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ABSTRACT

We study the problem of online low-rank matrix completion with M users, N items
and T rounds. In each round, the algorithm recommends one item per user, for
which it gets a (noisy) reward sampled from a low-rank user-item preference matrix.
The goal is to design a method with sub-linear regret (in T) and nearly optimal
dependence on M and N. The problem can be easily mapped to the standard
multi-armed bandit problem where each item is an independent arm, but that leads
to poor regret as the correlation between arms and users is not exploited. On
the other hand, exploiting the low-rank structure of reward matrix is challenging
due to non-convexity of the low-rank manifold. We first demonstrate that the
low-rank structure can be exploited using a simple explore-then-commit (ETC)
approach that ensures a regret of O(polylog(M + N)T?2/3). That is, roughly only
polylog(M + N) item recommendations are required per user to get a non-trivial
solution. We then improve our result for the rank-1 setting which in itself is quite
challenging and encapsulates some of the key issues. Here, we propose OCTAL
(Online Collaborative filTering using iterAtive user cLustering) that guarantees
nearly optimal regret of O(polylog(M + N)T'/2). OCTAL is based on a novel
technique of clustering users that allows iterative elimination of items and leads to
a nearly optimal minimax rate.

1 INTRODUCTION

Collaborative filtering based on low-rank matrix completion/factorization techniques are the corner-
stone of most modern recommendation systems (Koren, [2008)). Such systems model the underlying
user-item affinity matrix as a low-rank matrix, use the acquired user-item recommendation data to
estimate the low-rank matrix and subsequently, use the matrix estimate to recommend items for
each user. Several existing works study this offline setting (Candes & Rechtl |2009; Deshpande &
Montanari, 2012} Jain et al.,|2013; |Chen et al., 2019; |Abbe et al.,|2020). However, typical recom-
mendation systems are naturally online and interactive — they recommend items to users and need to
adapt quickly based on users’ feedback. The goal of such systems is to quickly identify each user’s
preferred set of items, so it is necessary to identify the best items for each user instead of estimating
the entire affinity matrix. Moreover, items/users are routinely added to the system, so it should be
able to quickly adapt to new items/users by using only a small amount of recommendation feedback.

In this work, we study this problem of the online recommendation system. In particular, we study the
online version of low-rank matrix completion with the goal of identifying top few items for each user
using say only logarithmic many exploratory recommendation rounds for each user. In each round
(out of T rounds) we predict one item (out of N items) for each user (out of M users) and obtain
feedback/reward for each of the predictions — e.g. did the users view the recommended movie. The
goal is to design a method that has asymptotically similar reward to a method that can pick best items
for each user. As mentioned earlier, we are specifically interested in the setting where T < N i.e. the
number of recommendation feedback rounds is much smaller than the total number of items.

Moreover, we assume that the expected reward matrix is low-rank. That is, if RE? is the reward

obtained in the t™ round for predicting item-j for user-i, then ERE?) = P;;, where P ¢ RMxN
is a low-rank matrix. A similar low rank reward matrix setting has been studied in online multi-
dimensional learning problems (Katariya et al.,[2017b; |[Kveton et al.,[2017; Trinh et al.;[2020). But in
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these problems, the goal is to find the matrix entry with the highest reward. Instead, our goal is to
recommend good items to all users which is a significantly harder challenge. A trivial approach is
to ignore the underlying low-rank structure and solve the problem using standard multi-arm bandit
methods. That is, model each (user, item) pair as an arm. Naturally, that would imply exploration of
almost all the items for each user, which is also reflected in the regret bound (averaged over users)
of O(\/ﬁ ) (Remark . That is, as expected, the regret bound is vacuous when the number of
recommendation rounds T < N.

In contrast, most of the existing online learning techniques that leverage structure amongst arms
assume a parametric form for the reward function and require the reward function to be convex
in the parameters (Shalev-Shwartz et al., 2011; Bubeck, 2011). Thus, due to the non-convexity
of the manifold of low-rank matrices, such techniques do not apply in our case. While there are
some exciting recent approaches for non-convex online learning (Agarwal et al.,|2019; |Suggala &
Netrapalli, 2020), they do not apply to the above mentioned problem.

Our Techniques and Contributions: We first present a method based on the explore-then-commit
(ETC) approach (Algorithm[2). For the first few rounds, the algorithm runs a pure exploration strategy
by sampling random items for each user. We use the data obtained by pure exploration to learn a
good estimate of the underlying reward matrix P; this result requires a slight modification of the
standard matrix completion result in/Chen et al|(2019). We then run the exploitation rounds based on
the current estimate. In particular, for the remaining rounds, the algorithm commits to the arm with
the highest estimated reward for each user. With the ETC algorithm, we achieve a regret bound of
O(polylog(M + N)T?/3) (Thm. . This bound is able to get rid of the dependence on N, implying
non-trivial guarantees even when T < N. That is, we require only polylog(M + N) exploratory
recommendations per user. However, the dependence of the algorithm on T is sub-optimal. To
address this, we study the special but critical case of rank-one reward matrix. The rank-1 setting is
itself technically challenging (Katariya et al.l 2017b)) and encapsulates many key issues. We provide
a novel algorithm OCTAL in Algorithm [3|and a modified version in Algorithm [§]that achieves nearly
optimal regret bound of O(polylog(M + N)T/2) (see Theorems and E]) The key insight is that in
rank-one case, we need to cluster users based on their true latent representation to ensure low regret.

Our method OCTAL consists of multiple phases of exponentially increasing number of rounds. Each
phase refines the current estimate of relevant sub-matrices of the reward matrix using standard matrix
completion techniques. Using the latest estimate, we jointly refine the cluster of users and the estimate
of the best items for users in each cluster. We can show that the regret in each phase decreases very
quickly and since the count of phases required to get the correct clustering is small, we obtain our
desired regret bounds. Finally, we show that our method achieves a regret guarantee that scales

as O(T1/2) with the number of rounds T. We also show that the dependence on T is optimal (see
Theorem . Below we summarize our main contributions (O(-) hides logarithmic factors):

* We formulate the online low rank matrix completion problem and define the appropriate notion of
regret to study. We propose Algorithm [2]based on the explore-then-commit approach that suffers a
regret of O(T?/3). (Thm.

* We propose a novel algorithm OCTAL (Online Collaborative filTering using iterAtive user cLuster-
ing) and a modified version (Alg. [3]and Alg. [§|respectively) for the special case of rank-1 reward

matrices and guarantee a regret of O(T'/2). Importantly, our algorithms provide non-trivial regret
guarantees in the practical regime of M > T and N >> T i.e when the number of users and items is
much larger than the number of recommendation rounds. Moreover, OCTAL does not suffer an
issue of large cold-start time (possibly large exploration period) as in the ETC algorithm.

* We conducted detailed empirical study of our proposed algorithms (see Appendix [A) on synthetic
and multiple real datasets, and demonstrate that our algorithms can achieve significantly lower
regret than methods that do not use collaboration between users. Furthermore, we show that for
rank-1 case, while it is critical to tune the exploration period in ETC (as a function of rounds and
sub-optimality gaps) and is difficult in practice (Lattimore & Szepesvaril, 2020)[Ch. 6], OCTAL
still suffers lower regret without such side-information (see Figures [La|and 2b).

Technical Challenges: For rank-1 case, i.e., P = uv'', one can cluster users in two bins: ones with

u; > 0 and ones with u; < 0. Cluster-2 users dislike the best items for Cluster-1 users and vice-versa.
Thus, we require algorithms that can learn this cluster structure and exploit the fact that within the
same cluster, relative ranking of all items remain the same. This is a challenging information to
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exploit, and requires learning the latent structure. Note that an algorithm that first attempts to cluster
all users and then optimize the regret will suffer the same T2/? dependence in the worst case as in
the ETC algorithm; this is because the difficulty of clustering the users are widely different. Instead,
our proposed OCTAL algorithm (Algorithms|[3]and [§) in each iteration/phase performs two tasks:
1) it tries to eliminate some of the items similar to standard phase elimination method (Lattimore &
Szepesvari, [2020)[Ch 6, Ex 6.8] for users that are already clustered, ii) it simultaneously tries to grow
the set of clustered users. For partial clustering, we first apply low rank matrix completion guarantees
over carefully constructed reward sub-matrices each of which correspond to a cluster of users and a
set of active items that have high rewards for all users in the same cluster, and then use the partial
reward matrix for eliminating some of the items in each cluster.

1.1 RELATED WORKS

To the best of our knowledge, we provide first rigorous online matrix completion algorithms. But,
there are several closely related results/techniques in the literature which we briefly survey below.

A very similar setting was considered in|Sen et al.|(2017)) where the authors considered a multi-armed
bandit problem with L contexts and K arms with context dependent reward distributions. The authors
assumed that the L x K reward matrix is low rank and can be factorized into non-negative components
which allowed them to use recovery guarantees from non-negative matrix factorization. Moreover,
the authors only showed ETC algorithms that resulted in T2/ regret guarantees. Our techniques
can be used to improve upon the existing guarantees in|Sen et al.|(2017)) in two ways 1) Removing
the assumption of the low rank components being non-negative as we use matrix completion with
entry-wise error guarantees. 2) The dependence on T can be improved from T2/3 to T'/2 when the
reward matrix P is rank-1.

Multi-dimensional online decision making problems namely stochastic rank-1 matrix bandits was
introduced in Katariya et al.| (2017bza)); [Trinh et al.| (2020). In their settings, at each round t € [T],
the learning agent can choose one row and one column and observes a reward corresponding to an
entry of a rank-1 matrix. Here, the regret is defined in terms of the best (row ,column) pair which
corresponds to the best arm. This setting was extended to the rank r setting (Kveton et al.,[2017)), rank
1 multi-dimensional tensors (Hao et al.,|2020), bilinear bandits (Jun et al., 2019; Huang et al., 2021)
and generalized linear bandits (Lu et al.l[2021). Although these papers provide tight regret guarantees,
they cannot be translated to our problem. This is because, we solve a significantly different problem
with an underlying rank-1 reward matrix P where we need to minimize the regret for all users (rows
of P) jointly. Hence, it is essential to find the entries (columns) of P with large rewards for each
user(row) of P; contrast this with the multi-dimensional online learning problem where it is sufficient
to infer only the entry ((row,column) pair) in the matrix/tensor with the highest reward. Since the
rewards for each user have different gaps, the analysis becomes involved for our OCTAL algorithm.
Finally, (Dadkhahi & Negahban| 2018};|Zhou et al., [2020)) also consider our problem setting but they
only provide heuristic algorithms without any theoretical guarantees.

Another closely related line of work is the theoretical model for User-based Collaborative Filtering
(CF) studied in Bresler et al.| (2014; 2016); [Heckel & Ramchandran| (2017); Bresler & Karzand
(2019); |Huleihel et al.| (2021). In particular, these papers were the first to motivate and theoretically
analyze the collaborative framework with the restriction that the same item cannot be recommended
more than once to the same user. Here a significantly stricter cluster structure assumption is made
over users where users in same cluster have similar preferences. Such models are restrictive as they
provide theoretical guarantees only on a very relaxed notion of regret (termed pseudo-regret).

In the past decade, several papers have studied the problem of offline low rank matrix completion on
its own (Mazumder et al.| 2010; Negahban & Wainwright, 2012} |Chen et al.| 2019; Deshpande &
Montanari, 2012; |Abbe et al.,[2020; Jain et al.l 2013} |Jain & Kar, 2017) and also in the presence of
side information such as social graphs or similarity graphs (Xu et al., 2013} |Ahn et al.,[2018; 2021}
Elmahdy et al.,2020; Jo & Leel [2021; [Zhang et al.| 2022). Some of these results namely the ones that
provide || - ||o norm guarantees on the estimated matrix can be adapted into Explore-Then-Commit
(ETC) style algorithms (see Sec. ). Finally, there is significant amount of related theoretical work
for online non-convex learning (Suggala & Netrapalli, 2020; Yang et al., 2018} [Huang et al., 2020)
and empirical work for online Collaborative Filtering (Huang et al.| [2020; Lu et al., 2013; Zhang
et al.,|2015)) but they do not study the regret in online matrix completion setting.
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2 PROBLEM DEFINITION

Notations: We write [m] to denote the set {1,2,...,m}. For a vector v € R™, v; denotes the ith
element; for any set i/ C [m], let v, denote the vector v restricted to the indices in &/. A; denotes
the i*" row of A and A;; denotes the (4, j)-th element of matrix A. [n] denotes the set {1,2,...,n}.
For any set i/ C [m],V C [n], Ay,p denotes the matrix A restricted to the rows in If and columns in
V. Also, let ||Al|2— 00 be the maximum ¢2 norm of the rows of A and ||A||- be the absolute value
of the largest entry in A. We write EX to denote the expectation of a random variable X.

Consider a system with a set of M users and N items. Let P = UV T € RM*N be the unknown reward
matrix of rank » < min(M, N) where U € RM*™ and V € RN*" denote the latent embeddings
corresponding to users and items respectively. In other words, we can denote P 2 (u;, v,;) where
u;,v; € R" denotes the r-dimensional embeddings of i-th user and the j-th item, respectively.
Often, we will also use the SVD decomposition of P = UXV where U € RMX" V € RN*" are
orthonormal matrices i.e. UTU =Iand VIV =Tand ¥ £ diag()\l,/\g7 o Ar) ER™T s a
diagonal matrix. We will denote the condition number of the matrix P by x £ (max; \;)(min; \;) ™'

Consider a system that recommends one item to every user, in each round ¢ € [T]. Let, Rfj; t) be
the reward for recommending item p,,(t) € [N] for user u. Also, let:

® ()
Ry = Pupuy + Eyp ) M
where ES; ) denotes the unbiased additive noise. Each element of {ES; ) bue[Mm],te[T) is assumed
to be i.i.d. zero mean sub-gaussian random variables with variance proxy 2. That is, ]E[Efl; ( t)] 0

and Elexp(s E( ") (t))] < exp(0?s?/2) for all u € [M], ¢ € [T]. The goal is to minimize the expected
regret where the expectation is over randomness in rewards and the algorithm:

Reg(T Z max P, —E| Z Z upu(t) 2

te[ T] u€[M]

In this problem, the interesting regime is (N, M) > T as is often the case for most practical
recommendation systems. Here, treating each user separately will lead to vacuous regret bounds as
each item needs to be observed at least once by each user to find the best item for each user. However,
low-rank structure of the rewards can help share information about items across users.

Remark 1. If T > N, then we can treat each user as a separate multi-armed bandit problem. In
that case, in our setting, the well-studied Upper Confidence Bound (UCB) algorithm achieves an
expected regret of at most O(o+/NT log T) (Theorem 2.1 in|Bubeck & Cesa-Bianchi (2012))).

