A Table of Notations

Notation | Description

T The length of decision horizon

P The transition matrix of underlying states
2 The mean reward matrix

M The set of underlying states
z

R

M,

The set of arms

The set of rewards

¢ The underlying state at time ¢
I; The chosen arm at time ¢

R; The random reward at time ¢
Fi The history up to time ¢

p The optimal long term average reward
Rr Regret during the total horizon
b, The belief state at time ¢
B The set of belief states
¢(m,i) | The reward function given the state and arm

b,i The reward function w.r.t. belief state

Q The reward distribution

H The belief state forward kernel

T The transition kernel w.r.t. belief state

D The uniform upper bound of span(v)

E™ Taken expectation respect to the true parameters g and P under policy 7

ET Taken expectation respect to estimated parameters gy, and Py, under policy m
Table 2: Summary of notations

B Constants in Proposition 1]

We consider the action-reward pair (R;, I}) as our observation of the underlying state M;. We encode
the pair (r, ) into a variable s € {1, 2, ..., 21} through a suitable one-to-one mapping. We rewrite
our observable random vector (Ry, I;) as a random variable S;. Hence we can define the following
matrix Ay, Ao, Az € R27>XM where

= ]P)(St,1 = S‘Mt = m),
Az(s,m) =P(S; = s|M; =m),
= ]P)(St+1 = S|Mt = m),

fors e {1,2,...,2I},k e M ={1,2,..., M}. It follows from Lemma 5, Lemma 8 and Theorem 3

in [8]] that the spectral estimators [z, P have the following guarantee: pick any § € (0, 1), when the
number of samples n satisfies

2
G2ﬁ+1 2 1/3
n > Ny := (1_9> log (2<S+S)> max { 16 x M 2\/§M 1} s

2 5
Winino? 4 23,13 7 Clwmino®

then with probability 1 — § we have

log(6%)

()™ = (@)™ ]2 < Co\| ————,

R 1 652+S
HP—PH2 < CQ’/%,
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for m € M up to permutation, with

21
C = 1037
01,1
4 21
02:(\/M+M )03,
Omin(Az2) o1,-1
2v2+1 8v2 256
Cs = 2G% 1+ 2\[ 3 ’
(1 - e)wniin mina-3 ("'}mino-2

where S = 21, Cy is a numerical constant (see Theorem 16 in [8]]), o1, is the smallest nonzero sin-
gular value of the covariance matrix E[y; 11 ® y;—1], and 0 = min{omin (A1), omin(A42), Omin(43)},
where opmin (4;) represents the smallest nonzero singular value of the matrix A4;, fori = 1,2,3. In
addition, w = (w(m)) represents the stationary distribution of the underlying Markov chain { M},
and wmin = min,, w(m) > € = min, ; P;;. Finally, G and ¢ are the mixing rate parameters such
that

sup ||f1—>t('|m1) - WHTV < Gatilv

mi
where f1_,+(-|m1) denotes the probability distribution vector of the underlying state at time ¢, starting
from the initial state m;. Under Assumption [3| one can take G = 2 and have the (crude) bound
0 <1 —¢,seee.g. Theorems 2.7.2 and 2.7.4 in [26]].

C Proof of Proposition 2|

Proof. We first introduce a few notations. Let V3(b) be the (optimal) value function of the infinite-
horizon discounted version of the POMDP (or belief MDP) with discount factor 5 € (0, 1) and initial
belief state b. Define vg(b) :== V3(b) — Vp(s) for a fixed belief state s, where vg is the bias function
for the discounted problem. We also introduce ¢; distance to the belief space B: py(b, V') := [|b—/||;.
For any function f : B — R, define the Lipschitz module of a function f by

_ |f(b) — f(V)]
bos () = sup == )

The main idea of the proof is as follows. To bound span(v) := maxpep v(b) — mingep v(b) where v
is the bias function for our undiscounted problem, it suffices to bound the Lipschitz module of v due
to the fact that supy,_., [[b — 0'[|1 = 2. Under our assumptions, it can be shown that the bias function
v for the undiscounted problem satisfies the relation

v(b) = Blg?f vg(b), forbe B. Q)
Then applying Lemma 3.2(a) [23]] yields
Lo (0) < lim Ty (03) = Tim 1 (V7). ©

So it suffices to bound limg_,1_ [,,(V3). The bound for [,,(V}3) in turn implies that (vg)g is a
uniformly bounded equicontinuous family of functions, and hence validates (3)) by Theorem 2 in [40].

