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A FURTHER BACKGROUND

We begin with some further details on notation and lemmas used throughout this work and provide
proofs for the lemmas in Section

A.1 RANDOM SCORE MATCHING ALGORITHMS

We begin with some additional details on how random score matching algorithms are defined in this
work. Recalling the probability space (€2, F,P), we define the set of random score functions,

S:= {s R X [0,T] x Q: (-, - w) € LO(RE x [O,T};Rd)}.
For any random score matching algorithm Agp, : (U_, (RY)®N) x Q — LO(RY x [0, T); RY), we
use A (S) as shorthand for the random score function (w, x,t) — Asm (S, w)(z, t) belonging to S.

Given two random score functions s, s, let I'(s, s’) denote the set of all couplings of these functions
which we define as,

[(s,s") = {(5,[9") ESXS:§:S7§’28’},

where 5 ~ s denotes the fact that for any bounded measurable test function ¢ : LO(R?x [0, T]; R¢) —
R, it holds that,

[ otstownar = [ ot wae.

A.2 PRELIMINARY LEMMAS
For the score matching loss bound, we begin with the fact that the score matching loss is equivalent
to the denoising score matching loss up to an added constant|Song et al. (2021); |[Hyvéarinen (2005]).

Lemma 15. Foranyt > 0,y € R<, we have

E[Xo|X; = y] — X E[Xo|X: =y, 5] —
VIngt(y> — Ht [ 0| 0-152 y] y7 VIngt(y) _ Mt [ 0‘ 1;-2 Y } y (]7)
t t

Proof. We begin by showing that the conditional score is an unbiased estimate of V log p;. For any
x € R% ¢t > 0, we have

E[V log pyjo(X¢| X0)| X = 2] = /Vx log pyjo(@|y) poje (y|z)dy

/W%mmm”fﬂfw

= /th\o(wly) mdy-

dy

Therefore, using the exchangeability of gradients and integrals (note that py| is C°°), we arrive at

v
E[V log pyo( X Xo)| X, = 2] = p’:g) (18)
= Vlog p:(x). (19)

Alternatively, using , we obtain that the left-hand side takes the form,

_ wE[Xo| X =2] — 2

2
Ot

E[V log pyjo(X¢| Xo)| X: = ]

completing the proof of the first equality in (17). For the second equality, concerning that empirical

score function, the proof follows similarly once the empirical measure 3- >_;_; 0, is considered in
place of Vqata- ]
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Lemma 16. For any integrable score function s, it holds that
edsm(& T) = gsm(s; T) + Csm,
where, given s*(z,t) := V log pi(z), we define

2
Ciom = / PR [Ty Cov(Xo| X0)]7(dE) = Lagm(s*; 7). (20)
a.

t

Proof. Let s be any score function. Using the equality in (19), we obtain the following bias-variance
decomposition of £gqy, (s;7):

Caom (5:7)
— [ B[ls(xe.t) = Viogpya(Xu X0 ()
— [ B[lsxe.t) = Viogm (X0 rtde) + [ B[[|9 108 puo (Xl Xo) - T log (X[ r(at
— Lo (5:7) +/E[Trcov (v logpt‘O(Xt|X0)’Xt>]T(dt).

Once we note that,

wXo —x

Tr Cov (V 1ogpt|0(Xt|X0)‘Xt> = Tr Cov ( =
t

9

we obtain the bound lysm (s;7) = lsm(s;7) + Csm from the statement. To derive the equality
Csm = Lasm(8™;7), we use that £y, (s*;7) = 0 and so we obtain Lysm, (s*;7) = 0 4+ Cyp. O

12
= “L Tr Cov(Xo|X,),
Oy

Similarly, there is an equivalence between the empirical forms of the denoising score matching loss
and the score matching loss,

édsm(S;SyT) :Esm(S;S;T>+Csm7 (21)

where )

~ u A~ A~ ~ N
Com = / B B[Tr Cov (%0l Xi. S)S]7(dt) = fown (373 5.7), (22)
and §*(z,t) = Vp¢(x). This follows immediately from the above proof once the empirical measure
% Zf\; 0, is considered in place of Vqata. This effectively completes the proof of Lemmallin
Section

Lemmalll. The objective édsm(s; S, T) is identical, up to a constant, to the objective

lsm(s; S, 7) = / E[||s(Xq,t) — Vlog pe(Xy)|||S]r(dt), (23)

where p; is the marginal density of X,. Therefore, any minimiser of édsm(-;S, T) on
LO(RY x [0, T); R?) is identical to V log p; a.e. for any t € supp().

Proof. The proof follows nearly immediately from (2I). Since Prjo is C°°, V1og py|o is measurable

and thus its empirical average V log p; must be also. Therefore, the score function s*(x,t) =
V log p; () satisfies §* € LO(R? x [0, T]; R?) as well as,

gsm(§*; S,7) =0.

Now let s € L°(R? x [0, T]; R?) be any minimiser of édsm(g S, 7). Through the equivalence of Oem
and /g, up to a constant, it follows that s must also be a minimiser of ¢4, (+; S, 7) and, due to the

existence of §*, must satisfy /., (s;.5,7) = 0 also. Letting ¢ € supp(t), we note that since ¢ > 0, we
must have that py| has full support and thus, s(-,¢) = s*(-, ) almost everywhere. O
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A.3 MANIFOLDS

We also introduce some basic properties of smooth manifolds, primarily referencing |Aamari et al.
(2019). We define the manifold reach and include a known property of this quantity.

Definition 17. The reach of a set A C R%, is defined by T4 = inf,c 4 d(p, Med(A)), where we
define the set,

Med(A) = {z € R": 3p,g € Ast.p#q,p— =l = g —2II}.

Lemma 18. Suppose that the measure p is supported on a manifold M with reach Tp; > 0 and
dimension d*. Then, for any r < T)s, we have

p(By(x)) = )

inf ) rd,
Bl

where p,, denotes the density of yu with respect to the volume measure on M.

For the proof of this lemma, we refer to the proof of Proposition 4.3 in|/Aamari et al. (2019) or Lemma
II1.23 in|Aamari (2017)).

B PROOFS FOR THE GENERALISATION GAP BOUNDS

We now provide provide the proof of theorem 3]that bound the generalisation gap under score stability
guarantees. For the sake of brevity, throughout this section we suppress the notation for the time

weighting, for example, using the shorthand (g, (s;.5) in place of fgm (s; S, 7).