3 PRELIMINARIES

Let us introduce a different observation model from (I). Consider an unknown rank r matrix
P € RM*N For each entry i € [M], j € [N], we observe:

P;; + E;; with probability p, 0 with probability 1 — p, (G))
where E;; are independent zero mean sub-gaussian random variables with variance proxy o2 > 0.
We now introduce the following result from Chen et al.|(2019):
Lemma 1 (Theorem 1 in|Chen et al.| (2019)). Let rank r = O(1) matrix P € R¥*? with SVD
decomposition P = USVT satisfy ||Ull2.0e < Vpr/d,||[Vl2.co < \/ur/d and condition
number Kk = O(l). Let1 > p > Cp2d~! log® d for some sufficiently large constant C' > 0,
o= O(

in (@) Then, with probability exceeding 1 — O(d~3), we can compute a matrix P by using Algorithm
(Appendix@) with parameters (U = [M],V = [N],02, r,p) s.t.,

e log v ||P||OO> Suppose we observe noisy entries of P according to observation model

o ud log d

IP - Pl < O IPlec ). )

min; \;
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Algorithm 1 ESTIMATE

Require: Set of users U C [M], set of items V C [N], total rounds m, set of indices Q@ C U x V,
rounds in each iteration b = max, ¢y [v € V | (u,v) € Q|, regularization parameter \. Index of
round ¢ is relative to the first round when the algorithm is invoked; hence ¢t = 1,2, ... ,m.

1: for{=1,2,...,m/bdo

2:  Forall (i,7) € Q, set Mask;; = 0.

33 for/ =1,2,...,bdo

4: for each user u € Y inround t = (£ — 1)b + ¢’ do

5: Recommend an item p,, (t) in {j € V | (u, j) € Q, Mask,; = 0} and set Mask,,,, ;) = 1.
If not possible then recommend any item p,,(t) in V s.t. (u, py(t)) € 2. Observe Rut;u )"

6: end for

7:  end for

8: end for

9: For each (u, j) € 2, compute Z,,; to be average of |m/b| observations corresponding to user u

being recommended item j i.e. Z,,; = avg{Rffp)u(t) fort € [m] | pu(t) = j}. Discard all other
observations corresponding to indices not in €).

10: Without loss of generality, assume || < |V|. For each ¢ € V, independently set J; to be a value
in the set [[|V|/|U]]] uniformly at random. Partition indices in V into V(1) V() V() where
E=TV|/U]] and V@ = {i € V | §; = q} foreach q € [k]. Set QD) « QN (U x V@) for
all ¢ € [k]. #If |U| > |V|, we partition the indices in U.

11: for g € [k] do

12:  Solve convex program

. 1
min o 0 (Q) — Zy)° QYL 3)

Ul x| v(@) i‘”(j)i
Qo) cRIUIX| I (i.7)€Q(@

where ||Q(?) ||, denotes nuclear norm of matrix Q(%) and () is index of j in set V(9).
13: end for _ _ ~
14: Return Q € RM*N s.t. Q0 = Q@ for all ¢ € [k] and for every (i,7) € U x V, Q;; = 0.

Note there are several difficulties in using Lemmal ] directly in our setting which are discussed below:

Remark 2 (Matrix Completion for Rectangular Matrices). Lemmal[l|is described for square matrices
and a trivial approach to use Lemmall|for rectangular matrices with M rows and N columns (say
N > M) by appending N — M zero rows leads to an undesirable (N/M)'/? factor (Lemma in the
error bound (the (N/ I\/I)l/ 2 factor does not arise if we care about spectral/Frobenius norm instead of
Lo, norm). One way to resolve the issue is to partition the columns into N/M groups by assigning
each column into one of the groups uniformly at random. Thus, we create N /M matrices which are
almost square and apply Lemmal|l|to recover an estimate that is close in Lo, norm. Thus we can
recover an estimate of the entire matrix which is close_ in L, norm up to the desired accuracy without
suffering the undesirable (N/M)'/2 factor (Lemma@and Steps 10-12 in Algorithm .

Remark 3 (Observation Models). The observation model in equation {4|is significantly different
from equation (Il In the former, a noisy version of each element of P is observed independently
with probability p while in the latter, in each round t € [T], for each user uw € [M], we observe
noisy version of a chosen element p,,(t). Our approach to resolve this discrepancy theoretically is to
first sample a set 2 of indices according to equationd|and subsequently use equation|l|to observe
the indices in ) (see Steps 3-6 in Algorithm([I|and Corollaryl[l). Of course, this implies obtaining
observations corresponding to indices in a super-set of ) (see Step 5 in Algorithm[I) and only using
the observations in S} for obtaining an estimate of the underlying matrix. In practice, this is not
necessary and we can use all the observed indices to obtain the estimate in Step 12 of Algorithm[l]

Remark 4 (Repetition and Median Tricks). The smallest error that is possible to achieve by us-
ing Lemma || is by substituting p = 1 and thereby obtaining |P — P||s < O(o(mini i)t

Vvpdlogd HP||OQ> and moreover, the probability of failure is polynomially small in the dimension d;

however, this is insufficient when d is not large enough. Two simple tricks allow us to resolve this
issue: 1) First we can obtain repeated observations from the same entry of the reward matrix and
take its average; s repetitions can bring down the noise variance to o2 /s 2) Second, we can use the
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median trick where we obtain several independent estimates of the reward matrix and compute the
element-wise median to boost the success probability (see proof of Lemma[2)).

We address all these issues (see Appendix [B|for detailed proofs) and arrive at the following lemma:
Lemma 2. Let rank r = O(1) reward matrix P € RM*N with SVD decomposition P = UEZVT
satisfy |[Ullz,00 < /pr/M,[|[V]|2,00 < +/pr/N and condition number k = O(1). Let di =
max(M, N), do = min(M, N) such that dy = Q(urlog(rds)) and 1 > p > Cu2dy ' log® dy for
sufficiently large constant C' > 0. Suppose we observe noisy entries of P according to observation

model in . For any positive integer s > 0 satisfying % = O( Jfgé 7 HPHOO) there exists

an algorithm A with parameters s, p, o that uses m = O (s log(MNS—1)(Np + y/Nplog M6—1))
rounds to compute a matrix P such that with probability exceeding 1 — O(dlog(MN§—1))

P — Pl < o( M)

- vV sda
Remark 5. Alg. A repeats the following process O(log(MNG& 1)) times: 1) sample subset of indices
Q C [M] x [N] such that every (i,7) € [M] x [N] is inserted into ) independently with probability p.
2) By setting b = maxic |7 € [N] | (7, )
number of rounds in each iteration b, set Q, set of users [M|, items [N] and regularization parameter

A = Cho+/min(M, N)p for a suitable constant Cy > 0 in order to compute an estimate of P. The

final estimate P is computed by taking an entry-wise median of each individual estimate obtained as
output from several invocations of Alg. [I| Alternatively, Alg. A is detailed in Alg. [7]in Appendix|B}

(6)

Note that the total number of noisy observations made from the matrix Pism - M > MN - p - s.
Therefore, informally speaking, the average number of observations per index is p - s which results in

an error of O(o/,/5p) ignoring other terms (contrast with error O(c'/ /P) in equation )

Remark 6 (Setting parameters s, p in lemma [2). Lemma [2] has three input parameters namely
s €Z,0<p<land0 < < 1. Forany set of input parameters (n,v), our goal is to set s,p, 0

as functions of known o, r, i, do such that we can recover ||P — P||oo < n with probability 1 — v

. .. . Vi logd
for which the conditions on o and p are satisfied. From , we must have \/sp = f/% %
for some appropriate constant ¢ > 0. If r = O(1) and n < |P||co, then an appropriate choice

_ pd . .
of ¢ also satisfies the condition = O( Tlonds ||PHOO) More precisely, we are going to set

p=Cu’dy Nog® dy and s = K;ng‘/d;) -‘ in order to obtain the desired guarantee.

4 EXPLORE-THEN-COMMIT (ETC) ALGORITHM

In this section, we present an Explore-Then-Commit (ETC) based algorithm for online low-rank
matrix completion. The algorithm has two disjoint phases of exploration and exploitation. We will
first jointly explore the set of items for all users for a certain number of rounds and compute an

estimate P of the reward matrix P. Subsequently, we commit to the estimated best item found for
each user and sample the reward of the best item for the remaining rounds in the exploitation phase
for that user. Note that the exploration phase involves using a matrix completion estimator in order
to estimate the entire reward matrix P from few observed entries. Our regret guarantees in this
framework is derived by carefully balancing exploration phase length and the matrix estimation error
(detailed proof provided in Appendix [C).

Theorem 1. Consider the rank-r online matrix completion problem with M users, N items, T

)

recommendation rounds. Set do = min(M, N). Let R(t () be the reward in each round, defined

as in equation l Suppose dy = Q(urlog(rds)). Let P E RM*N be the expected reward matrix
that satisfies the conditions stated in Lemmal2|, and let o0® be the noise variance in rewards. Then,
Algorithm[2] applied to the online rank-r matrix completion problem guarantees the following regret:

3Nlogda\1/3  Np2[Plloo | s Pl
Reg(T) = O (T3 2r?P ot (A2 2) 4 BEIe pogouanm) + IE=) - 0
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Algorithm 2 ETC ALGORITHM

Require: users M, items N, rounds T, noise o2, rank r of P, upper bound on magnitude of expected
rewards ||P||oo, no. of estimates f = O(log(MNT)).

2/3
I: Set dy = min(M, N) and v = (N||P||oo)‘2/3(%\/u3 1ogd2) " Setp = Cptds 108 do,
s = [vp~1] and A\ = Cy0+/dzp for some constants C, C > 0.

2: fork=1,2,...,fdo

3:  For each tuple of indices (Z,j) € [M] x [N], independently set d;; = 1 with probability p and
0;; = 0 with probability 1 — p.

4. Denote Q = {(i,75) € [M] x [N] | 0;5 = 1} and b = max;eqm) | |7 € [N] | (4,7) € ©2] to be
the maximum number of index tuples in a particular row. Set total number of rounds to be bs.

5:  Compute the k™ estimate P(¥) = ESTIMATE([M], [N], bs, 2, b, \). # (Algorithm|[l]is used to
recommend items to every user for bs rounds.

6: end for N A R

7: Compute final estimate estimate P by taking the entry-wise median of PV P2 . PU),

8: for each of remaining rounds do

9 Recommend argmax ¢y f’ij for each user i € [M]. # Number of remaining rounds is T —bs f.

10: end for

Remark 7 (Non-trivial regret bounds). Theorem|l|provides non-trivial regret guarantees in the key
regime when N > T and M > N where the regret scales only logarithmically on M, N. This is
intuitively satisfying since in each round we are obtaining M observations, so more users translate
to more information which in-turn allows better understanding of the underlying reward matrix.
However, the dependence of regret on T (namely T?/3) is sub-optimal. In the subsequent section, we
provide a novel algorithm to obtain regret guarantees with T*/2 for rank-1 P.

Remark 8 (Gap dependent bounds). Define the minimum gap to be A =
min, v |Pwu(1) —Pur,2) | where m,(1),7,(2) corresponds to the items with the highest
and second highest reward for user u respectively. If the quantity A is known then it is possible to
design ETC algorithms where length of the exploration phase is tuned accordingly in order to obtain
regret bounds that scale logarithmically with the number of rounds T.

5 OCTAL ALGORITHM

In this section we present our algorithm OCTAL (Algorithm[3)) for online matrix completion where
the reward matrix P is rank 1. The set of users is described by a latent vector u € RM and the set of
items is described by a latent vector v € RN, Thus P = uv' with SVD decomposition P = A\av'.

Algorithm Overview: Our first key observation is that as P is rank-one, we can partition the set of
users into two disjoint clusters C;,Ca where C; = {i € [M] | u; > 0} and Cy = [M] \ C;. Clearly,
for all users u € Cy, the item that results in maximum reward iS jyax = argmax;c(njVi- On the other
hand, for all users u € Cs, the item that results in maximum reward is j,in = argminte[,\,]vt. Thus,
if we can identify C;, Cy and estimate items with high reward (identical for users in the same cluster)
using few recommendations per user, we can ensure low regret.

But, initially C1,Cy are unknown, so all users are unlabelled i.e., their cluster is unknown. In
each phase (the outer loop indexed by ¢), Algorithm [3|tries to label at least a few unlabelled users
correctly. This is achieved by progressively refining estimate Q of the reward matrix P restricted to
the unlabelled users and all items (Step 12). Subsequently, unlabelled users for which the difference
in maximum and minimum reward (inferred from estimated reward matrix) is large are labelled
(Step 19). At the same time, in Step 13 users labelled in previous phases are partitioned into two
clusters (denoted by M 1) and M(42)) and for each of them, the algorithm refines an estimate of
two distinct sub-matrices of the reward matrix P by recommending items only from a refined set
W\ (6.1) and N (6:2) respectively) containing the best item (jax OF jmin). We also identify a small set
of good items for each labelled user (including users labelled in previous phases), which correspond
to large estimated rewards. We partition all these users into two clusters (M +11) and M (£+1:2))
such that the set of good items for users in different clusters are disjoint. We can prove that such a
partitioning is possible; users in same cluster have same sign of user embedding.
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Algorithm 3 OCTAL (ONLINE COLLABORATIVE FILTERING USING ITERATIVE USER CLUSTERING)

Require: Number of users M, items N, rounds T, noise o2, bound on the entry-wise magnitude of
expected rewards ||P||~, incoherence .
1: Set ML = M2 = ¢ and BD) = [M]. Set N(BD) = N2 = ¢, Set f = O(log(MNT))
and suitable constants a, c, C, C’, Cy > 0.

2: for¢{=1,2,...,do
3: SetAy,= 0’2 Zmln(HPHoo,m)
4. fork=1,2,...,fdo
5: for each pair of non-null sets (B, N), (M &), AV (MED NV(E2)) C [M] x [N] do
6: Denote (7™, 7()) to be the considered pair of sets and i € {0, 1,2} to be its index.
2
7 Set da ; = min(|7M)]|, |[T3)). Set pg; = C’/ﬁd log® dy ; and s¢; = [(A[%‘g/gm) -‘
8: For each tuple of indices (u, v) € e TWxT®), 1ndependently set d,, = 1 with probability
De,; and d,,,, = 0 with probability 1 — py ;.
9: Denote Q) = {(u,v) € TM x T?) | §,,, = 1} and by; = max, ey [v € V| (u,v) €
. Set total number of rounds to be my,; = bg,;Ss ;.
10: end for
11: Set my = max;e(o,1,2} Me,i-
12: Compute QUk) = ESTIMATE(|B®)|, [N], mg¢, Q) beo, A = Crxov/daope). # Algorithm
is used to recommend items~ to every user in B® for my rounds.
13: For i € {1,2}, compute P(“#f) = ESTIMATE(|M &) |NED)], mg QD b N =

Chrov/da,ipe). # Algorlthmlrecommends items to every user in M &) for my rounds.

14:  endfor

15:  Compute Q) =Entrywise Median({Q(“¥)}/_ ), P(:) —Entrywise Median({P“#*)}/_ )
fori € {1,2}.