n

We next proceed to bound I, (V3) and we will show that for any § € (0,1) we have I, (V) <

for some constants 77 > 0, € (0, 1) that are both independent of 3. To this end, we consider the
finite horizon discounted belief MDP, and let V;, g be the optimal value function for the discounted
problem with horizon length n and discount factor 8. Since the reward is bounded, it is readily seen
that lim,, ., V5,3 = V3. Then Lemma 2.1(e) [23]] suggests that

Ly (Vi) < liminf L, (Vi,p)- (7)

Thus, to bound [, (V}3), it suffices to bound the Lipschitz module [,, (V}, g). The strategy is to apply
the results including Lemmas 3.2 and 3.4 in [23]], but it requires a new analysis to verify the conditions
there.
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To proceed, standard dynamic programming theory states that V,, 5(b) = J1(b), and J1(b) can be
computed by the backward recursion:

Jn(bn) - E(bny Zn)a

Je(by) = max {C(buit) + 5/ Jt+1(bt+1)T(dbt+1bt,it)} , 1<t <n, ¥
1t B

where T is the (action-dependent) one-step transition law of the belief state, and J¢(bs) are finite for
each t. More generally, for a given sequence of actions 1., the n-step transition kernel for the belief
state is define by

T (Ab,i1.p) = P(b, € Alby = b,i1.n), A CB. )

To use the results in [23]], we need to study the Lipschitz property of this multi-step transition kernel as
we will see later. Following [23]], we introduce the Lipschitz module for a transition kernel ¢(b, db’)
on belief states. Let K, (v, §) be the Kantorovich metric of two probability measure v, 6 defined on

B:
Kos(0) = s {| [ omtan - [ rwpocan (o)}
! B B
where Lip, (pg) is the set of functions on 3 with Lipschitz module {,, (f) < 1. Then the Lipschitz

module of the transition kernel [, (¢) is defined as:

_ Kpp (¢(b", db), (6%, db'))
bl #£b2 pa(b',b?) '

The transition kernel ¢ is called Lipschitz continuous if [, (¢) < co. To bound [,,(V;, 5) and to
apply the results in [23], the key technical result we need is the following lemma. We defer its proof

to the end of this section. Recall that e = ml}\l/1 P;; > 0.
2,]€

Lemma 1. For1 < n < oo, the n-step belief state transition kernel T" ( |b, i1.,) in ) is uniformly
Lipschitz in i1.y,, and the Lipschitz module is bounded as follows:

Lps (T™) < Cya™ + Cs,

where Cy = % and Cy = &
ng € Z+ and’y < 1 such that l,,(T")) < ~ for any i1.,. Here, we can take ng = [log,,
andy = 1(1+ C5) = 22,

€ (0,1). As a consequence, there exist constants

1-Cs
2Cy —"

With Lemmall} we are now ready to bound [, (V;, ). Consider n = kng for some positive integer k.
We can infer from the value iteration in (8] that

’I’L()l

Je(by) = su {Z 5/ (begtyit1—1)TO (dbyyi|bryieiyr—1)

i t+n0 1
+ " / Jttno (en0 ) T (dbt 4 e it:t+ng—1)}7 1<t <n—mng(l0)
B

Bounding ¢ in (T0) by 7max = 1 (the bound for rewards) and T") by its Lipschitz module, we obtain
the following inequality using Lemmas 3.2 and 3.4 in [23]:

no—1

lps(Jt) S Tmax * Z 5tl§5(T(l ) 5n0 lI 0( (HO)) PB(Jt+n0)a
=0

where l%; (T®) is the supremum of the Lipschitz module {,,,,(T")) over actions:

T (T0) = sup sup K (T (dbeya|bey ivoi—1), T (dbyya |, iva1-1))
re irs1o1 bAb, p5(bt, b}) ’

16



Note that the value function in the last period J,,(b,,) = (b, iy,) is uniformly Lipschitz in 4,, with
Lipschitz module r,,x = 1. Applying the last inequality iteratively for n; = 14 ing with 0 < ¢ < k
and by Lemmal(I] we have

no—l

lPB(J’ﬂi) < Z ﬂtl%g (T(t)> + Bno Y lPB(Jﬂz‘Jrl)
t=0

nofl

< Z [C4at + 05] + B0y lPB (Jni+1)
t=0

S n + B’ﬂo,-y : lpB (anz+1)’
where

C
n=-—2+ Csno, (11)
1—«

and Cy, C5, ng, o are given in Lemma Iterating over 4 and using [, (Jn) = Ly (Jkny) = Tmaxs
we obtain