Theorem Suppose that the score matching algorithm Agy, is score stable with constant €gqp,. Then,
with § = Agm(S), it holds that

’E [gdsm(g; T)] 1z —E [édsm(g; 57 7—)] 1/2’ S Estab- (24)

Furthermore, it holds that

E [l (3:7)] = B [lan (3.9, 7)] < 2 €5y B [lasmn (35 5, 7)] /2 + €2 (25)

stab*

Proof. Setting 8 = Agy,(9) and §° = A, (S?), we use the property that (3,7) and (5%, z;) are
distributed identically to obtain that,

E[lasm (3; 7)] = Ellaem (3; {7})]

_ E[% ﬁ:édsm(s:i; )]

N
1 s
-E[+ > / Ex, [[[8"(X1,t,w) — Vog pyo(Xi|2:)[|*| Xo = a4, 9] ﬂdt)} :
i=1
Therefore, it follows from the triangle inequality in L?-norm that
R N . 1/2
(5712 = Bl 5551 2| < 8| 3 [ BIIS0X00) = 810X, P10 = 8] (et
i=1

Note that if the algorithm Ay, is stochastic, the right-hand side would hold regardless of how 3|5,
and §'|S, & were coupled. Therefore the most efficient coupling can be chosen, leading to the bound,

’E[stm(é;T)]l/Q e S)]l/2‘ (26)

- 1/2
1 ) ,
< E[(s;%fg i ;/E[HS(Xt,t) — "Xy, H)|I°| X0 = 4, 9] T(dt)]

< Estabs 27
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completing the proof of the bound in (24).
To obtain the bound in (23], we use Lemmal[l6|to derive

Ellom(3;7)] = Ellsm(8;.9)] + E[lasm (8: 7) — Lasm (8: S)] + E[lasm (V log pr; S)]
— Lasm(Vlog ps; 7). (28)

Since lqsm (+; S) is a unbiased estimator of £y (+; 7), we have that
lasn(V10g pr: 7) = Ellasm (V10 pe; §)] 2 Ellasm(V log pr; )], (29)

where the inequality follows from the fact that V log p; minimises Edsm. Furthermore, using (27), we
deduce the bound,

|E[€dsm(§§ 7') - édsm(& S)H
= (Elfaom (35 7)1 + Elfaom (55 )]/2) [ Eltaom (55 )]'/2 = Elfam (5: )]/

< (Q]E[gdsm@; S)]1/2 + Estab)fstab

- 255labE[édsm(§; S)]1/2 + Eflab' (30)
Thus, substituting and in to recovers the bound in in the statement. O

We obtain upper bounds relying on the fact that the constant separating the score matching loss from
the denoising score matching loss is larger on average in the empirical case. One could obtain lower
bounds through our techniques but this would require an analysis of the rate of convergence of this
constant which is beyond the scope of this paper.

C PROOFS FOR STABILITY OF EMPIRICAL DENOISING SCORE MATCHING

In this section, we provide the proof for Theorem lgl where the algorithm that minimises {gqm (+; S, 7)
over some class of score functions # is shown to be score stable.

C.1 ON-AVERAGE STABILITY OF THE ERM ALGORITHM

We begin with an important lemma that shows that under minimal assumptions, § = Aer (S) and
ot

5" = Aerm(S) are close in L? space, averaged over the full dataset. The first half of this proof utilises

the fact that {gqy, is 1-strongly convex in a weighted L? space, exploiting a well-known relationship
between strong-convexity and algorithmic stability (e.g. see (Bousquet & Elisseeff, 2002; (Charles &
Papailiopoulos, 2018} |Vary et al., 2024} |Attia & Koren, 2022)).

Lemma 19. Suppose that Aey, is score stable with constant gy, then for any i € [N|, we obtain,
N ) . PO 8

B[ [ [ 168000) = 50,002 1) 7(00)| < SBEn(9] + Tzl CH2 ) B
where § = Aerm(S), 8 = Aerm(9).
Proof. Choosei € [N]andlet§ = Aerm(S), 5" = Aerm(S?) so that § € argming, laem (-5 S, 7), 8" €
argming, Lasm (+;.S%, 7). The proof begins with the following simple expression, that holds for all
j €[N
2 / <§1(ya t) - ‘§(ya t)7 §z -V logpt|(](y‘xj)> pt\()(dy‘xj)

- / 18 (9. 1) — Vlog pyo(yle;) | peo(dyle;) — / 13(y, ) — ¥ log pajo (1)) peo(dylz;)

+ / 18 (. 1) — 85, 0)1? prpoldyle; -
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By averaging over j € [N] and integrating with respect to 7(dt), we arrive at the upper bound,

= > (5'(y,t) — 8(y, ), 8" — Vlog pyo(yl;)) peo(dylz;) 7(dt)
JE[N]//
ngsm(éi;S,T) Edsm (8,8, 7)+ //HS (y,t y, t)||? pe (dy) T(dt)
> [ [180.0) = 8001 pulay) (), 32)

where the inequality follows from the fact that édsm(é; S, 1) < gdsm(s; S, T) for any score function
s € ‘H. Additionally, the left-hand side is upper bounded using the Cauchy-Schwarz inequality to
obtain,

33 [ [ ($ 0t = 50,5 = T1ogpuo(ule) po(dyle) 7lde)

zesS

-2y / / (1) — 3y, £), 8 (5 £) — Vlog pryo(yl2)) prjo(dyle) 7(dt)

ESl

+ //(gi(y,t) — 8(y,1), 8 (y, t) — Vlog pyo(ylz:) ) pejo(dy|z:) 7(dt)
B % //<§i(y’t) —3(y, 1), §i(y»t) - V1ngt|o(y|f)>pt\o(dy|:%) 7(dt)

< 2ln (55", /(//| (4.1) — 3, i) >)1/2
+%2dsm(§ 1/2<//||8 12) = 50, ) pup (o) 7 (dt))1/2

+ 2t 3.0 [ 1900 - 500 poota @) . 09

where pi(dy) = % > ,cgi Prjo(dy|z). Combining the expressions in and and taking the
expectation, we derive the bound,

| [ [ 160nt) = st 01 e riar)]

< 2B (5 in)]WE[ [ [15w0- é(y,t>|2ﬁf;(dy>r(dt)} -

Effasun(8's {21} 7) ”QE[ / / 18y, t g(y,t)nzptm(dym)T<dt>]”2

2\1\9 2\1\9

1/2
Effam (5% {2, >Jl/2E[ [ 180 - s 012 paptayia) (dt)}

< 28ffn 58,7128 [ [ 15000) = s 01 ) (e -

+ s (Elfaom (5 8, 7)Y2 + Eltaon (5, )1'72),

where we recall that e, is the stability constant for Ae,,,,. Here, we have used the fact that (s, .S)
has the same law as (8%, S%) and also E[{qsm (8% {Z})] = E[lasm(3; 9)] and E[lgsm (8% {x:})] =
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E[€4sm(8)]. By solving the quadratic equation, we deduce that the above inequality implies that,

U/”S y,t) = 8(y, )| pr(dy) 7 (dt)}

< (E[ésm(& S, T)]% + \/E[ésm@; 5,7)] + FEstab (E[lasm (55 7))z + E[lgsm(3; S, T)]1/2)>

4 . 1 . R 1
+ Ngstab(Ew(lsrrl(S; 7-)] 2 + E[gdsm(s; Sv T)} 2 )

We simplify the above expression further using Theorem 3] Using the stability assumption, it follows
from (24) that E[(gqem (8)]/% < E[lgsm (8)]*/2 + €. Furthermore, from Lemma we have

E[lgsm(8)] = E[lsm(8)] + E[Cim]
< Ellsn(3)] + Com,

where we recall the definitions of Cl,, and Cl,, from and and recall that E[ésm] < Cym
from (29). Thus, from Young’s inequality, we obtain the bound

E[ [ 1500 = 5601 puta) (e

R 4 R
< AE[lg(3)] + Nsmb(mE[esm(g)]l/ 212012 + egap)

< 4]E[ésm(§; S, 7-)]

< 8E{lun(3)] + <

. 8
< 8E [l (8)] + Nsmb(@f + Eqta)-

Estab (5slab/N + 20511412 + 8stab)

C.2 PROOF OF PROPOSITION[G]

To obtain the stability bound in Proposition @ we convert the result in Lemma[T9] which is a bound
in L?(p;), to a bound in L? (pyo(- |x) which is required of score stability. For this, we rely on two
further lemmas, the first of which is a fundamental property of the Ornstein-Uhlenbeck process,
captured by the Harnack inequality of Wang| (1997) (see Theorem 5.6.1 Bakry et al. (2014))).

