas.
Theorem 3. With probability at least 1 — 26, when n, = (th’\/T) _1, UC-O-GDFPS satisfies for
any g € ;A (P;):
| XAl (t2 =t + 1)

2 CvT

RY . (q) < Uy 4,68 + L, LOV'T + 1y, 4,

where Ztl,tz = max{||€t||oo}§2:t1, by = Zl,t and § € 10,1].

Proof. Assume Eventholds. By deﬁnition
ta
Ry, 1,(q) = Z ¢ (g —q)

t=t1

tz tZ
= e —a)+ Y 4 (@ —q)

t=t1 t=tq

® @
<y 1,E3 4+ Uiy LONT + 4y, 1,

| X[|A] (t2 —t1 4+ 1)

2 CcVT
where the Inequality holds by Lemmas[9)and [[0] We focus on bounding the first term (1) and the
second term (2). O

C.2.1 BOUND ON THE FIRST TERM

In order to bound the first term of the Interval Regret, we state some useful Lemmas by |Rosenberg &
Mansour| (2019b).

Lemma 6. |Rosenberg & Mansour|(2019b)) Let {m;}_, be policies and let { P;}_, be transition
functions. Then,

T T T
S lg =g < 3030 S g @)= )Y ST S 6P, 0)| [Py )= P a)
t=1

t=1zeX acA t=1zeX acA
(3)

where P, = P%.
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The following Lemma, shows how to bound the first term in Equation (8] with the second one.

Lemma 7. |Rosenberg & Mansour (2019b)) Let {r;}]_, be policies and let { P,}]_, be transition
functions. Then, for every k € [1..L — 1] and every t = 1, ..., T it holds that:

k—
D D la™ (w, ar) =" (e, k) ZZ > P (s, as) 1P s, as) = P(2s, a)l
s=0zx

T €X, ar€A €Xsa;€A
where P, = P,

and finally, Equation (8] is upper bounded given:

Lemma 8. |Rosenberg & Mansour|(2019b)) Let {m;}L_, be policies and let { P;}_, be transition
functions such that ¢*+™ € A (P;) for every t. Then, with probability at least 1 — 26 Event
holds and:

T L—1k—1

1
SN S S 6P a0 |P s, ag)—P (s al)|l < 2LX ]y 2T In (6>+3L|X|\/2T|A|1n (Tpg“A')
t=1 k=0 s=0x;€Xs as€A

where P, = P,

From the previous Lemmas, it easy to show that:

Lemma 2. [f the confidence set P is updated as in Equation ([6)), with probability at least 1 — 2§
S g — @l < EY, where £ < O(VT).

Proof. Following [Rosenberg & Mansour] (2019b), by Lemmas [6] [7] and [§] we obtain that with
probability at least 1 — 26 Event|E ()| holds and: Zle llgPeme — qPme||y < 4L|X|y/2T1n (5) +

6L|X|\/2T|A In (%) O

Now, we are ready to bound (D).

Lemma 9. Under Event it holds:

to
Z K;F(Qt - (/Z\t) < Ztl:tZEg

t=t1

with zt17t2 = ma’X{| |£t| |00}1tt2=t1

Proof.
tz ta
S -5 < Y Weelloella - @il
t=t1 t=t1
2}
<liiis ) llae = @lh
t=t1
T
o3 llge = @lls
t=1
< ?tl,@é’g’ )
with €y, 4, == max{||[¢;|| };2;, and where Inequality @) holds under the event|E7(4) O
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C.2.2 BOUND ON THE SECOND TERM
Lemma 10. For any g € N;A (P;), the Projected OGD update:
Gr+1 = Uaep,) (@ — nele)

withn, = = C\f and 0; = max{||l¢||co }i_, ensures:

ta - -
R 7 Toia (bs— 11 + 1)
T _ < Q t1,t2 2 1
tzztlgt((h Q)_U1QC\/T+U2 5 NG

where Uy = 2L, Uy =

to = max{[[le]| oo }2y,-

Proof. By the standard analysis of Projected Online Gradient Descent [Lemma 2.12|Orabonal(2019)]
we have:

R 1. 1. Mt
[T _ < _ 2 - _ 2 Ly 2.
¢t (@ —q) < 2mllqt qll3 2qut“ allz + 1142
Observe that for any two occupancy measures ¢, g2 it holds:

a1 — a2113 < llaall3 + laz2[3
<|lgi[lr + llgall1
< 2L

where the second Inequality follows from ¢(z,a) € [0,1] Vz,a. Then, summing over the interval
[t1.. t2] we get:

to

1
6@ —q) < T — 4 Giat1 — |13
3T =) <5l — ol =5l —

<0
to—1 t
1 1 1 , 1
- R - 1 i
S (- L) el + 3 S e
— 2
to—1 '
“m L ( _>+ fxa (10)
Tt tzt Ne+1 Mt QCﬁt:Z 7, ; t
to—1 1 to H[tH
<—+L <>+ . LS
2 s 7o) Taovr 2 sl 1 2
—_1 1 Sl
Tty My
7 XA to—t +1
<r2,,0vT + X ‘em@ 1+ 1) )
2 VT

where Inequality follows from the definition of 7, and from 7; > 1,41, while Inequality
comes from the telescopic sum over [t1..t2] and from the definition of 7, .

O

D OMITTED PROOF OF SECTION [3]

D.1 INTERVAL REGRETS

In this section, we show the Interval Regrets, attained by both primal and dual player, in our specific
framework.
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D.1.1 INTERVAL REGRET OF THE DUAL

In this subsection, we show the Interval Regret obtained by dual player. Recall that the dual variables
are updated with Projected Online Gradient Descent as shown in (3] or equivalently:

Ati1i = min{max {0, M +nlG7 1@} ,T1/4} (12)

with 1) = [K\/Tlni(?;)} -

Let

to

RPN =3 (A=N) G/a

t=ty

denote the regret accumulated by OGD from episode ¢; to episode to with respect to the constant
multiplier A\. By standard analysis of OGD |Orabonal (2019) we have that:

Al A o
Ra,tz( ) < || : H2 ZHGt qt||2

We can upper-bound the quantity |G ;||3 as:

G/ @3 = Z (th,i(m,a)q?(w,a)> < <Z @(az,a)) <mlL?
i=1

=1 z,a
obtaining:

1A, = AlI3

Rp . (\) < Dy + Don(ty —t1 + 1)

with D, = 3, Dy = mE2,
We bound the distance between lagrange multipliers for consecutive episodes.

Lemma 11. If the dual player employs Projected Online Gradient Descent as in Update (I2)), it
holds:

A1l = [[Aellr < mnL

Proof. Since the dual minimizer is performing projected gradient descent with learning rate 7, and
the gradient of the Lagrangian at time ¢ with respect to \ is equal to g, G/ , element-wise it holds
that:

At+1,; = min {max {0, Ai +0[G/ ]id: } ’T%}
< max {0, \,; + 1[G} i }
< max {0, Ari + [[G{ il loo 12|11 }

<max{0, \y; +nL}
=M, +nL

Thus,

[ Aegills = [| Al = Z/\H»l,i — Z)\m < Z)\t,i + ZWL - Z)\t,i =mnL
i=1 i=1 i—1 i—1 i—1

D.1.2 INTERVAL REGRET OF THE PRIMAL

We restate Lemma [0t

18
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Lemma 10. For any q € N;A (P;), the Projected OGD update:
Gr+1 = Uacp,) (@ — mele)

with n; = + C\f and 0; = max{||l¢||co }i_, ensures:

ta - -
_ 7 Uoyny (ta—t1 +1)
T _ < Q T t1,t2 2 1
;gt(% Q)_U12CV + 02— oVT

where Uy = 2L, Uy =

t2 = max{|[le[oo 12y, -
Let

Ayt = max{| [ Nel[1 }i2y, -

Then it holds #;, 4, < 1+ A, 4, and we can restate the interval regret of the primal in terms of the
1-norm of the Lagrange multipliers as:

(1+Xs,) (14 Xy t,) (to — 11 + 1)
—G) KU ———220VT + Us 1,02 . 13
tzt:lrt ar) 1 5 5 N (13)

D.2 BOUND ON THE LAGRANGE MULTIPLIERS

We prove Theorem ] which we restate for convenience.