1— (Bmoy)" k
! <p.— V4 grok g
PB (JO) =7 1— IBTLO’Y + (6 ’Y) T
Recall that for n = kng, V5, 3(b) = Vi, 5(b) = Jo(b). Since 8 < 1 and v < 1, we then get
.. n
< —.
liminflpy (Ving,s) < 7= 5

Together with (€) and (7)), we can deduce that for a belief MDP satisfying min; jepq P;j = € > 0,
the span of the bias function is upper bounded by

2n(€)
span(v) < D(e) := ————,
1—(e)
where with slight abuse of notations we use 7)(¢) (see (IT)) and ~y(€) (see Lemmal|l) to emphasize
their dependency on e. The proof is completed by simplifying the expression of D(¢). [

C.1 Proof of Lemmalll
Proof. Rewriting the Kantorovich metric, we have:
K{T™ (aV'|b*,i1.p,), T (db|b?, i1}

:sup{‘/f(b’)T(”)(dbﬂbl,il:n)—/f(b’)T(")(db’|b27i1:n) ,feLipl}
f

:sl}p{’ / FOYTO (b i) — / FOYT (@ [2, i1.0)

f € Lipy|[fll < 1}.

The last equality follows from the following argument. Note that the span of a function f with
Lipschitz module 1 is bounded by Diam(B) where Diam(B) := supyi 4 |[b' — b*|[; = 2. So
for any f € Lip, we can find a constant ¢ that ||f + ¢|| < Diam(B)/2. Moreover, let ¢(f) =
| [ FTM (@b |bYi1.0) — [ FO)T (dD'[62,41.,,) |, we know ¢(f) = ¢(f + ¢) for any constant
c. Without loss of generality, we can constrain || f||oo < Diam(B)/2 < 1.

We introduce a few notations to facilitate the presentation. We define the n-step reward kernel QM
where Q) ([}, dr¢|b,i1.,) is a probability measure on R":

QU (AL X ... X Aplbyiry) = P((r1,...,mn) € AL X ... X Ap|b,ir).

Given the initial belief b, we can define the n-step forward kernel H (™) as follows where b, 11 is the
belief at time 7 + 1:

bn+l = H(n) (b7 Z-l:na rl:n)~
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Then it is easy to see that the belief transition kernel 7(™) defined in (9) satisfies

T(”)(A|b,i1m):/R Lo (bigmrrm)ea; @ (T drelb, ivn).
" t=1

Then we can obtain:

‘ FOOT (@Y b irn) — [ FONT™ (@07, i1.0)
R?L R?L
= ﬂHWWmmnn@Wquwmm—/'ﬂm“menwquwmﬁmw
R™ =1 R™ =1

n—1 n
S f(H<n) (b17 il:na Tl:n)) (Q(n)(H drt‘bly il:n) - Q(n)(l—[ d"'t‘b2, Zln)) ‘
R™ i=0 t=1
(OO i) = FEO 10r000) @ ([T b)) (12)
" t=1

We first bound the second term in (I2). We can infer from Theorem 3.7.1 in [26]] and its proof that
the impact of initial belief decays exponentially fast:

|H(n)(b17i1:n7rl:n) - H(n)(bzailzn7r1:n)| S 61404n||b1 - szla

where constant Cy = @ and a = 1=2¢ < 1. So the second term of (T2) can be bounded by

/ (f(H(n) (b17i1:n7rlzn)) - f(H(n) (b27i1:n77’1:n))) Q(n)(ﬁ drt|b2, il:n)
" t=1
Q(n)(ﬁ drt|b27i1:n)

/ " t=1

< Cya™||bt = 0?1, (13)

<

H(n)(bla 11, rl:n) - H(n) (an 11, Tl:n)

where the first inequality follows from f & Lip,.

