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1 ADDITIONAL RELATED WORK

Reinforcement Learning with Linear Function Approximation. A large body of literature regarding learning MDP
with linear function approximation has emerged recently. Those works can be roughly divided by their assumptions on
MDPs: The first one is called Linear MDP [[Yang and Wang}, 2019, Jin et al.| 2020]], where the representation function is
built on the state action pair ¢ (s, a). Under this assumption, Jin et al.| [2020] proposed the LSVI-UCB algorithm achieving
o (Vd3H3T) problem independent regret bound and O (d®HPgap_{, log(T)) problem dependent regret bound due to [He
et al. [2021]. Here gap,,;,, is the minimal sub-optimality gap, d is the dimension and H is the time-horizon. Several similar
MDP assumptions are studied in the literature: for instance, Jiang et al.|[2017]] studied a larger class of MDPs with low
Bellman rank and proposed an algorithm with polynomial sample complexity. Low inherent Bellman error assumption
is proposed by Zanette et al.| [2020] and allows a better O(dH+/T) regret by considering a global planning oracle. Yang
and Wang|[2020] considered the bilinear structure of the MDP kernel as a special case of the Linear MDP, and achieved
an O(H?d+/T) problem-independent regret bound. The second linear function approximation assumption is called Linear
Mixture MDP [Modi et al., [2020} |Ayoub et al., 2020l Zhou et al., [2021b]] where the transition kernel of MDP is a linear
function ¢ (s, a, s’) of the ‘state-action-next state’ triplet. Under this setting, Jia et al.| [2020]], /Ayoub et al|[2020] proposed
UCRL-VTR achieving O(dv H3T) problem independent bound for episodic MDP, while He et al.|[2021]] showed an
6(d2H 5gap_ 1 log®(T)) problem dependent regret bound for the same algorithm. Zhou et al.[[2021b] studied infinite
horizon MDP with discounted reward setting and proposed UCLK algorithm to achieve O(dv/T(1 — ~)2) regret. Most
recently, Zhou et al.|[2021a] proposed nearly minimax optimal algorithms for learning Linear Mixture MDPs in both finite
and infinite horizon settings.

However, these works all assume a single representation and do not depend on the quality of the representation as long as it
can well approximate the value function. Thus, what a good representation is and what improvement this good representation
can bring is still an open question.

Offline Reinforcement Learning with Function Approximation There is a series of works focusing on the offline
reinforcement learning with linear function approximation. Jin et al.| [2021]] introduce the pessimism to offline reinforcement
learning and establish a data-dependent upper bound on the sub-optimality for general MDP. They also provide a close-
formed data-dependent bound for linear MDPs. Following that, Xie et al.| [2021] introduces the notion of Bellman’s
consistent pessimism for general function approximation. There is also a brunch of work leveraging the variance information
in offline RL [Min et al.,|2021} |Yin et al., [2021} 2022]]. Other follow-up works include the partial coverage [[Uehara and Sun,
2021] in general function approximation and the statistical barriers for offline RL [Foster et al.|[2021]].

Model Selection and Representation Learning in Contextual Bandits. Since contextual bandits can be viewed as a
special case of MDPs, our work is also related to some previous works on model selection in contextual bandits. The first
line of work runs a multi-armed bandit at a high level while each arm corresponds to a low level contextual bandit algorithm.
Following this line, Odalric and Munos| [2011]] used a variant of EXP4 [Auer et al.,|2002[| as the master algorithm while the
EXP3 or UCB algorithm [Auer et al.|[2002]] serves as the base algorithm. This result is improved by CORRAL [Agarwal,
et al.l 2017, which uses the online mirror descent framework and modifies the base algorithm to be compatible with the
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master. |Pacchiano et al.|[2020b] introduced a generic smoothing wrapper that can be directly applied to the base algorithms
without modification.

Abbasi-Yadkori et al.| [2020] proposed a regret balancing strategy and showed that given the regret bound for the optimal
base algorithm as an input, their algorithm can achieve a regret that is close to the regret of the optimal base algorithm.
Following that, Pacchiano et al.|[2020a] relaxed the requirement in |/Abbasi- Yadkori et al. [2020] by knowing each base
algorithm comes with a candidate regret bound that may or may not hold during all rounds. Despite this progress, how
to get the optimal regret guarantee for the general contextual learning problem remains an open question [Foster et al.|
2020]). Besides those general model selection algorithms, recent works are focusing on representation learning under several
different structures, thus different representations can be used at different rounds in the algorithm. Foster et al.|[2019] studied
model selection by considering a sequence of feature maps with increasing dimensions where the losses are linear in one of
these feature maps. They proposed an algorithm that adaptively learns the optimal feature map, whose regret is independent
of the maximum dimension. Chatterji et al.|[2020] studied the hidden simple multi-armed bandit structure where the rewards
are independent of the contextual information. |Ghosh et al.|[2021]] considered a nested linear contextual bandit problem
where the algorithm treats the norm bound or dimension of the weight vector in the linear model as the complexity of the
problem and adaptively finds the true complexity for the given dataset.

2 EXPERIMENT DETAILS

2.1 ONLINE REINFORCEMENT LEARNING

Here we describe how to generate the representation functions and the MDP. We denote the d-dimensional half normal
distribution by |x| ~ H(I4) if x ~ N (0g4,1;). Considering the following representation sample from the half-normal
distribution for all (s,a,s’) € S x A x S:

d(s,a) ~ H(Ia), (s") ~ H(Ia).

Then we define 3 by 9(s') = (s')/ max,es ||1h(s)||2. It is obvious that the Euclidean norm of (s’) is bounded by 1 for
alls’ € S.

It is easy to tell that each element in (Z and ) is non-negative thus we can build the transition kernel as

bls.0) w(s)
es 9(s.0) (o)

Py (s]s,a) =

Rdxd

Next, for any step h € [H], given any non-singular matrix M, € , we define representation function ¢y, (-, -) as

M,zlqz(s, a) .
Dves P(s,a)TY(s)

on(s,a) = (2.1

Furthermore, we select the matrix M, such that for all state-action pair (s,a) € S X A, ||¢n(s,a)||2 < 1. This procedure
could always be done since we can multiply different scalars to the generated matrix IM;, to control the norm of ¢y,.

Therefore, we can verify that for any (s,a,s’,h) € S x A x S x [H], Pr(s'|s,a) = ¢} (s,a)Mpp(s’) thus it satisfies
Assumption To emphasize the difficulties of learning the transition kernel PP.

It is easy to verify that under the current representation ¢, with high probability, Aj ¢ = O since the representation ¢ is
sampled from the half-normal distribution. Therefore, Assumptiond.2]is satisfied.

We will next provide two other representations {1, ¢(?)} for the same transition kernel P}, (-|-, -). Neither of these single
representation satisfies Assumption .2 but the combination of these two will satisfy that assumption.

Since the transition kernel P (+|-,-) and reward function (-, ) have already been determined, by Bellman optimality
equation (3.I), we can get the optimal action action 77}, (s) for all step h € [H] and state s € S. Since |A| = 3 and
7y (s) € A, we can compose the sub-optimal set by A\ {7} (s)} := {an(s), a},(s)}. Then we define the two representation



functions as (1), p?) € S x A — R>? using the following rule:

Wis,mi(s) = ( ;<s,w;:,<s>>,o}>j &7 (s,m73(s)) = (] (s,77(s)), 0] )I
W(s,an(s) = (o1 (5,an(5)),07) 1 2 (s.an(s)) = (0], df (s,an(s)))

h
1 T 2 T
w (5,07,(5)) = (07, 8] (5. 0},(5)) ¢1 (s, a},()) = (&4 (s, a}(5)), 0])
By constructing the new kernel matrix Mh = (M;'l—, MZ)T € R24%4 e can verify that both ¢(!) and ¢(?) satisfy
Assumption [3.2] with dimension 2d. i.e. forall (s,a,s’,h) € S x A x S x [H]

Py(s']s,a) = ¢\ TMuap(s') = ¢ T My ap(s). 2.2)

From intuition, these two representation functions ¢(*) and ¢(?) may come from two different sensors measuring the
same environment. It is obvious that since for both ¢() and ¢(2), there are at least 1/3 of the whole state-action space is
not covered by Ay, i.e. (bgl)(s, ay,(s)) ¢ ImAy, 40 and ¢§f)(s, an(s)) ¢ ImA, 4. However, since aj, (s") # an(s) by
definition, we can verify that the representation set ® = {(}5(1)7 ¢(2)} satisfies Assumption

2.2 OFFLINE REINFORCEMENT LEARNING

Here we provide a design for representation functions such that each single representation does not satisfy Assumption
but the whole representation function set satisfies.