Theorem 4. IfCondztwnIholds and PDGD-OPS is used, then, when ( := 20mL , it holds

[[Aell1 < ¢ vt e [T +1]

with probability at least 1 — 20 in the stochastic constraint setting and with probability at least 1 — §
in the adversarial constraint setting.

Proof. Suppose event|E=(0)|holds. If the constraints are stochastic, suppose event'qu (6)[holds too.
Let M > 1 be a constant. We prove the statement by absurd. Suppose by absurd that there exists
to € [T] such that:

2LM 2LM
Vi<t <=5 A

and let t; < t9 be such that:
2L
H>\t1—1||1§7 A Vit <t <ty |[[M]1>—.

By construction it holds that 1 < % < |Ae]]r < Qi# for all t; < ¢t < t9. Also notice that by
Lemma forn < ﬁ it holds that:

oL 4L
(Ae ]l < Ay —1lls +mnL < " +mnL < ~
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Focus on the quantity Z?:tl —\/ G/ ¢°: in the stochastic constraint setting we have, under the event
EC(0)

to ta
o ok o
Z _)‘Q—Gi—trq 2 Z _)‘:G q — )‘thtzgg,tz

t=t1 t=tq

to m
—T °
> Z Z =i {G q L - )\tl,tzgg,tz

t=t1 i=1

t2 m
G
> p Z Z Aty — )\tlthgtl,tg

t=t1 i=1

to
=p Y Ml = Ay €,

t=t1

2L
> pj(tg —t14+1) — )‘t1,t2gtcl;,t2
= 2L(t2 —t1 + 1) - >\t1,t2€g,t2

While in the adversarial setting it holds:

2 to m
YNNG =D a6 )

t=tq t=t; i=1
t2 m
203 >
t=t1 i=1
ta
=p Y Nk
t=t1

2L
> p7(t2 —t+1)
=2L(ty —t;1 +1)
In particular, we have that:

ta
Z _)\:G;I'qo 2 2L(t2 — tl + 1) — Atlhgg,tg

t=t1

is true in both settings under the required events.

We can lower bound the cumulative value of the Lagrangian function, namely rquAt, from ¢4 to ¢,
by that achievable by the primal minimizer by always playing the feasible occupancy measure ¢°:

to to to
T o T T ~
SNorfa=> rf ¢=> 1f (°—@)

t=t1 t=t1 t=t;
—E rqo—i-g ATGIO—g Tt (¢° —G)
t= tl t= t1 t= tl
——
>0

> 2L(ty —t1 + 1) = Ay 1, Ef] t1,t2,0 Z 7"t (@° — @)

t=t1
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Applying Lemmaand observing that by construction 1 < A¢, ;, < 2LM <
ALM
to
T 2LM 2LM 2LM (to —t1 + 1)
rf @ > 2Lty —t1 +1) — ——&F U CVT - U.
t;lt(h (ta—t1 +1) - ttes ~ U5 2 VT

since underwe have that ¢° € N;A (P;).