Lemma 20 (Wang’s Harnack inequality). For each positive measurable function ¢ : R® — R, every
t>0,p > 1andevery x,y € RY, it holds that

T — 2
E[6(X,)|Xo = a] < E[$(X,)"|Xo = y]'/" exp (M)

This result describes the stability of the diffusion semigroup under changes in initial position and
shows that as ¢ grows, the distribution of X; depends less on X. The second lemma, for which we
provide a proof, controls the empirical measure,

1 N
W e

on balls around training examples.

Lemma 21. Suppose that Assumptiond is satisfied, then for any i € [N],7 € (0, Tyeqen] and any
decreasing function ¢ : (0,00) — R4, we have the bound

E[6(#(B,(@))| < 6N exp(—e,N*r") 4 pleur” /2),

whenever N > 4c;1r_d , where ¢, = inf p,,.

18
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Proof. We rewrite the object #( B,.(z;)) as an empirical average of Bernoulli random variables

(B (z) NZL:,EB () = NZL:,EB ()

J#i

When conditioned on z;, the random variables (1,,¢p, (z,));: are independently and identically
distributed Bernoulli random variable with probability 11 = Viata(B;(z;)). To utilise concentration
of the empirical process, we first rewrite the probability

) <psne s

P(5(B, ) < r). S =3 Len

J#i

Therefore, by Chernoff’s inequality we obtain

IP(z)(B (z:)) < ) < exp( pH(Np/2 — 1)2)
< exp(—=N?p/16),

where the last bound holds when N > 44~ 1. Therefore, using the above bound as well as the trivial
bound 2(B,(x;)) > N~! we apply the law of total expectation to obtain,

E[6(#(B,(x.))

w1 = B[6(0(Bowi))) [p(Bo(2:)) > /2] + P(9(By(2:)) < /2
< 6(1/2) + exp(—N?p/16)$(N ).

z: )N

To control i, we use Lemmawhich asserts that p > curd*. O

This now brings us to the proof of the proposition, which we first restate.

» “reach)?

Proposition|6, Suppose that assumptionsand hold and that € := inf supp(7) € (0,7%_,), then
Sorany c € (0,1) and sufficiently large N, the score matching algorithm A, is score stable with,

iab C(COSIIIN + E[fsm( )])C’ C= %L v Cu;g* '

Proof. We use the shorthand ls (s) = lam (5:5,7), Casm(s) = Lasm (535, 7), lem(s) = lem (s:7)
for the sake of brevity. We start from Lemma [I9| which provides a bound on the difference between
§"and § in L?(p;) and use it to develop a bound in L?(pyo(+|Z)), as required by score stability. In
particular, we define the quantity

{// Y Ol poo(dylz:) 7(dt) |,

so that, by the symmetric of the algorithm, A, is score stable with constant € (we have that £ < oo
from Assumption [5] Therefore, from Lemma[T9] we have

B [ 1500 = s 0l uldn )| < SEGun(9] + (L2 + ).

We proceed using Lemma 20 with ¢(y) = |5 (y,t) — 3(y,t)||? to obtain that for any j € [N],
p>1

1506 = st )P poayic)

i . 2p e pillzs — ;|
< 18" (¥, 1) = 3(y, DI pejo(dylz;) | exp 5 1)o7
t
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Given any subset of the dataset B C S with x; € B we can average over the above bound to obtain,

/ 18 (9, £) — 3(y, DI prjoldylas)

5 ([ 1500~ 500 ot exp (HESUEE)

|B
x€EB
1/p 2 1; 2
iy diam(B
< < Z/II ) = 5(y, )||2ppto(dy|x)> exp <W>
J,EB '
1/p 2 1: 2
) - y X . diam(B
< #(B) /(/ I3 <y,t>—s<y,t>2”pt<d9>) P (M)
t
B 2 diam(B)?2
< Dy Jo2)?0-1P)p 1”(/Is (y, 1) = )IIZpt(dy)> exp (“552T07).

where in the final inequality we use the L>° bound in Assumption 5. Integrating with respect to 7
and taking the expectation, we obtain,

2 < (Dufo? = [o(3) PJE] [ [180.0) = st 01 planyr(an) exp (L TUEE)

< Dufo2PE[o(3) /7] " (8ElEn (0] + (2 + ) e (“e tan (O,
)

710-2

where we define ¢ := (1 — 1/p)~!. Using Young’s inequality, it follows that for any \ > 0,

D? _ qu? diam(B)? AP -
2 < H ~ q/p € a 1/2
e® < aé‘)\qu{l/(B) } exp (Q(p —1)o2 + " 8E[lsm (8)] + —<(C,

Setting k := 8\?/pN, we can rearrange this to obtain the quadratic inequahty,
8 \*? D2 qu? diam(B)? .
2 1/2 Hl o0y € R
(1 — KZ)€ — CSI{I ke < <]Vp/<,) O'élqE[V(B) q/p:| exp (W) + NI{E[Eqm(S)]

Requiring that k < 1/2, we solve the quadratic to obtain the inequality,

g2 8 \vP D3, qu? diam(B)? -

<K [ B_‘I/”} K CAMZ) ) | NRE[la, (3)]. (34

g = +<pr€) (B) P2 -nez ) T fam(&)). G4

Next, we optimise B by setting B = B,,_(z;) N.S. We apply Lemmawith $(r) = r~9/P to obtain
that whenever o, < Tyeacn We Obtain,

U4q

. 9 a/p
IE[&(B)“I/”} < NP exp(—c, N0 + ( )

c,rd*
9 q/p
<2 — )
ey

where the second inequality holds whenever N > ¢/2p. Returning to (34), it follows from the above

that y

2 a/P o2

€ 9 16 2Dz, 2q P

— < sm - N E gsm . 35
g = Cme (Npcuoél f%) olg P ) TV REl i (E) 53

We now choose « by optimising the second two terms of this bound, by which we arrive at the choice

2 qa/p
(/P 2D3, exp 2q 16 _ :
aipNy p—1/)\Npe,od

for some v > 0. Substituting this in to (33), we arrive at the bound

2 2\ 2/4 2/p
€ _o( 2D%, 4 16 Y
< 2TH _ q
1 = G ( ot > o (p 1)\t )

2D3,\ "/ 2 16 \'Pryte 1
+( 03) “P\r—1)\eof q +p71/qE[gsm(s)] '
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Optimising y leads to the bound,
€2 _ (2D3\" 2 16 \7(, y-2(2D% v 2 16 \7
4 =\ ot P p—1/)\c,0% lops P p—1/\¢,od
1
+E[ésm<é>])

4 2 1/p
< 2D% V 16 exp 2Dy V 10 CemN™ +E[£sm(§)]
ol c ol p—1 ol c,od"

€

Optimising p, we obtain

e? 2D3 D2

=5 (Bhv L) log(a~1)1/2—2 = (2B 25 ) Com N 24+ Bl
5 (vt ) e (s loae ) -2 ) o "+ Bl (5)

from which the bound in the statement follows. To obtain that k < 1/2 and N > ¢/2g¢, it is sufficient
to require that IV is sufficiently large. O

D PROOFS FOR SAMPLING AND SCORE STABILITY

In this section, we provide details for the discretisation scheme considered in Section [5|and give the
proof for Proposition [7 and Corollary 8. In the work of [Potaptchik et al. (2024), they consider the
following discretisation scheme, based on the scheme of (Benton et al., [2024):

2

tk+17tk oT— (7]

ngrl //’t;,Jrl tkyk"_ (gva_tk) +o—tk+1*tk Ck» ke {07"'3K_ 1}7
g1 —tp OT—ty,

where ¢, ~ N (0, I;) and we recall that the timesteps (¢, )X are given by,

o Kk, if b < L,
FTAT -4+ R, L <k <K,

where L = T=1 > 0, K = |L 4 log(e')/log(1 + k)| and k > 0,T > 1 is chosen freely. We
recall the following result from |Potaptchik et al.|(2024).