First, the oracle representation which satisfies Assumption[5.1]is generated same as (2.I)) with d = 5. The underlying MDP
is generated same with the online settings with |S| = 20, |.A| = 3. Then we consider an arbitrary behavior policy 7 which
is used to generate the offline training data. Since |.A| = 3, for any s € S, h € [H], there exists three state-action pairs
as (s,74(s)), (s,an(s)) and (s, a},(s)). Considering the representation set ¢V (-,-) € R?? and ¢ (-, -) € R?? which is
defined as

—

—

n(s) = (o) <sﬁh<s>>10;)j D (s, 7n(s) = (of <sﬁh<s>>10§>:
o) = (45 (s,an(s)7,0]) 2 (s, an(s)) = (0], @l (s,an(s)T) -
W(s.al(s) = (0], (s,ah(s)7) D (s,ap(s) = (of (s,a)(s)T,0])

Itis obvious that by using behavior policy 7, both E 4 (@M M T and Egz (¢® ¢ T) would enjoy the format of (‘3 g) .

Therefore, for (1), it would be easy to verify that qb;ll), oM (s, a} (s)) is not in Im(Ez (@M pMTY) and (¢ (s, ap(s))
is not in Im(EE ;= (@@ ) T)). However, it is also easy to show that the union of {1, ¢(?)} satisfy assumption

2.3 ADDITIONAL CONFIGURATION

Parameter Tuning. For both of the offline and online algorithm, we aggregate the parameter Cy, H /), 4 as a single
hyper-parameter C for tuning. We do a grid search for C' = {1, 3, 10, 30, 100} report the best performance over these values.

2.4 ADDITIONAL RESULTS
2.4.1 Online RL

Figure [T| plots the cumulative regret with respect to the episode number, with the standard deviation indicated by the
shadows. We observed that the cumulative regrets for both UC-MatrixRL using ¢ and ReLEX-UCB grew very slowly after
the first one million episodes. As a comparison, UC-MatrixRL using ¢(!) or ¢(?) had a sub-linear regret growth instead
of near-constant regret. As for the e-greedy algorithm, although the greedy policy can learn very fast at the beginning, it
eventually had a much higher cumulative regret since it could not explore the environment well.
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Figure 1: Cumulative regret over SM episodes for
ReLEX-UCB v.s. UC-MatrixRL and e-greedy using a
single representation.

Figure 2: Relative sub-optimality of ReLEX-LCB after
500K offline episodes

2.4.2 Offline RL

From Figure 2] we observe that by selecting over two imperfect representations, ReLEX-LCB can match the performance of
the oracle algorithm using a single perfect representation, even if using the two representations separately leads to a larger
(~ 2.5x%) sub-optimality on the same offline data.

2.4.3 Ablation studies

We conduct additional experiments on the following different settings in the online setting as the ablation study of our
algorithm.

(A) The original setting with same data generation, S = 20, A =3,d=d =5,H = 10

(B) The original setting with larger state space S = 40, other parameters are not changed

(C) The original setting with larger action A = 5, other parameters are not changed

(D) The original setting with larger action S = 40, A = 5, other parameters are not changed

(E) The original setting with |®| = 3, A = 4, other parameters are not changed

Besides the cumulative regret, we also report the average reward achieved in the last 1000 episodes, which can be considered
a "more intuitive performance metric" suggested by Reviewer 4Uhgq.

Regarding the data generation, configuration C to E enjoys the same method of generating the data, i.e., arranging the
context of sub-optimal actions into other dimensions. We will add the details of generating these data during the revision.

Due to the time limit of the authors’ response, we do not repeat the experiments multiple times and we cut experiments
E and F with episode K = 500, 000 instead of the original KX = 5,000, 000 in the paper. We also skipped the e-greedy
version for configurations E for the sake of time.

The performance table are presented From Table|[T]to Table 3]

Computing Resources For both offline and online algorithm, we conduct our experiments on an AWS c5-12xlarge CPU
instance with a 48-core Intel® Xeon® Scalable Processors (Cascade Lake).

3 PROOF OF THEOREM

In this section we will give the key technical lemmas and the proof sketch for Theorem [4.3]



Algorithm ‘ Last averaged reward T Cumulative regret |

UC-Matrix RL ¢ (oracle) 0.7782 2457.71
ReLEX {¢1, ¢2} 0.7780 6827.18
UC-Matrix RL ¢, 0.7780 11458.83
UC-Matrix RL ¢2 0.7770 13385.61

e-greedy ¢ 0.7754 14906.31
e-greedy ¢ 0.7756 15042.24
e-greedy ¢o 0.7751 16470.94

Table 1: The performance result of Configuration (A) (The same configuration in the paper)

Algorithm ‘ Last averaged reward T Cumulative regret |
UC-Matrix RL ¢ (oracle) 0.8736 2880.71
ReLEX {¢1, 2} 0.8733 7745.49
UC-Matrix RL ¢ 0.8729 12759.89
UC-Matrix RL ¢4 0.8730 10411.89
e-greedy ¢ 0.8703 18786.77
e-greedy ¢ 0.8707 19002.81
e-greedy ¢o 0.8702 20018.97

Table 2: The performance result of Configuration (B) (S = 40)

Algorithm ‘ Last averaged reward 1 Cumulative regret |
UC-Matrix RL ¢ (oracle) 0.9749 3085.21
ReLEX {¢1, 2} 0.9748 8160.39
UC-Matrix RL ¢ 0.9743 12946.34
UC-Matrix RL ¢4 0.9745 14373.86
e-greedy ¢ 0.9690 28423.82
e-greedy ¢ 0.9701 27479.92
e-greedy ¢o 0.9708 27778.66

Table 3: The performance result of Configuration (C) (A = 5)

Algorithm ‘ Last averaged reward 1 Cumulative regret |
UC-Matrix RL ¢ (oracle) 0.9800 3403.65
ReLEX {¢1, 2} 0.9792 9733.84
UC-Matrix RL ¢ 0.9787 10000.15
UC-Matrix RL ¢2 0.9791 9553.96
e-greedy ¢ 0.9763 23301.53
e-greedy ¢ 0.9759 23392.78
e-greedy ¢o 0.9758 23218.40

Table 4: The performance result of Configuration (D) (S = 40, A = 5)



Algorithm ‘ Last averaged reward T Cumulative regret |

UC-Matrix RL ¢ (oracle) 0.9081 1141.63
UC-Matrix RL ¢ 0.9034 4512.82
UC-Matrix RL ¢o 0.9008 4965.15
UC-Matrix RL ¢3 0.9022 4507.18
ReLEX {¢1, 2} 0.9051 2865.86
ReLEX {¢1, ¢3} 0.9057 2606.99
ReLEX {¢2, 93} 0.90648 2702.94

ReLEX {¢1, ¢, d3} 0.9080 2093.32

Table 5: The performance result of Configuration (E) (S = 20, A = 4, |®| = 3)

First, we need to define a “good event” which happens with high probability, that the estimation Mﬁ is close to the target
M7 . This definition was originally introduced in|Yang and Wang|[2020].