We can upper-bound the same quantity with the value achievable by the dual by always playing a
vector of zeroes.

to - to ta
Sorf =Y "a-Y MNGa

t=t1 t=t1 t=tq

to
<> rla- ZOTGIqt+Rt1t2( )

t=ty t=t1

<ZL+D A t1||2+D277( —t1+1)

t=t1

A 2
< ZL—i—DlthlHl—i—Dz??(tg—tl—&-l)

L2
< L(tg —t1 + 1) =+ DB% + DQ’I](tz —t1 + 1)

With D3 = 4D;.
Combining the bounds on the cumulative value of the Lagrangian, we have:

2LM _g 2LM 2LM (ts —t; +1)
2L(ty —t1 4+ 1) — 7 &g, s~ CVT — U =—; Vs

<

L2
L(tg —t1 + 1) + Dd% + Dzn(tz —t + 1)

Observing that £C ,, 5 = 2L\/2(t2 —t+1)In (L) < Ushivts —f + L with [y = /In (%)
and Uz = 2L+/2 and rearranging the terms we obtain:

L(ta—t1+1) < U3 Lhvto—ti +1+
2LM
+U; CVT +
2LM (ta —t1 + 1)
+U
2 VT
+ Donta —t1 + 1) +
1L2
+D3——
n p?
We will make use of the following lemma:
Lemma 12. Forn) < .37 and 2 > 4 it holds:
to—t1+1) >
( V> o
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Proof. By Lemma|[IT| we have:

ta

ta
> (Ul = [Aelh) <> mnL

t=t, t=t,
which, since the sum in the LHS is telescopic, implies:
Azl = A lln < (t2 — t1 + 1)mnL.

Also note that: oIM AL
T, < Aol = [[Aey -

Rearranging the terms, we obtain, for % > 4.
M 2L(%-2)
< P
p>mn pmnL

<(ta =t +1)
O]

Applying Lemma [I2] we show that the above leads to a contradiction for some choices of C', M and
71, namely, we show that:

2LM
L(te —t1 +1) > Us 2 livts —t1 + 1+ (1)
2LM
+ Us e CvT + (2)
2LM (to —t1 + 1)
+U. 3
2 p? cvT )
+D277(t2—t1+1)+ (4)
1L2
+ D3—— 5
0 p? ®

In the followings, we prove that each of the terms on the RHS is upper bounded by %L(tg —t1+1):

1. By trivial computations and applying Lemma

1 2LM 2LM
5L(t2 —t+1)>Us e LT > Us 7 it —t + 1

10M
(t2 —11 +1) > Us p2 ll\/f

M 10M
(t2—t1+1)> 3 > Us; 3 l1\/T
pmmn P

1
_— > 10U3l1\/T
mmn

which is ensured by:

1
< -
= 10mUsl, VT

2. Then applying again Lemma

1 2LM
gL(tQ—t1+1)>U1 p2 C\/T
M M
(t2 —t1 +1) > o— > 100, 5 CVT
pmn p

which is true for:

1

< -
= TomU, VT
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3. We solve the third term with respect to C.

1 LM (ty —t; + 1)
—L(to — t 1) >
5 (2 1+ )7U2 p2 C T

which is ensured by:

M 1
C > 10Uz~ —=
P? T

1
5L(t2 — 11+ 1) > D277(t2 —t1 + 1)

1

-L>D

5 27
Which is ensured by

_ L
"= 5D,

5. Applying Lemma[I2] we solve the Inequality with respect to M:

1 1L2
*L(tQ_tl‘i‘l) > D3——
5 n p?
M 1L
pemn np
M
— >5D3L
m

from which:

M > 5mDsL

We recall all the constants: Dy = mTLQ, D3 =2,U; =2L,U; = |X||A|, Us = 2I4/2. We choose
M = 10mL and recall Condition 2}

20mL>
2

<VT

=

p>T 5L\V20m =

<T

‘We now focus on the condition on C':
10mL 1
C > 10U, —a= —=
P* VT
U 20mL? 1
L p* VT

is thus always ensured by C' = 5%. The conditions on 7 are satisfied if:

L 1 1
< min , , .
= { 5Dy" 10mUCVT ™ 10mUsly \/T}
Observe that:

. L 1 1
min R R
{5D2 10mU,CT 1OmU3l1\/T}

. 1 1 1
= min , )
{2.5mL 10mUy (°22) VT 20\/§mLz1ﬁ}

which, if we plug in the value of /1, leads to the choice:

1
’r]:
50mmax{%, L} v/TIn (%2)
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1

The remaining conditions % > 4,n < 7 are trivially satisfied. Summing the conditions (1 — 5)

proves the contradiction.