16:  Set BUHD = {u e BY | )maxte[,\,] Q(D — mine[y; QM) }

17:  Compute 7o ™) = {j € N]}| Q( + A, > maxfe[N ut } for all u € BY) \ B+,

18:  Fori € {1,2}, for all users u € /\/l([ i), compute T T = {j € N | Pffjl) + Ay >
AKX, Ar(4,0) P( X )}.

19:  Setwto be any userin [M]\BE+D, Set MEH1D) = {y € M\BEHD | TAHDATEY £ ).
SetM(£+1,2) _ [M] \ (B(EJrl) UM(€+1,1))_

20: Compute J\[(Z+1’1) = mueM(z+1,1) 7;(“_1), N(Z+1’2) = nueM(Z+1,2) 7;(“_1).

21:  Fori € {1,2},if IMUEAFLD| < %, then set BUH1) « BUHD Y MEFLD and MUEFLD « ¢,

22: end for

We also prove that the set of good items contain the best item for each labelled user (jyax OF Jimin)- SO,
after each phase, for each cluster of users, we compute the intersection of good items over all users in
the cluster. This subset of items (joint good items) must contain the best item for that cluster and
therefore we can discard the other items (Step 20). We can show that all items in the set of joint good
items (N 11 and A/ +1:2)) have rewards which is close to the reward of the best item. Therefore
the algorithm suffers small regret if for each group of labelled users, the algorithm recommends items
from the set of joint good items (Step 13) in the next phase. We can further show that for the set of
unlabelled users, the difference in rewards between the best item and worst item is small and hence
the regret for such users is small, irrespective of the recommended item (Step 12). Note that until
the number of labelled users is sufficiently large, we do not consider them separately (Step 21). A
crucial part of our analysis is to show that for any subset of users and items considered in Step 5, the
number of rounds sufficient to recover a good estimate of the expected reward sub-matrix is small
irrespective of the number of considered items (if the number of users is sufficiently large).

Remark 9 (Practical considerations). In general OCTAL (Alg. |3) is computationally faster than the
ETC Algorithm (Alg. [2) with a higher exploration length. This is because OCTAL eliminates large
chunks of items in every phase and therefore has to solve easier optimization problems,; on the other
hand, ETC has to solve a low rank matrix completion problem in MN variables that becomes slower
with the exploration length (datapoints). Moreover, OCTAL algorithm runs in phases with the initial
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phases being very small; hence the users do not have to wait for a long time to even get personalized
recommendations like in ETC. These features make OCTAL much more practical than ETC.

To summarize, in Algorithm the entire set of rounds [T] is partitioned into phases of exponentially
increasing length. In each phase, for the set of unlabelled users, we do pure exploration and
recommend random items from the set of all possible items (Step 12). The set of labelled users are
partitioned into two clusters; for each, we follow a semi-exploration strategy where we recommend
random items from a set of joint good items (Steps 13). We now introduce the following definition:

Definition 3 ((«, 11)-Local Incoherence). For 0 < « < 1, avector v € R™ is («, pu)-local incoherent

if for all sets U C [m] satisfying |{U| > am, we have ||[vy|loo < ﬁ”vuﬂg.

Local incoherence for a vector v implies that any sub-vector of v having a significant size must be
incoherent as well. Note that the local incoherence condition is trivially satisfied if the magnitude of
each vector entry is bounded from below. We are now ready to state our main result:

Theorem 2. Consider the rank-1 online matrix completion problem with T rounds, M users s.t.
M > /T and N items. Denote dy = min(M, N). Let Rfjp)u( n be the reward in each round, defined
asin equation Let 02 be the noise variance in rewards and let P € RM*N be the expected reward
matrix with SVD decomposition P = \av" such that @ is (T~/2 y)-locally incoherent, ||%|| o <
VI/N, do = Q(plogds) and |V;,..| = O(|Vj...|). Then, by suitably choosing parameters
{A¢}e, positive integers {0y, 56,1y, 50,2) }e and 1 > {pe.0y,Pee,1), Pee,2) e > 0 as described
in Algorithm |3} we can ensure a regret guarantee of Reg(T) = O(VT|P|lso + JVTV) where

J= O(log (\/% min (HPHOO, K)gﬁ))) andV = (max(l, N‘Tﬁ)UQ;f’ log2(MNT)>.

Similar to Algorithm 2} Algorithm [3allows non-trivial regret guarantees even when N >> T provided
the number of users is significantly large as well i.e. M = Q(Nv/T).

Remark 10. Under slightly stronger local incoherence conditions on the vector 0, we can analyze a
modified version of OCTAL (Alg. [8) without requiring users M to be large. When |Cy| =~ |C|, the

regret guarantee (Thm. |E)) scales as 5(\/ NT/M). Due to space limitations, details of Algorithm
and the proof of Theorem|E| can be found in Appendix[E]

Finally, we show that the above dependence on N, M, T matches the lower bound that we obtain by
reduction to the well-known multi-armed bandit problem.

Theorem 3. Let P € [0, 1]M*N be a rank 1 reward matrix and the noise variance o® = 1. In that
case, any algorithm for online matrix completion problem will suffer regret of Q(vVNTM—1),

6 CONCLUSIONS

We studied the problem of online rank-one matrix completion in the setting of repeated item recom-
mendations and blocked item recommendations, which should be applicable for several practical
recommendation systems. We analyzed an explore-then-commit (ETC) style method which is able
to get the regret averaged over users to be nearly independent of number of items. That is, per
user, we require only logarithmic many item recommendations to get non-trivial regret bound. But,
the dependence on the number of rounds T is sub-optimal. We further improved this dependence
by proposing OCTAL that carefully combines exploration, exploitation and clustering for different
users/items. Our methods iteratively refines estimate of the underlying reward matrix, while also
identifying users which can be recommended certain items confidently. Our algorithms and proof
techniques are significantly different than existing bandit learning literature. We believe that our work
only scratches the surface of an important problem domain with several open problems. For example,
Algorithm 3] requires rank-1 reward matrix. Generalizing the result to rank-r reward matrices would
be interesting. Furthermore, relaxing assumptions on the reward matrix like stochastic noise or
additive noise should be relevant for several important settings. Finally, collaborative filtering can
feed users related items, hence might exacerbate their biases. Our method might actually help mitigate
the bias due to explicit exploration, but further investigation into such challenges is important.
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Figure 1: Comparison of regret incurred by OCTAL algorithm (Algorithm 3] and ETC algorithm 2]
against UCB, when expected reward matrix is rank-1. See Section[A.T|for data generation process.
Clearly, both OCTAL and ETC have significantly lower regret than baseline UCB method which does
not exploit reward matrix’s low-rank structure.

A EXPERIMENTS

A.1 SYNTHETIC DATASETS

We set the total number of users M = 100, the total number of items N = 150. For the total number
of rounds, we look at two settings namely 1) T = 1000 (T > N) and 2) T = 100 (T < N). The
former one allows us to demonstrate the tension between exploration and exploitation clearly as the
number of rounds is large and moreover, it also allows us to compare with the Upper Confidence
Bound (UCB) algorithm (see Remark that does not use the low rank structure of the algorithm. In
the latter setting, we demonstrate empirically that our regret bounds are non-trivial even when the
number of rounds is significantly smaller than the number of items. We design the unknown reward
matrix P = uv' by designing u € RM, v € RN corresponding to the embeddings of the users and
items respectively in the following manner: the entries of u are randomly sampled from the set
{1, —1}. All the entries in the vector v are uniformly sampled from the interval [Gap/2, —Gap/2]
where Gap is a parameter unknown to the implemented algorithms. With such a construction, we
ensure almost surely that the difference between the reward of the best item and second best item
also increases with Gap. The algorithms are allowed to make observations from a noisy version of
P (say Ppoisy) Wwhere P g5y <— P -+ E where every entry of E is sampled i.i.d according to N (0,0.1).

We vary Gap and run Algorithm [2| with different exploration periods m. For each configuration of
Gap, m we run Algorithm 210 times and store the regret (see the relevant definition in equation[T))
averaged across the 10 runs. In Figure[2b] we compare the regret of Algorithm 2] with different values
of Gap as we change the exploration periods for T = 1000. Clearly, with a small exploration period,
the algorithm commits to the wrong item more often and with a large exploration period, the cost of
exploration is too high. The existence of a sweet spot can be noticed from the U-curves in Figure [2b]

Similarly, we run Algorithm [3|for the same values of Gap, each for 10 times and store the average
regret. We also run the Upper Confidence Bound ((1, 1)-UCB) algorithm Bubeck & Cesa-Bianchi
(2012)) for each user separately and compute the regret (averaged over 10 simulations). In Figure
we compare the regrets incurred by Algorithm [2] Algorithm [3]and the UCB algorithm when
T = 1000. Similarly, in Figure[2a] we compare the regrets incurred by Algorithm 2]and Algorithm
when T = 100. Note that when T = 1000, the tension between exploration and exploitation is
clearer as the number of exploitation rounds is larger for Algorithm 2} Algorithm 3]performs better
than ETC algorithms for all the different values of exploration periods used for many of the different
values of Gap. However, even for T = 100, the performance of Algorithmis quite close to that of
Algorithm 2] with the best performing exploration period parameter.
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Figure 2: Simulation results on Regret averaged over a few runs (See Deﬁntion of Algorithmsand

For Algorithm in phase indexed by ¢, we use the number of rounds to be m, = 10 4 2¢. We also
make Step 11 in Algorithm[3|more robust by taking those items in A/(+1:1) A/(+1:2) that are present
in at least 2/3 of the set ’7;(”1) for users u in the sets MH11 A (EH1.2) respectively. If, due to
some failure event, N(“+11) = ¢ (or NU+12) = ¢) then we set N ¢+11) (A (41.2)) to be the item
that is present is maximum number of sets ’7;(“1) for users u in the sets M(+11) (ME+1.2)),

In our final experiment in the repeated setting with T = 1000, we plot the regret
M-t > uepmy Maxjen) Puj — & > uem) Pup, (1) at time ¢ (up to ¢ < 150) as ¢ is increased for
Algorithmsg []and the UCB Algorithm (the reported values are averaged over 10 simulations). For
Algorithm 2| the regret is high at all times during the exploration period and then it experiences a
sharp drop in the exploitation period. On the other hand, for Algorithm [3] the regret decreases in
each phase and so we observe a more gradual decrease in the regret; thus Algorithm[3]is an anytime
algorithm. Also note that the regret of the UCB algorithm does not decrease during the first 150
rounds.

A.2 REAL DATASETS

MovieLens: Next, we demonstrate experimental results on the MovieLens dataset on the lines of
Kveton et al.|(2017). The MovieLens 1M dataset comprises of 1 million ratings provided by 6K users
to 4K movies. We cluster the users into disjoint groups (241) where each cluster represents a unique
combination of gender, age group, and occupation in the MovieLens dataset. Moreover, we use a
random subset of movies (300) for which the average rating is between 2.5 and 3.5 (in order to avoid
movies which are too good or too bad). For each pair of (user group, movie), we take the average of
all the ratings provided by users in that group for that movie. Around 33% of the 241 x 300 ratings
matrix could be filled in this manner. In order to complete the matrix, we optimized a convex program
for low rank matrix completion (see eq. (6) and (Chen et al., 2019)) by minimizing the MSE with a
nuclear norm regularizer.

We randomly take M = 128 user groups, N = 128 movies and take the total rounds T = 100. Note
that the number of rounds is less than the number of items (movies) and therefore, the UCB algorithm
implemented separately for each user group can only explore and incur a regret of 179.61. For the
ETC Algorithm (Alg. [2)), as a baseline (for a fair comparison with OCTAL), we consider the rank
1-approximation of the estimated reward matrix P (ETC Rank-1). From Figure note that the
OCTAL Algorithm (Alg. [3] with the same minor mofications as in the synthetic datasets) outperforms
ETC with the rank-1 approximation by a significant margin. In fact, in Figure[3c| we can see that the
OCTAL Algorithm has smaller cumulative regret in every round as compared to ETC with rank-1
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approximation for different exploration periods. All results that are reported are an average of 10
independent runs.

Although the OCTAL algorithm crucially uses the rank 1 structure, it has reasonable performance
even when the reward matrix has a larger rank but can still be approximated well with a rank 1 matrix;
in our experiment, it turns out that the highest singular value of the ratings matrix is ~ 10 times larger
than the second largest singular value. In figure[3bl we also compare the round-wise incurred regret
at different rounds ¢ € [100].

b
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Figure 3: Comparison of regret incurred by OCTAL algorithm (Algorithm ETC algorithm [2) with
rank-1 approximation of the estimated matrix against UCB for the MovieLens dataset. In Figure
[3a] we show that OCTAL and both versions of ETC have significantly lower regret than baseline
UCB method. In Figure[3b] we show that the regret of OCTAL decreases in every phase unlike ETC
algorithms. In Figure|3c| we show that the cumulative regret of OCTAL is lower than that of ETC
with rank 1 approximation at every round ¢ < T.

Notice from Figure [3b] that the regret of the OCTAL algorithm decreases continuously making it
anytime which is extremely useful in practical applications. On the other hand, the regret of the ETC
algorithm only decreases after the exploration period is over which is undesirable. In fact, for a large
number of initial rounds, the OCTAL algorithm outperforms the ETC algorithms.

Jester Dataset: Next, we consider the Jester dataset (Goldberg et al., |2001) which consists data
from 24983 users who have provided ratings for 100 jokes that are between —10.0 to +10.0. We
select M = 100 users who have rated all the N = 100 jokes and use the corresponding 100 x 100
ratings matrix as the underlying reward matrix; we select the number of recommendation rounds
T = 100 However, this reward matrix is not well-approximated by a low rank matrix unlike the
MovieLens dataset since there exists a long tail of singular values with large magnitude. Despite this,
we demonstrate the efficacy of our algorithms. First, we run the UCB algorithm for each of the 100
users separately for 100 rounds and thus incur an average regret of 734.66.

As in the Movielens setting, we run Algorithm [2]namely the ETC Algorithm (with rank-1 approxima-
tion) for different exploration periods and the OCTAL algorithm (Algorithm [3 with the same minor
mofications as in the synthetic datasets) in this setting. Note from Figure {a] that both the ETC and
OCTAL algorithm have improved performances as compared to the UCB algorithm. Again, from
Figure [Ac] the cumulative regret of OCTAL is lower than that of ETC with rank-1 approximation
for different exploration periods at every round. In Figure @b we show the regret at every round
incurred by OCTAL and ETC with rank-1 approximation; the regret of OCTAL decreases in every
phase which is useful in practical recommendation systems. Recall that the ETC algorithm with
rank-1 approximation has a poor performance since it suffers from the T2/3 dependence in the
worst case. Again, we must point out that it is critical to tune the exploration period in ETC (as a
function of rounds and sub-optimality gaps - unknown in practice and therefore difficult) (Lattimore
& Szepesvaril, 2020)[Ch. 6], OCTAL still suffers lower regret without such side-information.