Lemma 3.1 (Lemma 15, Yang and Wang [2020]). Define the following event as £,
{tr [V~ M3 )OS (M, — M )| < B0,V < VR € [H] = 5,

With 3 ¢ = ¢(Cnm + C;p2)d¢ log(kHCg/6) for some absolute constant ¢ > 0, we have Pr(é’f) >1—4forall ¢ € ®.
Remark 3.2. The proof of Lemma [3.1]remains the same since the regression does not depend on the policy m. We also

make the dependency of ¢ explicit in 3j 4, which can be inferred from the proof of Lemma 15 in|Yang and Wang|[2020].

The next lemma shows a problem-dependent regret bound for the bilinear MDP in Definition 3.2}

Lemma 3.3. Under Assumption setting parameter [, ¢ as in Theorem Then suppose & f holds for all ¢ € ®. Then
with probability at least 1 — 30, the regret for the very first & € [K] episodes 1s controlled by

{ 1280,3,Hsd¢6k7¢ log(l + C¢kd¢) }
&3P min

96 H" log(2k(1 + log(H /gap,,;,))|®|/9)
aPmin

Regret(k) < mi
egret( )_glelg

n LBGHQ log(((1 + log(Hk))k?|®|/5)

+2+

3.1

while the sub-optimality gap for each h is controlled by
k

> (Vii(s) — Qi(sh, ai)) < min

cd
i=1 ¢

{ 64012/)H4d¢ﬁk,¢ log(1 + C¢,k‘d¢) + 48H3 log(2k|®|(1 + log(H/gap,,;,)/9) }
£aPmin
3.2)

It is easy to verify that when there is only one representation function in ® (let d = dg for simplicity), Lemma@] yields
an O(H°d?log(k/d)gap,,,) problem-dependent bound. Comparing our result with [He et al. [2021]], ours matches the
problem-dependent bound for Linear Mixture MDP O( H®d? log(k/d)gap_.i,) and is better than the problem-dependent
bound for Linear MDP O(H?®d?3 log(k/§) gap;ln) by a factor d. This improvement is due to the bilinear MDP structure in
Deﬁmnonn 3.2] Moreover, it is obvious that when |®| > 1, Algorlthmlcan achieve a regret no worse than any possible regret
achieved by a single representation, up to an additive log(|®|) term. Lemmaalso suggests an O(H*d?log(k/§)gap i)
bound for the summation of the sub-optimality gap. Based on this, the next lemma shows that the “covariance matrix” Uﬁ) &
is almost linearly growing with respect to k& under Assumption

Lemma 3.4. Under Assumptions [3.1land[4.2] with probability at least 1 — §, we have for all k € [K],h € [H],¢ € @,

Uf o= (k= 1Ay — dg,,
h k-1

Cepd
= o ST (5] al) 1+ Cordg[32H (5 — 1) log(dgl 2| H(k +1)/6).
min j—y j—1




Compared with Lemma 9 in |Papini et al.|[2021]] which shows a similar result for linear contextual bandits, the proof of
Lemma 3.4]is more challenging: The distribution of sy, is induced by the optimal policy 7* in Assumption 4.2]but we can
only use the estimated policy 7* to sample sj,. As a result, the sub-optimality and the randomness for the steps before h
(¢ < h ) will all contribute to this distribution mismatch. Therefore, our result contains an additional summation over h to
account for this effect.

Finally, equipped with Lemma|[3.4] we can provide a constant threshold 7 such that if the episode number k goes beyond 7,
the sub-optimality gap is bounded by O(1/1/k).

Lemma 3.5. Under Assumptions and assuming the conditions in Lemmas and hold and £ g holds for all
¢ € D, then there exists a threshold

7 = poly(dg, 0;1,H, log(|®[/6), gap,.iy: Cg, Cyp, Cna, Ciy)

such that forall 7 < k < K, forall h € [H], s € S we have
k < 2 .
gapy (5,7} (5)) < 20y H” ma {d /200 By o/ (06h) |

Lemma suggests that when the episode number k exceeds 7, policy 7* will contribute a sub-optimality up to O(1/1/k).
Thus there exists a threshold £* such that when k > k*, the policy 7% will not contribute any sub-optimality at any step h
given the minimal sub-optimality gap gap,;,. With that, it suffices to provide the proof for Theorem

Proof of Theoremd.5] We pick i ¢ = ¢(Cwm + C;ﬁ)dd, log(kHCy|®|/0) to make sure with probability at least 1 — 4,
event £ jf holds for all ¢ € ®. By the definition of the sub-optimality gap, we have gap,,(s, a) > gap,,;,(s, a) as long as
gapy (s,a) # 0. If

8C2 H* Cypd>
k>max{ L] max{m}ﬁ}. 3.3)

gap?. ¢ed o

Then we have for all ¢ € ,

20y H?dg\/2C Pk, (0gk) < gappiy-

Thus, by Lemma[3.5] we have

eap, (5, 75(6)) < 20y 1 o { o 2Coh /701 |

and it implies gap,, (s, 75(s)) > gap,.;, thus gap,,(s, 75 (s)) = 0. Since from the parameter setting, 8y, = O(log(k)),
it is easy to verify that there exists a threshold £* = poly(Cly, C{p, Cwm,; Cyp,dg, H, 0;1, gap;liln7 7) such that all k£ > k*
satisfy (3.3). Thus we conclude that gap,, (s, 75 (s)) = 0 for all k£ > k*. Since the optimal policy 7* is unique, it follows
that 7% = 7%

Thus when k > k*, the regret could be decomposed by

M=

Regret(k) = > Vi'(s]) — V™ (s])
j=1
=D V) =W+ > (st = Vi (s])
j=1 J=1+k*

= Regret(k*) + 0,

where the last equation is due to the fact that 7/ = 7* thus V;*(s) = V;*' (s) for all s € S when j > k*. Combining this
case with the case k < k*, we can conclude that Regret(k) < Regret(min{k, k*}). Let K = min{k, k*}, by Lemma



we have the regret is bounded by

128C2 H3d2¢(Cn + C,2
Regret(k) < min{ Y o“(Cn v )
Ped gapmin
96 H* log (2k(1 + log(H/2ap,y;,))|®1/6)
8aPmin
16, “\\ 72
+ 5 H log (1 +log(HE) ) E2®|/5),

log (1+ Cykdy) log (KHCy[®|/5) } +2

_|_

with probability at least 1 — 59 by taking the union bound of Lemma , Lemma and £ jf holds. O

4 PROOF OF LEMMAS IN APPENDIX

In this section, we provide the proof of the technical lemmas in Appendix

4.1 FILTRATION

To facilitate our proof, we define the filtration list as follows

. NHk—1
k_ i il k kM
fh{{si,ai} ,{si,ai i—l}'

i=1,j=1

It is easy to verify that s}, af are both F}'-measurable. Also, for any function f built on Ff\, f(sf_ ) — [Py f](sf, af) is
F }’f H-measurable and it is also a zero-mean random variable conditioned on F }’f .

Arranging the filtrations as
F={FL - F, - 7]:1767... ’]:}’f’...]:f[’... 7‘7:1K’... 7]:;1(}’

we will use F as the filtration set for the following proof.

4.2 PROOF OF LEMMA

To prove this lemma, we first need the following lemma showing the estimator QZ 18 always optimistic.

Lemma 4.1. Suppose the event £ holds for all ¢ € ®, then for any (s,a) € S x A, Q}(s,a) < QF 4(s,a).

The next lemma suggests the error between the estimated ()-function and the target (Q-function at time-step h can be
controlled by the error at (h + 1)-th step and the UCB bonus term.

Lemma 4.2. Suppose the event £ f holds, then for any (s,a) € S X A, k € [K] and any policy ,

Qh(s,a) = Qf (s,a) < 2C¢H\/ﬂk,¢¢T(57 a)(Uf 4) 7 ¢(s,a) + [Pu(Vies — Via)l(s. a).