Lemma 22. Suppose that o = 1 and Assumptionholds with diam supp(Vgata) < 1. Then, it holds
that,

D(pelAem(8)) S lsm(s;7) + D(prlpsc) + As ks
Apx =k +d'w*(K — L)(log(e™ ') + sup | log(p,)|),

where we define the measure,

K—
Z 5y, (dt).
k=0

D.1 COARSE DISCRETISATION AND REGULARISATION

Fix ¢ > 0 and suppose that  is such that log(e~1)/log(1 + &) is an integer. Set K = L +
log(e~1)/log(1 + k) so that, according to the discretisation scheme,

tk =T —-(1+ lﬁ)_log((l)/log(l—m) =T —¢

Proof of Proposition[7] Let § = Acym (S). We begin with Lemma[22] which provides the bound,
E[D(pe|Aem(3))] S E[lsm(5; 5, 7)] + D(prllpoc) + A k-

For € sufficiently small we have the bound,

é@fﬁi)aogw + sup | log(p,)])

< k(1 + K)d* log(e )2

Apx =K+ d*K?
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Using Theorem we obtain that if the algorithm is ey,p-score stable, we have
Ellera (3 7)) S Ellsn(8: 5, 7)] + esunEllasm (33 8, DY + ey
S Ellam (5 7)) + 2 C22 + €2
Using Proposition |§|We obtain that with 7 = 7, A, 1S score stable, with constant,
P S C(CCmN2 + Bllan(3)])
< c,jlaq_qf;“l (c;lo;ﬁKilC'smN72 + E[ésm(é)]) C.
Now by definition, we have that
T—tg_1=1+r)EET =1+ k),
so if we take €, x sufficiently small so that €(1 + k) < 3, we also have US(HK) > €(1 + k) and thus
we obtain,
stab ~ “v

52 < c_le_d*/Q(l + K’,)_d*/g (C;lé_d*/2(1 + K)_d*/2csmN_2 + E[gsm(g)])c

< C;lﬁid* (1+ /f)id* (C;lcsmN72 + E[ésm(g)ocv

~

where in the last inequality, we use that e(1 4+ k) < 1/2. O
We now proceed by proving Corollary [§]in which the bound in Proposition [7]is optimised.

Proof of Corollary[8] Let 7. denote the weak limit of the measure 7,; as & — 0. Since supp(7.) C
[e, T] and € > 0, we know that infy lsp (-5 .S, Te) < 0o. From this, we deduce that lim,,_,og+ B, < 0.

With this there exists * > 1 which is the smallest quantity satisfying,

x B,
T4 R7)2+2 = v,
(1447 log(e=1)2
In the case that B,.- > log(e~1), we have that

By~

sm

B2+ k)4 4 (14 £%) 72 + 55 (1 + £*)d" log(e1)?
1 * 1
= BXT T log(e )T + (Ol + d)BET
1 1
< B log(e™!) + (O + d*)BZ T log(e )2

Plus, if B« < log(e~!) and therefore x* = 1, then there exists  such that,

- By . B, -
BY2(1 4+ k)¢ —|—C (1+r)"2 +ﬁ(1+m)d*log(e_1)2§Bé/2+c—+de T

Combining these leads to the bound in the statement. O

E PROOFS FOR STABILITY OF SGD

In this section, we analyse the stochastic optimisation scheme in (14)), deriving the score stability
bounds given in Proposition[IT. We begin with a basic lemma that follows from weight decay and
gradient clipping.

Lemma 23. Suppose that n;, < A\~ for all k € N, then for any K € N, it holds that

Ce
10| < ==V [16o]l-
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Proof. We begin with the bound,

[0k+1ll < (1= N[0k + nel|Clipe (Gr Ok, {2 }ie, )l
< (=N 0| + i C.

By comparison, this leads to the bound

K-1 K-1 K—1
106l <C > " me T 0 =med) + [T @ = meM)ll6o]
k=0  i=k+1 k=0
K-1 k -1
<0 Y mew (A ) +ew (-2 3w
k=0 =0 =0

K—-1 K—-1 k—1 K-1
< Cexp ( —AD et Am]?xnk> > mkexp (x\Zm:) + exp ( - A 77k> 100l
=0

i=0 k=0 i=0 i
Since the sum forms a left Riemann sum, approximating an integral of an increasing function, we can
upper bound it by the integral over exp(At). Furthermore, we have that A maxy, n; < 1, which leads
to the bound,

=1 Thlo M -1
|0kl < Ceexp (—/\ 77k> / exp(At)dt + exp (—/\ 77k>||‘90
i=0 0 i=0

K-1 K-1

<C:\e<1—exp(—A 77k>>+eXp<_)\Z7lk>H00|
k=0 k=0
< SVl

We are now ready to prove Proposition[TT}

Proposition [E Consider the score matching algorithm Aay, @ S — Sg,. for some fixed K € N
where (), is as given in (T4). Suppose that assumptions[9)and[10/hold and ny, < 7j/k for all k < K,

Sor some 7j € (0, )\71). Then, we obtain that Agy, is score stable with constant,
v =2 L _fv_
52 ) - g R 1+m,+1 L g nUF1 NBKﬁgH 7

A~ N (qu) V 1\ 7 N

where R? = E[||00|%],v = (MBgCi/Z +I° - N VO0and C, = [ o, 7(dt).

Proof. Since the stochastic mini-batch scheme, and therefore the resulting score matching algorithm,
is symmetric to dataset permutations, we consider stability under changes in the N** entry of the

dataset, without loss of generality. Let 6}, be the process given in (14), using the dataset S and let Oy
be the same process using S” instead of S:

Ori1 = (1 —n\)0k — i Clipe (G (0, {Zi }ien, ), 0o = 6o,
where Z; = x; fori # N, &y = &. By having the processes share the same mini-batch indices By

and gradient approximation G/, (i.e. sharing the same random time variables ¢; ; and noise &; ;), we
couple the processes 6, and 6.
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We proceed by first controlling the stability of the gradient estimator, computing the bound,

||Gk(9k7(iv1‘)1‘esk) - Gk(ékv (zi)ien,)|

< N P Z Zwtu‘lvsek ,]v ) (Sek(X ,]v ) VIngtl IO(Xt”|xl))
i€B) j=1

_vsek(Xtu’ J)T(Sék(XiJ’ 'L]) Vlogptt |O(X

lz)]
PZZ%J(HM oo i) = Vg, (Xoey ti) 0, (X 1)

i€B j=1

— Vlogpy, 7\O(Xt

)+ 95, (Xt st s, (X, s ti) = 55, (Koo 0t

(2%

IN

NpP > Zwtz,( (X, ;o tig)llson (X, ti5) — V1ogpy, ;10(Xe, ; [;)]
1€B j=1

L, o ti)?) 160k = B

We control the expectation of this by first noting that,

E[wti,j (M<Xti,j’ti7j)||89k (X ti o l ) VlOgPt”w( tij x])” + L( LJati,j)g) ‘ekaéka S, j}
1/2 1/2
< (/E[M(Xt,t)2|X0 = a;)7( ) (/edsm (soy; {xi}, 6)T (dt)>

+ /E[L(Xt,t)2|X0 = x;]7(dt)
<MB,CY? +T°,
where we define the quantity C, := [ O’t ). From this, it follows that
E (G0, (zi)icr,) — GO, (xnz—eBk)n]ek,ék, $,3| < (MB.CY2 +T°) 04 - Oul.