If we plug the values of U; and Uz corresponding to UC-O-GDPS, we have max { U1LU2 , L} =
max {2|X|| 4|, L} = 2|X]||A| and thus obtain:

1
’]7 =
100m| X [|Al\/T1n (Z)

D.3 ANALYSIS WITH STOCHASTIC CONSTRAINTS

D.3.1 LOWER BOUND ON THE DUAL CUMULATIVE UTILITY

We start proving a useful Lemma in which we lower bound the dual cumulative utility. This Lemma
holds both for the stochastic constraints and the adversarial constraint setting.

Lemma 13. Under the event|E9(5)| the cumulative dual utility ZtT:1 N G/ q; is lower bounded as:

T
SNG4 > —xref — BY(0)

t=1

where Ay, 1, := max{|[A¢|1 12,

Proof. We exploit the fact that the dual is no-regret with respect to the O vector:

T T T
Z)\:G:CEZZA:G:(%—th)‘f‘Z)‘:G:th
t=1 t=1

~+
=

M=

T
>3 NG (@ —-a)+ ) 0"G § - R2(0)
t=1

~
Il
-

T
>3 =M 1G] | Mg — @il — R2(0)
=t <A1 <1

T
> —=\,T Z llae — @l — Rg(Q)
t=1

> —MrEf — Rp(0)

where the last Inequality holds under O

D.3.2 ANALYSIS WHEN CONDITION[2]HOLDS

We start by introducing the notation vy ; := [G/];G:, that is the violation of the i-th constraint
incurred by g;. We further denote V, ; := Zizl Ur,i. Observe that, when Conditionholds, thanks

to Theoremwe have || A\¢]]1 < T% for all ¢ and thus At < T'%. This means that Ar,; never gets past
the upper extreme and the update of the dual is effectively equivalent to that of OGD working on the
set R,

)\t,i = max{Atvi + n@tﬂﬁ 0}

Lemma 14. If Condition@]holds, then for each episode t € [T and each constraint i it holds:

Ai 2> nViciy
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Proof. We prove the result by induction. Suppose that the statement holds for episode ¢. Then
A1, = max{A,; + vy, 0}
> At + 10
> 77‘7;71,1‘ + MU,
= U‘A/t,i

Observe that for t = 1 the statement holds as the sum on the RHS evaluates to 0. ]

Lemma 15. If Condition |2| holds, under the events |EA (6)l |Eq(6)|and |Eg*; (5)|for the stochastic

constraint setting and under the events|E> (8)|and |E(0)| for the adversarial constraints one, it
holds:

Vr < ?T,i* + 5g

Proof. Leti* denote the most violated constraint, e.g. i* = arg max; Zle [G} g¢);- Then we have:

G a1

[
M=

Vr

o~
I
-

I
Me

T
tqtz +Z (g — @)]
t t=1

= Vr- +Z i (q — @)

+Z|I[Gf]i*

< Vi + &l

I
-

oqut_Z]\tHI

Where the last step holds under since |[[G} Ji+]|oo < 1. O

We are now ready to prove the regret and violation bounds for the stochastic constraint setting.

Theorem 5. [n the stochastic constraint setting, when Condition 2| holds, the cumulative regret
and constraint violation incurred by PDGD-OPS are upper bounded as follows. If the rewards are
adversarial, then with probability at least 1 — 49 Algorithm provides Ry < §€5 + &+ R2(0) +

RE.(q*) and Vi < 1( + &J. If the rewards are stochastic, then with probability at least 1 — 58
Algorlthm@prowdes Ry < & +CEF + CEL + R2(0) + R (q*), and Vi < 717C + & In both cases:

RTSG(C\/T>7 VTS@(C\/T).