It remains to bound the first term in (T2). Recall that b defines the initial probability distribution M.
The n steps observation kernel is

QU ([[ drilb.irw) = > P(My =m)P(] [ dre My = my i) = Y b(m)P([ [ dre|My = m,ir).
t=1 t=1

t=1 meM meM

Define a vector g € RM as:

g(m) = f(H(n) (b17 il:na Tl:n))P(H drt|M1 =m, Z'1:71)-
R" t=1
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We can rewrite the first term of (12)):

f(H(n) (b17 Zllzna 7/'1:n)) <Q(n)(]:[ drt|b17 Zllzn) - Q(n)(H d?"t|b2, Zln)) ’
) t=1 t=1

RW
M n
= Z(bl(m)7b2(m)) on f(H(n)(b17il:narlzn))P(Hdrt‘Ml:mailzn)
mj\; t=
=1> (bl(m)—bQ(m))g(m)|
m=1
M
_ 1 m) — 2 m m) — maXxy g(m) +minm g(m)
=32 0m) ) (ot . )‘
max,, g(m) + min,, g(m)
(1, -t )
= [}o" = o°]], % (max g(m) —min g(m)) . (14)

where the next to last equality follows from S>2_ (b (m) — b%(m)) = 0.

Next we bound max,,, g(m) — min,, g(m). From the equation above, it is clear that the quantity
1 (max,, g(m) — min,, g(m)) < 1, because || f||sc < 1. However to prove Lemma we need a

sharper bound so that we can find a constant C5 < 1 (that is independent of b', n and 4;.,,) with

% (mrgxg(m) - mnilng(m)) <(Cs <1 (15)

Suppose (I3) holds. Then on combining (12), (I3) and (T4), we obtain

‘/ FOT (@b i) — / FOOYTO (@Y 6, i) | < Caa[[0" = 0211 + Cs[[b! — %1
B B

It then follows that the Kantorovich metric is bounded by
K (T (@0, i100), TV |62, 1) ) < Cra|[b! = BR[04+ Cs b = 01,

7—.and € = minM Pym > 0. So T is Lipschitz uniformly in

m,m’€

actions, and its Lipschitz module can be bounded as follows:

2(1—e¢)

where Cy = =—,a=1—

- K (TM (@b, i1.0), T (A2, i1.0,))
A L y vlim )y y tlim
Lo (T(")) = sup sup

< Cha™ + Cs.
i1:n bL#£b2 p5(b, b?) ! °

If we choose n = ng := [log,, 150045], so that Cya™ + C5 < 2(1+ C5) := v < 1, then we obtain

the desired result 12 (T("0)) < .

It remains to prove (I3). Since the set M = {1, ..., M} is finite, we pick m* € argmin g(m),m €
meM
argmax g(m). We have

meM
1
3 (maxg(m) - ming(m)) (16)
1 , L .
=5 > JHOO i) Brim| My = itig) = Bl My =m, i)
T1:n ER™
1 L .
< B Z [P(rin| My = 100, 01:0) — P(ri| My = m™,ira)],
1 ER™
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where the inequality follows from Holder’s inequality with || f||oc < 1. We can compute

IP)(/r'1¢n|]\41 =m, Z.1:11)

= Z IP)(7”1:77,”\4'1 = m17i1:n7 M2:n = m?:n) . ]P(MZ:n = m2:n|M1 = mluilzn)

m2:n€Mn_l
= Z P(rinitn, min) - P(man| My = ma,iin)
ma., EMP—1
n n—1
= Z (H ]P’(Tt|mtait)> : <H P(mt+1|mt,it)> ,
m2:n6Mn_l = t=1

where the last equality holds due to the conditional independence. We can then infer that for any
{Tl:n}a {il:n}7

I[D(’r117l|]\41 = m*a Z.lzn)

n n—1
= > (HMHIW,%)) : < P(mt+1|mt,it)> - P(m™, ma2)

mo.p EMn—1 = t=1
n n—1 ¢
> P ) . P ; - P(n .
= Z (H (Tt|mtvzt)> < (M1 |ma, Zt)) (1, m1) 1 —«
Mo, EMP—1 = t=2

€

=P(ri.p| M1 =M, 1) - .

It follows that
|P(T1:7L|M1 =m, Z'l:n) - HD(”‘l:n|]\41 = m*a Z'1:'rz)|

< max { (1 - 1 ¢ ) P(len|M1 = m7i1;n),P(’l‘1:n|M1 = m*7i1:n)}
— €

< <]- - 166) P(T1:n|M1 = mailzn) + ]P)(len|M1 = m*vil:n)~

Then we can obtain from (I6) that

5 (maxg(m) — min g(m))

1
= 2 Z |:<1 B 166> IP><rlinlj\/[O = m72‘1:71) + P(ryn| Mo = m*,il:n)}

r1.n, ER™
=a/2+1/2:=C5 <1,

where @ = 1 — <~ € (0, 1). The proof is complete. O

D Proof of Proposition 3|

The proof of Proposition [3|largely follows the proof of Proposition 3 in [[18]], with minor changes to
take into account the action sequence, so we omit details.