Book-Crossing Dataset: Next we consider the Book-Crossing Dataset (Ziegler et al.,|2005) which
consists of ratings from 278K users (with demographic information) for 271K books. As in the
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Figure 4: Comparison of regret incurred by OCTAL algorithm (Algorithm ETC algorithm [2) with
rank-1 approximation of the estimated matrix against UCB for the Jester dataset. In Figure 4a| we
show that OCTAL and both versions of ETC have significantly lower regret than baseline UCB
method. In Figure we show that the regret of OCTAL decreases in every phase unlike ETC
algorithms. In Figu% we show that the cumulative regret of OCTAL is lower than that of ETC
with rank 1 approximation at every round ¢ < T.

Movielens setting, we identify M = 70 disjoint clusters of users as a unique combination of country
and age bin (0-25,25-50,50-75,75-100) that have rated at least 100 books. Next we take N = 150
books that have the most ratings. For each user cluster and each chosen book, we take the average
rating of all users in the cluster for that book. We select the number of rounds T = 100 and as
before, we run the UCB algorithm separately for each user, ETC algorithm (Alg. [2)) with the rank-1
approximation of the estimated reward matrix, OCTAL Algorthm (Alg. [3] with the same minor
mofications as in the synthetic datasets). The results are demonstrated in Figures [5a5bland[5¢c] As
before the UCB algorithm has the worst performance; OCTAL has a superior performance to ETC
with rank-1 approximation for different exploration periods (and at all rounds). The conclusions are
very similar to that obtained in the Jester dataset.
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(a) Comparison of regret at T = 100 (b) Comparison of regret at every (c) Comparison of cumulative regret
for UCB, OCTAL and ETC (with round for OCTAL and ETC with until every round for OCTAL and
rank-1 approxmiation) for different rank-1 approximation and explo- ETC with rank-1 approximation and
exploration periods ration period m = 20, 40 different exploration periods

Figure 5: Comparison of regret incurred by OCTAL algorithm (Algorithm ETC algorithm [2) with
rank-1 approximation of the estimated matrix against UCB for the Book Crosssing dataset. In Figure
[5a] we show that OCTAL and both versions of ETC have significantly lower regret than baseline
UCB method. In Figure [5Sb, we show that the regret of OCTAL decreases in every phase unlike ETC
algorithms. In Figure e show that the cumulative regret of OCTAL is lower than that of ETC
with rank 1 approximation at every round ¢ < T.

B MISSING PROOFS IN SECTION 3]

We start with the following corollary:

16



Published as a conference paper at ICLR 2023

Algorithm 4 ESTIMATE LOW RANK MATRIX (SUB-MATRIX) OFFLINE (CHEN ET AL.,|2019)

Require: rows & C [M], columns V C [N], noise o2, rank r of P, bernoulli sampling probability
0<p<1l
1: Set de = min(|U|,|V]|) and A = C\o+/dap for some constant C > 0.
2: For each tuple of indices (¢, j) € U x V), independently set §;; = 1 with probability p and ¢,; = 0
with probability 1 — p.
3: Denote Q = {(i,7) € U x V| 6;; = 1}. Observe Z;; (noisy version of P;;) for all (7, j) €

4: Solve convex program ) 1 ~ 2 ~
Cmin = S (Py—Zy) + AP, )
PeruixIvi 2 &
(3,7)€Q

where ||P||, denotes nuclear norm of matrix P
5: Return P.

Lemma 4 (Theorem 1 in |Chen et al| (2019)). Ler P = UXVT ¢ R¥™? sych that U €

R>X" V € R and ¥ £ diag(Ai, Ma,...,\,) € R with UTU = V'V = I and
102,00 < Vr/d, || V2,00 < \/pr/d. Let 1 > p > Cpd="log® d for some sufficiently large con-
stant C > 0,0 = O(, / uslfiggd”PHoo)’ rank r = O(1) and condition number r. & B2 — (1),

min; A;
Then, with_probability exceeding 1 — O(d~?3), we can compute a matrix P € RN by using
AlgorithmH|with parameters (U = [M],V = [N], 02,7, p) s.t.,

o udlogd

IP - Pl < O( IPlluc)- ©

mini )\z

Next, we extend Lemma ] to rectangular matrices in the following result:

Lemma 5. Let P = UXVT € RN guch that U € RM*" V ¢ RNX" and &
diag(A\1, A2, .., Ar) € R with UTU = VIV = T and | U200 < V1r/M, || V]l2.00
/ur/N. Let di = max(M,N) and dy = min(M,N). Let 1 > p > Cpu2did, *log® d, for some

rd; HPHoo) rank v = O(1) and condition

d? u3 log3 dy
(1). Then, with probability exceeding 1 — O(df?’), we can compute a

IN >

sufficiently large constant C > 0, 0 = O(

A max; 0;
number k = 2% — ()
min; o;

matrix P € RMXN by using Algorithmwith parameters (U = [M],V = [N],a%,7,p) s.t.,

P~ Pl =O(5;>2(2)1/2,/’m;gd1) (10)

Proof of Lemma@ Without loss of generality, let us assume that the matrix P is tall i.e. M > N.
Now, let us construct the matrix

Q=[P Owxmn]=UZ[V' 0y ]
where Q € RMxM, Clearly, the decomposition Q = fJE[VT OﬁfM] also coincides with the SVD of

Q since both matrices U and [V 0}, _,]T are orthonormal matrices while 3. remains unchanged.
In case when N > M, we can construct QQ similarly by vertically stacking P with a zero matrix
of dimensions (N — M) x M. Hence, generally speaking, let us denote d; = max(M,N) and
dy = min(M, N).

The matrix Q is ji-incoherent where jir(d;)~! = urdy ! implying that i = ud; /d2. Moreover,
we also have |Q|lecc = ||P||oc implying that max;; |P;;| = max;; |Q;|. Therefore, by invoking
Lemmal(T] the sample size must obey

2 3
p> CP D030 and o = o( L||P||oo)

- 43 d2 3 log® d;

Then with probability at least O(d; ®), we can recover a matrix Q such that

dy
~ o /ULCle 10gd1
a-anso(tr L)
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Algorithm 5 ESTIMATE LOW RANK MATRIX (SUB-MATRIX) OFFLINE - RECTANGULAR MATRI-
CES

Require: rows U C [M], columns V C [N], noise o2, rank r of P, bernoulli sampling probability
0<p<L
1: Set do = min(|U|, |V|) and A = Cyo+/d2p for some constant C' > 0.
2: For each tuple of indices (¢, j) € U x V), independently set §;; = 1 with probability p and d;; = 0
with probability 1 — p.
Denote ? = {(4,j) € U x V| §;; = 1}. Observe Z;; (noisy version of P;;) for all (7, j) € Q
4: Without loss of generality, assume |U/| < |V|. For each i € V), independently set (; to be a value
in the set [[|V|/|U|]] uniformly at random. Partition indices in V into V), V) V() where
k=TV|/U]]and V@ = {i € V| ¢; = q} foreach q € [k]. Set QD) «+ QN (U x VD) for
all ¢ € [k]. #If |U| > |V|, we partition the indices in U.
5: for g € [k] do
6:  Solve convex program

w

1 ~ 2 ~
min o Y (P~ Zy) + AP, an
P@eRIUIx|V(D)] 2 (i.)ea@ J

where [|P(9)||, denotes nuclear norm of matrix P(?) and r(j) is index of j in set V().
7: end for _ R - .
8: Return P € RM*N s.t. Py o) = P for all ¢ € [k] and for every (i,7) ¢ U x V,P;; = 0.

USil’lg the fact that ||PHoo <  max; )\Z”ﬁHQ,OO”VHQ’OO = max; )\Z‘MT/\/dldg -
IP|loo/ min; A\; = & - pr/+/dids = O(,LLT/\/dldg) (using the fact that K = O(1) , we obtain

a matrix P such that
- pl ol ZE () ) o ) )

Here we recall the discussion in Remark 2] From Lemma[5] we saw that in the guarantee provided in
equation the entry-wise error guarantee has an undesirable (d; /dy)"'/? factor on the right hand
side. This is because appending a zero matrix to make the rectangular matrix square leads to an
increase in the incoherence factor by (d; /ds)/? since there are many zero entries. This is what leads
to the undesirable factor; but we can get around this by splitting the rectangular matrix randomly
into approximately square sub-matrices and completing each of them individually. The improved
algorithm for rectangular matrices is described in Algorithm [5]- note that in Step 4, we split the
rectangular matrix into approximately square matrices and in Steps 5-7, we complete each of the
approximately square sub-matrix individually. Finally, in Step 8, we join the estimated sub-matrices
to get an estimate of the entire matrix and return it. In the main paper, the corresponding steps are
done in Lines 10-14 in Algorithm[I] We provide a formal proof in the following lemma:

Lemma 6. Let the matrix P € RM*N satisfy the conditions as stated in Lemma Let di =
max(M,N), dy = min(M, N) such that dy = Q(urlog(rds)), 1 > p > Cu?dy* log® do for some
sufficiently large constant C > 0 and 0 = O( pds HP||OO) We can use Algorithm |5| with

O

w3 log do

RMXN

parameters (U = [M],V = [N], 02,7, p) to compute a matrix P € such that for any pair of

indices (i, j) € [M] x [N],
~ or [u?logds
Pf—m»go(—f ———7)
| J J | \/@ P

with probability exceeding 1 — O(dy *). Again, with probability exceeding 1 — O(dydy*), the output

- - 5 3logd
matrix P also satisfies |P — P||oo < O(\;—C% %).

(12)

Proof. Let us assume that the matrix P is tall i.e. M > N. Now, let us partition the set of rows
into % groups by assigning each group uniformly at random to each row. Notice that the expected
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number of rows in each '%roup is N and by using Chernoff bound, the number of rows in each group

lies in the interval | 5, 3%] with probability at least 1 — 2 exp(—N/12). When M < N, we partition
the set of columns in a similar manner into N/M groups so the number of columns in each group
lies in the interval [%, %] with probability at least 1 — 2 exp(—M/12). Hence, generally speaking,

let us denote d; = max(M, N) and do = min(M, N); we constructed d; /d> sub-matrices of P
denoted by P P2 P(d1/d2)  With probability at least 1 — 2 exp(—dy/12), the matrices
PO PR . P(d1/d2) gre approximately square i.e. the ratio of their dimensions is a constant and
lie in the interval [1/2, 3/2].

Let us analyze the guarantees on estimating P(*). The analysis for other matrices follow along similar
lines. Note that P(1) = UEVT ,p Where Vi, denotes the M’ x 7 matrix where the rows in Vg
corresponds to the M’ rows in V assigned to P(1).

First we will bound from below the minimum eigenvalue of the matrix V;szub. Note that every
row of V is independently sampled with probability p £ dy/d; for the matrix P(!). Hence, we have

1
Vo Veb = - Z sViVi =Y WO
p 7,6 [d1] 1€[d1]

where d; denotes the indicator random variable which is true when V; (the it" row of V) is chosen
for P and W = %&-ViViT. Notice that the random matrices W are independent with

EW () = V,; V. Hence we define Z() = W) — EW ) satisfying EZ(Y) = 0. Moreover, for all
i € [dy], we have ||Z(3) || < (1 + ]%) INAZPE= (1 + %) max; ||[V;|3 < 2’” . Next, we can show
the following:

i i 1 1
I3 29T < (5 -1) Y (VaVHVVDTle < (= = 1) IVill* Y (ViVD)lla
) p ) p )
i€[dy] i€[di] i€[d1]

M T
< —Amax(V'V
< Sy Amax(VIV).

Similarly, we will also have

T (2) Hr T MT
Z —Amax(V'V
|3 @2 < S VIV <

where we used that VTV is orthogonal. Therefore, by using Bernstein’s inequality for matrices
(Theorem 1.6 in|Tropp| (2012))), we have with probability at least 1 — 6,

1 2ur 2r ur 2r
~VIVa — VTV < — 4,/ log =.
Hp sub b || = 3pd1 0og 5 =+ pdl 0g 5

Hence, by using Weyl’s inequality, we will have with probability 1 — §

2ur 2r puT 2r
Amin(VIE V) > p — =—log — — / = log —.
(Veub Vsub) = p 3d; %8 4,08
Hence, by substituting § = d;, ® we have that with probability at least 1—d %, if dy = Q(pr log(rds)),
then Amin(V,, Vaub) > p/2 (since p = dy /ds) implying that V] 'V is invertible. Also, under
the same condition, note that we can show similarly that )\maX(V;szub) < 3p/2 implying that the

condition number of each sub-matrix also stays O(1) with probability at least 1 — d5 3. Now, note
that Vg is not orthogonal and therefore, we have

PU = US(V],Van) 2 (Ve Vaun) 2V, = UIAJZA)\A/'(V;szub)_lﬂV;b

where USV is the SVD of the matrix 2(VJ, Vp)!/2. Since U is orthogonal, UU is orthog-

sub

onal as well. Similarly, (V(VI Vgp)~/2VT )T is orthogonal as well whereas 3 is diagonal.
Hence UUXV (V] V) ~'/2V] indeed corresponds to the SVD of P(1) and we only need to
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argue about the incoherence of UU and V (VI , V)2V Notice that max; [|(UU)Te;|| <
[UTe;| < 4. On the other hand,

miaXHv<V;bVSUb) V2V el < max [ (Vi Vau) ™/ Ve

< ||Vsub||2 0o |VH2 00 /21”
>\min(V V d2

sub sub

Hence, with probability 1 — 2 exp(—dz/12) — O(d;*), we can recover an estimate P® and apply
Lemma [5|to conclude that (recall that the rank of P(!) is O(1), we have proved that the condition
number of P(M) is O(1) w.p. at least 1 — O(d; %), the incoherence factor of P!) has increased by a
factor of at most 2 w.p. at least 1 — O(d2 ) and the ratio of the dimensions of P(!) is in the interval
[1/2,3/2] w.p. atleast 1 — exp(—d»/12) implying that the conditions of Lemma [3]are satisfied for
P™ w.h.p)

W _pOy < ( p logd2)

[P =Pl < NG

as long as the conditions stated in the Lemma are satisfied. This implies that for any pair of indices
(,7) € [M] x [N], we must have

~ 7 logdg
|Pij 2J| < O( )

13
NG 13)

with probability exceeding 1 — O(d; *)

Finally, by taking a union bound over all the d; /d> partitions, we can compute estimates of all the
sub-matrices P(1), P(2) . P(d1/d2) that have similar guarantees as above with probability at least
1 —2d1d;y " exp(—da/12) — O(dydy*). Hence, by combining all the estimates, we can obtain a final
estimate P of the matrix P that satisfies
K log do
[P - Pl < 0= [F222).
NG

O

Notice that the theoretical guarantees presented in Lemmas 4] [5]and [6] hold for the offline low rank
matrix completion problem when each (noisy) entry of the low rank matrix P € RM*N is observed
independently with some probability p (Bernoulli sampling model with probability p - see eq. @). To
summarize, if the observed set of entries is 2 C [M] x [N] (each index (¢, j) € [M] x [N] is present
in () with probability p), then we can solve several convex optimization problems (see Steps 5-7 in

Algorithm ) restricted to observations in {2 to compute an estimate P of the low rank matrix P.