Proof. Assume events|(ES ()L |ES. (6)}|E2 (6)|and|E7(5)|hold.

Recall that A\; 7 < ¢ under the events |[E2(4)[and |[EJ (6)[since Condition [2| holds (see proof of
Theorem [4)).
By Lemma [I5] we have:

Vr < 17Tz + &

1
< g)\TJrl,i* + &

IN

1
5||)\T+1||1 + &

1
—(+ &
n

IN

25



Under review as a conference paper at ICLR 2024

Where the third Inequality holds for Lemma|[I4] By the definition of regret of the primal:

T
Zr;qt > Zrt q - Z/\TGth* —l—Z)\TGtht RE.(q%)
t=1 t=1
T
E: q'—EZA:G — M\ 7€ — R2(0) — RE(q") (14)
; —T
>y rlq - Z MG g = \ref — M€l — RR(0) — Ri(q") (15)

~
Il
—

t=1

Me

H_
Il
-

ZZA“ )it® =MrES = M r€f = RR(0) - R(q")  (16)

<O

T
> rlqt - ¢&F — ¢&F — R2(0) - Ri(q")
t=

where Inequality holds for Lemma and Inequality holds under Event|E%: (&)l We now
focus on the case 1n which the rewards are adversarial. We have:

T
> orlqg=T-7'¢"=T-OPT, ¢
t=1

and thus we obtain the stated bound:

T

> rlq > T-OPT,. 5 — ¢&F — ¢&§ — RR(0) — RY(q")
t=1

By union bound on(E (§)}|[ES (6){and [E2-7(5)} the result holds with probability at least 1 — 4.

For the stochastic rewards case, we require also event to hold. Thus,

T T
Zr;q*ZZ?Tq* =T-OPT.z—¢&5
t=1 t=1

and thus we obtain the stated bound:

Zn g > T - OPT, g — & — (& — (€] — R2(0) — Ry (q")
t=1

y union bound on £ o a* ’ and |y« the result holds with probability at least
B ion bound on|ES (6)}|ES (6)L|[E2+4(5)|and |ET. ()} th It holds with probabili 1
1 —54.

Observe that under it holds:
Bi(q") < 0 ((1+ Ma)VT) = O (¢VT)

and

2
R2(0) < m2L ! VT <0 (VT)
100m|X||A]y/In (%)
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D.3.3 ANALYSIS WHEN CONDITION[2IDOES NOT HOLD
Lemma 16. If Condition[2|does not hold, then
Vi < (242L)-T%  VT,i

holds under the event in the adversarial constraint setting and under the events
£ (0)) in the stochastic constraint setting.

SR

Proof. Assume events m -hold and suppose by absurd that VT i=(2+2L+¢) %T% ,
with € > 0, for some 7" and 7.
We can lower bound the quantity 23:1 rfTé}:
T T
Srba =Yg - ZATGt ¢~ ZTfT(q" —q@)
t=1 t=1 =1
>0
T T
> =SNG ¢ el =Y @ - )
t=1 t=1
>0
T
> -mThef S rf (¢° ~ @) (17)

t=1

Where Inequality holds since ||A¢||; < mV7 by construction of the dual space. Observe
that, if we are in the Adversarial setting, then from the (stronger) definition of p and ¢° it holds

— 7 A\ GJ ¢° > 0 and we obtain the tighter bound

T
Zn G > — Zn (¢° — @)
t=1

The dual is no regret with respect to the vector A, whose elements are 0 for j # iand T% in position
Jj =1

T T T T
dSorf @ =ZJ@—ZAIGI@
t=1

T

<Z7't 4t — ZA Gl G + R2(\)
t=1
T T

=> "G - T [GIG): + RN
t=1 t=1

< LT —TiVp,; + R2()\)

Combining the bounds we have:
—mTigS — Zrt (¢° —G) < LT — TV, + R2())
.
1= 1 g
T5Vp; <LT+mT3EF +> rf (¢° — @)+ R2(\)
t=1

VT Lo - £l o _ ~ D/
T(2+2L+e)§LT+mT455 +Y rf (@@= @)+ RN (18)

t=1
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Observe that:
< 1INB L? T L? 1 T
R;'%(A)§§||/\”2+mT77T=2£+m2 <YL
" " 100m|X||Al/T1n (%) "
Since | X| > L.