We also need the following lemma, which is similar to Lemma 6.2 in|He et al.|[2021].

Lemma 4.3. Forany 0 < A < H, if the event &, f holds for all ¢ € ®, then with probability at least 1 — 4, for any k € [K],

16Cy H*d g By, 6 1og(1 + Cpkdy) + 12H? log(2k/9)
AQ

1V (s)) — QF (sh,a)) > A] <

j=1

Then we need the following lemma from He et al.|[2021]] to upper-bound the regret by the summation of the sub-optimailty.



Lemma 4.4 (Lemma 6.1, revised, He et al.|[2021]]). For each MDP M, with probability at least 1 — 24, for all k& € [K], we
have

gL 16 H>
Regret(k) < 22 Z gap, (s1,a)) + 5 log(((1 4 log(Hk))k?/6) + 2
j=1 h=1

Remark 4.5. Lemmafd.4]can be easily obtained from Lemma 6.1 in[He et al|[2021]). In the original lemma, with probability
atleast 1 — [log HK | exp(—7),
kE H
j 16H%r
Regret(k) < 2 2
egret(k) < Z > gap,, ( sh,ah 3 + 2,

which implies that with probability at least 1 — 6,

Regret(k) < 2

k H A ‘ ) . .
ngaph(si,am 4 16471 g<f13g<Hkﬂ/6) o

By relaxing [log(Hk)] to log(H K) + 1 and replacing § with §/k? for different episode number k, the inequality holds
with probability at least 1 — S>r_ §/k? > 1 — 725/6 > 1 — 24 for all k € [K] by union bound.

Equipped with these lemmas, we can begin our proof.

Proof of Lemma[3.3] By the definition of gap,; ., for each h € [H], k € [K], we have V;*(s}) — Q}(sF,af) = 0 or
gap,.. < V;*(sF) — Qi (sF,a¥) < H. Dividing the interval [gap, ;. , H] into N intervals 2"~ 'gap .  2"gap . ) where
n € [N], N = [log(H/gap,,;,)], then with probability at least 1 — [log(H/gap,,;,) ]9, it holds that

k N k
Z(V}T(S'}i) Qh<sh7 ah) Z Z 2ngapm1n [2” 1gapmln < Vh (8h> Q?L(S-;L’ a/-}]L) < 2”gapmin]
=1 n=1j=1
N ok ,
n n— *( ] J j i
S Z Z 2 2aPin ]1[2 1gapmin S Vh (S?—L) — Yh (Siwa;l)]
n=1j=1
_ N 6402 Hdg By p log(1 + Cykdg) + 48H log(2k /5)
Bt 2"gap i,
< 640121,H4d¢ﬁk7¢ log(1+ Cpkdy) + 48H31og(2k/0)
- 2P, ’

where the first inequality holds by using the “peeling technique”, which was used in local Rademacher complexity
analysis [Bartlett et al.,2005]. The second inequality in is due to Q. (s, a) > Q}f (s, a) and the third inequality holds
due to Lemma Finally, the fourth inequality holds due to 25:1 2™ < 1. Substituting § with 6 /(1 + log(H/gap,.in))
with probability at least 1 — §, we have

k 2 774 3

L o 6407, H g Br,¢ log(1 + Cphdg) + 48H" log (2k(1 + log(H /gap,,;,,) /6
> (Vi (sh) = Qisiah)) < e e ( L
j=1 min

Combining (@.1) with Lemma[.4] by taking a union bound, with probability at least 1 — 34,

k H
16H21 HK
Regret(k) < QZZgaph(SfL’aﬁ) + 6 Ogg— —|/6) +9
j=1h=1
128C2 Hd B¢ 1og(1 + Coldy) + 96 H* log(2k(1 + log(H /gap ;. ))/6)
gapmin

+ ?HQ log(((1 + log(Hk))k?/8) + 2.

where the first inequality holds due to Lemma [4.4], which utilizes the definition of the sub-optimality gap. The second
inequality holds due to (@.I). Substituting 6 with 6/|®|, the claimed result (3.I) holds for all ¢ € ® by taking a union
bound. O
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For brevity, we denote matrix Ay, 4(s) = @ (s, 7 (s))p " (s, 7} (s)) € R¥9 and fix h, m in the proof. The expectation
Es, [An,¢(sn)|si],i < h is taken with respect to the randomness of the states sequence s;41,- - , Sp, wWhere s;4q ~
Py (- [sy, 7} (si7)),i < i’ < h.If the action a; is given, the expectation Eg, [Aj ¢ (s1)|s:,a;],i < h is taken in which
si+1 ~ IP;(+|si, a;) specially. It is worthless to show that Es, [Ap ¢ (sn)|sF] = An,e(sF). Without specification, we ignore
the subscript sy, in the expectation in the proof of this lemma.

To develop the convergence property of the summation ¢(s,a)¢ ' (s,a), we introduce the following matrix Azuma
inequality.

Lemma 4.6. [Matrices Azuma, Tropp|[2012]] Let {F, }: _, be a filtration sequence, { X} }}_, be a finite adapted sequence
of symmetric matrices where Xy, € Réxd g Fi+1-measurable, E[X|F] = 0 and X2 < C? as.. Then with probability at
least 1 — 4,

t
Amax (Z xk> < /8C2tlog(d/s),
k=1
where C' = ||C||2.

Equipped with this lemma, we can start our proof.

Proof of Lemma[3.4] First it is easy to verify that for any k € [K]

¢(Slf;,a2)¢T(SE7 a’,?;) = Ah,¢(3§) -1 [ah # Wh(sh)] (Ah ¢(3h) ¢(52>a§)¢T(5’§7 aﬁ))
= Ano(sh) — Codg 1 [af;, # 75 (s)] 1a,, (4.2)

where the inequality holds due to 0 < ¢(s,a)@ " (s,a) < (Cgdg)La,. By the definition of Aj, (s} ), we have Ap, o (s)) =
E[Ap,¢(sn)|sf] and it suffices to control E[A, 4(sy,)|s¥] for any 1 < i < h. Therefore it follows that

E[An,g(sn)|sF] = E[Ang(sn)lsi 1, a5 1] — (E[Ane(sn)ls) 1, af 1] — E[Ang(sn)|s])

Ai(sfflvai‘tﬂ ei'c
where we denote the ﬁrst term as A;(s¥ ;,a¥ ) while the second term as € for simplicity. We first consider the term €, it
is easy to verify that € is ¥-measurable, d x d symmetric matrix with ]E[ k|Fk ] =0and
lefll2 < [[BlAng(sn)lsErs i a][], + [[ElAne(sn)ls{]]], < 2Code, 4.3)

where the inequality holds due to the fact that || A, ¢(s)||2 < Cpde . Next, for the term A, by introducing the indicator

showing whether the action a¥_ is the optimal action 7} _, (s¥_,), we proceed as follows:

Ai(s;@flﬂai’tl):A ( Si—1>Tj— 1(3 _1))
_]1[117'5:1(351)](A(f1>;k1( _1) — (;17?1))
*A(@ 1 T 1Sf 1)) — C¢d¢]1[l 17 T 1(31C 1]Id¢
=E[Ang(sn)lsi 1] — Cedg 1 [ai—l 75771‘—1(51‘—1)] Ia,, (4.4)

where the inequality holds due to a similar proof of {@.2)). The last equality holds due to the definition that
E[An,g(sn)lst_y, m_1(s¥-1)] = E[Ang(sn)|si-1]-
Combining (@.4) and (#.3) together yields

E[Ang(sn)|s;] = E[Ang(sn)lsi1] — Code 1 (a1 # w1 (si1)] La, — €5,



and by telescoping over ¢ we have

h L —
E[Ang(sn)lsk] = B[Ang(sn)lst] = > €f — Cydg > 1 [af # 77 (sF)] 1a,
1=2 =1
=E[Ano(sn)] — E[An¢(sn)] — E[Ang(sn)|st]
h h—1
=) €l —Codg > 1 [af # 77 (sF)] L, (4.5)
=2 =1

where €f is Ff-measurable and E[e}| 75! = 0, ||€}]|2 < 2C4d, which is similar to € above. Plugging (@3) into (@2)
yields

h h
b(sh,af)p" (sh,af) = E[Ang(sn)] — Y €f — Cydg Y 1 [af # n7(sF)] Ly,
=1 =1
h
= E[An,¢(sn)] — Z € — ¢d¢21 s,af) # Vi(si)] Ta,,
; Cyd
E[An,¢(sn)] Z T m § ¢ Z sl,az))I% (4.6)
_1 mm 7; 1

where the equality follows that a? pFE T
Vir(sf) — Qi (sf,af) > gapyy, 1Q; (sF
assumption defined in (3:2).