However, in our problem setting (Section[2), recall that in each round ¢ € [T], for each user u € [M],
some item p,, () is recommended. Our goal is to translate the theoretical guarantees under Bernoulli
sampling model with probability p (for some pre-determined p) to our setting. A simple approach
(as mentioned in Remark 3)) is the following (described in Algorithm [6): we first sample a set of
indices 2 C [M] x [N] such that each index (¢, j) € [M] x [N] is present in Q with probability p
(Step 2 in Algorithm[6). Subsequently, we aim to obtain a single observation (noisy) corresponding
to each pair of indices in €2; in each round, for each user i € [M], we recommend an item j € [N]
such that (7, j) €  and has not been observed yet . If such an item is unavailable for the user ¢,
we recommend any arbitrary item j such that (i,5) ¢ € (Step 5 in Algorithm @) but ignore the
observation while reconstruction of the reward matrix; note that this is unnecessary in practice. Once
we have obtained observations corresponding to all pairs of indices in 2 (we discard all observations
corresponding to entries not in €2), we can solve the convex optimization problems restricted to the

observed entries in €2 (Steps 8-10 in Algorithm El) to compute an estimate P of the reward matrix P
and apply the theoretical guarantees in Lemma [6]directly. The total number of rounds needed will
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Algorithm 6 ESTIMATE REWARD MATRIX (SUB-MATRIX) ONLINE

Require: users & C [M], items V C [N], noise o2, rank r of P, bernoulli sampling probability
0 < p < 1. Index of round ¢ is relative to the first round when the algorithm is invoked; hence
t=1,2,....

1: Setds = min(|U], |V]) and A = C\o+/dap for some constant C', > 0.

2: For each tuple of indices (¢, j) € [M] x [N], independently set 6;; = 1 with probability p and
d;; = 0 with probability 1 — p.

3: Denote 2 = {(4,7) € U x V| 6;; = 1} and m = max;epvy | [7 € V | (i,7) € Q] to be the
maximum number of index tuples in a particular row. For all (¢, j) € €2, set Mask;; = 0.

4: forroundst =1,2,...,mdo

5:  For each user v € U, recommend an item p,(t) in {j € V | (u,j) € Q, Mask,; = 0} and

set Mask,,,, 1) = 1. If not possible then recommend any item p,,(t) in V s.t. (u, p,(t)) & 2.

Observe R\ .
upy ()

6: end for

7: Without loss of generality, assume |I/| < |V|. For each ¢ € V, independently set ¢; to be a value
in the set [[|V|/|U|]] uniformly at random. Partition indices in V into V), V) . V() where
E=TV|/U]] and V@ = {i € V| ¢; = q} foreach q € [k]. Set QD) «+ QN (U x VD) for
all g € [k]. #If [U| > |V|, we partition the indices in U.

8: for ¢ € [k] do

9: Solve convex program 1 N 9 R
i o 3 (P~ Zy) £ AP (14)
Po) eRrlUIx|vD)] (i’j)eQ(q)

where ||[P(@ ||, denotes nuclear norm of matrix P(? and 7 () is index of j in set V(¢
10: end for N R
11: Return P € RM*N s.t. Py, 1) = P(@ forall ¢ € [k] and for every (i,7) € U x V, Py; = 0.

be max;evy [(4,7) € Q] j € [N]| i.e. the maximum number of indices in a particular row present in
Q (which we will show to be bounded from above with high probability in the following corollary).
This is because we wait until we have one noisy observation for every pair of indices in 2.

In Algorithm|[I]in the main paper, the aforementioned procedure is incorporated in Steps 10-14.

Corollary 1. Consider a set Q2 C [M] x [N] of indices such that every index (i,j) € [M] x [N] is
present in Q) independently with probability p. Consider algorzthm@ with parameters (U = [M],V =
IN], 0%, v, p) that recommends items to users according to Step 5 from the set Q2. Suppose the rank r
reward matrix P and parameters p, o satisfies the conditions stated in Lemmal6] In that case, using

m =0 (Np + +/Nplog M5*1> rounds, Algorithm@is able to compute a matrix P such that for any
(i,7) € [M] x [N], we have with probability exceeding 1 — § — O(dy*)

w3 log dg)

Py Pyl <0 = (15)

T

Proof of Corollary[l] Recall that d; = max(M,N) and d; = min(M, N). Suppose, with some
parameter p = Q(p2d; ' log® da), we sample a set Q € [M] x [N] of indices (Step 2 in Algorithm EI)
Let us define the event J1 which is true when the maximum number of indices observed in some

row m £ max;eqm | (4, 4) € Q| j € [N]] satisfies m = Q(Np + +/Nplog M5*1>. Recall that our
goal is to obtain a single noisy reward observation for every (user,item) pair whose corresponding

indices is present in €2. In Step 5 of Algorithm[f] in each round, one item is recommended to every
user -clearly the total number of rounds needed to achieve our goal is m.

We will bound the probability of the event 7 from above by using Chernoff bound. Let us denote the
number of items observed for user i € [M] tobe Y; ie. Y; = |(i,5) € Q| j € [N]|. Algorithm A can
then obtain the noisy entries of P corresponding to the set {2 by doing the following: in each round,
for each user ¢ € [M], if there is an unobserved tuple of indices (¢, 7) € §2, then A will recommend
J to user 4 and obtain an noisy observation P;; + E;;; on the other hand, if there no unobserved
entry, then A will simply recommend a random item j such that (i, 7) € 2 (Step 5 in Algorithm
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[6). Subequently, Algorithm [6]discards the observations corresponding to indices not in €2 and only
utilizes the observations in {2 to compute an estimate of the reward matrix P. Notice that each of the
random variables Y7, Y2, ..., ¥\ ~ Binomial(N, p) and are independent. By using Chernoff bound,
we have that for each i € [M],

2
=)

v < Np—|—0(\/Nplog Ma—l) for all i € [M]

with probability 1 — ¢ implying that Pr(F;) < §. Let F» be the event when the recovered matrix P
does not satisfy the guarantee on ||P — P||» as stated in LemmalEI equation given a set of observed
indices Q sampled according to equation 4| From Lemma@ we know that Pr(F,) = O(d;®) where
dy = max(M, N). Hence we can conclude Pr(F; U Fp) < Pr(F;) + Pr(F,) = § + O(d;®). Note
that conditioned on the event that /7 does not hold true, we need only m = O (Np+ v/Nplog Mé— 1)

rounds to obtain a set of noisy observations corresponding to ' O Q.

Pr (Uicw [¥; = Np| = Npe) < 2Mexp ( -

Hence, to conclude, with only m = O(Np + +/Nplog Mé *1) rounds, Alg. |6/can obtain a single

noisy reward observation corresponding to each set of indices in €2 (where every tuple of indices is
present with probability p); note that observations for indices outside 2 are discarded completely.
Subsequently, the noisy reward observations in (2 are used to compute an estimate P of the reward
matrix P with the (Steps 8-11 in Algorithm [6]) theoretical guarantees presented in Lemma [6] holding
true. This completes the proof of the corollary.

Remark 11. [Remark 3 in|Chen et al|(2019)] Note the failure probability in Corollary[I] Lemmas|6]
andd|is O(dy ‘3). However the constant 3 can be replaced by any arbitrary constant c for example

¢ = 100 without any change in the guarantees on ||13 — P||oo. Hence, the guarantees presented in
Lemma @and Corollary|l|hold with probability at least 1 — O(d5 ©) for any arbitrary constant c.

As mentioned in Remark [4] the drawbacks of Lemma [6]and Corollary [T|are that the smallest error
that is possible to achieve by using Lemma |I| is by substituting p = 1 and thereby obtaining

|P-Plo <=0 (U(mini i)~ Vudlog d||P||OO) and moreover, the probability of failure is
polynomially small in dy (see Remark[TT]). The former issue is substantial when we need an estimate
P of the low rank matrix P with a smaller entry-wise estimation error than (. The second issue is
substantial when the shorter dimension d5 is small. We provide an improved algorithm (Algorithm [7)
with technical modifications to fix the two aforementioned issues. Below, we describe our main ideas
at a high level first:

Repeated recommendations for small estimation error: Recall that our strategy for computing an

estimate P with theoretical guarantees was the following two-step procedure 1) obtain a subset of
indices © C [M] x [N] such that each index (i, 7) is present with probability p > 0 2) obtain noisy
reward observations corresponding to all indices ((user,item) pairs) in {2 - in each round, for each
user ¢ € [M] we recommended an item j € [N] such that (¢, j) € € if such a j exists otherwise we
recommend any item j € [N] such that (¢, j) & .

In our problem, an algorithm has the flexibility of recommending an item more than once to the
same user. Suppose we have sampled a subset of indices Q2 C [M] x [N] as described above and
is fixed. We modify the second step in the following way: for some fixed s > 0, our modified
aim is to obtain s noisy observations corresponding to all entries ((user,item) pairs) in {2. To do
so, we repeat the process of recommending items to users corresponding to indices in {2 s times
(See Step 5 in Algorithm[7). Clearly, if the total number of rounds required to obtain noisy reward
observations corresponding to all pairs of indices in €2 once is m (bounded from above w.h.p - see
Corollary|I)), then the total number of rounds required for obtaining s observations corresponding to
each entry in 2 is ms. As before, all reward observations outside the indices in 2 are discarded. For
each entry (7, j) € €, we take Z;; to be the average of the s reward observations corresponding to
the recommendation of item j to user u- clearly, the variance proxy of the averaged observation is
02 /s. Thus, we can again solve similar convex optimization problems as before (see Steps 13-15
in Algorithm [7) to obtain the same theoretical guarantee as in Corollary [T|but with noise variance
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Algorithm 7 ESTIMATE REWARD MATRIX (SUB-MATRIX) ONLINE - IMPROVED ALGORITHM

Require: users & C [M], items V C [N], noise o2, rank r of P, bernoulli sampling probability
0 < p < 1, repetitions s and number of independent estimates f. Index of round ¢ is relative to
the first round when the algorithm is invoked; hence t = 1,2,.. ..

1: Setds = min(|U], |V]) and A = C\o+/dap for some constant C', > 0.
2: forz=1,2,..., fdo
3:  For each tuple of indices (7,j) € [M] x [N], independently set ¢;; = 1 with probability p and
0;; = 0 with probability 1 — p
4:  Denote Q = {(4,5) €U xV | 6;; =1} and m, = max;ey | [J € V| (¢,]) € Q] to be the
maximum number of index tuples in a particular row.

for/=1,2,...,sdo

For all (¢, 7) € ©, set Mask;; = 0.

for¢ =1,2,...,m, do
For each user w € U inround ¢t = )7, 11 smy + (£ — 1)s + £/, recommend an item
pu(t)in{j € V| (u,j) € 2, Mask,; = 0} and set Mask,,,, ;) = 1. If not possible then

recommend any item p,,(t) in V s.t. (u, p,(t)) € Q. Observe Rq(fgu(t)

9: end for
10:  end for
11:  For each tuple (u,j) € €, compute Z,; to be average of {R

wpa(t) fort €

[Zi;ll smyr, Yoy smu] | pu(t) = j}. # Zy; is the average of s independent observations
at each index (u, j) € Q for a fixed z

12:  Without loss of generality, assume |I/| < |V|. Foreachi € V), independently set (; to be a value
in the set [[|V|/|U[]] uniformly at random. Partition indices in V into V() V@) pk)
where k = [|V|/|U|] and V@ = {i € V | {; = ¢} foreach q € [k]. Set Q@ « QU x VD)

for all ¢ € [k]. , we partition the indices in U.
13:  forq € [k] do
14: Solve convex program

1 . 9 ~
min - E (P(_‘Z), —Zij) +MP@],, (16)
P@erUIxV@] 2 in(5)
(i,5)€Q(@

where ||P(? ||, denotes nuclear norm of matrix P and 7(j) is index of j in set V(9.
15:  end for

16:  Compute P(*) € RMxN g, P(Z)V(q> = Q) for all ¢ € [k] and for every (i,j) & U x V,
PE;) = 0. #We are computing independent estimates P(?)
17: end for

18: Obtain estimate P by taking the entry-wise median of P, P ... P(), Return P.

02 /s. This intuition is formalized in Lemmabelow. In the main paper, the process of repeatedly
recommending the items in a fixed subset of indices {2 is described in the For Loop in Steps 1-8 in
Algorithm|[I]- note that 2 is fixed in For Loop in Step 1 and in beginning of every iteration, we restart
the recommendation procedure.

Independent estimates and entry-wise median for small error probability:

To increase the probability of success, we can compute f independent estimates of P (Line 2 and
Line 16 in Algorithm [7) namely P(l) P(2) ..,PU) and compute their entry-wise median i.e.
P, ij = medlan(P(l) P(f)) for all (i, j) [M} x [N]. From our previous argument, the number

of rounds for obtaining a single estimate P of the matrix P is O(ms) (where the noise variance is
reduced to 0% /) with high probability. Hence the total number of rounds for obtaining f estimates

will be O(msf) with high probability. If we set f = O(log(MN&~1)) for some fixed § > 0, then by
taking a union bound over all MN entries, we can show that our guarantees hold with probability at
least 1 — § (thus we remove the dependence of the failure probability on ds). Again, this intuition is
formalized in Lemma 2] below. In Algorithm[2] note that the f independent estimates are computed
in Lines 2-6 and the entry-wise median is computed in Line 7. In Algorithm 3] the f independent
estimates for each sub-matrix are computed in Lines 4-10 and the entry-wise median is computed in
Line 15.
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Lemma 7 (Restatement of Lemma [2). Let rank r = O(1) reward matrix P € RM*N with SVD
decomposition P = UXVT satisfy || U||2,00 < /1r/M, || V|2,00 < /1 /N and condition number
k= O(1). Let d; = max(M,N) and dy = min(M,N) such that 1 > p > Cp2dy ' log® dy for
sufficiently large constant C' > 0. Suppose we observe noisy entries of P according to observation

pda
p3 log d2

model in (I). For any positive integer s > O satisfying % = O( HP||OO), there exists an

algorithm A (See Algorithm[?]with input parameters U = [M],V = N, 02,7, p, s, f) with parameters
s,p, o that uses m = O(s log(MNG—1)(Np + y/Nplog Mé*l)) rounds to recommend items for

users and compute a matrix P such that with probability exceeding 1 — O(51log(MNJ~1)), we have

or |udlogds )

a7

Proof.

Claim 1. Fix any index (i,7) € [M] x %\I] Then, if the conditions in the Lemma statement are

satisfied, for any z € [f] in Line 2 of Alg. |7} the computed estimate P®) in Line 16 in Alg. E]satisﬁes
the following: 1) with probability exceeding 9/10, we have

= 310gd2
P _p, | <o 2 [H 8%
| 1] ]‘— ( /75d2 P )

2) the total number of rounds required to compute P& s given by sm, = O(S(Np +

w/|\|plog(|\/|5—1))).