E Proof of Theorem /1]

In this section we provide a complete proof of Theorem[I] We follow our prior simplication that
random reward follows the Bernoulli distribution. Here we want to clarify two notations in advance.
E™ means the expectation is taken respect to true mean reward matrix g and transition probabilities
P, and E, denotes that the underlying parameters are estimators pj, and P
Recalling the definition of regret in @) it can be rewritten as:

T

T
Rr=Y (p"—Ri) = Z E™[Re|Fi—1]) + Y (E™[R¢|Fi—1] — Ry). (17)
t=1

t=1 t=1
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We first bound the second term of (17), i.e. the total bias between the conditional expectation of
reward and the realization. Define a stochastic process {X,,,n =0,--- , T} as:

t

Xo=0, X;=) (E"[R|Fi_1] - R),
=1

then the second term in (17)) is X7. It is easy to see that X, is a martingale. Moreover, due to the
Bernoulli distribution of R;,

Xiy1 — Xo| = |[ET[Rpg1|Fe] — Reqa] < 1.
Applying the Azuma-Hoeffding inequality [9]], we have

T
P (Z(E”[Rtml] —Ry) > /2T n ;) < 4. (18)

t=1
Next we bound the first term of (T7). Recall that the definition of belief state under the optimistic
and true parameters: by (m) = P, p, (M; = m|F;_1) and by(m) = P(M; = m|F;_1), and the

definition of reward functions with respect to the true belief state ¢(b;, 1) = an\le Lo, ibi (). We
can also define the reward functions with respect to the optimistic belief state b} as:

M

Ek(bf, i) = Z (Hk-)m,ibf(m)'

m=1

Because I is also adapted to F;_1, we have
E™ (M, It)| Feo1] = €(by, It) = ()1, be),
EF [ (M, )| Foma] = (b, 1) = ()1, 05 (19)

where pu(My, It), py(My, I;) are the M;-th row I;-th column element of matrix p, py respectively,
and (p)s, and (@), are the I;-th column vector of the reward matrix gy, and g, respectively.

Then we can rewrite the first term of (17)):
T T

D (0" —ET[RIFia]) = D (0" = ET[u(My, L)|Fea]) = D (0" — @by, 1)), (20)

t=1 t=1 t=1

!

where the first equation is due to the tower property and the fact that R; and F;_; are conditionally
independent given M; and I;.

Let K be the number of total episodes. For each episode k = 1,2,--- | K, let Hy, E), be the
exploration and exploitation phases, respectively. Then we can split equation to the summation
of the bias in these two phases as:

Do (=, L)+ DY (pf —elbi, I)). @1

k=1tcHy k=1t€E),
Moreover, we remark here that the length of the last exploitation phase |Ex| =
min{ VK, max{T — (K + Z,i:ll mV'k),0}}, as it may end at period 7.
Step 1: Bounding the regret in exploration phases
The first term of (21]) can be simply upper bounded by:

K K
Z Z (p" —c(be, It)) < Z Z p*=Krp". (22)

k=1t€Hy k=1tcHy

Step 2: Bounding the regret in exploitation phases

We bound it by separating into “success” and “failure” events below. Recall that in episode k, we
define the set of plausible POMDPs Gy, () ), which is defined in terms of confidence regions Cy, ()
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around the estimated mean reward matrix p and the transition probabilities Pj. Then choose an

optimistic POMDP Gy, € G(d%) that has the optimal average reward among the plausible POMDPs
and denote its corresponding reward matrix, value function, and the optimal average reward by g, vy
and p¥, respectively. Thus, we say a “success” event if and only if the set of plausible POMDPs
Gk (0y) contains the true POMDP G. In the following proof, we omit the dependence on J from
Gy () for simplicity. From Algorithm 2] the confidence level of 4, in episode k is 1 — d, we can
obtain:

l\D\O-D

K K s
P(G ¢ Gy, for some k) < ; Zk—

Thus, with probability at least 1 — 76 “success” events happen It means p* < p* for any k because

p¥ is the optimal average reward of the optimistic POMDP Gy, from the set Gy,. Then we can bound
the regret of “success” events in exploitation phases as follows.