(%) is equivalent with Q} (s¥,a¥) # V;*(s;) and the second inequality is from
,ak) # V;*(s;)], which is according to the minimal sub-optimality gap condition

By the construction of the “covariance matrix” U}, ,, (#.6) yields

k—1
Up g =Ta, +>_d(s),a))p" (s],a])
j=1
k—1 h h k-1

mla, + (k= 1DApg—> > € - C¢df¢’ IPIUAE s1,al))la,. (4.7)

a
j=1i=1 £3Pmin i=1j=1

Recall eg isadg x dg symmetric matrix, by Lemmawith C =2Cgdgplbg,,t = (k — 1)h, with probability at least
1 — 4, we have

h

k—1
Amax | DY €l | < \/3203,d3,h(k — 1) log(dg/5). (4.8)
j=11

1

Combining (@8) with @7) and substituting § with 6/ Hk(k + 1)|®|, the claim in Lemma[3.4]holds for all h € [H], k €
[K], ¢ € ® by taking a union bound.

O

4.4 PROOF OF LEMMA

In order to prove Lemma 3.5] we first need the following lemma.
Lemma 4.7. Given the condition in Lemma and Lemmaholds and &£ f holds for all ¢ € ®. For each ¢ € P, there
exists a constant threshold

Ty = poly(d¢,70¢j1,H7 log(\¢|/6),gapfniln,C¢7C¢,CM,C;,)

such that for any (s,a) € S x A,h € [H], there exists a representation candidate ¢ € & where when k > 7,
o' (s, a)(U’,§7¢)*1¢>(s, a) < 2Cpdg/(0gk). We denote 7 = maxgeca T¢ to be the maximum possible threshold over
all representations.



Lemma suggests that the UCB bonus term is decaying in the rate of O ( 1/ \/E) Equipped with this lemma, we can start
the proof.

Proof of Lemma[3.3] 'We will prove this lemma by induction. By the assumption in Lemma|3.5} & jf holds for all ¢ € ®.
Considering h = H, for any state-action pair (s,a) € S X A, by Lemma when k£ > 7, there exists a representation ¢
where Lemma [.2] yields

Qli(5,0) — QF (5,) < 20y H\ /519" (5,0) (Ul )" (s, ) + [Pur (Vi1 — Viio1)l(s,a)

< 20y H\[2Cydg B 6/ (09h) +0,

where the second inequality is due to Lemma and the fact that V%, V7| are both equal to zero. Thus we have

L (Qh(s.0) — QF (5,00} < o {204 /2Cdofh/(00h) |

Suppose for step h, we have

i (Qh(s:0) — OF (5.1} < (8 ~ -+ Dma {200 H\2Codgf o (70 | “9)

(s,a)eSx

then considering time-step 4 — 1, by Lemma[4.2]and Lemma4.7] for each s, a, there exists a ¢ € ® such that

Qh_1(s,0) — Q" (s.a)
<0 H[Brg® (5.0} (UL, ) 16(s) + Puca(ViF = V7)(5,0)

k

< 30uH\[2C0pdg B0/ (75) + Pt (Qh (7 () = Q7 (o nh ()]s, )

< 2 H\[XCody o/ (76k) + (H — -+ Ve {200 H\2Codafo (o) |

< (- -+ 2 {200\ 2Colg o/ 61 |

where the second inequality follows from the definition that Vi¥(s) = Q% (s, 7k (s)) and V™' (s) = QF " (s, 7k (s)), the third
inequality is due to the induction assumption (@.9) and this result conclude our induction.

Then, following Lemma we have Q’,j’d)(s7 a) > Qi (s,a). Thus, Q¥ (s,a) = min¢€<b{QZ,¢} > @5 (s,a). Then the
sub-optimality gap could be bounded by

gaph(sﬁ 77},?(5)) = h(sa T

< (H —h+1)max {QCwH\/2C¢d¢6k,¢/(0¢k)}

< 20y H? max {\/2C¢d¢ﬁk,¢/(%k)} ;

where the inequality on the second line holds due to Lemma[4.1] and the inequality on the third line holds due to the greedy
policy 7f(s) = argmax, Q¥ (s, a). Finally, the inequality on the forth line is due to the result of induction (#.9) and we
finish the proof. O



5 PROOF OF LEMMAS IN APPENDIX @
5.1 PROOF OF LEMMA

Lemma 5.1 (Lemma 5 on BT(LZ), pp. 23,|Yang and Wang| [2020]]). Suppose & g holds, then for any (s,a) € S x A, we have

(s, )" (M 5 = Mj, o)lla < 1/ Br.o¢™ (5,0) (U} )5, a).

Proof of Lemma[1} We prove this lemma by induction. First, it is obvious that Q% (s, a) = Q};,1(s,a) = 0 for all
(s,a) € & x A. Then assuming for 1 < h < H, we have QF (s,a) > Q. (s,a) holds for all (s, a), considering
time-step h and representation ¢, we have

Qh pls,0) = 7(5,0) + & (5, )M g8 TVE L + CyuH /B0 (5,0)(Uf )~ (5, 0)
=r(s,a) + ¢ (s,a) (M, 4 — M} ) v
+ CyH\[Brpd (5 >< o) B(5.0) + [PaVi, ] (5,0)
> r(s,0) = @7 (5, 0) (M} g = M, o) 12| €TV 2
+C¢H¢m¢ws,a>< >—1¢<s,a>+mhv,ﬁ1]<s,a>
> r(s,0) + [PaVilis (s, a), (5.1)

where the first inequality comes from the fact that (x,y) > —||x||2||y||2. the second inequality holds due to Lemmal|5.1]and
[®TvE oo < CyH since [V, |loe < H. Since QF ., (s,a) > Q} (s, a), then

ViE 1 (s) = min{H, Q¥ (s, 7£(s))}
> min{H, Qh+1(5 Tha1(s))}
> min{H,Qj, (s, 7}, 11(5))}
- Vh+1( )7

where the last inequality is due to the fact that V", (s) < H. Therefore, (5.I) yields Q’,; s(8:0) = 7r(s,a) +
[PrVy 1](s,a) = Qj (s, a) forall ¢ € ®. Thus

Qi (s,a) = gleig{Q'fi@(sva)} > Qj(s,a)-

Then we finish our proof by induction. O

52 PROOF OF LEMMA
Proof of Lemma First, the update rule of th » and Bellman equation yield

Q§,¢(S7 a) - Q;zr(& a) = ¢T(87 a)MZ,¢‘I’TV£+1 _[PthﬂJrl](S? a)

Iy

+ CyH\[Brp¢ (5,0)(Uf )16 (5,0). (5.2)

Since [P, Vf, ] = @' (s,a)M;; ,® vy, I) can be decomposed as
¢ (5,0)My g vy = b (5,0)(My 6 — M} ) vy + PRV (s,0)
< Vil (s,a)(ME 6 — M5, o)ll2 + [PrViya] (s, a)
< CyH\[Brp®™ (5,0)(Uf )1 (50) + [PVi] (5, 0), (5.3)




where the inequality on the second line holds due to (x,y) < ||x||2||y||2 and the inequality on the third line comes from
Lemmal5.1|with |V} |lcc < H and Deﬁnition Plugging (5.3) into (5.2) yields

Qh p(s,0) = Qfi(s,0) < ZC¢H\/ﬁk7¢¢T(s, a)(U} )71 (s,a) + [Pu(Viyy — Vili))(s, a).