Furthermore, we can control the difference between Gy (0, (;)ic s, ) and Gy (0k, (Zi)iep, ) using
the fact that they are identical whenever N ¢ By. Thus, obtaining,

E[[|Clipg (G(6k, (@)ies,)) = Clio (G0, (#)ic )| 00 B, 5.7
<E[IG(0k (:)ien,) = GO (w:)ien) |60, S, 2]
+ E[IClipe(G(f, (@:):em,)) = Clipe(G(f, (@)iem )| 0r. B 5. 3]
< (MBeC'im +f2) 165 — Ok + 20%,
where we have used the fact that P(N € By) = % Thus, using , we obtain that for any kg < k,
E{||9k+1fék+1||‘9k0,§k0,5, :c]
< (1 + 0 (MBeci/Q iy )\)) E[nek — O lekg,éko, s, z} + 2nkc%.
< (1 +mev) E[Hek - ék||‘9ko, Oro. S, 56} + an0%7

where v = MBL;C’i/ 2 + f2 — A. Thus, by comparison, we obtain,

B B K-1 N K-1 ~ K-1
E|:||9K_9K||)9k079k0a5v-%:| < Z 27]10WB H (1+77]U)+ ||0k70 _ekOH H <1+77]U>
1=ko j=i+1 j=ko

24



Under review as a conference paper at ICLR 2026

From this we obtain the following:

N K-1 K-1
o N ~ B
Ell0x — Ox 10k, = Oxy, 5,7] < 20—~ > miexp ( Z 77;‘“)

i=ko j=i+1
2CNpij Kil} K\™
SN i\
i=ko

A

CNp (K\™
Nv ]f() ’

K-11 < log(K) — log(). By the law of total probability, we have

where we use the fact that 3771, 5
E[||6x — Ox|||60]
= E[[|0x — 0x|||0ky = O, |P(Ok, = Ok |00) + E[l|0r — Ok ||[Or, # Okos O0]P(Ok, # Okol00)
CNg (K\™ [Ce koNg
S — — Ve

where in the second inequality, we use Lemma 23] Thus, optimising k leads to the bound,

_ O\ 71 Ce Ny
w16~ lion) £ (£) 7 14 1oy (SEv o) R g

Finally, we obtain score stability using the fact that

Ok

[ Bllso (X2.6)-s5,, (X0, O X0 = 3. S)r(de)
<E|L|0x - bx|?]

_ Ce -
<28 [22( 50 v 160l ) 16— ]

e et o w Np e
<I? (; v R) () (1+ 1/CU)WBKT+17
C

where R? = E||6]|2. O

F  WASSERSTEIN CONTRACTIONS

In this section, we derive the Wasserstein contraction result used in the proof of Proposition [I4,
We begin with the more abstract problem of deriving Wasserstein contractions for a discrete time
diffusion process with anisotropic non-constant volatility. We consider stochastic processes given by
the discrete-time update,

Tp1 = (I = nX)ag + nb(xk) + /o (xr)Ek, (36)
Yrr1 = (1 —n\)ys + 1b(yr) + /176 (yx )&k, 37)

for some b, b : RY — R? 5,5 : RY — R*? where &; ~ N(0, 1), and we show that the laws of
and y contract in Wasserstein distance. We borrow the strategy developed by [Eberle|(2016) and
extended in (Eberle & Majka, 2019; Majka et al.,|2020), constructing a coupling and a metric for
which exponential contractions of the coupling can be obtained. However, these works are restricted
to the setting of isotropic noise with constant volatility (i.e. o(x) = ¢I;) and so some careful
modification to the strategy is required. In particular, we analyse this process with respect to the
seminorm | - || g+ given by ||z||%,, = #7 Gz, where G denotes the Moore-Penrose pseudoinverse
of the matrix G. Furthermore, we allow for z;, and ¥y, to have different bias and volatility terms and
so controlling for this will also require some modifications to the proof technique.
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To define our coupling we first suppose that there exists a symmetric positive semi-definite matrix
G € R¥? such that o(x),5(y) = G'/? for all z € RY, and to couple an update from the above
process starting at z, y € R%, we first define the update,

T=(1-nNe+nb),  §=(1-n\y+nby),
E=3+io(e) G2, =g+ 6y -G
where Z' ~ N(0, I;). We then define the synchronous coupled processes,
X' =i+ Gz
Y=g+ G2,

with Z ~ N(0, I4). We also consider the reflection coupling,
Y/ =g+ G (1= 2(G ) e (G )2, withe = (- §)/@ ~ Gllge (38)

which has the noise act in the mirrored direction. We combine these couplings to arrive at the final
coupling (X', Y"):
X', 3¢ < 656X /6an6(X'),| (e, Z)[2 < m?/nand # < 1y
Yi=qY, (> ¢g,6(X')/¢snc(X'), e, Z)|* <m?/nand i <1 (39)
Y!,  otherwise,

S
for some fixed m > 0.

We assume the following regularity properties.

Assumption 24. Suppose that b is bounded, satisfying B := sup,cpn ||b(2)||g+ < 0o and we have
the Lipschitz property, ||b(x) = b(y)llc+ < Ly|lx —yllg+ and ||o(z) —o(y)llop.c+ < Lollz —yllc+
forall x,y € R™ and for some Ly, L, > 0.

We also allow for b # band o # &, making the following assumption.

Assumption 25. Suppose that b, b satisfy |b(z) — b(z)||g+ < By, ||o(x) — 5(2)|lop.a+ < By for
all x € R™ and for some Bb, EU > 0.

We define the objects,
R =z —yla+, 7= |17 - gllg+, 7 =12 — gllg+, R =X =Yg+

We wish to show that R’ contracts in expectation, i.e. it is less than R on average. We modify the
metric to guarantee this is possible. We define the function,

(1—e72) 4 5-e™¥2(r> —r3), otherwise,

where a = 6Lyr1/co, 11 = 4(1 +noLy)B/X, r2 = r1 + /o and ¢, 10 are defined below. The
coupling and the strategy for proving contractions is closely based on an analysis in Majka et al.
(2020) and for the sake of comparison, we rely on similar notation. We will also heavily borrow
properties of the function f that are proven in this work.

By allowing o to be non-constant, we run in to additional complications that are controlled by making
the following assumption about the scale of L,,.

Assumption 26. Suppose that the following three inequalities hold:

8Ly (6 V (4a))ky?

V(1 —emam2)c

n—1,(\?/16L% —1)? > 32log ( ) L2 < )\/8n,

for some universal constant K.