K
ZZ p" —c(by, It)) SZZ p — &by, It))

k=1teE} tEE)

K
Z Z pF = e (bf, 1p)) + (cu(bf, 1) — by, Ib)). (23)

€Ey

To bound the first term of formula ([23), we use the Bellman optimality equation for the optimistic
belief MDP Gy, on the continuous belief state space B:

P+ on(bF) = (b, L) + / k(04 T (dbf 1 |05, 1) = e (bf, It) + (Ti (16, Le), ve (),

k
bk, €8

where T}, (+|bF, I;) = Py, p, (bi1 € -|bf, I;) means transition probability of the belief state condi-
tional on pulled arm under estimated reward matrix g5 and transition matrix of underlying Markov
chain P at time ¢.

Moreover, we note that if value function vy, satisfies the Bellman equation @I), then so is vy, + cl1.
Thus, without loss of generality, we assume that vy, needs to satisfy ||vg||c < span(vy)/2. Then
from Proposition suppose the uniform bound of span(vy) is D, then we have:

1 D
lonlloe < span(oe) < 5- @)
Thus the first term of (23)) can be bounded by

K
Z Z (pk - Ek(bfa It))
k=1 tGEk
= Z > (- (T [0F, It), v ()

k=1teE),

K — — —
=D > (o) + (TCIF, L), oe () + (TuC|0F, L) = TCI6E, L) ve()), (25)

k=1teE,

where recall that T}, (+|bf, I;) and T'(-|b¥, I,) in the second equality are the belief state transition
probabilities under estimated and true parameters, respectively. And the last inequality is applying
the Holder’s inequality.
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For the first term of (23), we have

K
PP CCACHRRAIAS ARAON

k=1teEy

=D > (o) + ok (b)) + (—onlbfyr) + (TG L), vn())

K
P SUCNREWEEITNSBED 95 ST AT
=1 =1ltcEy

where the first term in the last equality is due to the telescoping from t, + 71 + 1 to tj, + 7 + 12 Vk,
the start and end of the exploitation phase in episode k. The second term in the last equality is
because:

(TCIbF, L), k() = / Ok (bF )T (bt b, Ie) = BT [og (b 1) )] = E7 vk (b1 Fe].

k
by €

Applying Proposition 2] we have
Uk (bfk-‘rﬁ +72 \/E) — Uk (bfk +71 +1) <D.
We also need the following result, the proof of which is deferred to the end of this section.

Proposition 4. Let K be the number of total episodes up to time T. For each episode k = 1,--- | K,
let E}, be the index set of the kth exploitation phase and vy, be the value function of the optimistic
POMDP at the kth exploitation phase. Then with probability at most 9,

K

/ 1
E E E™ [vk (bys1)|Ft] — vk (biy1) > Dy /2T In(=),
k=1tcE, e e J

where the expectation E™ is taken respect to the true parameters p and P under policy 7, and the
filtration F; is defined as F; := o (71, RY, ..., mt—1, RY 7).

Applying Proposition[d with probability at least 1 — &, we have:

S 3 B o)l F] — ve(bhi) < Dy/2T ().

k=1tcEy
Thus, the first term of (23)) can be upper bounded by:

KD+D1/2T1n(%). (26)

For the second term of (23)), we note that T'(b, ;b , I;) is zero except for two points where bf, ; are
exactly the Bayesian updating after receiving an observation of Bernoulli reward r; taking value O or
1. Thus, we have the following transition kernel:

(Tio(10F, 1e) = T([bf, It), vw (1))

/ o (B T(dV'bF, 1,) — / ok (BT (W |bF, 1)
B B

IN

> ok (Hi (0F, Tore) ) Pr (relbF, 1) = > o (H (0, Iy m4) ) P (re b, 1)

r€R Tt €ER
<Y ok (Hy (b, i) - [Pe (ralbf, ) — P (nbf,ft)]|
Tt ER
+ 1) [on (He (0, Tire)) — vi (H (6F, I, 1)) ] - P (refVF, 1) | (27)
T+ER
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where we use Hy, and H to denote the belief updating function under the optimistic model (g, Py)
and the true model (u, P), and we use P, and IP to denote the probability with respect to the optimistic
model and true model respectively.