Since Q¥ (s,a) = mingea (s, a), we can get the claimed result in Lemma O

5.3 PROOF OF LEMMAS

Lemma 5.2 (Lemma 6.6, He et al.|[2021]]). For any subset C' = {c1,--- ,¢x} C [K] and any h € [H],

Zqﬁh i1, (U ) (s ) < 2dg log(1 + Cphdy)

Remark 5.3. Proof of Lemma [5.2|remains the same as He et al. [2021] by changing the norm of ¢ from ||¢||3 < 1 to
|$]13 < Cypdes as Definition

Lemma 5.4 (Azuma-Hoeffding’s inequality, Azuma|1967). Let {z;}"_; be a martingale difference sequence with respect
to a filtration {F;}* , (i.e. E[z;|F;] = 0 a.s. and z; is F; 1 measurable) such that |;| < M a.s.. Then for any 0 < § < 1,

with probability at least 1 — &, Y .-, x; < M+/2nlog(1/4).

Proof of Lemma[.3] We fix h and consider the first k episodes in this proof. Let ko = 0, for any j € [k], we denote k; as
the minimum index of the episode where the sub-optimality at time-step h is no less than A:

k; = min {l% k> kj_l,VfZ‘(si) - QZ (sh,ah) > A}
For simplicity, we denote &’ to be the number of episodes such that the sub-optimality of this episode at step h is no less
than A, i.e.
K=Y 1[Vi(s)) — QF (s},a}) > Al.
j=1

Then by the definition of %', it is obvious that

k' k'

ki, ki kj ki ki kj ki, kj k; ki, ki kj
ZQh](ShJ?a‘hj) _ ;ll' 7(Sh.7>a’hj) 2 ZQh](shj?ﬂ—;:(sh]» _ ;Ll' 7(8h 7a’h )
Jj=

j—l
kj ki ko ky
2 ZQh Sh 77rh(3h )) — Wh (Sh 7ahj)
j=1
k' i
=D Vi(s?) = QF (s, a) = AR (5.4)
j=1

where the first inequality holds due to a’;; = argmax, Q’g (s’g, a) and the second inequality follows Lemma On the other
hand, following Lemma when Ek holds, forall i € [H],j < k

Qi(sl,al) < 204 H\[B; 06T (s1,al) (UL ) (sl al) + [Ba(VE,, — ViTy))(s.a?)

= 20y H\/B;607 (s].a]) (UL ) "1o(s] . al) + Vi, (s]y) = VI (s240) + €, (5.5)
where e] = [P, (V7 —V)|(s],al) — (V7,1 (s1) — Vi (s1,1)). Ttis easy to verify that |e]| < H, ¢/ is F7, | measurable
with Efe J1FJ] = 0. Taking the telescoping summation on .5) over b < i < H,j € {k1, -, ky } using the fact that

( ) QJ( 17 z)andVTr]( ) QWJ( 17 z)Wehave

k
S QN sy ay) — QF 7 (s ay) < I + I, (5.6)



where

K H
I = Z Z 20¢H\/ﬁkj=¢¢T(5hJ s ay’ )(Uz‘ﬂb)fl‘ﬁ(shj say’)
j=1i=h
K H
)
j=1i=h

To bound I, by Cauchy-Schwarz inequality,

K H

L= 3520, HyJ By 6T (s af? ) (UF) 1 6(s1 o)

j=1i=h

H %
IR TN ki K
<20y H A/ Br,ok Z Z (s, ay’ J(Us) 1ol @)
i=h \ j=1

< 90y H /B gh'\ /2 log(1 + Cyh'dy)

< 90y H? /261 gdgh' log(1 + Cyhd).

where the second inequity in Line 3 is from Lemma To bound 15, by Lemma/|5.4] with probability at least 1 — §/k, we
have

I
SN e < 2k HP log(k/9),
j=1i=h
then taking union bound over all & we can conclude that with probability at least 1 — &,
K H
=YY€ < /2K H3log(k/5)
j=1i=h

Combining (5.4) with (5.6), we can obtain

Ak < 2Cy, H? \/25k7¢d¢k’ log(1+ Cekdg) + +/2k'H3 log(k/9). (5.7
By (a +b)? < 242 + 2b2, (5.7) immediately implies

_ 16C% Hdg By log(1 + Cykd) + 4H? log(k/0)
< A3

k/

(5.8)

Since event £X directly implies £X for all k < K, we can get the claimed result (5.8)) holds for all ¥ < K with probability
1 — 4. Replace § with §/k(k + 1) for different k, taking union bound for all possible &, we have with probability at least
1 — 6, for all possible k,

k 2 174 3 2
. i i i 16C5, H*dg P, ¢ log(l + Cypkdy) + 4H? log(k*(k + 1)/9)
D LIVi(sh) = QF (s ap)] < — =

Jj=1

_ 16C5 H'dg By ¢ log(1 + Cyhdg) +12H? log(2k/0)
< A5
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Proof of Lemma For any state-action pair (s, a) at step h, according to Assumption[4.2] we consider the set Zj, ¢ where
(s,a) € 2,4 and the corresponding representation ¢. By Lemma we denote B as

B:=(k—1)Ayq — da, 2 Uj 4,

h k-1

Coyd
g‘; 23N eapi(s],al) +C¢d¢\/32H (k — 1) log(dg|®|Hk(k +1)/8) — 1.
mlni 1] 1

Decomposing Ap, ¢ = Q'DQ where Q € R%*9 is the orthogonal matrix and D is the diagonal matrix, we have
B=Q"((k—1)D - Iq,)Q.

We first prove the non-singular property of B. Considering the zero diagonal element Dy;;), we have

((k = 1D — 1Ly, )i < —t < ~Codgy[32H(k — 1) log(dg| [ Hk(k +1)/6) + 1,

where the second inequality is due to gap, (s,a) > 0. As a result, it is obvious to verify that there exists a constant K
such that once k > K1, ((k — 1)D — 14, )5 < 0 for all zero diagonal element Dy;; in D. Next we consider the non-zero
diagonal value Dy;;. By Assumption Dy;;) > 0g. Therefore, the corresponding diagonal value ((k — 1)D — ¢Ig,,)(;,
could be bounded by

((k=1)D — dg,)j) = 0p(k —1) —

Removing the minimum operator in (3.2) in Lemma[3.3] we have

((k = DD — Xy, )i > 1+ ok — 1) — Cyd/32H (k — 1) log(dg || Hk(k + 1)/6)
GO I3y g log(1 + Cyhdg) + 48T log (2K(1 + log(H/gap,.;,) /)
gapmin

It’s easy to verify that the increasing term ok is O(k) while the decreasing term is in the order of O(v/k) and O(log(k))
where 8. = O(log(k)) as shown in Lemma|[3.1} thus there exists a constant threshold

Ty = poly(dg, ng, H,log(|®|/d), gap,.i., Ce, Cp, Cna, Cy)

such that for any k > 74, ((k—1)D —Ig,)(j;] > 04/2. Since we have shown that all of the diagonal value for (k—1)D —¢
is either strictly smaller than zero or strictly greater than zero, B is invertible.