Proof. Repeated Recommendations for small estimation error: Consider Lines 5-10 in Algo-
rithm 7] prior to which we have a fixed subset of indices Q C [M] x [N] where every index tuple (i, ;)
is present in  with probability p. In Line 8, for each user i € [M], Algorithmrecommends an item
j € [N] such that (7, ) € Q if such a j exists otherwise we recommend any item j € [N] such that
(i,4) & €. Because of the For Loop in Line 53, Algorithmdoes the aforementioned step s times for
the same fixed subset of indices 2. After discarding all observations corresponding to indices outside
Q, at the end of the For Loop in Line 10, we have s noisy iid observations (sub-gaussian random
variables) Rl(;l), R,Ejt?) ey RZ(-;S) each with expectation P;; and variance proxy o i.e. we have for
all h € [s]

E exp ()\(Rg.h) — Pij)> < exp(a?\?/2) VA € R.

In Line 11 in Algorithm we take Z;; = s7'> 5, Rg-h). Clearly, we have EZ;; = P;; and
further, Z;; has a variance proxy of o2 /s as shown below:

Eexp (A(zij - Pij)) - EE exp (Asfl(RZ(;n) _ Pij))

S

= H E exp ()\s_l(RE;h) - Pij)> < exp(c?X?/2s5) ¥\ € R.
h=1

Therefore, for any z € [f], if we solve the convex programs in Lines 13-16 of Algorithm then we

directly apply the guarantees in Corollary to conclude that the computed matrix in Line 16 1310)

satisfies the following: for any (7, j) € [M] x [N], we have with probability exceeding 1 —§ — O(d5 ©)

(see Remark- we can set ¢ such that the failure probability ¢ + O(d; ©) < 1/10)

3
or I logd2> (18)

P _Pp, <0(
| 1] ]‘— \/% P
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where with m. = max;epv | |7 € [N] | (4, 5) € €, the total number of rounds required to compute
P is given by sm. = O (s(Np + 4/Np log(Mé—l))). Also, note that since the new and reduced

noise variance proxy is o2 /s, hence the condition o = O( ungg; 5 HP||OO) stated in Lemma@

(referred to in Corollary 1 that is being invoked) translates to o //s = O( 3111?; s ||PHOO> This

is the new condition on ¢ that is stated in the current lemma.
Claim 2. Fix any index (i, j) [M x [N]]. Suppose the conditions in the Lemma statement hold true.

Consider the final estimate P computed by taking the entry- wise median of PO P(Z) .. ,f’(f).
With f = O(log(MNGS 1)), the (i)™ entry of the final estimate Pza satisfies

S b or 13 log do
‘Plj Pi]lfO(\/% )

with probability 1 — § /MN.

Proof. Independent estimates and entry-wise median for small probability of error: Con-
sider Lines 2,3 and 18 in Algorithm [/} Algorithm [7] basically computes f independent esti-

mates P(l) P(Q) .. P(f ) of the reward matrix P in order to boost the probability of success.
Furthermore, we can compute a final estimate P (Line 18) by computing the entry-wise me-
dian of the matrix estimates P, P® . P() ie. for all (i,j) € [M] x [N], we compute
Pij = medlan(Pg;), e ngf)).

Our goal is to increase the probability of success to 1 — § and we will show that the entry-wise

median of the f estimates P does have the increased probability of success. As mentioned in the
claim statement, fix the pair of indices (¢, j). Consider the random variable

Y& — 1[‘135;«) Pyl = O( or [u3 logd2)}

vV Sdg
which is 1 with probability at least 9/10 (from Claim 1). Since the estimates 13(1), 13(2), e ,lg(f) are
independently computed , the random variables Y, Y. Y(/) are independent as well. Hence
consider the median P;; = median(PZ(-l) Pg), . ,Pg )). Note that the median P;; will satisfy
|f’ij - Pl = O(\/%TQ %) if at least half of the random variables Y ()| Y®) vy (/)

are non-zero. Hence, we can apply Chernoff bound directly to state that Pr Zf Y® < f /2) <
2exp(—4f/75) Therefore, by setting f = O(log(MNJ~1)), we must have that Pr(zf ) <
f/2) < 6/MN. Hence we must have that P,; satisfies

S b or 13 log do
P, — Pyl = 0(@ 7) (19)
with probability 1 — §/MN. O

Now, to complete the proof of the lemma, by taking a union bound over all indices, we must have that

~ or 3logd
IP - Pl <0( e (20)

B vV Sdg

with probability at least 1 — §. Also, note that the total number of rounds needed to compute these
estimates is at most ), mn.sf. From Corollary|[1} we know that for any z € [f], m. is bounded from

above by O(Np + +/Nplog(Mé—1)) with probability 1 — §. Hence, by taking a union bound over all
z € [f], the total number of rounds needed to compute all the f estimates must be bounded from

above by
> mesf = O(sf(Np -+ /Nplog(Mo—)))
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with probability at least 1 — 0 f. Therefore, by a union bound over both failure events, the total failure
probability is 1 — O(§ + dlog(MN§~1)) = 1 — O(61og(MNGS—1)). This completes the proof of the
lemma.

O

C MISSING PROOFS IN SECTION [4]

Theorem (Restatement of Theorem(I). Consider the rank-r online matrix completion problem with
M users, N items, T recommendation rounds. Set dy = min(M, N). Let RSP) ) be the reward in

each round, defined as in equation Suppose dy = Q(urlog(rdy)). Let P € RMXN pe the expected
reward matrix that satisfies the conditions stated in Lemma é] and let o* be the noise variance in
rewards. Then, Algorithm[2] applied to the online rank-r matrix completion problem guarantees the
following regret:

Nlogds\1/3 Ny P
Reg(T) = O( (T (o*r2|[Pl|oc) (“dif?) + g log” d2) log?(MNT) + %)
@2y

Proof of Theorem([I] Suppose we explore for a period of S rounds such that the exploration period
(Steps 3-7 in Algorithm [2) succeeds with a probability of 1 — v i.e. conditioned on the event

that the exploration period succeeds, we obtain an estimate P of the reward matrix P satisfying

|P — P llo < 7. In that case, conditioned on the event that the exploration period succeeds, at each
step of the online algorithm in the exploitation phase (Step 9 in Algorithm [2)), we suffer a regret of

at most 27). To see this, fix any user u € [M]. Leti = argmax, ¢y Pu: and i’ = argmax, P, be the
items with the largest rewards in the matrices P, P respectively for the user u. In that case, using the

fact that |[P — P||oc < 7, we have
Puy —Pui =Py —Puy + Py — Py + Py — Py > —21).

Conditioned on the event that the exploration fails (and therefore the exploration stage as well), the
regret at each step can be bounded from above by 2||P|| . In that case, we have

Reg(T Z = Z Z Pur,) < iréalaﬁ ( Z Py, t))

te[ T] u€[M] te[T]
< 25HP||OO + 2(T — S)n Pr(Exploration succeeds) + 2(T — S)||P||s Pr(Exploration fails)
< 25|P|loo + 2T0 + 2TV Pl .

Now, with d> = min(M, N) satisfying d> = Q(urlog(rds)), we can directly use Lemma 2 with S =

O(s1og(MNS—1)(Np+ y/Nplog Md—1) such that n = O(\/MTZ w 1Og”l"‘) and v = §log(MN§—1).
Hence, we have

3
Reg(T) < O slog(MNS™)(Np + /Nplog M3 ) [P« + TO(— M)

Term 1

+ T(61og(MNS™))||P]| .

ez

Term 2

For the sake of simplicity, we ignore some of the logarithmic terms and lower order terms in the regret
while choosing the value of sp that makes the regret small. To be precise, sp is chosen by minimizing

. /13 log d . o
the quantity Nsp||P||o + T(%) . It can be seen that the aforementioned quantity is

minimized when the two terms are equal giving us Nsp||P||e = T(wi V\/’fpfljf@) implying that
2 or O, 2/3 .
= (N||P||o,)~2/3 T& . Moreover, we will also choose § = (MNT)~%. Also,
Vda
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notice that Np > 1 since p > C;ﬂd; 1 log3 ds (for some appropriate constant C' > 1) and p > 1;

therefore Np + /Nplog Md—1 = O(Np+/log M§—1). Subsequently, we have that

3Nlogdg\ 1/3
Reg(T) = O T/4(o*r?|Ploc)/* (=22 ) 7 log? (MNT) +|PoT72). (22)
2
Bound 1
There exists an edge case when sp < Cpu’dy "log®dy. Then we can substitute s = 1

and p = Cpu2dy 'og® dy. 1In that case, Term 2 will still be bounded by Bound 1 in equa-
tion since sp < Cpu2dy 'log®dy.  On the other hand Term 1 will now be bounded by

O(% log® dy log?(MNT)||P||~ ). Hence, our regret will be bounded by

5N log dy \ 1/3 N2
Reg(T) = O(Tg/?’(aQrQHPHOO)l/?’(uT;m) log?(MNT) + d—‘; log” (MNT)|[Ploc + [Pl T2).

O

D MISSING PROOFS IN SECTION[3]

In this section, we will consider the reward matrix P = uv' = A\av' € RM*N (o be a rank-1 matrix
with ||@i]|2 = [|¥]|2 = 1. We make the following mild assumptions in line with Theorem 2} (recall
that j,ax = arg max; v; and jyi, = arg min; v;
1. If M = T¢ for ¢ > 3, then the vector @ is (M~!/2¢, ji)-incoherent i.e. for any subset
U C [M] of indices such that |2/ > M'=(29™"  we must have ||¥y]|s0 < i lulle-

2. f =max < ‘;f—d* ‘_‘,’J— ) for some positive constant 3 > 0. Note that if we represent
Jmin Jmax

P = uv' where u is the user embedding and v is the item embedding, then we have

£ = max ( Vimax | “:JM ) In the definition of 3, the second term can be larger than the
Jmin Jmax

first because of the absolute value.

In each phase ¢, we will maintain three groups of users (user groups B, M1 A62) are disjoint
and form a partition of [M]) and three corresponding groups of items (not necessarily disjoint)
namely 1) (B®),[N]) (initialized by ([M], [N]), 2) (M1 A ED) (initialized with (¢, ¢)) and 3)
(MG NE2)) (initialized with (¢, ¢)) such that BOUMED UM E2) = [M] and NG N (E2) C
[N]. Suppose we have a sequence of tuples (myg, Ag), that is going to be characterized precisely
later. In every phase indexed by ¢, we will compute three matrices Q(Z pD P(e 2) ¢ RMxN
(using m, rounds for each) that correspond to estimates of three relevant sub matrlces of P namely
P N P g gy and P ez are2) respectively. We will define the event 81(6) when the
following holds true

Q50— Prorm| < A2
oo
61
HP( @ pren — Pagen pen ’ < Ag/2
oo
P2 P < Ay/2
M(£:2) A(£,2) — T ME2) N(£2) o Z/
by using a number of rounds my that is bounded from above by
2,3 2
O(max(l, lego_l ) IOEZ(MNT) ) The randomness stems from the inherent randomness in the
algorithm.

At each phase indexed by ¢, we will compute a temporary set of active items ’7;(“1) for all users
u € [N]. We update BU+1) = {u € BY | ‘maxt pY _

} where an appropriate
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value of a will be determined later. This corresponds to the sets of users whose rewards are almost
similar across items and hence, it does not no matter which items are picked in the next phase. We set

’7;(“1) = [N] for all users u € B“*+1) and for the rest of the users (namely u € [N] \ B“*1), we set
71(“1) according to Steps 17,18 in Algorithmfor combined users in the set B¢ \ B M1

and M (%2) respectively. Subsequently, we update the following groups of users and corresponding
items:

1. We will set v to be any user in [M]\ BY+1). Subsequently, we will define the set M (+1:1) =
{’LL c [M] \B(LH) | 7;(84_1) n 7;(“—1) 75 ¢} We update N(ZJrl,l) = m?LEM(4+1’1) 7;(64_1).

2. Finally, we will identify the set M(+1:2) = [M]\ (B¢+D U MEF1L1) to be the remaining
users. As before, we update N+12) = 10 T,

For any phase indexed by ¢, we define the event 52“) such that for every user u € M®1), the
following holds:

Py, — max P, | <2A,_qforallt € /\/'(“),u e MG

t’€[N]

P, — max Py | <2A,_;forallt € N(Z’Q), uwe M2

t’€[N]

Pyt — max Py | < (2a 4+ 2)Ay—; forallt € [N],u € BW.

t'€[N]

Define the event 53(,2) which is true when MY C €1, jmax € NED and ME2 C Cy, jmin €
N©2) Finally, let &E‘) be the event which is true when M2 C Cy, jmin € NED and MV C
CQ» jmax S N(€’2)~

We now present a series of Lemma required for the proof of Theorem [2]

Lemma 8. Consider two users u,v such that uw € Cy and v € Cy. Suppose the event 51(4) is true

and furthermore, either 532@) or c‘,’y) is true. In that case, 775”” N 77}(£+1) % ¢ only if either
maxse(n] P — minte[N] P, <4, or maxie(N| P, — minte[N] P.: < 4A, holds true.

Proof of LemmalS] Since either 595[) or Sf) holds true, it must happen that j,.c € N1 for all
u € Cy and jupin € N (¢2) for all u € Cs. Further, suppose there exists an item j € [N] such that
j € E(Hl) N 77,(”1). Hence this implies that

5 5(6,1)
Pt reNiD Pul s A

=1
= _P’El,j ) +Puj = Puj + Pujpae = Pujinas

5(£,1) 5 (£,1) 5(£,1)
* Pujm""‘ a Puj“"‘"‘ * ter/r\l/’%i) Pui” < A

= Pujp — Puj <24

where we used the following facts: (a) —P; .+ py > —Ay/2 (b) —pb 4

UJmax UJmax
MaX;e Arce.1) Pfft’l) >01(c) fPffj’l) +P,; > —A,/2. Similarly, we must have P,; . —P,; < 2A,.
Without loss of generality, assume that u,, < —u,. In that case, we will have

Pujnlax - Pujmin < Pujmax - Pu] =+ Pu] — Pujmin
S Pujmax - Pu] - PU_] + P'Ujmin S 4A[

where we used the fact that P is a rank-1 matrix and hence P,; — Py, = u.(v; —v;...) <

—u,(Vv; — Vj...) = —Py; +Py;... . This leads to a contradiction and therefore completes the proof
of the lemma. O
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Lemma 9. Recall that in Step 16 of Algorithm we have B+ = {u e BO |

max;e | fot) — minge) CNQS? < (2a+ 1)Ag}for a > 3. Conditioned on the event Sl(e), the set
of users BYY must contain all users u € [N] satisfying maxye|N] P — mine ] P, < 2aA,.