Under these assumptions, we obtain exponential contractions.
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Proposition 27. Suppose that assumptions and hold and m = \/no /2, then for any n < 1o
and x,y € RY, it holds that

E[f(R)] < (1 - ne/4)f(r) + e~ (2 B2 + nnB2),

27"2
where
U i %e—arz’rg i 9L27’% eiGer/CU 3L’I‘1
’ 16’ %(1 - e_‘"2) 16’ 2¢o ’ 16./10 ’

— min A 161 2colog(3/2)\? 4732 c2(log(2))?\?
o -= AL2 N '2L° 4320232 ' A2’ 2304L2B2 |’

for some universal co and L = 2(Ly — \) 4 + 417~ 2Ly+/2(n — 1).

F.1 THE COUPLING

Before we provide the proof of Proposition 27, we provide an explanation of how the coupling is
arrived at. We begin by discussing the one-dimensional coupling of the Gaussian distribution that
the construction is ultimately based on. Consider the following coupling of A (¢, ) and N (s, n) for
t,s € R: with z ~ N(0, 1),

t'=t+ 1z, (40)
', if ( < b (t')/ben(t'), |\/n2] <, and [t — 5| < rp,
s'=(s— Mz, (> s, (t')/dent), |nz] <m, and [t — s| < rq, 41)

s+ /nz, otherwise.

This coupling has the following property given in lemmas 3.1 and 3.2 of [Majka et al. (2020).
Lemma 28. For the coupling defined in and (1)), we have

Ellt" = &' = [t — s,

and if n < 4m?, we have

1 .
E|(|t' —s'| — |t — s|)21‘t,75,|61‘675& > 5€0 min(/7, [t — s|)v/7,

] <
where I.= 0,74+ M), ifr< ﬁ7
(r—/m,r), otherwise,

for some universal constant cy > 0.

Thus, through the second bound, we have control of the probability that |¢' — s’| contracts below
|t — s|. The coupling proposed in is a multivariate analogue of this that also accounts for the
diffusion coefficient G/2. Let the vector ¢ € R< be as defined in , then we obtain that,
(e,G* X" = (e, GT &) + Vh{((GY?) e, Z),
(e,G*Y!) = (e, GTi)) + VR((G*)Te, Z).
Therefore, (e, GTX'), (e, GTY]) are a synchronous coupling of N((e,Gt%),h) and
N ({e, GT9), h). Furthermore, we have
(e, GTY) = (e, GTi) + VR{(GY2)Fe, (I —2(GY?) Fee(G1?)7) 2)
= (e, G*g) + VR((GY?)re, Z) — 2Vh{e,GTe) ((GV?) Te, Z)
= (e, GT9) — VR{(GY?)re, Z),
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and so (e, GTX'), (e, GY}!) is the one-dimensional reflection coupling. Finally we obtain,

Snc(X') _ dcrzyt—a menr ez (ViZ)
PRe10.4) bo,n(c1/2)yr a2 (ViZ)

1 R 1
— exp ( ~ 5 IVAZ = (@) = #)gurmyscurs + 2,7|wzn%@m)+au2)

Lo 9 1 12N+ 7 A
- ( - gl =l + T VRE ) @ —x>,Z>)
1 R R 1 . . 1
~ exp ( - e GG = D) + 1 Vi, GG - D) (G e Z>)
|

:exp<_217](\/ﬁ<e,a+z>—<e,G+(ﬁ—:%)>)2+ L o )

_ Pectg-ana(VI(GY?) e, Z))

G0, (V{(GY/2)Te, Z))
e.G5m((e; GT X))
¢<e a+ayn((e, GTX"))"
(e,

From this, we deduce that (e, G X"}, (e, GTY’) are coupled as in (0), (@I). The equivalence
follows by setting

= (e,GTX'), s' = (e,GTY") (42)
t=(e,GT1), s = (e,GT), 2= ((GY?)*e, Z). (43)

Through this equivalence, we can extend the previous lemma to obtain the following result about the
high dimensional coupling.

Lemma 29. For the coupling defined in (39), we obtain that for n < 4m?2, we have the following:
1
B[R] =7  E|[(R —)lrer| > seomin(yi, /)il
where ¢y and I, is as in Lemma

Proof. Let {e;}"_; be a basis of R™ with respect to the inner product (-, ) g+ with e; = e. Then, we
have that

=Y e, GHX' = Y")P?
i=1
= [t = P Y e GH X = Y)P, (44)
=2

where t', s’ are as defined in (42)). For any ¢ # 1, we can use that e; L e, to obtain that
(e;, GTY)) = (e, GT9) + Ve, e) + 2Vh(es, Z)
= (ei, G9) + 2Vhz.
From this, we obtain that,

(e, GT(X' = Y])) = (e;,GT (2 — §)) = 0.

r

This also holds for the synchronous coupling and hence we obtain (e;, G*(X’—Y")) = 0. Combined
with (44), we obtain that R’ = |[¢' — &|. Similarly it can be shown that # = |¢ — s| and thus, from
Lemmal28] the statement of the lemma follows. O
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F.2 PROOF OF PROPOSITION[27]

We begin by considering the setting where Z’ is truncated Gaussian noise and that b = b,o =a.
We will then extend this to the more general setting in Section [F.2.3] We begin by decomposing
& ~ N(0, I;) in to directions parallel and perpendicular to the radial vector,

rT—y

&= UUT€7 §o = (I - UUT)§7 V= -
1Z — dlla+

We then clip each direction according to constants z1, Z2 > 0 and add them together:
7' = (Anallalgi)e + 1A 2llelg: g (45)

To prove that the process is contractive, we consider two cases based on the initial distance 7.

F.2.1 THE CASEOFT > 1

When r is large, we can rely on contractive properties following from the weight decay. For this, we
obtain the following.

Lemma 30. Suppose that Assumptionlzholds and that 4z, < AL;l\/ﬁ, 2%y < \ELU, n< AL
Then whenever v > 4B/ \, we have

r < (1 — 778/\>7“, 46)
and when r < 4B/,
7 < (1+nL)r, (47)

where L = 2(Ly — \) 4 + 40~/ L, 7.

Proof. From the triangle inequality and the Lipschitz property of b, we obtain
7 < (I=nNlz = yllg+ +nllb(z) — by)lla+
< (X +n(Ly = A)4)r.
Alternatively, we can use the fact that ||b||g+ < B to obtain, 7 < (1 — nA)r 4+ 2nB. In particular, if
r > 4B/\, we obtain 7 < (1 — nA/2)r. Next we bound 7 using the decomposition,

P =7 =5+ vi(o(@) — o) Z'l[&+
=1z~ g+ vi(o(x) = o)A Az l&lgHelz + Ivalo(@) — o@) (LA 2l gl ez

<& =g+ vilo(z) =o)L A zl&llg: &G+ (48)
The second term is then bounded by,

Ivi(o(@) =o)L A 2lélghélzs < nlo@) = o@)llopar (1A 21502 1E 15+
<nLgzr?, (49)
and the first term is bounded by,
12 — 5+ vilo(z) = o)A A ZlélghHélE < 7 +nLizir® +2y/mLa(v, G &)
< (14 2y/MLo 7)) + nL2 232 (50)
We substitute and into to obtain
7 < (14 2y/nLoz)7 + L2 (2 + 23)r?
< (U n(Ly = N))*(1+ 2y/nLeZ0)r* + 0L (5 + 25)r’
<X +n(Ly — N4 + 2072 (Ly — N4 Lo 21 + 24/ Lo 21 +nLE (2 + 23))r?
< (L+2n(Ly — A+ + 4L 21)r?,
where we have used that 2n'/2L, %, < 1,9'/2L, (2} + 23) < 7, producing the bound in (#7). In the

case that 7 < 4B/, we can use the fact that 2y'/2L,z; < n)\/2 and L2(z? 4 23) < \/4 to refine
this bound:

2 < (1= n\/2)*(1+ 20 21)r* 4 nL5 (1 + 23)r
< (L=nA/2)(1 =N /4)%r® + L3 (21 + 25)r°
< (1 =nX/4)r2.
Using the fact that (1 — n)\/4)'/2 < 1 —n\/8, we obtain the bound in (46). O
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We will also need a property of f given inMajka et al. (2020).
Lemma 31. The function f satisfies the property that for all r > 1o,

F((1=%)r) = 1) < —mef ().
Using the fact that f is increasing, it follows from lemmas [30|and [31] that,
1) < (1= 5)r) < (0= ne)f(r).