By the definition of Zj, 4 in Assumption there exists a vector x € R9 such that Ax = ¢(s,a)/||¢p(s, a)]2. Since
Uﬁﬁ & > B and Uﬁ’ & B are both invertible, it follows

S, 1 O(s,a
87 (5.0 (U o) 9lssa) < ool 2 0 gt S 69)
I
where I; could be rewrote by
I, =x AB 'Ax
=x'Q'DQQ'((k—1)D —d,,) 'QQ ' DQx
=x'Q'D((k—1)D — ) 'DQx. (5.10)

Since || Ax||s = 1, it is easy to verify that x' Q "TDDQx = x " AAx = ||Ax||3 = 1. We hereby denote y as DQx and
we have ||y||3 = 1. Furthermore, it is obvious that y[;; = 0 as long as Dy;;; = 0. Therefore, Z?il Dy, 40 yﬁ,} = 1. Then
plugging the notation of y into (5.10) yields

dg 2
- MD
L=y (k-1)D—dg,)ly= Y ’
i=1,D;;) 70 ((k a l)D o LId(b)[ii]

since we have shown that the ((k — 1)D — ¢4, )55 > 0¢k/2 when Dy # 0 and k > 74. Thus we can easily conclude
that I; < 2/(ogk), plugging this into (5.9) we can get the claimed result. O



6 PROOF OF THEOREM

In this section, we provide the proof of Theorem [5.4] which bounds the sample complexity of the offline version algorithm
ReLEX-LCB. The offline training process favors a similar “good event” with its online counterpart (Lemma[3.1)) which is
formalized as the lemma below:

Lemma 6.1 (Lemma 15, Yang and Wang| [2020], offline ver.). Define the following event as £ 553
{tr [(Mp,g — Mj, )" Up (Mg — Mj, 4)] < Be,Vh € [H]} = Ey.
With 84 = Cdg log(IKX H/§) for some absolute constant C' > 0, we have Pr(€,) > 1 — 6 forall ¢ € 9.

Proof. The proof is similar with the original proof in|Yang and Wang|[2020] by changing k to K. The remaining part is
unchanged given the offline training data. O

Then the next lemma is esentially the first part of Theorem 5.4} which provides an upper bound of the sub-optimality planned
by Algorithm 2]

Lemma 6.2. Let /3 set as Lemmal6.1] If the event £4 in Lemma 6.1]holds for all ¢ € ®, for all state s € S and h € [H],

Sh5:|,

where the expectation is taken with respect to the trajectory induced by the optimal policy 7* given the fixed covariance
matrix Up, 4.

H
Vi) W) £ 20,0 5 B iy {Vallo(s. 0l }

Comparing with Jin et al.| [2021]], our results adapts the minimal uncertainty ||¢||y-1 over all representation ¢ € P.
Therefore, even if each single representation ¢ cannot satisfy Assumption we can still get sample complexity bound
which Jin et al.|[2021] failed to provide.

Then the next lemma suggests that the uncertainty [|¢||y-1 is bounded by O(1/+v/K) where the K is the size of the offline
dataset.

Lemma 6.3. With probability at least 1 — 4, for (s,a,h) € S x A x [H], there exists a ¢ € ® such that when
. 3203 d2 log(Hdy|®|/5) (1 C2HByCoytn.0 >

6.1)

Th o 4gap?;, C3dg log(Hdy|®|/9)

we have ||¢(s, a) ||U;1¢ < gapin/(2H?Cy/Be). Here 04,4 is the minimum non-zero eigen value of expected offline

matrix Edi [@¢@ "] and K is the number of trajectories in offline data.

Equipped with these lemmas, we can start our proof.

Proof of Theorem The proof for the first part of the theorem have been shown in Lemma[6.2] where we assume the
event £4 in Lemmal6.1]holds. Then suppose the event in Lemma|6.3]holds, let K" be greater than the threshold (6.1)) provided
in Lemmal[6.3] i.e.

K > max
ped,he[H|

{3203,@ log(Hdg|®|/5) (1 CoH ByCoTn.e )} 6.2)

Ot dgap; ;,, C3dg log(Hdy|®|/0)
By Lemma for all (s,a,h) € S x A x [H], there exists a ¢ € ® such that ||p(s, a)HU;lqb < A/(2H?Cy+/Bg). Then
:

by Lemmal6.2] for any state s € S at step h € [H], the sub-optimality is bounded by
Sp = S:|

H
Vir(s) = Vir(s) <204 H Y B [gln {VBslgts.alllus }

h'=h

H
8aPm;
< Eﬂ-* |: min
> i
h'=h

< 8aPin- (6.3)

Sh23:|



On the other hand, since Qj,(s,7(s)) > V;(s), by the definition of sub-optimality gap in Definition 3.2}

Vi (s) = Vil (s) = Vi (s) — Qi (s, m(s)) = U[mn(s) # 7, (s)]2aPpmin; (6.4)

where the last inequality follows the uniqueness of the optimal policy and all other action will lead to sub-optimality.
Combining (6.3) and (6.4) together suggests that when K satisfies the condition in (6.2)),

Umn(s) 7 75(5)|gaPumin < EaPrmin:
which yields that 7, (s) = 7};(s). Applying this to all (s,h) € S x [H] and replacing § with 6/(2|®|), we can get the
claimed result in Theorem [5.4] by union bound. O

7 PROOF OF LEMMAS IN APPENDIX @

7.1 PROOF OF LEMMA

First we need to introduce the extended value difference lemma provided in|Jin et al.| [2021], |Cai et al.|[2020]

Lemma 7.1 (Extended value difference|Cai et al.|[2020], Lemma A.1Jin et al.|[2021])). Let {7}, {7r’ +n by any two policies

and let {Q} » be any estimated Q-function. For any h € [H], define the estimated value function as Vh( )= Q;L(s Th(8)).
For all s € S we have

Vi(s) = Vi ( Z Er [Qh Sws T (Snr)) — @h/(sh"ﬂu(sw)))‘% = 8}

+ Z Er [@\h’(sh/aah’) — (s an) = [PVis1](snr, anr)
h'=h

Sp = S:| y
where E/ is taken with respect to the trajectory generated by 7’ using underlying MDP and ay is defined by ass = 7}, (sp/).

Proof. The proof of this lemma is same with Section B.1 in|Cai et al.|[2020] by replacing the initial state from 1 to any
arbitrary step h. O

We also provide an error control lemma similar with Lemma[5.1]in online setting

Lemma 7.2 (Lemma 5 on B, pp- 23,|Yang and Wang|[2020]). Suppose £ holds, then for any (s,a) € S x A, we have

[6(s.0)T (Mg — M g)ll2 < /BT (5,0) Uy L6 (5, ).
Proof. The proof is similar with [Yang and Wang|[2020] by fixing k to K. O
Then our proof starts by following the idea in Jin et al.[[2021]].

Proof. First it is obvious that V;*(s) — V7 (s) = (V;*(s) — Vi(s)) — (V7 (s) — Vi(s)) where V}, is the estimated value
function in Line[10]in Algorithm 2] Note that V' (s) = Q(s, 7(s)) where m is the output policy from Algorithm[2] Lemmal[7.1]
suggests that by setting 7’ = 7%, V;*(s) — V},(s) can be written by

H

Vi(s) = Vir(8) = > B [Qur (s, s (51)) — Qe (Snr, i (507))) |51 = 8]

h'=h

H
+ Z Ere [Qu (snr,an) — r(snry an) — [PVirga|(snr, ans)|sn = 8]
h=h

H

> B [Que sy an) = 1(snrsanr) = [PViga](snes an)|sn = 8, (7.1)
h'=h



where the last inequality is due to the fact that we are executing the greedy policy i.e. 7, (s) = argmax Qn(s,a) thus
Qn(s,m(s)) = Qn(s, };(s)). Meanwhile, letting 7 = n’ = 7, Lemmal7.1] suggests that

Vh(S) — Vhﬂ—(s) = Z Eﬂ [Qh/(sh/,ah/) — T(Sh/,ah/) — [IP"/;L/+1](5h/,ah/)|sh = 5] . (72)
h'=h

Noticing that both (7-1)) and (7.2) are the summation about the Q, (s, a) — r(s, a) — [PVy41](s, a), which we will bound
next. Recall the calculation rule of Q-function in Line[I0]suggests that

Qh(87 a) - T(Sv a) - [PVthl](S? a)