Furthermore, all users u € BYHY must satisfy maxen Pyt — mingen Pus < (20 4 2) Ay

Proof of Lemmal[g] Recall that B+ = {u e BO | maxyepy Q1) — mingepy QY < (2a +

1)Ag} for some appropriate constant a > 0 that will be chosen later. Suppose for a user v € B, we

have max;c(n) Pyt — mingeny Put < 2aA. Lett; = argmax;cy) Qut , to = argminge | fot)

and t3 = arg miny¢ ) Py:. Since 51 is true, we must have

‘Qﬁ)l —Pus, | <A/2, ’Qq(ﬁf)l — P, | < Ay/2,
and ‘Qutz P, | < A2
Therefore, we must have
Qur, — Qi)
Qut1 —Put, +Pus, — max P+ max P

te[N] te[N]

— min P, inP,, — P, P, — < (2 DA
min Py + min Pu — Pur, + Pur, — QU < (20 +1)A,

where we used the fact that P ¢, — max;en) Pyt < 0 and mingey) Pyt — Py, < 0. Now, consider
a user u such that Qut1 — Q(l) < (2a + 1)A,. In that case, we will have

utes —

max P,; — min P
te[N] te[N]

<maxPys — Puy, +Pus, — Q(e) + Q(e) — Q(e)

tG[N] ut1 ut1 utz

+Q¥ - Q¥ +qQl - min Puy < (2a+2)Ay

uto ut3

@ <. O

ut3 _

where we used the fact that max;cn) Put — Py, < 0and Qgﬁ)? — Q

Lemma 10. Suppose the event 51(0 is true and furthermore, either E?EE) or Ef) is true. In that case,

for every user u € [M]\ BU+V), we will have that arg max;eN) Put € T,

Proof of Lemma[I0} Without loss of generality, let us assume that 535[) is true. Hence, this implies
that M1 C C; and for every user u € M@V 4 e N and furthermore, M(¢2) C C,
and for every user u € M2 j .. € N2 Recall that for every user u e MO, we
compute o' = {j € NV} | P(Z V4 Ay > max,epen PGV forallu € MG,

Clearly arg max, _~(e+1) P( - argmax _\ (.1 Pit ).

1)

Let &1 = argmaxc anl) and
to = argmax;carce,1) P( '~’. By using triangle inequality, we will have

PV —PED <PUY Py, + Py,

utq
— Py, +Pu, PV <A,
where we used the fact that |P (&1 _ Py, | < A/2, \Pl(ﬁzl) Pui,| <Ay/2and Py, — Py, <0.
Hence, t; € T for any user u € MED, By a similar analysis this holds for any user

ue MG U (B ‘})\B(“l))aswell. O

Lemma 11. Suppose the event Sl(l) is true and furthermore, either 535[) or &El) is true. In that case
the event 82(“_1) is true and one ofc‘fééﬂ), &i“l) is also true.
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Proof of Lemma(l]1} From Lemma(J|(and using the fact that a > 3 in Step 16 of Algorithm 3], we
know that B“+1) must contain all users u € [N] satisfying max;en) Put — mingen) Pur < 44,
Therefore, from Lemma there cannot exist users u, v € [N] \ BY*+1) such that u € C,v € Co
and 7;(“1) N 77}”1) = ¢. Without loss of generality, suppose the user v described in Line 10
in Algorithm [3|is in C;. Since MUEFLY contains all those users not in BY+1 such that ’E(ZH) N

(D) # ¢, MUY can only contain users in C;. Conversely, for any user u € C; \ B¢+,
Jmax € D (using Lemma and therefore v € MUYF1LD  In that case, it must happen that
MUEALD = ¢\ BUHD and similarly M52 = ¢, \ B¢+D | Therefore, again by using Lemma
Jmax € NELD for all users u € MUHLD and jin € NEEL2) for all users u € MUEH12)
implying that Sé“l) holds true. On the other hand, if v € C,, then by a similar analysis, £ YH) holds
true.

Next, we will show that SQ(ZH) is also going to hold true. From Lemma@ we know that all users

u € B must satisfy maxy N Pur —mingen Pur < (2a4-2)A,. Now, without loss of generality,

7'(5"!‘1)

assume that 5?(,[) is true. Consider any item j € N“+1D implying that j € Ty, for all users

uwe MELD Lett; = arg max, -+ Py We must have

Put1 - Pu_} = Put1 - i‘-:i)utl + iiutl - i-:‘;uj + f)u_/ - Puj

0+1)

On the other hand, since jax € Tu( , we also have

~ (0,1 ~ (1
P~ Pu, =Py —PUY 4 BIY

UJmax
56,1) | 56,1
— Py + P — Pus,.
Adding up the previous two equations, we get that

Pojns — Puj=Puj., — PLY o pll Pl

UJmax UJmax

LBUD BN LB _p < oa,

uty

where we used the fact that f)ifh” — f’uj < Ay, f’%:)“ — f’gﬁll) <0, Py, — f’gjllx < Ay/2
and f’ffj’l) —P,; < A,/2. By showing a similar analysis for all users u € M“+1:2) and all items
j € NU+1.2) we prove that £ holds true. O

We will say that a user has been ignored in the phase indexed by ¢ under the following circumstances:

1. The size of the set of users M &1 (or M“2)) in Step 19 is smaller than MI=CO™" I
that case, those users are put back in the set B(*) (Step 21). In that case the users in the set
MED (respectively M (42)) will be ignored.

2. The size of the set of users B in Step 6 is smaller than M=) In this case, even if it
is added with M @1 or M(%2) it size becomes at most 2M'~(29) ™" (the size of the added
set in Step 21 must also be less than M1=(O™" due to the first point above). In that case,
the users in BY) will be ignored.

Corollary 2. 1. Suppose the event 52(@) is true for all iterations indexed by (. In that case, in
any phase indexed by {, for every user u € [M] that is not ignored in Algorithm in the
£t iteration, Algorithm|3|only recommends items that have reward at most (2a + 2)A,_,
smaller than the reward of the best item argmax; ¢y Pu;.

2. Furthermore, at each iteration indexed by {, at most IML=CO™" ysers are ignored in
Algorithm|[3]

Proof. The proof of the first part follows directly from Lemma and the definition of 52(@). Note

that for the first phase (¢ = 1), we have B(") = [M] and therefore 6’1(1) being true implies that 52(2) is
(2) (2)

true and one of £~ or £, is true as well.
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Let us now move on to the proof of the second part. Since the three sets M 1) M2 B (before
Step 12) partition the set of users [M], at most two of them can be smaller than M1~ and can be
ignored. Hence, the total number of ignored users can be at most 2M =077, O

Lemma 12 (Incoherence). Suppose a > 3max(1+ 5,1 + %) in Step 6 ofAlgoithm For any
iteration in Algorithm [3|indexed by ¢ > 0, we will have

Vareern oo 3max(8,571) [Vl 3max(8,671)
[Varesinlla = 2 |N(4+171)| [Varerillz2 = 2 |j\/(4+1,2)|

Proof. Consider any user u € [M] such that 1) u € B in the £*" iteration but in the (¢+1)" iteration,
u € [N]\ BV and 2) u,, > 0. In this case, we must have u, (v;,... —Vj....) > 2aA, from Lemma
Ewhere a>3max(1+ 6,1+ %) Now consider any item j € [N] such that P; . — P,; > 2A,.

In that case, by triangle inequality we have

A A
(Z,l)x >2Ag*7e _ =t > Ay

pll) _pEh S plh _p 4P — Py +P 5

UJmax UJmax UJma.

and therefore j & 71(“1). Hence consider any item j € [N] that belongs to 72(“1); it must happen that
Uy (V) — Vi) <24, < w implying that v; > v, (1— @) Due to our choice

of a, we get that v; > 2Yamax Therefore [V s floo > HimexSince we construct the sets A/ (“+1:1)

and N(“+1:2) by taking intersections of the sets Ti' ") of items for users in M1 and M(©2)
respectively, one of these sets (say A/“*1:1)) must correspond to users with positive embedding while
the other will correspond to users with a negative embedding (see Lemma[TT). Hence, we will have

(IVarcesn ]2 > \/|N(5+1=1)|% and ||V [loo < max(B, 371)|vj,...| thus completing
the proof. By an analogous argument, the conclusion of the lemma is also true for users u € [M] with
a negative embedding i.e. u,, < 0.

Estimation of matrix P ;) y in Step 3 of Algorithm 3/in 7t iteration: We will only provide
guarantees on estimation of the matrix P y under the condition that the number of users in BW
is at least M'~(9)™" (recall that TS = M). Suppose the SVD of the matrix P is A@v satisfying

@]l = 1, ||¥]| = 1. In that case, SVD of the matrix Pz y is A||Tge ”2%‘_" For brevity, we
_ ’ B

will write u = H;B((/zl;>|h' From our local incoherence assumption (we know that @ is (T~1/2, p)-
B

locally incoherent), we know that

i ~ 0 _
[allz =1, [[ufle < @] 2 19]]o0 <

2=

By directly using the result in Lemma [2| for the 7 = 1 setting (rank 1) restricted to users in B
and items in [N], we can recover an estimate Qg()z) y Of P y using my = s¢log(MNSG—)(Np, +

/Npglog Md—1) = O(s;log(MNGS—1)(Np,+/log M6—1)) rounds (where s, and p, corresponds to

the parameters s, p in Lemma 2) such that

~ o 3 log d}
1950y~ Prstonll < O Foes)

B® N /S[dé De
with probability 1 — O (8 log(MNS 1)) where d, = min(M*~(29"" 'N). In other words, by denoting
q¢ = pese, we have that by using my = O(geN log®(MNT))) rounds, we get

3 7
~ o/ p3logd
||Q(B€()£)7N B PB(U,N”OO < O( \/(JT 2) (23)
A)
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with probability at least 1 — T~%. Hence, if we need an estimate Qg()e) n such that Hég()m N~

. o+/ 3 logd
Pso nlls < Ay for some input parameter Ay, then % < Ay for some appro-
2

priate constant ¢ implying that ¢, = %}:ﬁ;é and therefore, the total number of rounds is
O(max(l, le(Nm,l )‘72”3 IOEQ(MNTU with probability 1 — T~%. By using the result in Lemma
we will need to use sy, py such that p, > Cp?(d}) =" log® d and == O( #Spﬁ)dg,zd,z ||P||OO)
The latter condition implies that gy = sypy = % for some constant cy. Putting everything

2 3 ’
together, we have that a sufficient value of gy is %ﬁg”;lz provided Ay < [|P|oo-
272 oo

Estimation of matrix P 1) xr.1) (and similarly P .2) pre.2)) in £t jteration: In this case
again, we will show guarantees only when |M (D] > M1~ (recall that M¢ = T). There are

two sub-cases in this setting:

1. (N> NG| > M1=(207") In this case, as in the analysis for estimating P N, We can

find an estimate P(“1) € RM*N guch that ||15%421) v — Pagen aen || < Ay for an
2 ’ 3 2
input parameter A, using O(max(l, le('\2lg)71 et loAgQ(MNT)> rounds with probability

4
1 — T~ (by using Lemmafor users in M(“1) and items in //(“1)). In the above analysis,
we used the fact that after clustering (see Lemma , we have [VNED ||V ||oo =
O([|vprce.1y[|2)- In addition, we also used the fact that the u is (T~1/2, y)-locally incoherent.

2. (|N(“)| < Ml’(%)_l) This is the more interesting case. Again, let us write the SVD of
P e preen) = AUV with @ € R'M(z'lnﬁ € RV“YI1. We know that T is p-incoherent
(since [M D] > ML=(29") and moreover v is O(1)-incoherent (see lemma. Again,
by directly using the result in Lemmafor the = 1 setting (rank 1) for users in M (1)
and items in J\/(“)), We can recover an estimate f’i\l:’t%é)-,l),/\/(tl) of PM(LI)’N(LI) (where

P e RM*N) using my = O(s; log(MNS—1)(JN D pgy/log Mé—1)) rounds (where
s¢ and py corresponds to the parameters s, p in Lemma 2)) such that

o 3 log N (61 )
\/S@|N(Z’1)| De

with probability 1 — O(61log6—1). As before, let us denote q; = pys,. We have that by
using my = O(qe] N1 |log® MNT)) rounds, we get
~ 3]0g |j\/(4:1)|
p&D P 4 OO<O(U\/M ) 24
H M) A1) ME1) N(£,1) H = quN(‘”l)I ( )

b £,1
||P§\4(2.1)7N(/3.1) - PM(“>,N(“> ”00 < O(

with probability at least 1 — T~%. Hence, if we need an estimate f’%&gl) e Such
that ||P§€(%2,1)’N(2,1) — Py yenlloo < Ay for some input parameter Ay, then

o/ 3 log IN(61)| , . /- . .
oo < /Ay for some appropriate constant ¢’ implying that a sufficient value
qe ’

2 3
of gy = % and therefore, the total number of rounds is O(

o212 log Nlog? (MNT)
A7

with probability 1 — T~%4. Again, by using the result in Lemma [2, we will need to use

s, pe such that pg > Cp2 (VD))" log? WD and = = O/ PTEEL PIL ).

13 log [N (6D
2 3 (€,1)
o’ u’ log |N |
ZNED P for some constant c;.

. . . . o2pd (£,1) .
Putting everything together, we have that a sufficient value of gy is %W provided

TAVILSH |} o[PS

Again, the latter condition implies that ¢, = sypy =
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Remark 12. There is an edge case when |N (&1) | becomes so small that the condition

‘./\/' (1) ’ = Q(ulog |N(£ V1) is not satisfied. Hence, we must have |\ V| = O(u). If
this becomes true, then in theory, a condition in Lemma@]bewmes violated and low rank
matrix completion will not work. However, an easy fix in this situation is to implement the
standard Upper-Confidence Bound algorithm for each user in M“V) separately until the
end of rounds (from the phase { when the condition becomes false) with the set of items
N (and also for users in BY that are inserted into M“V) in subsequent phases). From

Remark this step will only add a regret of O(cy/|N“D| Tlog T) = O(oy/uTlogT)
which is a significantly lower order term than the regret guarantee proved in Theorem

Again, by using the result in Lemma[2} we will use s, to be the minimum positive integer

. . - N @D o v/ 13 log [N (6:1) |
satisfying JL?E = O(Am | o N and /py = \/wlj\;(“)l A, for some

appropriate constant ¢ > 0.

Now, we are ready to state and prove the main theorems:

Theorem (Restatement of Theorem [2). Consider the rank-1 online matrix completion problem with
T rounds, M users s.t. M > /T and N items. Denote dy = min(M, N). Let R(t) () be the reward
in each round, defined as in equatlonl 1| Let 02 be the noise variance in rewards and let P € RMxN
be the expected reward matrix with SVD decomposition P = \uv " such that 0 is (T -1/2) w)-locally
incoherent, ||V|| o < \/it/N, do = Q(plogds) and |9, . | = ©(|9,,...|). Then, by smtably choos-
ing parameters { Mg}y, positive integers {5(4,0y, 5(0,1), S(¢,2) ye and 1. > {pe.0), Pee,1), Pee,2) e > 0
as described in AlgOVithm we can ensure a regret guarantee of Reg(T) = O(V/T||P||oo + JVTV)

where J = O(log ( min (||P||OC, i)gﬁ))) andV = (max(l7 NTﬁ)JQIu?’ logQ(MNT)).