We bound the first term of (27) by

> v (Hy (0 Tire)) - [Pe (refbF, 1) — P (reof, 12)|

rt€ER
< o (He (0F, Ie,my = 1))+ [Pe (re = 1|6}, I,) — P (ry = 14}, 1) ] |
+ vk (Hi (0F, 1,70 = 0)) - [Py (ry = Ob), I,) — P (re = O[bF, I1)] |

= o (Hj ( )
+ vk (Hi (0F,14,0)) - [1 = ((pa) 1., 0F) — (1 = ()1, 0))] |
< 2l[vklloo - [((a) 1,5 bF) = (1)1, b))
< D [{(pr) 1, b5) = (1)1, bF) |
< Dl|(p)r, — (), 11+ 167 1|0
< D|[(pr)r, — ()11, (28)

b 10, 1)) - [((ma) 1, 0F) — ()1, )] |

where the first equality comes from Py, (ry = 1/bf,1;) = > Pi(ry = 1m, L,)bf(m) =
meM
{()1,,bF) and Py, (rt —O|bt,It) = Y Pu(ry = 0jm, I;)bF(m) = 1 — {(u)1,,bF), and the
meM

third inequality is from (24, we have ||vi||cc < 5

We can bound the second term of (27) as follows:

> [vk (He (0F, Teore)) — vk (H (F, I,m4) )] - P (re|0F, 1)

TtER

<> ok (He (0F, Teore)) — vx (H (0F I, re) )| - P (relbf, 1)
rt€R

D .
S Z 5 |Hk (bf5lt7rt) - H (b?)It7rt)| . ]P)(Tt|bf7lt)
rtER

D
<> 5 (Lallp = pela + Lo| [P — Pil|p) - (1 — ) - P (re|b], 1)
r¢€R

D
:§(L1|\N—uk||1 + La||P = Pil|F) - (1 — ), (29)

T
mequahty follows from a reﬁned bound in (E[) of Proposmon@ Specifically, the current upper bound

in Proposition 3 is uniform in time, and it is crude for small ¢ since the initial belief is the same with

by = by. One can improve the bound by multiplying it with a factor of 1 — /=1, This follows from
Proposition 3 of [18]] and its proof. Therefore, we can obtain the last inequality of (29), since here we
consider the one-step update of the beliefs under two different sets of model parameters.

Therefore, from (28) and (29), we can obtain that the second term of equation (23):

K
Do D AT 1) = TCIBE, 1), o ()

k=1teEy

K

Li(l—« Ly(1 -«

<35 % D e~ s+ 20— gl + 2202 - Rle| o)
k=1teE)
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Summing up (26) and (30), the first term of formula (23) can be bounded by

K
S 3 (6 e, 1)) < KD+ Dy/2Tin(5)

k=1teE}

K
Li(l-a Ly(l -«
#3300 00 = a2 = el 22U P pe] o

k=1teE)

Next we proceed to bound the second term of (23). By (19), it can be rewritten as

Z Z Ck met btvjt)

k=1teEy

=57 )10 — ()1, br)

k=1teE,
K

=D > () 0 = ()5, bF) + ()1, 0) = ()5, ),

k=1teEy

then from the Holder’s inequality, we can further bounded the right hand side of above formula to

K
o> ) = @) nllalbllse + ()1, ool 16} — belly

k=1teE}

K
<D0 ) n = ()r e+ 1158 = bellh-

k=1teE,

By Proposition 3, we have ||b¥ — b;||y < Li||st — px||1 + L2||P — Py||#. Combining the above
expression with (3T]), we can see that with probability 1 — 4, the regret incurred from “success” events,
i.e., (23), can be bounded

K
Z Z (p* — by, It))

k=1teEy
K
<KD+D\/K+Z DD+~ ()l
k=1tcEy
(1 2 Mh+0+”g“§hw—&m]
k=1tcE}

Let Tj be the period that the number of samples collected in the exploration phases exceeds Ny, that
is,
t
Ty == lnf{z ]l(ner,forsome k) > NO}-
n=1

t>1
If T > Ty after episode kg, then from Proposition under the confidence level 6, = J/k3, we have

1 g(6(52+5‘)k3)

0
()™ = ()™ |2 < C1| ——2—=, meM,
le
6(S2+S5)k?
1P — Pl < Cpy| 28— )
le
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Together with the fact that the vector norm and matrix norm satisfy

M M
(w)i — ()ill1 < Z ()™ = ()™ ]2 < Z VMI|(p)™ = (1)™[[2,

1 €1,

M
b = pl[ = max[[(pe)i = ()il < Z )™ = ()™ [l < D VMI()™ = ()[4
m=1

|P = Pillr < VMI|P — P2,
we obtain with probability at least 1 —

K
D> o —elby 1)

%5, the regret in exploitation phase can be bounded by

k=1teE}
D1 log( OS2 ES)KS
< KD+ Dy/2TIn(% +Zrzf(D+1+(1+ (- ))L1>M~/ c log(T—"—)
k=ko 2 Tk

( @) log(HEA2IE)
+ ZTQ\F 1+ =2 ) LyVMCy\ | ——— 4+ Typ*
k—Fo le

/ 1
<KD+D 2T1n(5) + Typ*

- f _ log( ST K
+ K1y KDJr 1+ (1 - 1)(120‘)) L1> M32Cy + (1 + D(IQO‘)) L2M1/QC2} log(T—5).