= max {r(s, a) + Z &(s,a) "My, (s ) Vis1(s)) — Thog(s, a)} —r(s,a)

cP
¢ s'eS

= 3 s, 0) MG, () Vi ()

s'eS
- glgg{ze:s¢ s,a) " (Mp,g — M)t (s" ) Vipa(s') - Fh,¢(5’a)}
= max {@(s,0)T (Mg~ Mj ) ¥Vii1 — Cy Hy/ Bl #(5, )]y, 1 } (1.3)
where the last inequality utilize the notation ¥ = (tp(s1),%(s2),- - ,111(s|5‘))T € RISX and vy, =

(Vig1(s1), Vaga(s2), -+ ,Vh+1(8|3|))T € RISI. For each ¢ € ®, lemmasuggests that
p(5,0) T (M, — M}, ) V1| < [[(Mhg — M}, 4)0(s,0) ||, [ €Vatall,
< CyH\/ Byl d(s, a)HU};{b;

where the first inequality follows the C-S inequality and the second inequality utilizes the fact that ||®vj 1|2
CyllVht1lloe < CyH. Therefore for all ¢ € @, for any (s,a,h) € S x A x [H]:

204 H /By 6(5.0) -1 < B(s,0)T (Mg~ Mj, ) WVi1 — O/ Bl (s, ) [ <0
Plugging this into (7.3)) yields
Qn(s,a) —r(s,a) — [PVri1](s,a)

B 333%‘ {¢($’ a)T(M’W’ =M, 4)¥Vhi1 — C«/;H\/@qu(s, a)||U;,Z>}

>r£ax{ ~2Cy H /B (s, 0) |1 }
= 20, H min {J@st,a)uu;;}

and Qp,(s,a) — r(s,a) — [PhVh41](s,a) < 0forall (s,a) € S x A. Plugging the bound back to (7-1)) yields

N

H
V ( ) Vh Z Eﬂ* Qh/ (Sh/ ah/) — T(Shl ah/) [PVh/+1](Sh/,ah/)|Sh = 8}
h'=h
> i _ =
—2CyH hZ Eq- [ggg {VBsllo(s.a)llu, |sn s} (7.4)
and back to (7.2) yields
Vi(s) — Z Ere [Qn (shryan) — r(spryans) — [PV 1] (snr, ane)|sn = s] < 0. (7.5)

substituting (7.4) from (7.3)) ylelds the claimed result:

Vi(s) — ViT(s) < 20 Z e [y {VFl ool o

h!=




7.2 PROOF OF LEMMA

Proof. First we show that the covariance matrix U j, is almost linearly growth with respect to the expectation Ed”ff [P "]
and the size of offline data. Considering the formalization of covariance matrix

U(b,h =I+ Z ¢(Sa a)(b—r (Sa a)
(s,a,s")EDy,

=1- Z ]Edf{ [q&(s,a)cﬁT(s,a)] - ¢(S7a)¢T(57a)+|IDh|Ed;‘: [¢(57a)¢T(Saa)]'

(s,a,s")EDy,

€h

One can verify that E[e,] = 0 where the expectation is taken with respect to the randomness in the generation of the
offline data. Since we have ||¢(s, a)||3 < Cgdg, it is obvious that |[ep |2 < ||¢@ T ||2 + [[E[pd ||z < 2/|@]13 < 2C4dy
by triangle’s inequality. Then by Lemmad.6] with probability at least 1 — 4, for |D),| = K data,

Amax > en | <4C4dy/2K log(de/d).

(s,a,s’)EDy,

Therefore, it’s suffice to show that
Uy = KEyz [p(s,a)¢" (s,a)] + (1 —4C4dpy /2K log(d¢/5)> I (7.6)

Furthermore, noticing that E = [¢(s, a)¢ ' (s,a)] can be always written as

Egz [#(s,a)" (s,0)] = Q" diag(d,, 04,—)Q, (7.7)
where Q is an orthogonal matrix, d, € R" is the non-zero eigen values of K= [@(s,a)¢ " (s,a)] its minimal element as
Th,g- 7 = rank(Egz (s, a)¢' (s,a)]). Then can be formalized as

QU Q" = diag (Kd, — al, + 1., —alq,—; + lay—r) , (7.8)

where a = 4Cydg+/2K log(dg/9) is in the order of VK. On the other hand, since Uypn = LthenQU, Q" = QQT =
I. Combining this with we can conclude that

QU, Q" = diag (Kd, —al, +1,,14,,). (7.9)

Noticing the minimal element of d,. is &, ¢, then when Ko, 4 > a, which we will verify later, the RHS of (79) is positive
definite, which implies that

QU,LQ" < diag (Kd, —al, +1,,14,-,) . (7.10)

By union bound holds for all ¢ € ® and h € [H]| with probability at least 1 — H|®|d. Then for any (s,a,h) €
S x A x [H], according to Assumptionthere exists ¢ € ® and y € R? such that ¢(s,a) = Egz [¢p(s,a)9 ' (s,a)]y,
combining this with (7.7)) and (7.10) yields that '

¢ (5,0)U}, 4(s,0)
=y Bz [¢(s,0)8" (5,0)] U}, 4Bz [¢(s,a)p " (s, a)ly
= y'Q"diag(d,, 04, »)QU; , Q" diag(d,, 04, )Qy
<y'Q'diag(d,, 04, )diag(Kd, — al, +1,,14,—) " 'diag(d,, Ou,—)Qy, (7.11)
where the last inequality follows (7.10). Noticing that diag(d,,04,_,)Qy can be written as diag(d,,0q4,_,)Qy =

-
(z;r , OL_T) . Therefore (7.11) becomes

T T
¢ (s,a)U; L (s,a) < (zj, o}¢,r) diag(Kd, — al, +1,,14, ) (z,T, 0}¢,r)
=z diag(Kd, —al, + 1,) " 'z,. (7.12)



Noticing that

||ZT||2 = Hdiag(draod¢—r)QYH = ||Q¢(3aa)H2 = ||¢(8’a)||2 S \% C¢d¢7

where the last equality comes form Definition [3.2] (7.12)) finally becomes

d d
¢T(5, a)U;71¢,¢(5, a) < z:diag(Kdr —al, +1,) 1z, < Codo < Codg

r — — , 7.13
~ Kopg—a+17 Kopg—a ( )

where the second last inequality is due t0 Apax (diag(Kd, — al, +1,)7) = (Koj,¢ — a + 1) 7" and the last inequality
utilizes the assumption that Koy, ¢ > a0

Next, to control Hd)(s7a)||U;14> < A/(2CyH?\/Bg) =: B, by (T.13), it suffices to control

Codo < B2, (7.14)

th#) - 4C¢d¢\/ 2K 10g(d¢/5) -

Denoting VK = 4Cydg+/2 log(d¢/6)5;;x, then the constrain Ko, ¢ > 4Cyde/2K log(dg/d) is equivalent with
x> 1,and becomes

Cpdy - 32035(@ log(dg/6)

2
— ). 1
B = o (" — =) (7.15)

Since the sufficient condition of inequality 72 —z — ¢ > 0is > (14 +/1 + 2¢)/2 which could be implied by z > /1 + 2¢
by C-S inequality, the sufficient condition of (7.15) could be written as

Codgon,g
> 1+ ’ , (7.16)
\/ 16B2C3dz log(dg/9)
which can imply the constrain that z > 1. Plugging the notations B := A/(2CyH?\/By) and VK =

4C¢dg+/210g(dg/0)T), 4a back into (7.16) yields for all (s,a, h) € S x A x [H], with probability at least 1 — H|®|6,
there exists ¢ € ® such that when

K- 3203 d2 log(dg/0) ( C2 H*ByCyln.p )

5%,¢ 4A2Oid¢ 10g(d¢/(5)

|#(s,a)llu,., < g3Pmin/(2CyH?\/Be). Replacing & by 6/(H |®[) we can get the claimed result. O
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