For the primal it holds by Lemma [T0}
T T
Yorf (@ =a)=Y_t"G )
t=1 t=1
T
< )\17TU1C\/T + )\LTUQ£

C
1 Uz
< mT4\F U.C+ 6

<U15+5) fT‘l
:m(2L|X||A|+5) VT T

LIX||AVT T3

< 6m
ELSL@
n n

.;:.

And for the Azuma-Hoeffding term it holds:
1 T2 1.1 T
mT5ES = mTi2L, (2T In () <-Ti=Y"
Ui Ui

Observe that LT’ < T holds trivially.
Dividing both the terms in Equation by g, we obtain

24+2L+e<2+2L
which is absurd. O

We are now ready to prove the Regret and Violation bounds when Assumption 2]does not hold:

Theorem 6. In the stochastic constraint setting, when Condition does not hold, the cumulative
regret and constraint violations incurred by PDGD-OPS are upper bounded as follows. If the

rewards are adversarial, then with probability at least 1 — 46 Algorithm provides Rp < mT 1£8 5
mT5EY + RR.(0) + RE(¢*) and Vp < (2 + 2L) T + EL. If the rewards are stochastic, then wzth
probability at least 1 — 56 Algorithm Eprovzdes Ry <&+ mT% ES + mT% &+ RR.(0) + RE-(¢g%)
and Vp < (2+2L) nT4 + &L In both cases, it holds:

RTS@(T%), VTg@(T%).

Proof.Assume events|E= (0)} |[E9(5)| [ES (6)L|ES (6)|hold. We avoid the computations and restart
from @) since the previous part of the proofs are identical:

Z?}T% > erq* - ZZ& CU ~MrE = A€ — Rp(0) — R(q")

t=1 t=1 =< SO

t=1
T
Z ¢ = mTHEF —mT+E] — R3(0) - Ri(g")
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By the same reasoning as in the proof of Theorem 5] we obtain that if the rewards are adversarial then

T
Y rla=T-OPT. g —mT & —mTiE] — R2(0) — R(q")
=1
with probability at least 1 — 46 by union bound on|E2(§)}|ES (6)|and |[EG (6)| while if the rewards
are stochastic, under the event we have that:

T
> rlq > T OPT. 5 — & —mTiEF —mTiE{ — R2(0) — RY(¢")

t=1

with probability at least 1 — 55 by union bound on|E2-4(8)| |[ES (6)L|ES (6)|and [E7. (6)]

Observe that:
Ri(¢") <O (TZ)
and
D mL2 ~
R}(0) = =T <O (ﬁ) .

In order to bound the violation, we apply Lemma|[T6}

—_

Vi < Ve + €2 < (24 20)=T7 + &

3

D.4 ANALYSIS WITH ADVERSARIAL CONSTRAINTS

D.4.1 ANALYSIS WHEN CONDITION[2|HOLDS

Theorem 7. In the adversarial constraint setting, when Condition|2|holds, the cumulative regret
and constraint violations incurred by PDGD-OPS are upper bounded as follows. If the rewards are
adversarial, then with probability at least 1 — 20 Algorithm provides Ry < ﬁT -OPT; = +

CE + R?(Q) + R:Pp((j) and Vp < %C + &1 If the rewards are stochastic, then with probability
at least 1 — 30 Algorithmprovides Ry < ﬁlpT OPT. 5 + & + (& + R2.(0) + RF.(§) and
Vi < %C + &L In both cases, it holds:

T
Srlg >0 (H”pT : OPTT,G> Ve <O (Cﬁ) .
t=1

Proof. Assume events|E> (§)|and [E£9(6)|{hold.