Thus, to obtain contractions of E[f(R’')] when r > ry, it is sufficient to show that E[f(R')|Z'] <

f(7). Note that when # > ry or ||\/nZ|| > m, the synchronous coupling is used and so R’ = 7.
Furthermore, if 7 < 71 and ||\/nZ|| < m, we have that R’ < r; and thus, using the concavity of f,
we deduce that

E[f(R)|Z'] — f(7) < f/(P)(E[R|Z] — 7) = 0.
Thus, we have shown that whenever r > r, E[f(R')|Z'] < f(7).

F.2.2 THECASEOFr < r;

When r is small we no longer have contractions due to weight decay and must instead rely on
properties of the coupling and function. From Taylor’s theorem we have the following:

. . N .
F(RY) = f(7) = f/(A) (R —7) + §Sgpf "(O)(R 7).
where the supremum is between all # > 0 between R’ and #. We note that in the present setting,
7 < 7y also (this follows from Lemma @) and furthermore R’ — # < 2m < ry. Therefore, we can
use that f is concave between R’ and 7 and so f”’ is negative. Using this fact, as well as the fact that
E[R'|Z'] = #, we obtain the bound,

E[f(R)|Z] = f(7)

IN

SE[sup /O — 7 1rer,

< 5 swp [OF[(R —)1nes| 7]
2 oel;
1 . R
< 7 sup f"(0)co min(y/n, 7)/7.
oelx

Furthermore, we analyse the contractions between 7 and r using the fact that the function is concave
between these values, obtaining,

f@) = f(r) < f/(r)(7 —7“) < f'(r)nLr-.
- <

Since we have the derivative f/(r) = e™ %" = f/()e™ f'(#)eanE it holds that

) = ﬂﬂ<f®f“mwf (51)
where we have used that f(7#) — f(r) < 0 holds trivially whenever » > #. Putting these together, we
obtain the bound,

E[f(R)|Z'] = f(r) < f'(P)e " ™ Li + 1 sup f”(6)co min(y/7, 7)y/1-

ocls
To complete the analysis of this case, we borrow a result from |[Majka et al.|(2020).
Lemma 32. The function f, satisfies the property that for all #* € [0,11],

fl(#)es i Li + %co min(+/7, f)\/ﬁsgp F(F) < —chf(F).

Between this section and the previous, we have shown that for any z,y € R",
E[f(R)] < (1= ne/2)f(r),

in the setting where Z’ is the truncated Gaussian defined in andb=b,0 =5
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F.2.3 FULL NOISE AND INACCURATE DRIFT

We now consider the more general case of b # b, o = & necessarily and also set Z' = &, so that it is
Gaussian distributed. We do this by borrowing the contraction analysis above. We use the notation
R" = || X’ — Y’||g+ to not confuse it with R’ used above. We obtain,

R" < R +n|b(y) — b@)lle+ + val(o(y) — 6w)Elle+ + al(o(@) — o)) (Z' — & — &)llg+
< R'+nB + /1B, €]+
+Villo(@) = o) llop.a+ 12 — (A A z1|&llgh )6 — (LA Z2f|&ll )l o+
<R +0B+ ViBsll€llo+ + vViLer(|€1lle+ Ljey) s 22 + 162l Ljea) oy 222)-

We use the following stability bound for the function f given in the proof of Theorem 2.5 in Majka
et al. (2020).

Lemma 33. Foranyt,s > 0, we have
ft)— f(s) < (rytem2(t v s) +1)|t — 5.

Thus, the difference between f(R”) and f(R’) is given by,
f(RY) = f(R)
< f(R + 0B+ ViBs |l + viLer([lla+ Ljey s 22 + 1€lla+ Ljey) s 22,)) — F(R)
< (ry e (R + 0B + ViBs |€llar + viLor([€1llat Lje gy 22 + [€2la+ Ljea s >2,))
+ 1B+ viBsllElla+ + ViLor(Ié1llo+ Ljeor 25 + 12lo+ Ljealigr22))- (52)

We now control the expected value of this. Using concentration of the x? distribution (see Example
2.11 of Wainwright (2019)), we obtain that for any z; = \/2Agep(G)~1(n — 1),

Elll&2)13+ Lje s 2]
< aap(G) T E[[12]1P 11 3 A (6122,

o

< (@) / P(|&? > r)dr

Aep(G) 23

Aeap (G)Z5
(@) [ B(&]) = 22) dr
0

oo _ —1))2
< )\gap(G)_l (G2 exp (— (r(;ln))>d7"

Cenl) = (0 =17

+ /\gap(G)_1 exp ( — ™

< A (VG + A exp  — ol (1= D

< Aun(@) ™ (VT = D exp( (1~ 1)/16)

72 (n— 2
+ Aeap(G) 23 exp(—z§/64)> exp ( _ (Agap(Ci)fi(zn _(1) 1)) )

Aeap(G) 25 — (n — 1))2>
16(n— 1)

< /ﬁo)\gap(G)fl exp ( -

n—1
< "fO)\gap(G)_1 exp (_ 16 )7

for some universal constant k¢ > 1 (independent of n and 2z). Similarly, we have

(Meap(G)ZF — 1)2>

Bl Lty 5] < Modn(G) ™ exp ( - o2
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for any Z; > Agyp(G)~1/2. Therefore, we choose 2, = 3L !/7We now return to (52) using these
bounds as well as the fact that E[R'|Z’] = 7. Defining the quantity,

A= k) Agap(G) 2 exp(—(n — 1)/32) + kg * Agap(G) ™% exp(—(Agap(G) 2 — 1)2/32),
we obtain that for n < min{B/2,dB?/4,1/2L,1/2L? A%}
E[f(R") — f(R)]
= (ry e 2 (B[f%)Y? + nB + \/ndBy + \/1LsrA) + 1)(nB + /ndBy + \/1Ls1A)
< (rytem (14 nL+ /L, A)r +1)\/nL,r A+ ée“”’“ (n*B? +1dB2)

+ (r;le_‘"?(l +nL+/nL;A)r + 1)(173 + \/nng)
+ry e 2 (B + \/1nd B, )/Lsr? A
< (47"2_167(”27' + 1)\/51107"14 + Qie*am (n2B2 + Tldég)
2
When r < ry, we have
(7"2_16_(”"2(1 +nL+ 3L, A)r + L)r
<(e*?(1+4+nL+/nL,A)+ 1)r

(™" (1+ 0L + iiLeA) + 1)(a (1 — =) a (1 — )
Aa” M1 —em )7 f(r),
where in the final line, we used n < L~ 'and \/ﬁLg/-f(l)/2 < 1. When r > ry, we have

(ryte (1 +nL+ nLs A)r + 1)r < (e72(1 + L + /Ly A) + 1)ry 'r?
<224 ) (7).