1
WTT

Proof of Theorem[2} In the ¢*" iteration, we set A, = C'2~*min (||PHOO, @) for some appro-

priate constant C’ > 0. In the /*" iteration, our goal is to obtain estimates of the matrices P ) N
(using Lemma with parameters (5,0, P(s,0)) corresponding to s, p in Lemma, P e preen
(using Lemma [2| with parameters (s(¢,1y, P(¢,1))) and P yqe.2) arce.2) (using Lemma [2{with parameters
(5(£,2), P(e,2)) up to an error of Ay/2 with high probability.

From Lemmal 2} for any sub-matrix Pgy, € RM'XN' of P..b, we can compute an estimate Psub
satisfying ||Psub Poblleo < Ay/2 with high probability by setting the parameters s, py such that

or w3 log df
\/Sgdlz

for some constant ¢ > 0 where d3 = min(M’, N’). The largest possible error A, that is possible
to obtain by using the matrix completion technique is obtained by substituting s = 1 and p =

Cp?(dy) =" log® dj; we obtain that A, < ‘ITOT\{/ Note that d5 < N (in both cases when M > N and

=cl\y (25

vice-versa) and therefore, if we choose Ay < C’ min (lo\fN) for some appropriate constant C’ > 0,

then there exists s, and p, for which we can obtain HPsub — Pablloo < Ag/2 with high probability.

. G
Moreover, if Ay < ||P||oo, We can also ensure that 7= O( %HPHO@) Hence, we

can ignore any lower bounds on p, and upper bounds on ¢ as they are automatically satisfied due to
the instantiation of A,.

Also from the analysis above (see equations [23]and 24), we know that by using a total number of
N o212 log N log? (MNT)

P M1—(2¢) 1 ) A2

(see the analysis for the sufficient number of rounds for estimating P () N in the ¢t" iteration) , we

rounds in the /" phase that is bounded from above by O ( max(1
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have with probability 1 — O(T~%) (the event &; ) for the £t iteration)

Ae
‘ ‘QB(@) PB(Z) JIN] ‘ ’ < = (26)
A
HPﬁQ”N“U_PMwmwwm’w<‘; 27
A
HP,(/\K/I?E 2) N(62) T PM(£v2>,N(Z,2> ’oo < ?Z 08)

We condition on the events 51( “ being true for all £. The probability that there exists any ¢ such that
the event E () is false is O(T~%); hence the probability that 5 () is true for all £1s at least 1 — o(T—3

( the total number of iterations can be at most T). In case, one such event &, ) js false, we can bound
the regret trivially by O(T3||P||s0)- By an inductive argument (See Lemmam 10 and the first part of

Corollary , we know that the events S ) will be true for all £. We will also denote the set of rounds
in phase ¢ by 7; C [T] (therefore | 7¢| = my). Let us compute the regret restricted to the rounds in

T conditioned on the events 51([), & () being true for all £ as follows:

- Z Z upu(t)

uG[M] teT(f) u€e[M]
my * (t)
M H ) m > Poo
u€[M]:u not ignored teT O w€ [M]:u not ignored
Term 1
my N 1 )
T > M- X w2 P
w€[M]:u ignored teT ) w€[M]:u ignored
Term 2

The second term can be bounded from above by O(myM=CO7'|P| /M) =
O(mgM_@Cr1 P|lo) (see second part of Corollary .The first term can be bounded by
using Corollary |2|conditioned on the events 51(4), Eée) being true for all ¢,

N o?u’ 1ogNlog2(MNT))

(2a + 1)Ap_1myg = O(max(l, MI=20 ) A,

(29)

Putting everything together, we can now bound the total regret as follows (using Ay = 2A):

RrR®
Reg(T) = M Z ZE upu(t)
u€[M]

te[T]

= ZO(Agmg | 81(4), 52( ) is true for all f) + O(l\/l_(2<)71 IP]|ccmme | 8{6),82(6) is true for all £) +
¢

<y O(Azmg 19, &89 is true for all 12) + O(VT|IP|le)
4

where we used the fact that Zz me = T and TS = M. As stated in the theorem, let V =

(Inax(l, #)0’2[13 log Nlog?(MNT). Moving on, we can decompose the first term into
two parts:

Reg(T) < O(VT||P|lo) + O( Z Agmy | 5f£),52(£) is true for all E)

LA <P

+ O( Z ANVA,? | 51“)7 52“) is true for all é)
LAy >D

OWTIP|<) +T®+0( 3 VAT

C:Ag>D

34
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Since we chose Ay = C’27“ min (||P||OO, %) for some constant C’ > 0, the maximum number

of phases ¢ for which A, > ® can be bounded from above by J = O(log (é min (||PHOO, ﬁ)gf\i)))

Hence, we have
Reg(T) < O(VT||P|lw) + O(T®) + O(qurl)
= O(VT|P|x) + O(JVTV)

where we substituted & = v/VT~1! and hence J = O(log (ﬁ min (||P||oo, %))) in the
final step.

Theorem (Restatement of Theorem . Let P be a rank 1 matrix such that 0 < P;; < 1 for all
i,j € [M] x [N] and the noise variance o® = 1. In that case, for problem P1, any algorithm will

suffer a regret of at least Q(vNTM—1).

Proof of Theorem 3] Recall that the well-known multi-armed bandit (MAB) problem is a special case
of our setting when the number of users M = 1. We can cast the reward matrix as a 1 x N matrix P
whose it" element is denoted by P;. In that case, the expected regret Regyag(T) over a time period
of T steps is Tmax;en Pj — >-c 1) Pp() where p(t) is the item recommended at time ¢. For the

MAB problem, it is known that any algorithm must suffer a regret of at least ©(v/NT) (see Theorem
15.2 in|Lattimore & Szepesvari (2020)). Consider our problem with M users and N items when all
users u € [M] are identical and furthermore, in each round, the item recommended for the ith user
can depend on the rewards obtained for users 1,2, ..., — 1 in that round and the rewards obtained in
the previous rounds. In that case, any algorithm that achieves a regret Reg(T) in the repeated setting
and will achieve a regret of M~!Regy;ag(MT) in the MAB problem and vice-versa. Hence, we have

that Reg(T) = M~ !Regpyag(MT) = Q(1/(NT/M)).
O

E SMALL NUMBER OF USERS M (PROOF OF THEOREM

As in section D} we will consider the reward matrix P = A\iv" € RM*N to be a rank-1 matrix with
[[a]l2 = ||¥]]2 = 1. We make the following assumptions where we use the notations presented in
Section [D}

1. We assume that the vector @ is (min(|Cy|, |Ca|), p)-incoherent. This is stricter than the first
assumption presented in Section D]

v, 7 o .
2. 8 =max ( Yimex | Somin ) for some positive constant 8 > 0. Note that if we represent
Jmin Jmax
P = uv' where u is the user embedding and v is the item embedding, then we have
5 = max Vimax Vimin
Vimin | 7| Vimax | J°

Here, we have a slight modification of the phased algorithm (see Algorithm[8). In each phase ¢, we will
maintain three groups of users and items (B, N (EDUNE2)) (MED ] AED)) and (M 62 N (42))
such that BYY) U MY U M52 = [M] and N 4D A (E2) C N]. Here B, MED M) are
initialized by [M], ¢, ¢ respectively and N'(“1) A/(4:2) are initialized by [N], ¢ respectively.

Suppose we have a sequence of tuples (my, Ay), that is going to be characterized precisely later. In

every phase indexed by ¢, we will compute two matrices f’(“), P2 ¢ RMxN (using m, rounds
for each) that correspond to estimates of two relevant sub-matrices of P namely P 4,1y 5@ NED

and P .2y @ N(£2) respectively. We will define the event Sl(e) when the following holds true

HPM%DUB(Q,N(M) = P enupm pen <Ay/2
o0

HPM(@@UB“),N(”) — PM(ZQ)QB(Z)’N(EQ) < Ay/2
o
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Algorithm 8 OCTAL ALGORITHM FOR SMALL NUMBER OF USERS M

Require: Number of users M, items N, rounds T, noise o, bound on the entry-wise magnitude of expected
rewards ||P||~, incoherence .
1: Set MY = M@ = ¢ and BY = M]. Set V&Y = N2 = ¢ Set f = O(log(MNT)) and
suitable constants a, ¢, C, C’, Cx > 0.
2: for{=1,2,...,do
Set A¢ = C"2~" min (||P||oo,
fork=1,2,..., fdo

3 2%)-
4
5: for each pair of non-null sets (M U BE N ED) (MED Y BO N ED) C [M] x [N] do
6.
7
8

log N

Denote (7, 7)) to be the considered pair of sets and i € {1,2} to be its index.

2
Set da,; = min(|TW|, [T®)). Set pe,s = Cp’dy ; log® da,i and s, = K%) W

For each tuple of indices (u,v) € 7™ x T, independently set §,, = 1 with probability py,;
and d,, = 0 with probability 1 — pg ;.

9: Denote Q) = {(u,v) € T x T® | §,, = 1} and be; = maxuey [v € V| (u,v) € Q. Set
total number of rounds to be my ; = be i Ss,i.

10: end for _

11: For i € {1,2}, compute P“"/) = ESTIMATE(mqe,,be, QD |MED | INED| N =

Cro+/d2,ipe,i). # Algorithm recommends items to every user in MED y BO Sfor my ; rounds.
Since users in B get recommended items for my,1 + me,2 rounds, for i € {1,2} we can recommend

arbitrary items in NED for users in MED Sor the additional m, 3_;) rounds.
12:  endfor _ ~
13:  Compute P»") =Entrywise Median({P“*®}/_ ) fori € {1,2}.
14:  Set BtD C B® (0 be the set

{u e BY | ‘max( max P{Y, max 15“’2)) — min( min ﬁﬁfg” min f’fﬁ’”)' < 20,Az}.

ut

tenN (61 T tenr(e2) teN(€1) T e (£:2)

15 SetA, = max(max, 1) P4y, Max, c zr(e,2) P, Compute 7T = {j e N | f)”(fj’l)+
Ar>AJU e NEDYPEY 4 Ay > AL forallu € BO\ BEHD.

16:  For i € {1,2}, for all users u € M, compute T {j e N&I | f)ffj” A >
MAaX, e (i) Pg{”}-

17:  Setw to be any user in [M] \ B¢+, Set MEHLD = (o € [M]\ BETD | LD A 7D £ g} Set
M(l+1,2) _ [M] \ (B(Z+1) U M(E+1,l)).

18: Compute NEFLD — Nuerer.n 7;““), NEFL2) = Nuemer12) T,

19: end for

by wusing a number of rounds my that is bounded from above by

N o212 log? (MNT)
O(max(l, M1—<2<)*1) A, .

Thus, the only difference with the analysis in Section @]is that for the users in B), we consider the
items in N (©1) U A/ (62) (which can be shown to comprise the best arms for both clusters); therefore
we combine the users in B¢) with users in M (1) and users in M (#2) separately to obtain the matrix
estimates. Since users in B() need to recommended more items in each phases, we can recommend
arbitrary items to users in M (&1 (MED) from NED (A1) respectively.)

At each phase indexed by ¢, we will compute a temporary set of active items 7;(“_1) for all users
u € [N]. We update B(*+1) as given in Step 14 of Algorithm We update the sets of users M ‘+1:1),
MUEL2) a5 in Section@] (see Steps 17,18 in Algorithm . For any phase indexed by ¢, we define
the event 82“) such that for every user u € M1, the following holds:

P, — mﬁPut < 2Ay_qforallt € N(Z’l),u e MG
te[N

P, — max P..| <2A,_ forallt € N2 o e M©E2)
te[N

Pyt — mz[ll\ﬁPut < (2a+2)Ap_q forall t € NELGNE2) oy e BO,
te
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As before, we define the events 5355) which is true when MY C Cy, jimax € N1 and M2 C
C2, jmin € NE&2) Finally, let Eg) be the event which is true when M2 C (4, Jmin € N®D) and
MED C Ca, Jmax €N (£:2), By a similar analysis as in Section@ we can show that Lemmas @

[[0]and [TT] the first part of 2] (note that no users are ignored in this analysis) and[I2]all hold true with
very minor modifications wherever required.

Estimation of matrix PMu,l)UB(aN(m) (and similarly PM(‘=2)UBW),/\/’(‘»2)) in /1" jteration: In
this case, notice that the size of | M1 U B()| > min(|Cy], |Cs]) since the combination of the two

sets must comprise the users of the cluster M) corresponds to. There are two sub-cases in this
setting:

I.(N > |IN®D| > min(|Ci],|Ca])). In this case, as in the analysis for esti-
mating Py y, we can find an estimate P enypo ey € RM*N such that

HPM(Z,I)UB(Z)’N(LI) — PM([’I)UB(Z),N“’I) ‘ < A(/Q for an input parameter Ay using
oo

N a2 p® log? (MNT)
O max(1, sl ey) %

for users in M©1) and items in N/ (“)). In the above analysis, we used Lemma and
the fact that the u is (M~ min(|C1[, |Ca]), 12)-locally incoherent.

2. (IN®D] < min(|Cy|,|C2|)) Again, by a similar analysis as in Section @] and by using
Lemma|12]and the fact that the u is (M~! min(|Cy], |C2|), )-locally incoherent, the total

number of sufficient rounds is O ( o"u” log '\Xgo gQ(MNT)) with probability 1 — T4,
14

) rounds with probability 1—T~* (by using Lemma

Now, we are ready to state and prove the main theorems:
Theorem. Consider the rank-1 online matrix completion problem with M users, N items, T recom-
mendation rounds such that M > V/T. Denote dy = min(M, N). Let Rff; ) be the reward in each

round, defined as in equation |l Let o2 be the noise variance in rewards and let P € RM*N pe
the expected reward matrix with SVD decomposition P = AG¥ ' such that @ is (min(|C1 |, |Cz|), p)-
locally incoherent, ||¥]|0c < \/1t/N, do = Q(plogds) and |, | = ©(|¥,,...|). Then, by suitably
choosing parameters {A g}y, positive integers {51y, S(1,2) e and 1 > {p1y, Pe,2)}e > 0 as de-
scribed in Algorithm we can ensure a regret guarantee of Reg(T) = O(V/T||P||oo + JVTV) where

J= O(log (\/\% min (HPHOO, f;gﬁ))) and V = (max(l, m)aﬁt?’ logS(MNT)).

Proof of Theorem[E] The proof follows on similar lines as the proof in Theorem[2} The only change
is in my which is reflected in the result (more specifically in V). Also, note that in Algorithm no
users are ignored and so we do not need to bound the regret for ignored users.
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