Recall that A\; 7 < ¢ under the event|E= (§)|since Conditionholds (see the proof of Theorem .
Following the same steps of the proof of Theorem[5] we obtain:

1
Vi < —(+ &
n

Letq= £2-q¢" + ﬁqo, observe that it holds for all ¢ and for all i:

T+p
GT @) = —2— (GT ") +—— [GT ) < 0
1+pH,_/ ]_—I—pH,_/
<1 <-p
T~ P T % 1 T o P T *
= — —_— >
) 1—|-,0rtq +1+prtq*1—|—prtq
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By the definition of regret of the primal:

T
Zrtqt>Zth—Z)\TG:q~+Z)\TG:qt RT()
t=1 t=1 t=1
T
Z 15, Zrtq _Zz/\t,i[G;r‘j]i"‘z/\:G;FQt_Rs“(‘j)
= =1 i T =1
21+ Zrtq — A& _RT<) R;(@)

> %Zr?q* ~ C&1 — R3(0) — R2.(@)
P t=1

where the third Inequality holds for Lemma[T3]
By the same reasoning as in the proof of Theorem|[5} we obtain that if the rewards are adversarial it
holds:

T
dorla = ipT OPT,. 5 — CEf — R2.(0) — R%(q)

1
=T-OPlg = )T OPTg — ¢&§ — Rp(0) — R()

with probability at least 1 — 24, since we are conditioning on Equi ) L
If the rewards are stochastic, requiring also event|F/. ( 5! to hold we obtain:

T T
14 T % 14 =T * P r P r
7Ertq Zigrq— & =2 ——T-OPT. 5 — &
P I+ri= I+p I+p

And thus,

T
1 -
D orla =T OPT g — 1T OPT, & — & — & — R2(0) ~ F (@)
t=1

with probability at least 1 — 3§. Finally observe that, under Assumption [2{and event it

holds:
F2.(@) < O ((1L+ Aa)VT) < 0 (¢VT)

and

RR() < ™ ! VT <0 (VT)
100m|X [|Aly/In (5)

D.5 AZzZUMA-HOEFFDING BOUNDS AND PROOFS

In this subsection we prove that events|E7. (6)| [E<: (6)} [E< (6)|each hold with probability at least
1-94.

Lemma 3. If the rewards are stochastic, then, with probability at least 1 — ¢, it holds:

—7) ¢"| <&,

where £§ = % TIn (%)
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Proof. Observe that:

max

T _
(ro=7)" | < max |re = 7log lla*l1
te(ty..ta] LE[t1 .+ t2] g s

<1

<L

where the second Inequality holds since since ¢*(z,a) > 0. By the Azuma-Hoeffding inequality for

martingales we have that:
P > L 1 (2>
V2 )

We perform the same analysis for the constraints, obtaining:

ta

Z (re—7"q"

t=ty

<.

Lemma 4. [f the constraints are stochastic, given a sequence of occupancy measures (q;)1_,, then
with probability at least 1 — 4, for all [t;..ta] C [1..T), it holds:

i N (6T -8 ) a

t=t1

G
< Aty 284 10,60

where Stcl"’tz}é = 2L\/2(t2 —t1+1)In (TTZ) and Ny, 1, = max{||A¢||1 }1%,,-

Proof. Observe that:

A (GT =GNl < \ HGT_éTH
e (M (G =G e s max Al |Gy s
<2
< max 2||\|1L
tEfty..ta]
:2)‘t17t2L

where the second Inequality holds since ¢;(x,a) > 0 and A;; > 0. By the Azuma-Hoeffding
inequality for martingales we have that:

|

A union bound over all the t1, t5 such that [t;..t5] C [1..T] concludes the proof. O

ta
—T
D NGE -G g

t=ty

2772 )
22/\,517,52[/ 2(t2—t1+1)ln 57 §26/T .
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