<
<

Thus, we obtain,

1—e—ar2

E[f(R")] < E[f(R)] + Lo A7228 £(r) + 2—1;% (n2B2 + ndB2)

a 3 — D, >,
< (1= ne/2 4 VLo AT EE85) f(r) 4 5 e (1" B + ndBBY),
2

where we used AL, -2Y(4a) < Vne/4.

l—e—ar2

G PROOFS FOR THE STABILITY OF THE NOISY GRADIENT ESTIMATOR

Using the Wasserstein contraction obtained in the previous section, we will now prove Proposition
o4
Proposition E Consider the score matching algorithm Agy, @ S — Sg,. for some fixed K € N

where (0 ), is as given in (16). Suppose that assumptions and hold, then there exists some
71 > 0 such that, if sup,, n, < 1), we obtain that Asy, is score stable with constant

—2 K-—1
L C*(P+ min Aeap A2 PNgC
2 < ( n) . {77 gap Tty €XD (E B )}7

Estab ~ /\gapN PNB C nmin)‘gap)‘Q

k=0
where ¢ < (M;;B@Ci/Q + fi)(PNB)\ga,,)’l/2 V 1, Qmin = ming 7.

The proof of Proposition follows from an application of Proposition[27to the process in (16). Similar
to the proof of Proposition E, we obtain stability estimates by analysing the trajectories 6, and 6y,

trained on S and S™ with coupled minibatch indices. In particular, given a set of minibatch indices
B C [N] with |B| = N, if we set
b(0) = E[Cline(G(0, ()icp))|6. B,5],  b(0) = E[Cline(G(0, (F)icn))

o(0) :=\n2s0,B)Y2  &(0) = nXg~n(0,B)?

e,B,SN}
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where we use (%;)Y; to denote the dataset SV (i.e. #; = =z; forall i # N and Iy = %),
then the trajectories 0, and 6, are updated as in (36), (37). Using the shorthand, v; ;(0) =
’th(i’j)v‘g HSQ (X(z,j)a t(z73)) -V Ingt(i j)|0(X i,7) |.§UL) ||2, we obtain the bound,

Ys(8, B) = Cov (PN ZZChpC v;,5(0

i€B j=1

9,B,S>

= PN2 ZCOV (Clipe(vs,5(0 |9 B,S)

B ieB
1 =
3.
PNp

Therefore, we have o(6) = \/n/PNp £'/? =: G'/2, and similarly, 5(0) = G'/2. The weighted
norm || - ||g+ satisfies the property,

%

PNp
Agap

Therefore, due to the gradient clipping, we have ||b(6)||g+ < \/PNp/nAgpC =: B. Furthermore,
by Assumption[I3] we apply the same argument used in the proof of Proposition ﬂ;fl to obtain

16(60) = b(®") |6+ < (MaBCY? + )0~ 0|l

1816+ < Amax(GH)2]6] <

1]

— —2 . . . .. . .
solLy, =M 4BgCl/ 2 + L,. To obtain the Lipschitz constant for the volatility matrix, we first obtain,

o) = 0(0") < Vi Cov ( zz(w (Cloi4 ()]~ vi 5(6)

e 1/2
— Vs @) 0.55)

From this, we deduce,

b

I7(6) = (@) lopo+ < Vi sup Var ({670, 5= 30 37 (v (Cluis O H)vis(0)

lv]l g+=1 i€B j=1
1/2
- WV (s @) 8)))]6. 5.5
1 1/2
< vil( 5y 2 Var (s (0) = vig @)l [0, B.S) )
PN -
i€B
To control this further, we use the Lipschitz assumption on to show that v is Lipschitz also:
[045(8) = e8|+
< 2lls0(X (1.5, tag) — s (X (g b)) la+ 1 Voso (X iy, tip)) lop.c+
+ 2|50 (X (i g)s L)) — Viogpe, 10X lwi)lla+ [Vese(Xi jy, i)
— Vose (X (i) ti) lop,c+

2c /Nt
< 2L(X (5 5y, t(i )20 — 0|l g+ + M(X (i 5y ta )l = 0'lla+.
t

Computing the variance of this leads to the bound,

1o(8) — (0 lop.cit < 2, ) 5 (M4BCL? + T30 — 6|+ =: Lo |6 — 6|+
PNpAgp

Next, we use a similar argument to the proof of Proposition [l 1|to obtain

- PNg ~ PNp 2C
_ < — < 1 =B
160) = B(O)lo+ < 1[5 16(6) = SO < || S5=2 T Lven =: B
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0. B, S)> v

1/2
0.B,5) Lyes

lo(0) — (0" lop.c+ < ﬁ(P]lV?B ZVar (||Clipc(vi,j(0)) — Clipe(vi; (0) e+
i€EB

n . .
</ vz Var (IClipe (v (0)) = Clipe (o ()l

Since 0 < ||Clipg (vi,n (0)) — Cling (0:.5 (') o+ < 20 /732

~ n PNB
lo(8) = 5&llop.c+ < @\/;%EB
< ! C1
— NB)\gap NeB

=: B,.
Therefore we have satisfied all assumptions of Proposition 27]aside from Assumption 26 To satisfy

this assumption we use that L, ~ +/1/P and so if 7 is sufficiently small, or P is sufficiently large,
this assumption is satisfied once n is sufficiently large also.

Using Proposition 27} we obtain the contraction,

~ ~ ~ 3 —anr 2 n
E[d(Ok+1, Ok+1)|0k, O, Br] < (1 —ne/2)d (0, Ox) + g€ o <77A4£g3 IneB + 7 CQ]INGB)-

Using the fact that P(N € By) = N /N, we obtain,

~ ~ 3 4PC? n 1
Eld(0k+1,0k+1)] < (1 —ne/2)E[d(0k, 0k)] + 7}2—74267‘"2 ( C’2> N

Agap Agap
Thus, by comparison, we obtain the bound,

E[d(6x, 0 )] s3e—m(4pc L 02) L ST (1 ey
2

or Mo N7
3 (4P02 o)t 1e/2)<
2r Agap  Agap Nc/2
3 2
< —e Y2 (4P 4 n) (nK A2/c).

27’2 gap

By the definition of f(r), we have that it dominates 7 up to a multiplicative constant:

0 (=) ()
o o[ ) )

1 —ars
Z Ee z((Q'I"g) AN 1)7”2.

Thus, using assumption T3] it follows that
/]EHISeK (Xe,t) = 5, (Xe, 1)|I*| Xo = &, S](dt)
< I2E|)0x — Ox |3+

<1 <1e—‘"2((2r§) A 1)) _1E[d<9m )|

N(nK/\Q/c).

<3LA((2r3) "tV 1)(4P + n))\c
gap
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We then use the fact that when 7 is sufficiently small, we obtain the estimate 19 > A~ and therefore,

PNpC

2 S
1 'r])\gap)\Q )

i3 2 L < (MyB,CLY? +fi)(PNB)\gap)*1/2 v1

and since L and r; explode as 7 — 0™, we also have,
rac 2 L*r} exp(—6Lr? /co)

> exp(—6Lr?/co).
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