T1

(32)
Step 3: Summing up the regret
Combining (22) and (32), we can get that with probability at least 1 — 24, the first term of regret (I7)
is bounded by
T

> oot —elbi 1)

t=1

/ 1
S (KTl —|—T0),0* +KD+D 2T1n(5)

D( —~ D(1— log (852 +8) K
+ K KDJr 1+ (1 + (204)> L1> M32Cy + (1 + (20‘)) Lle/QCQ} log(*—5")
T1
(33)

Finally, combining (T8) and (33)), we can see that with probability at least 1 — 14, the regret presented
in (T7) can be bounded by

Ry < (K71 + Tp)p* +KD+D\/2T1D((1S) + \/2T1n§

- - log( 8K
+ K1y [(D +1+ <1 + D(120‘)> Ll) M2y + (1 + D(120‘)> L2M1/202} M)_

T1
Note that

K-1

k=1

K
71+T2\/E§TSZT1+T2\/E,
k=1
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so the number of episodes K is bounded by (+—=—)%/% < K < 3(L)%/3.

T1+72

Thus, we have shown that with probability at least 1 — %5 ,

Ry < CT?/3 \/log (9(55—’_ b T) + Top*,

where S' = 21, and

C=3v2 [(D +14 <1 + D(120‘)> Ll) M32Cy + (1 + D(120‘)> L2M1/202} i3l

_ 1
437, 3 (rp* + D)+ (D +1) 2In(5).
Here, M is the number of Markov chain states, where L; = — min‘ifgfffﬂ T Ly = 4M(617376)2 +
VM, with € = mini<; j<m P j, 0 =1 — 155’ and fmax, Umin are the maximum and minimum
element of the matrix p respectively. The proof of Theorem|[I]is therefore complete.
E.1 Proof of Proposition[d]
Proof. For each episode k = 1,2,--- , K, let E;, be the index set of the kth exploration phase, and

E = UE_| E}, be the set of all exploitation periods among the horizon T" and vy, be the value function

of the optimistic POMDP at the kth exploitation phase. For an arbitrary time ¢, let n = 22:1 Licr,
which means the number of exploitation periods up to time ¢. Define a stochastic process {Z,,,n > 0}:

ZO = 07
= k; k;
Zin = ZE [vk, (bt_;+l)“rtj] — Uk; (bt;+1>7
j=1

where k; = {k:j € Ei} and t; = min{t : 22:1 1,cg = j} mean the corresponding episode and
period of jth exploitation, respectively.

We first show that {Z,,,n > 0} is a martingale. Note that E™[|Z,[] < }°7_, span(vx;) < nD <
TD < co. It remains to show E™[Z,,|F,,_1] = Z,,—1 holds, i.e., E"[Z,, — Z,,_1|F,—1] = 0. Note
that

E"[Zn — Zp-1|Fpn-1] = ET[ET [Ukn(bf:+1)‘]:tn] - Ukn(bf:+1)|]:n—1] =0,
where the last equality is due ton — 1 < n < t,, then applying the tower property.

Therefore, {Z,,,n > 0} is a martingale for any given policy 7. Moreover, by Proposition |2} we have
|Zn = Zn—1| = [E"[vg, (bf,ll+1)|ftn] — Uk, (bf,?+1)| < span(vy, ) < D.
Thus, {Z,,,n > 0} is a martingale with bounded difference.

Let N = Z¢T=1 1,c g, and apply the Azuma-Hoeffding inequality [9], we have

—e2
P(Zy —Zy =€) <exp <N> :
23 = D2

Note that N < T and Zy = Zszl > vem, EM [0k (bi1)|Fi] — vk (big1). Thus, setting € =

Dm, we can obtain
K
P (Z > B [vk(ber1)|Fi] — vk(beg1) = Dy /2T1n((15)> < 6.

k=1teEy

Hence we have completed the proof. O
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